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Abstract: This study presents a semi-analytical formulation for the nonlinear vibration and dynamic instability of
a randomly distributed carbon nanotube-reinforced composite (RD-CNTRC) plate. Three cases of localized in-plane
periodic loadings are studied. The analytical stress fields within the RD-CNTRC plate for all the in-plane stress
components (g, (i, j = x, ¥)) are developed by solving the in-plane elastic problem using Airy’s stress approach. The
effective mechanical properties of the RD-CNTRC plate are evaluated by the Eshelby-Mori-Tanaka technique. The
plate is modeled based on higher-order shear deformation theory (HSDT) in conjunction with the von-Karman
nonlinearity. Using Hamilton’s principle, the governing partial differential equations (PDEs) are derived, whose
approximate solution is sought, referring to the Galerkin method. The resulting nonlinear ODEs are solved using the
Incremental Harmonic Balance Method (IHB) to compute the nonlinear vibration response of the RD-CNTRC plate.
Further dropping the nonlinear terms, these ODEs are solved by Bolotin’s method to trace the instability region. The
proposed semi-analytical method is an effective strategy for studying the influence of different parameters such as
agglomeration models, CNT mass fraction, pre-loading, and boundary conditions on the nonlinear vibration and
dynamic instability characteristics of the RD-CNTRC plates. The reduced computational effort allows the design
phase to be supported in selecting parameters when designing RD-CNTRC plates with stability and vibration

requirements.

Author Keywords: RD-CNTRC plate; localized in-plane loading; Eshelby-Mori-Tanaka technique; Dynamic

instability; Nonlinear vibration.



mailto:1PhD%20Scholar,%20p20180012@pilani.bits-pilani.ac.in
mailto:p20180012@pilani.bits-pilani.ac.in
mailto:riccardo.vescovini@polimi.it
mailto:2Assistant%20Professor,%20rajesh.kr@pilani.bits-pilani.ac.in
mailto:rajesh.kr@pilani.bits-pilani.ac.in
mailto:5Assistant%20Professor,
mailto:shuvendu@pilani.bits-pilani.ac.in
mailto:5Assistant%20Professor,
mailto:gaurav.watts@pilani.bits-pilani.ac.in

34

35
36
37
38
39
40
41
42
43
44
45
46

47
48
49

50
51
52
53
54
55
56
57
58
59
60
61
62

63
64
65
66
67

Introduction

Carbon nanotubes (CNTs) were introduced three decades back by Iijima (1991). They gained enormous popularity in
aerospace, civil, mechanical, and naval industries due to their potential to achieve lighter and more efficient structures.
Previous studies have shown the possibility to improve strength-to-weight and stiffness-to-weight ratios as well as
thermal behaviors of the plate (Gojny et al. 2004; Shi et al. 2004; Shokrieh and Rafiee 2010; Ciecierska et al. 2013;
Garcia-Macias et al. 2017; Yengejeh et al. 2017). Also, the load-carrying capacity of the plate has been shown to
benefit from the use of CNTs as reinforcement (Schadler et al. 1998; Patra and Mitra 2014; Mehar and Panda 2019).
Since then, a large number of investigations have been carried out. Among them, analytical and semi-analytical
methods are of particular interest, as they can be successfully used for gathering insights into the additional design
parameters offered by CNTs. For instance, a Navier approach was developed in Kumar and Srinivas (2017) to address
vibration, buckling, and bending of a functionally graded carbon nanotubes-reinforced composite (FG-CNTRC) plate.
Alternative strategies for analyzing the FG-CNTRC panel refer to the Kantorovich-Galerkin and Ritz methods, as
presented in Wang et al. (2016), Kiani (2017) and Gorgeri et al. (2020) respectively.

Please, add this reference: Gorgeri, A., R. Vescovini, and L. Dozio. "Sublaminate variable kinematics shell models
for functionally graded sandwich panels: Bending and free vibration response." Mechanics of Advanced Materials

and Structures (2020): 1-18.

While many studies focus on static loads, real-life applications are often characterized by design requirements in the
form of static and dynamic loads. In this regard, two crucial aspects are worth investigating: dynamic instability and
nonlinear vibrations. Dynamic instability consists in the onset of a dynamically unstable phenomenon due to a specific
combination of loading frequency, amplitude in conjunction with the natural frequencies of the members. As it
concerns nonlinear vibration, the response of interest is represented by the frequency-amplitude curve of a nonlinear
system excited harmonically through external forces. In the context of the first aspect, Heydarpour and Malekzadeh
(2018) investigated the dynamic instability of a rotating shear deformable FG-CNTRC cylindrical shell under a
uniform periodic axial load using the differential quadrature (DQ) method. They observed that the dynamic instability
region shifts towards high-frequency regimes with increasing CNT volume fraction. Similar studies on the dynamic
instability analysis of the FG-CNTRC plates can be found in Ke et al. (2013), Kolahchi et al. (2016), and Wu et al.
(2018), where DQ is used as a solution methodology. All these studies are limited to uniform loading conditions,
which is a relatively severe restrictions as loads acting on structural members of plate-like structures are generally not

uniform.

Moreover, load nonuniformity may stem from the interaction with adjoining members or in the presence of partial
damages at the boundaries. For this reason, it is essential to extend the capabilities of semi-analytical methods to
address the dynamic instability of the CNT-reinforced composite (CNTRC) in the presence of non-uniform loadings.
While a few works in the literature cover the case of dynamic instability of plates with no CNT under localized (i.e.,

non-uniform) in-plane periodic loadings — e.g. Deolasi and Datta (1997) and Sahu and Datta (2000), Ovesy and
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Fazilati (2014), Kumar et al. (2015), Ramachandra and Panda (2012), Kumar et al. (2016b) — no previous works are
available for CNTRC plates.

A second fundamental aspect with the design of plate-like structures deals with their vibration behavior: structural
members may experience vibration due to periodic loadings, and their amplitude must be guaranteed not to exceed
the design limit. Previous research activities are available for the free vibration response of CNT plates (Aragh et al.
2012; Yas et al. 2013; Moradi-Dastjerdi and Malek-Mohammadi 2017; Loja and Barbosa 2020), while relatively few
authors have investigated their nonlinear vibration. For instance, the nonlinear vibration of the FG-CNTRC plate based
on HSDT with an elastic foundation under the thermal environment was studied using different solution
methodologies such as the Galerkin method (Wang and Shen 2011) and improved perturbation technique (Thanh et
al. 2017). No previous studies are available on the nonlinear vibration of the CNTRC plates under non-uniform in-
plane periodic excitations. Also, the effect of CNT agglomeration models and CNT mass fraction on the dynamic

instability and nonlinear vibration of the CNT-reinforced composite plates are unavailable.

The scope of this work is to present a novel semi-analytical approach is to fill some of the existing gaps in the dynamic
analysis of the RD-CNTRC plates. Specifically, the focus of this study is the development of a semi-analytical
approach for the dynamic instability and nonlinear vibration of the RD-CNTRC plates under the action of localized
in-plane periodic loadings. The formulation presented herein covers the current gap in the literature and allows us to
gather a further understanding of the mechanical response of CNTRC plate-like structures.
The the paper is organized as follows: the mathematical formulation is presented first, which consist of Fourier
expansion of the localized in-plane loadings, estimation of the effective properties of the RD-CNTRC plate, in-plane
elasticity problem, kinematics of the RD-CNTRC plate, governing partial differential equations, Galerkin method and
followed by dynamic instability and nonlinear vibration analyses. Results and discussion are then presented: validation
studies are conducted against Abaqus simulations and results from the literature, while parametric studies are

presented to illustrate the potential of the formulation developed here.

Mathematical Formulation

Subjects of the investigation are plates characterized by randomly distributed carbon nanotube-reinforced composite
(RD-CNTRC). The length and width of the plate are denoted as a and b, while the thickness is /. A Cartesian reference
system is taken according to the sketch of Fig. 1, where loading conditions are illustrated. They are three cases of

localized in-plane compressive periodic loadings in addition to the uniform one.
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Fig. 1. Three cases of localized in-plane compressive periodic loadings, (a) Case-1, (b) Case-II, (c) Case-III, and (d)

uniform periodic loading are shown.

The localized in-plane loading is modeled using the Fourier series expansion along the y-direction. The generalized

form of localized in-plane loading function is defined as:

b{_d ~=2N, (1 d b b
N(y) = E<N03+2n_r0 (;sinﬁi (do +5_§) + sinf; (5_ d0>> cos,Biy> (1

r=1
where d, represents the distance of the load from the top or bottom edges, and d denotes the total width of the loading

at any edge of the plate, as shown in Fig. 1. The three load cases above can be representative of the connection between
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a stiffened plate and a plate without stiffener, where load transfer tends to localized. Depending on d, the generalized

form of localized in-plane loading function is reduced into three cases:

e Casel(dy=0):

N(y) = —( Z % sinf; (g - g) cosﬁy) 2)

e Casell (dy = 0.125b):

N@) = Z(NO % + i Zn_lio (% sinp; (do - %) + sinp; %) cosﬁiy> 3)

r=1

e Caselll (dy = 0.25b):

N(y) = g(@ + z 21?1]”0 (sm,BL (621 g) + sinf; g) cos,Biy> @)

r=1
For the three cases, the total loading width at the edge of the plate is kept constant, such that different distributions
share the same load resultant. This choice allows the effect of different distributions/shapes of localized in-plane loads
to be assessed ceteris paribus. The detailed derivation of all three cases of localized in-plane loadings at the edge of

the plate is given in Appendix A.

The Eshelby-Mori-Tanaka Scheme

The constituents used in the plate are single-walled carbon nanotubes (SWCNT) (chiral indices (n9, mo) = (10, 10))
and polymer matrix (epoxy resin). SWCNT is considered transversely isotropic (Odegard et al. 2003), and hence, five
independent material properties are needed to illustrate the equations of the equivalent continuum model. These
properties can be used in the form of Hill’s elastic moduli (k¢yr, lonr, Ments Nenr and peyr) (Eshely 1957; Mori
and Tanaka 1973). The polymer matrix is considered as isotropic and hence has two independent elastic constants
(E¢p and v, ). The mechanical characterizations of the CNT embedded matrix (i.e., hybrid matrix) are estimated using
Eshelby-Mori-Tanaka scheme in this present investigation. In this connection, when CNTs are randomly mixed with
polymer matrix, these CNTs have a tendency to agglomerate into spherical shaped inclusions within the matrix
because of low bending rigidity, high aspect ratio, and high Van der Waals forces (Daghigh and Daghigh 2018; Shaffer
and Windle 1999; Shi et al. 2004; Vigolo et al. 2000). To model the agglomeration, the Mori-Tanaka technique is
employed here; in fact, this technique has provisions to consider the agglomeration effect of CNTs using two different
parameters a and S, respectively. The former, @, is the ratio of the volume of spherical inclusions to the total volume
of the CNTs embedded in the matrix; the latter, £, is the ratio of the volume of CNTs within the inclusions to the total
volume of CNTs. The agglomeration can be categorized into three cases: complete agglomeration (a<f, f = 1), null
agglomeration (o = 1, f# = 1), and partial agglomeration (a<f, f<1), as shown in Fig. 2. The bulk and shear moduli of
the CNT embedded matrix are computed with the help of the bulk and shear moduli of the CNT embedded matrix

when CNTs in spherical inclusions and CNTs outside spherical inclusions, respectively. The bulk and shear moduli
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of the CNT embedded matrix are denoted by B}, ag and S ag, respectively, when the inclusion is spherical. In this case,
they are calculated as shown in Eqs. (5) and (6). When CNTs fall outside the inclusion, the bulk and shear moduli are
denoted by B and S, respectively, and computed as given in Eqs. (7) and (8) (Tornabene et al. 2017) .
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matrix, including CNTs), and the following paramters are introduced:

Fig. 2. (a) Schematic diagram of the RD-CNTRC plate and agglomeration models of CNTs for the randomly

distributed CNTs in the matrix: (b) complete agglomeration; (c) partial agglomeration; (d) null agglomeration.

denotes the CNT volume fraction (i.e., the ratio of the volume of CNTs to the total volume of the



3(Bep + Sep) + kenr + lonr )
3(Sep + kenr)

b= 1 4‘Sep + 2kent + lenr 4Sep 2 (Sep(SBep + Sep) + Sep (3Bep + 7S€p)) (10)

S5\ 3(Sep + kenr) Sep +Penr Sep(3Bep + Sep) + Menr(3Bep + 7Sep)

Q

(ZkCNT + lCNT)(3Bep + Sep - lCNT)) (1 1)

1
¢ == + 2leyr +
¢ 3 (nCNT CNT Sep + kenr

s 1/(2 8SepPent  2(kent — lent) (ZSep + lCNT)
d=2|35Mmenr — lonr) + +
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5\3B.,(mcnr + Sep) + Sep(7Menr + Sep)
139 where the terms B., and S., denote the bulk and shear moduli of the matrix, respectively, defined as:.
E,p
By = ————
P3(1-2vy) (13)
Eep
Sep =—F—~
P21+ v) (14
140 The Poisson’s ratio v of the CNT embedded matrix when CNTs outside spherical inclusions reads:
3BM — 25k
Vshc _ sc sc (15)

~ 6BL + 2Sh
141 Using Egs. (5)-(8), and Eq. (15), the overall bulk modulus (Bp,,) and shear modulus (Sy,,) of the CNT embedded

142 matrix can be computed as follows:

Bh
a( g~ 1)
. BL.
Bym = Bst \1 +

1+(1—a)<B‘§lg—1)1+—VShC/ (16)

B_shc 3- 3V.£lc

()
SSC

Sig 1) 8 — 10ve

1+(1_“)(5_gc_ 15— 15v%

(17

143 Using the above values of By, and Sy,,, Young’s modulus (Ey,,) and Poisson’s ratio (vy,,) of the CNT embedded

144 matrix is available as:

— 9ma5hm
3By + Shm

_ 3Bym — 2um

Vhm = B ¥ 28,

(18)

Ehm

(19)
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The overall density of the CNT embedded matrix (py,,,) can be calculated using the rule of mixture (Voigt model),
Phm = prVr + pepVep (20)

where the sum of volume fraction of CNT and epoxy is equal to 1 (i.e., V. + V;, = 1), and volume fraction of CNT is
calculated by Eq. (21) using the values of given density of CNT and epoxy (i.e., p, and p,p), and mass fraction of
CNT (w,).

1
V.=
" pr/Wrpy) = pr/pep +1

21)

Kinematics of the RD-CNTRC Plate

In the present study, the higher-order shear deformation theory (HSDT) due to Reddy and Liu (1985) is employed.
Based on the HSDT, the displacement field, following Soldatos (1991), is presented as:

u=u’—zwd + f(2)¢Q (22)
u=u’—zwd + f(2)¢Q (23)
w=w° 24)

which guarantees shear strains to be zero at the top and the bottom of the plate. In the above equations, u, v, and w
indicate the displacements of a material point (x, y), which is at a distance z away from the reference surface of the
plate along x, y, z directions, respectively. Similarly, u°, v°and w® denote the displacements of the point on the
reference surface along x, y, z directions, respectively. The terms ¢2 and qﬁ)(,’ represent the net rotation of the cross-

section perpendicular to x and y axes, respectively. The suffix (), and (),, symbolize the differentiation with respect

4

2
to x and y, respectively. Here, f(z) = z (1 - #) At a distance z from the neutral surface of a plate, the strain-

displacement equations, including the von-Karman nonlinearity, can be written as,

Exx = Exx — ZWax + [ (D) P2 (25)

Eyy = Eyy = 2Wyy + f(2)dyy (26)

Yoy = Yoy — 22W5y + f(2) P2, + f(2) Py 27)
Yaz = Uz T Wy = 1 (2)P2 (28)

Vyz = Vs + Wy = f'(2)dy (29)

where, £2,, sgy and y,?y are the strains at the neutral surface of the plate defined as,
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1
el =ul + 5 (W_?()2 (30a)
0 _ .0 1 02 (30b)
&y =Vy+ 2 (W,y)
Yoy = uy +v5 + wiw$ (30c)

The force resultants NT:{Nxx, Ny, ny}, moment resultants MT:{MXX, M., Mxy}, additional moment resultants due

to additional changes in curvatures MaT:{M,‘}x, M3, M ,‘}y} and shear resultants QT:{QyZ, sz} are related respectively

vy
to the membrane strains €°° ={e2,, £, €2, }, bending strains k"={-w3,, —w$,, —2w},}, additional bending strains

k= {2, 3., #2, + $3} and shear strains y'={y, ,, ¥y, } through the constitutive relations,

N = A€’ + Bk + Ck*® (31)
M = Be’ + Dk + Ex® (32)
M? = Ce° + Ex + Fk® (33)

Q = Hy (34)

Here, bold upright letters are used to denote matrices and vectors. In the above Eqgs. (31) ~(34), A (4;}, i,j = 1,2,6), B
(Bij, ij =1,2,6), C (Cyj, ij = 1,2,6), D (Dy;, ij = 1,2,6), E (Eyj, ij = 1,2,6), F (Fy;, i,j = 1,2,6) and H (H;, i,j = 4,5) are
stiffness matrices of the RD-CNTRC plate. These stiffness matrices of the RD-CNTRC plate are expressed in terms

of in-plane material stiffness Q (Q;;, i,j = 1,2,6) and through-thickness material stiffness Q (Q;j, i,j = 4.5), as stated

below,
(Aij, Bij' Dij) = fh/z Qij(]-; Z:Zz)dZ (17]) = (19256) (35)
_h/2
(Cij,Eij,Fij) = JJ;/Z Qij(l. Z'f(Z))f(Z)dz (i) = (1,2,6) (36)
A
(i) = (4,5) (37)

n,
(Hij) = f Qi;if'@Df' (2)dz

_h/z
where the nonzero values of Q;; (i,j=1,2,4, 5, 6) are expressed in terms of engineering constants of CNT embedded

matrix as: MISSING NUMBER IN THE FOLLOWING EQUATION
Q11 = Q2= Epp/(1 — thz)a Q12 = VamEpm/(1 — thz)a Qo6 = Qas = Qss = Eppm/2(1 + V).

In-plane Elasticity Problem
The evaluation of in-plane stresses due to localized loads is conducted using the well-known approach based on the

Airy stress function. The equilibrium equation in terms of Airy’s stress function (¢) is defined as (Kumar et al. 2016a):
2% 2%*¢ *¢p

axt +2 ax20y2 ' ay* =0 (38)
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and Airy’s stress function (¢) is defined by:

_9%¢ _9%¢ _ 9%
Nxx = m sNyy = %2’ Nxy = — axdy (39)

The in-plane stress boundary conditions at all edges of the plate of the given problem are defined as:
b b
Noex (ig,y) =R(y), Nxy (ig;}’) =0, Nxy (x'iz) =0, Nyy (x'iE) =0 (40)

where, R(y) represents different types of localized in-plane mechanical load distributions at the edge of the plate.

The solution is sought by assuming the stress function in terms of series as:
P, y) = T2 1 () cos(ax) + T2y 5;(x) cos(By) + Roy? (41)

where, a; = 2in/a, B = 2jm/b, r;(y) and s;(x) are unknown functions in y and x, respectively. Substituting the
above expression in the in-plane compatibility requirement ofEq. (38) and equating the coefficients of cos(a;x) and

cos(ﬁ J y) results in two ordinary differential equations in ;(y) and s;(x) respectively,

a4ri(y) zazri(Y) 4
dy —2a; By +ar(y)=0 “2)
0*s;(x) ,0%5(0) 4
S 2B g B =0 (43)

Substitution of ;(y) = exp (4,¥) and sj(x) = exp (A,x) in the above equations allows the roots of the equation to
be found as 1, = +a;;, +a;, and A, = 11, 2B}, where, a;y, a;; = ta; and By, f;; = +p;. Since the functions

7;(y) and s;(x) are symmetric about y and x axes respectively, we can write

r;(¥) = Ricos h(a;;¥) + R; ycos h(a;;y) (44)
sj(x) = S;cos h(ﬁjlx) + S; xcos h(ﬁjzx) (45)

Substituting the expressions for 7;(y) and s;(x) in Eq. (41), the expression for Airy’s stress function is written as:

§ (1) = ) (Racosh(y) + Riz ycos h(ay) } cos(a)

i=1

% (46)
+ Z{Sjl cos h(ﬁjx) + Sj; xcos h(ﬁjx) }cos(ﬁjy) + Ryy?
j=1

The in-plane stress resultants are obtained by differentiating the stress function according to Eq. (39), thus:

10



[oe]

e = ) cos(@ix) (Ry cos h(@y)ai? + Ry cos h(ay) @iy? + 2Ripaiy cos h(@y) )

i=1
o (47)
- Z cos(ﬁjy) (S]-1 cos h(ﬁjx) + Sjx cos h(ﬁjx) ) y ﬁjz + 2R,
j=1
Nyy = z cos(a;x) (R;; cosh(a;y) + Riy cos h(a;y) ) x a;?
i=1
¢ , , (48)
+ Z cos(ﬁjy) (S]-1 cos h(ﬁjx),b’jl + Sj, x cos h([)’jx) B;
j=1
+ 2S;,a; cos h(,Bjx) )
Nxy = — Z sin (a;x) a;(R;; sin h(a;y)a; + Ri; sinh(a;y) + Ry a;y cos h(a;y) )
i=1 . (49)
+ Z sin(ﬁjy)ﬁ]- (Si1 sin h(,b’jx),b’j + S;»x cos h(ﬁjx) Bj + Siz cos h(ﬁjx) )
j=1
192 The coefficients, R;1, Riz, Sj1,Sj; in expressions 1, (x,¥), 1y, (x,¥) and 74, (x,y) are determined using in-plane
193 stress boundary conditions Eq. (40), resulting in:
Ry = R"Z(b thaib+1) 50
i1= a; \2 a; Co 2 (50)
Sin(a ,8
Sjp =2 ( B; co ’ + 1) (51
B
Bjb ﬁ'a
R;, = ]zﬁ]cos > 1- —ﬁ] I + Bl | X
(52)
2/a
b
( a; gcoth )cosh'g +aizgsinhaé—b
o Zeos2L2
2 ,8] Esm h&—([)’] —B] cot h— cos h—
- (53)
a;a b a;b
(—IO + a;R;,c0s T) Z (1 - Eai cothT) I3 + a;l,
n=1
194
_ rb/2 ) a/2
Here, [o = f—b/Z R() cos(B;y) dy, L = f cos h(;x) cos(a;x) dx
-a/2
a/2 b/2
I, = f x sin h(,Bjx) cos(a;x) dx I; = f cos h(ajy) cos(B;y) dy
-a/2 -b/2
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196
197

198
199
200

201

202
203

204
205
206
207
208
209
210

211

212

b/2

I, = y sin h(a;y) cos(,Bjy) dy
-b/2

Goverining Equation of Motion
Hamilton’s principle Eq. (54) is used to derive the equations of motion of the RD-CNTRC plate. The variational

principle reads:

t1

5(1)< (U—W—T)) =0 (54)
to

where U is the strain energy, W is the external work done by the prescribed loads, and 7 is the kinetic energy in the

time interval 7 to #, whereas § Wdenotes the first variation. The equations of motion of the RD-CNTRC plate are then

obtained as:

l:lxx_x + &xy_y = pguls (55)

Noys + N,y = pov (56)

Mz x + 2Msy vy + My + (&xxw_x + Iclxyw,y> ) + (l:lxyw,x + I:Iyyw,y) , = pgwi (57)
MEox + M2, — Q= pndi . (58)

Mgy x + Myyy — Qyz = Py ,, (59)

h h A
In the above equations, p, = f_,{? Phmdz, pn, = f_,{; pnmz®dz and N;; = [N;j — ny;], where i, j = (x, y) and n;; are
2 2

A

the internal stress resultants due to applied localized in-plane loading, and N;; are the stress resultants. Therefore, N;;

are the net stress resultants within the RD-CNTRC plate.

Galerkin Method

The approximate solution of the partial differential equations of Egs. (55)-(59) is sought to referring to the Galerkin
method. Due to this solution strategy, the governing equations are reduced to nonlinear ordinary differential equations
in the time variable by satisfying the boundary conditions. In the present study, four sets of boundary conditions are
considered, SSSS, CSCS, SCSC, and CCCC. The letter S stands for simply supported and C for clamped support. The
letters indicate the boundary conditions at the edge of the plate in the anti-clockwise fashion starting from the left

edge. The boundary conditions at the plate edges are:

(a) Simply supported boundary conditions at x = — 4/, and ¢/,

A
— a _— — 1,0 — 0 — 0_—_n-
nxx_Nxx__Nxstxx_Mxx =v=w _¢y = 0; and

12



213 (b) Simply supported boundary conditions aty = — b / 2 and b / 2

A

N.

214 n Ly

- N

— a _— — 0 0 _ 0 _
vy = My, =My, =u” =w" = ¢, =0

vy

215 (c) Clamped boundary conditions at x = — 4/, and ¢/,

A

216 Ny — Ny = =Ny, V2 = W° = ¢,° = ¢,° = 0; and
XX xXx xx X y

217 (d) Clamped boundary conditions aty = — b / 2 and b / 2

A

218 Nyy — Nyy = —Nyy R u® = w° = ¢xo = ¢y0 =0

219  Based on boundary conditions of the problem, the displacement fields are expressed as:

M* N*

u® = Upin (£) 0% 1 (%, ) (60)
mzanl
M* N*

v0 = Viin (£) 0% 1 (x, ) (61)
M* N*

wo = Wnﬁn(t)ggmn(x'Y) (62)
M* N*

B2= ) D Kin(®)6" (. 7) (©3)
m=1n=1
M* N*

¢39 = L;m (t)Osmn (x' Y) (64)

3
il
-
S
il
ey

220 where Uy (£), Vinn (8), Winy (8), Ky () and Ly, (t) are undetermined coefficients independent of spatial coordinates;
221 0Y,,,(x,y),0%,.,.(x,),0%,,,.(x,y),0%,.,(x,y) and O3, (x,y) are the assumed trial functions satisfying the
222 boundary conditions of the problem. The subscripts m and n represent the mode number considered along x and y
223 directions, respectively. The total number of terms along x and y directions are denoted with M* and N*, respectively.
224 It follows that the total number of terms is 5 X M* X N*. The trial functions, which satisfy the above boundary

225 conditions at all edges of the plate, can be expressed as:

0, (x,y) = sin (?) cos (?) (65)
02,.,.(x,y) = cos (?) sin (?) (66)
0% (1, ¥) = X " () (67)
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226
227
228
229
230
231

232

233

234

235

236

237

238
239

0% (x,y) = sin (m;'tx) cos (ﬂ) (68)

b
0° n (x,y) = cos (%) sin (nbg) (69)

where, X! (x) and Y,!?(y) are the eigenfunctions chosen to satisfy the out-of-plane boundary conditions. Here,
superscripts both /r and tb replaced with ss, then all the edges of the plate become simply supported (i.e., SSSS), and
both /r and b replaced with cc then all the edges of the plate become clamped (i.e., CCCC). If /r is replaced with ss
and #b is replaced with cc, then the left and right edges of the plate becomes simply supported, and the top and bottom
edges of the plate becomes clamped (i.e., SCSC); the same considerations apply for the CSCS case.

The beam functions for the simply supported and clamped support at two opposite edges are:
a. Simply supported at x = -a/2 and x = a/2
mix
X3(x) = cos—— (m=123....) (70)

b. Clamped support along two opposite edges, i.e., at x =-a/2 and x = a/2

sin $m
CCly) — x 2 x _ (71)
X5 (x) = cosé&, 2 + z cosh &, - (m=246.....)
sinh 7’"

where, &, are the roots of the equation

2
tané—m+tanh§—m=0 (72)
2 2
and
X sin %m X
XEE(x) =siné&,,—— sinhé,— (m=3,5,7..... ) (73)
sinh $m a
2
where, &, are obtained as roots of the equation,
4
tan%n—tanh%nzo (74)

The function of ¥;,(y) are similarly chosen based on the condition at y = -b/2 and y = b/2 by replacing x by y and a by

b and m by n in the above equations. Galerkin method implies that:

_U Li(u®, v°, w°, 2, ¢y) Ol n(x,¥);dxdy = Ofor i =1,2,3,4,5and j=1,2,...M* X N* (75)
a
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246
247

248
249
250
251
252
253
254
255

256
257
258
259

260

261
262
263
264

where L;is the operator expressing the nonlinear partial differential equations. The expressions for the nonlinear partial
differential equations of the RD-CNTRC plate in terms of displacement components (u°, v°, w°, ¢2, qbf,’) are given

in Appendix B.

Dynamic Instability

In dynamic instability analysis, the applied load is considered to be of the form N, = N¢t+N; cos(pt), where Ns is the
static load term, MV; is the dynamic load term, and p denotes the angular excitation frequency. After dropping the
nonlinear part of the stiffness matrix, the dynamic instability behavior of the plate is assessed by solving the following

linear ordinary differential equation (i.e., Mathieu-Hill equation):

M8 + (K, — (N5 + N, cos pt)Kg)8 = 0 (76)

In the above Mathieu-Hill equation, M stands for the mass matrix, K;, stands for the linear stiffness matrix, and Kq
stands for the geometric stiffness matrix of the plate. Bolotin’s method is employed here for tracing the instability
boundaries (Bolotin 1964). This method is suitable for the parametrically excited system as a boundary tracing method
for constructing stability charts of an eigenvalue problem (Turhan 1998). In the above equation, static and dynamic
load terms are varied as Ns =AN.- and N, = A4N.,, such that A,+A;<1, where N is the global buckling load of the RD-
CNTRC plate. Note that buckling loads and natural frequency are retrieved as special cases upon simplification of Eq.
(76). The above linear ordinary differential has a periodic solution on the boundaries with period 27, and the solutionis

sought in the form:

. kpt kpt
6(t) = (aksm - + by.cos T) )

k=135

By substituting the above solutions of d(¢) into Eq. (76) and equating coefficients of identical sine and cosine terms, a
homogeneous algebraic equation in terms of the constants a; and by is obtained. The boundaries of the instability
region are found by seeking for a non-trivial solution. The upper and lower boundaries of the first-order approximation

of the principal instability region and corrected principal instability region, respectively, are defined as:

|IK* + 0.56N.,Kg —0.25Mp?| =0 (78)
K"+ O-S.BNchG _O-S.BNchG 210.25M 0] _ 79
* AR |=0 (19

—BN.,Kg K* — 2.25Mp? 0 0

where K* =K| — NoKg.

Nonlinear Vibration

The mathematical expression of localized periodic loading can be expressed as, N, = Ny + N,cos (pt). Using
Galerkin’s method, the PDEs of the RD-CNTRC plate under localized in-plane loading is converted into nonlinear

ODEs pertaining to both quadratic and cubic nonlinearities. The nonlinear ODEs are expressed as:
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266
267
268
269

270
271

272
273

274
275
276

277

278

279

280

281
282

283

284
285
286

M8 + (K, + Kypo + Kniz — (Ng + N, cos pt)K)8 = 0 (80)

where, M, K; , Ky1.2, Kn13 and K are the mass, linear elastic stiffness, quadratic nonlinear stiffness, cubic nonlinear
stiffness, and geometric stiffness matrices, respectively. In this present study, the Incremental Harmonic Balance
(IHB) method (Cheung et al. (1990) is adopted to trace the nonlinear forced vibration response (frequency-amplitude
curve) of the RD-CNTFRC plate. In this connection, the nondimensional time scale ' = wt is introduced, allowing

the nonlinear ordinary differential equations of Eq. (80) to be rewritten in the form:

w?M8 + (K, + Kypz + Kyps — (Ng + N, cos T)KG)8 = 0 (81)
where the prime () denotes differentiation with respect to T. Let 8¢ and w, denote a state of vibration of Eq. (81);
the neighboring state can be written by adding the corresponding increments as:
8§ =8p+A8 and w = wy + 4dw (82)
Substituting Eq. (82) into Eq. (81) and eliminating the higher-order incremental terms, Eq. (83) is reduced to the
linearized form as:
wo>MAS + (Kp, + 2Kyp, + 3Kz — (Ns + Ny cos T)KG)AS8 — (R, — 2w,M8¢ Aw) = 0 (83)

whereby, Re = —(w?M8y + (Ki, + Kyi2 + Kz — (N5 + N, cos T)Kg)8p). The term R, denotes the residual,
which is different from zero unless the solution is the exact one. The approximate steady-state response of the system

can be assumed as a truncated Fourier series.

80 = Xk< 1ajkcos( )T+Z 1bksm( )T TA,, (84)
A8; = YR, Aajycos ( )T + Yk214bjysin ( )T T.AA,, (85)
where, T, = {cosT cosE e .. COS (ch_l)T,sing, smﬂ .....sin W},
A; = {aj1, Gz, e e Ay, bj1, By wov v Djns}T, AA; = {Aayy, Adyy, ... ... Adjye, Abjy, Abjy, .. ... Abjn}'. The nc

and ns are the numbers of cosine and sine terms considered during the expansion of the Fourier series, respectively.

Based on the above expressions of A and AA, the vectors 8§y and A§, can be represented in matrix form as:
89 = SA and A8 = SAA (86)
T, 0
0 T,
The final set of the nonlinear governing equations is derived upon substitution of Eq. (86) into Eq. (83) and by

KncAA = R — Ry dw (87)

where,
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288

289
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292

293
294
295
296
297
298
299
300
301
302
303
304
305
306

307

308
309
310
311
312
313
314

315

2m
Kpne = f ST(we2MS" + (Ky, + 2Ky1z + 3Kyiz — (N + N, cos THK;)S) dT
0
2m
R = —J- ST((A)OZMS” + (KL + KNLZ + KNL3 - (NS + Nt COoS T)KG)S) AdT
0

2T
Ry = f ST(2w,MS") AdT
0

The Newton-Raphson method is employed for solving the set of nonlinear equations given by Eq. (87), thus allowing

the frequency-amplitude response of the RD-CNTFRC plate to be traced.
Results and Discussion

The present study aims to analyze the nonlinear vibration and dynamic instability characteristics of the RD-CNTRC
plate. In this section, three cases of localized in-plane edge loadings are considered along with uniform loading for
evaluating the buckling, dynamic instability, and nonlinear vibration analyses of the RD-CNTRC plate. All three cases
of localized in-plane loadings are considered in such a way that total loading at the edge of the plate is equal to that
of the magnitude of uniform loading at the edge of the plate. The first 50 terms in Fourier series are considered to
guarantee converged pre-buckling stresses (0y;, (i, j = x, ) within the RD-CNTRC plate.
To present the nonlinear vibration results (i.e., frequency-amplitude curve), plots are traced in terms of dimensionless
excitation frequency (£2) against dimensionless amplitude (w/&). Similarly, the instability region is traced in terms of
Q against dynamic load factor (4q).

The material properties are considered for the present study as per Tornabene et al. (2017). The Young’s modulus
(Eep) is 2.1 GPa, Poisson’s ratio (i) is 0.34, Mass density (p.,) is 1150 kg/m? for matrix and for single-walled carbon
nanotube (SWCNT) with chiral indices (n=m¢=10) having Hill’s Elastic moduli as kcnr =271 GPa, lcnr =88 GPa,
ment =17 GPa, nent=1089 GPa, penr = 442 GPa and density is pent =1400 Kg/m®. The above-mentioned material

properties of the matrix and CNT are considered throughout the study unless otherwise specified.
Validation Studies

The accuracy of the semi-analytical approach is demonstrated by comparison against finite element simulations and
reference results available in the literature. In the first part of this section, the developed analytical stress fields within
the RD-CNTRC plates is compared with Abqus results for three cases of localized in-plane loadings. With this purpose
finite element models with S4R (IS THIS CORRECT?) elements were developed, and convergence checked after
preliminary studies. In the second part, the buckling and vibration of the CNT-reinforced plate are validated with
published results in the literature. Lastly, the dynamic instability and nonlinear vibration characteristics of the

composite plate are validated with available literature.

Prebuckling Stress Distribution
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316 In order to validate the developed analytical expression of stress, in Figs 3-5, the pre-buckling normal stress (o)
317 distributions within a simply supported (SSSS) square RD-CNTRC plate (SSSS, a/b=1, b/h=50, o=£=1, w, = 0.25, Ay
318  =0) is shown against y/b at x/a = 0 and x/a = 0.25. The comparison against Abaqus results demonstrates close
319 agreement for the predicted normal stress distribution, including local effects in proximity of the boundaries.

320 REMARK: or we report the thickness of the plate, or we report the results in nondimensional form. In the current

321 version, results cannot be reproduted as thickness is not provided.
60
55 —

—m— x/a=0 (Present)

--®-- x/a=0 (ABAQUS) ®
50 ;{;{}* @ x/a=0.25 (Present) P
45 ] * -¥--x/a=0.25 (ABAQUS) /./
40
35 |
30 ]
25 ]
20 ]

Normal stress (o)

15+
10 +

5]
o ———
-06 -05 -04 -03 -0.2 -01 00 01 02 03 04 05 0.6
322 v/b

323 Fig. 3. Stress distribution of a simply supported square RD-CNTRC plate subjected to localized in-plane loading

324 (Case-I)

50
g —=— x/a=() (Present)
45 - --®-- x/a=0 (ABAQUYS)
E @ x/a=0.25 (Present)
40 - - x/a=0.25 (ABAQUS)
';E: 35
©“
§ 30
”
< 254
S
= 20 +
15 4
10 4
S+——T T T T T T T T T T T
-0.6 -05 -04 -03 -0.2 -0.1 0.0 01 02 03 04 05 06
325 /b
326 Fig. 4. Stress distribution of a simply supported square RD-CNTRC plate subjected to localized in-plane loading
327 (Case-II)
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329
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60 ] —&— x/a=() (Present)

| --8-- x/a=0 (ABAQUS)
55 7] @ x/a=0.25 (Present)
50 4 - x/a=0.25 (ABAQUS)
45
40
35
30
25
20
15
10 4
5
O"Y,"N'I'N'N'N'I'N'N'I'J'
06 -® -04 -03 -02 0.1 00 01 02 03 04 (™ 06
/b

Normal stress (0,,)

Fig. 5. Stress distribution of a simply supported square RD-CNTRC plate subjected to localized in-plane loading
(Case-III)

Similarly, the contour plots of the stresses (oxx, gy, and 7i,) within a simply supported square RD-CNTRC plate (SSSS,
a/b=1, b/h=50, a=p=1, w, = 0.25, A; = 0) due to three cases of localized in-plane loads are obtained in ABAQUS and
compared with analytically developed stress contour plots from present Airy’s approach which are shown in Fig. 7-9.
The plots in Figs. 6-8 indicate that the contour obtained from the current approach for all the three cases (dy =0, dy =

0.125b, and dy = 0.25b) matched very well with the contours obtained in Abaqus.
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Fig. 6. Comparison of stress contour obtained from present method and ABAQUS of a simply supported RD-
CNTRC plate (a/b=1,b/h=50,a= =1, w,=0.25, As= 0) for Case-I (d=0).
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Fig. 7. Comparison of stress contour obtained from present method and ABAQUS of a simply supported RD-
CNTRC plate (a/b=1,b/h=50,a=p=1,w,=0.25, As= 0) for Case-1I (dp=0.125b).
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Buckling and Vibration

HERE AND SUCCESSIVE SECTION: I would mention the techniques used in referenced papers for
generating the results that we use for validation.

The nondimensional buckling load is evaluated for square, simply supported isotropic (a/b = 1,b/h = 100,n,, =
0.3) and RD-CNTRC plates (a/b = 1, b/h =20, w,=0.25, a=p=1 and A,= 0) under three cases of localized in-plane
loadings. The results are compared against Abaqus and benchmark solutions from the literature in Table-1. The

Aerb?
Eeph®

Aerb o Eqh3
D )

nondimensional buckling coefficients are denoted as k;g, (= ) and k. <=

T 12(1-n122) ) for the isotropic

and RD-CNTRC plates, respectively. As seen from Table 1, close agreement is achieved between the present
formulation and the results from Abaqus simulation and thise reported by Liew and Chen (2004), these latter for the

localized in-plane loading case-III, only.

Table 1. Buckling load coefficient of a simply supported plate under three cases of localized in-plane loadings.

Dimensionless buckling coefficient
Localized in-plane Isotropic plate (kiso) RD-CNTRC plate (k)
loading Liew and
Present Abaqus Present Abaqus
Chen (2004)
Case-1 (dy=0) 57.05 57.14 - 116.11 116.39
Case-11
(dy=0.125) 40.48 40.55 - 82 44 82 61
Case-1III
(dy=0.25b) 30.15 30.19 30.04 61.45 61.52

Table 2. Comparison of dimensionless fundamental natural frequency (22, = w,a?/h, [Pep/Eep) of a simply

supported square plate (a/b =1) with different volume fractions of CNT and edge-thickness ratios.

V,=0.11 V,.=0.14 V,=0.17
b/h Present Sankar et al. Present Sankar et al. Present Sankar et al.
(2016) (2016) (2016)
5 8.744 8.768 9.045 9.061 10.909 10.939
10 13.590 13.563 14.367 14.367 16.882 16.847
20 17.336 17.321 18.915 18.915 21.428 21.409
50 19.159 19.166 21.322 21.329 23.613 23.621

A further comparison against reference results is provided in terms of nondimensional natural frequency. With this

purpose, a single-layered SWCNT embedded PmPv matrix, a composite square plate with different CNT volume
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fractions (V) is considered. The material properties of SWCNT are E]= 5.6466 TPa, EJ = 7.0800 TPa, S, = 1.9445
TPa, p, = 1400 kg/m3 and v, = 0.175 while the PmPV matrix properties are given by Eep =2.1 GPa, p,, = 1150 kg/m3
and ve, = 0.34. The fundamental natural frequency (w,,) is obtained for the above-mentioned composite plate with
different CNT volume fractions and edge-thickness ratios. The nondimensional natural frequency (£, =
wpa?/ h\/W) is compared in Table 2 against the results reported by Sankar et al. (2016), demonstrating close

agreement with those of the semi-analytical method developed here.

Dynamic Instability and Nonlinear Vibration

To validate the present approach in terms of dynamic instability, a comparison is presented with the results reported
by Adhikari and Singh (2020). Specifically, a simply supported laminated composite plate (a/b=1, 0/90/0) under
parabolic in-plane loading is considered, and the influence of a/k ratio on the width of the dynamic instability region
(DIR) is assessed. The material properties of the laminated composite plate are considered in this case as E/E>= 40;

G]z/Ez = G13/E2 = 0.6; G23/E2 = 0.5; V2= 0.25; p= 1 kg/m3.

Here, the DIR is traced between dimensionless excitation frequency 2 = w X vs. dynamic load factor (1,) and

p
E;Xxh2
is plotted in Figure 9 for different length-to-thickness ratios. One can not the close agreement between the results

obtained using the present method and the one proposed by Adhikari and Singh.

19 ah=10 —%— Present - - Adhikari and Singh (2020)
T =20 —#—Present  --®- Adhikari and Singh (2020)
{ @h=100 —m—Present  --m-- Adhikari and Singh (2020)

1.0 H
0.8

0.6

Dynamic load fa&tor (1)

0.2

0.0

20

Dimensionless excitation frequency (£2)

Fig. 9. Validation study of the DIR of a simply supported laminated plate (a/b=1, 0/90/0) with varying a/h ratio
subjected to parabolic in-plane loading.

To investigate the accuracy and effectiveness of the present semi-analytical model for the nonlinear vibrations, the test
case proposed by Ribeiro and Petyt (1999) is considered. Specifically, the material properties are £; = 173 GPa; E> =
7.2 GPa> G1,=G3=3.76 GPa; v;> = 0.29; p = 1540 kg/m?>. The stacking sequence consists of 16 layers of laminates
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with ply orientation (45/-45/0/-45/45/-45/0/45),. The plate is characterized by dimensions ¢ = 300 mm, » =150 mm
and /2 =2.72 mm. Fully clamped boundary conditions are considered.

The study is conducted by considering an increasing number of trial functions up to convergence. The backbone ureves
are presented in Figure 10, the results indicating that a 2-term solution is well matched with the results derived by
Ribeiro and Petyt. However, these results were verified to be not converged, and increasing the basis up to 4-terms
was found to be necessary. Here, the constants Wj;, Wi3, W3, and W;3; are chosen corresponding 4-terms of w°
displacement field and similarly, other constants are chosen for displacement fields u°,v°, ¢7 , and ¢;. TYPO IN
THE LEGEND OF FIGURE 10 (RIBERIO>RIBEIRO)

WOULD BE INTERESTING TO FIGURE OUT WHY RIBEIRO DOES NOT REACH ACHIEVE
CONVERGENCE AND TRY TO PROVIDE AN EXPLANATION

0.50 »
1 ---B---[-Term --@--2-Terms Pl
0.45 4 -4z - 4-Terms --@-- 6-Terms
—*— Riberio and Petyt (1999)

0.40—-
0.35—-
0.30—-
0.25—-
0.20—-

0.15

Dimensionless amplitude (w/h)

0.10

0-00? ‘ \ ‘ \ ‘ \

1.00 1.05 1.10 1.15 1.20

Dimensionless excitation frequency (2 =w/2 w,)

Fig. 10. Validation study of the nonlinear vibration of a fully clamped laminated rectangular plate subjected to
uniform in-plane loading.

Parametric Studies

The semi-analytical tool is particularly useful for performing parametric and sensitivity studies, which are necessary
for gathering understanding into the nonlinear underlying mechanical response of CNTRC plates. This feature is
exploited here to address the effect of agglomeration models, static and dynamic load factors, CNT mass fraction,
shape of in-plane loads, and boundary conditions.

With this purpose, a RD-CNTRC plate with an aspect ratio a/b=1 and edge-to-thickness ratio b/A=50 is considered.
The material properties of the matrix and CNT are taken the same as mentioned in the initial paragraph of the results

and discussion section.

Effect of Agglomeration of CNTs
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The degree of agglomeration of CN

Ts is directly proportional to the poor dispersion of CNTs in the matrix while

manufacturing the RD-CNTRC plate. As a result, the stiffness of the plate significantly reduces, and this

phenomenon is consistent with findings in the existing literature. To avoid the agglomeration of CNTs for which the

uniform dispersion of the CNTs in the matrix is required, which is difficult to achieve practically (I DON’T
UNDERSTAND THIS SENTENCE; PLEASE REPHRASE). Hence, the study of the influence of different

agglomeration models on the nonlinear vibration and dynamic instability becomes essential.

The two plots of Fig.11 illustrate the nonlinear vibration (at a dynamic load factor of 14 = 0.5) and instability of a

simply supported RD-CNTRC plate (a/b=1, b/h=50, w,=0.25, A; =0) subjected to Case-III of localized in-plane

loading for different agglomeration cases.
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Fig. 11. Effect of CNT agglomeration on (a) nonlinear vibration response at A;= 0.5 and (b) principle instability
zone of a simply supported RD-CNTRC plate (a/b=1, b/h=50, w,=0.25, A, =0) under Case-III of localized in-plane

The results of Fig. 11(a) indicates th
CLARIFY) partial agglomeration,

loading.

at the nonlinear behavior in the case of null agglomeration is more than (PLEASE

followed by a complete agglomeration case. This phenomenon occurs because
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the rate of change in dimensionless amplitude decreases with respect to dimensionless excitation frequency, which
is due to the increase in stiffness of the plate with a decrease in agglomeration.

By inspection of Fig. 11(b), one can note that the dimensionless excitation frequency corresponding to the origin of
dynamic instability is maximum for null agglomeration. In contrast, this value is minimum for the case of complete
agglomeration. For the case of partial agglomeration, this behaviour depends on the value of a and f: increasing a
promotes a shifts towards the null agglomeration case. The width of the instability region changes accordingly. The
width of the dynamic instability region (DIR) is minimum for the null agglomeration case and maximum for the
complete agglomeration case. This shows that with the increase in the agglomeration of CNTs in the matrix, the

stiffness of the plate decreases and vice-versa. The sequence of the width of the dynamic instability region (DIR) for

null agglomeration, partial agglomeration, and complete agglomeration as 1.80h,/E.,/pep » 2.38 hy/E¢p/pep and
4.95 h\/E¢p/pep respectively at Az = 0.5.

The buckling load coefficient k, = (A,b?)/(E.ph*) and dimensionless natural frequency 2, = w,b?/h\/pep/Eep
of a simply supported RD-CNTRC plate (a/b=1, b/h=20, w,=0.25, 14 =0) are summarized in Table 3. Different mass

fractions and agglomeration types are considered for the three types of loading.

Table 3. Dimensionless buckling load coefficient (k) and dimensionless fundamental natural frequency (£2,) for
different agglomeration models of the RD-CNTRC plate (a/b = 1, b/h =20 and A4= 0) subjected to three cases of

localized in-plane loadings with varying mass fraction of CNT (w;).

T ¢ Acol i Mass fraction
ypeo gglomeration Wy =0 W, =0.1 W, =02 W, =03
loading Type
Aer Q) Aer (Qn) Aer Q) Aer Q)
CA 2”: 1(;'5 & 1520 601 | 1368 958 | 1480 987 15.24 9.93
Case-l PA@=03& | oo 601 | 2851 1383 | 52.66  18.62 80.17 22.77
£=0.75)
NA (@=f=1) | 529 601 | 4356 17.10 | 88.76  24.18 14329 30.44
CA 21:1(;'5 & 1376 601 | 971 958 | 1051  9.87 10.82 9.93
Case-ll | PA(@=03& 1 o0 01 | 2025 1383 | 3739 1862 56.92 2277
£=0.75)
NA (@=f=1) | 376 601 | 3093 17.10 | 63.02  24.18 10175 30.44
CA (;: 8'5 & | 280 601 | 724 958 783 9.87 8.06 9.93
Case-lll | PA(@=03& | o0 co1 | 1500 1383 | 27.87  18.62 42.43 2277
£=0.75)
NA (@=f=1) | 280 601 | 4698 2418 | 4698  24.18 7584 3044

It is interesting to note that the agglomeration has a noticeable impact on the stiffness of the plate. As a consequence,
the values of buckling load coefficients and dimensionless natural frequency get effected accordingly. It can be seen
that with the change in agglomeration for any case of loading, suppose Case-I, when the mass fraction of CNT is

changed from O (i.e., w, =0), the buckling load coefficient as well as dimensionless natural frequency increases with
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the change in agglomeration model from complete agglomeration (CA) to partial agglomeration (PA) and then to
null agglomeration (NA) (This sentence should be rephrased. It looks too involved). At the same time, it is also
observed that with the change in the mass fraction of CNT in the matrix from w, =0 to w, = 0.3, there is an increase
in the buckling load coefficient (k.) and dimensionless natural frequency (£2,,). Although the rate of increase in
buckling load coefficient and dimensionless natural frequency is more when CNT mass fraction (w,) changes from
0 to 0.1, compared to CNT mass fraction changes from 0.1 to 0.3. Again, it can be concluded from table that with
the change in loading case from Case-I to Case-II and then to Case-III, the values of buckling load coefficient and
dimensionless natural frequency decreases for any specific agglomeration model. This shows that the loading type

Case-III has a maximum effect on the RD-CNTRC plate than the other loading cases.

Effect of Pre-loading

The pre-loading at the edge of the plate can be characterized by the static load factor of the localized in-plane periodic
loading. Clearly, the preload can have a beneficial or a detrimental effect on the stiffness of the plate. Tensile pre-
loads stiffen the plate, while the opposite holds true for compressive ones. To investigate this effects, the nonlinear
vibration and dynamic instability is assessed for a simply supported RD-CNTRC plate (a/b =1, b/h=50, a=p=1, 4=0,
w, = 0.25) subjected to Case-III of localized in-plane periodic loading. Firstly, the results are reported in Fig. 12 for

the special case were pre-loading is null.
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Fig. 12. Effect of dynamic load factor on (a) nonlinear vibration response at 4; = 0, 0.4 and 0.8 and (b) principal
instability zone of a simply supported RD-CNTRC plate (a/b =1, b/h=50, a=p=1, 1~0, w, = 0.25) subjected to

Case-Ill o

f localized in-plane loading.

The plot of Fig. 12(a) illustrates the nonlinear vibration of the RD-CNTRC plate for different dynamic load factors

and width between two nonlinear vibration curves with respect to upper and lower boundaries of the principal

instability region as per Fig. 12(b) at specific amplitude, increases with the increase in dynamic load factor (44) (I

would rephrase, this is too long). The backbone curve originates from the origin of instability corresponding to zero

amplitude. Further, the amplitude increases with the increase of excitation frequency (i.e., the backbone curve shows

the hardening behavior of the plate). Moreover, at any fixed value of dimensionless amplitude, the difference between

upper and lower dimensionless excitation frequencies increases with the increase of dynamic load factor (14) because

of a decrease in the overall stiffness of the plate (K. + Kyi2 + K3 - 2 Ner Kg). The influence of static load factor (i.e.,

pre-loading) on the nonlinear vibration response at A; = 0.5 and the principle instability zone of a simply supported

RD-CNTRC plate (a/b =1, b/h=50, a=p=1, 1~0, w, = 0.25) subjected in-plane localized loading as Case-III is shown

in Fig. 13(a) and Fig. 13(b) respectively.
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Fig. 13. Effect of static load factor on (a) nonlinear vibration response at A; = 0.5 and (b) principle instability zone

of a simply supported RD-CNTRC plate (a/b =1, b/h=50, o=p=1, w, = 0.25) subjected to case-III in-plane localized

in-plane loading.
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Fig. 13(a) shows the plot of dimensionless amplitude (w/%) vs. dimensionless excitation frequency (£2) for different
static load factors(4,) such as -0.4, 0, and 0.4; Where it can be observed that the increase in static load factor () from
0 to 0.4, the stiffness of the plate decreases, which is due to compressive nature of the pre-loading effect on the plate.
In contrast, stiffness increases with the decrease in static load factor (4s) from 0 to -0.4, which is due to the tensile
nature of the pre-loading effect on the plate. Thus, the frequency-amplitude curves corresponding A, = 0.4 shift towards
left with respect to the backbone curve corresponding to A, = 0, while frequency-amplitude curves corresponding to A,
= -0.4 shift towards the right with respect to the backbone curve. From Fig. 13(b), it can be observed that the width of
the dynamic instability region (DIR) is 13.67hm for A;= 0 then increases to 17.3 lhm for A;=0.4 (due
to the compressive nature of pre-loading effect on the plate which decreases its stiffness) while the width of DIR
decreases to 11.59hm for A;=-0.4 (due to tensile nature of pre-loading effect on plate which increases its
stiffness) at dynamic load factor of 4, = 0.5. Also, it is observed from the figure that the origin of instability
corresponding to 4, = 0.4 occurs at lower excitation frequency compared to the origin of instability corresponding to
As = 0 due to a decrease in the stiffness of the plate while the origin of instability corresponding to A, = -0.4 occurs at
higher excitation frequency compared to the origin of instability corresponding to 4, = 0 due to increase in the stiffness

of the plate.

Effect of CNT Mass Fraction

Further paramentric studies are presented to investigate the effect of CNT mass fraction with respect to instability
and the nonlinear vibration response at ;= 0.5. For this purpose, a simply supported RD-CNTRC plate (a/b=1,
b/h=50, a=p=1, s =0) subjected to Load Case-III is considered.

As observed from Fig. 14(a), the effect of nonlinearity increases with the mass fraction of CNT. In other words, the
rate of increase in the amplitude of the nonlinear vibration decreases with an increase in the CNT mass fraction. One
can note that the width of the dynamic instability region of the plate decreases with the increase in the mass fraction
of CNTs in the matrix, as shown in Fig. 14(b). Furthermore, the origin of instability shift towards the higher value
of dimensionless excitation frequency (£2). Because of the increase in stiffness of the plate with the addition of CNTs

(INCOMPLETE). The sequence of dynamic instability width for w,=0, w,=0.05, w,=0.1 and w,=0.2 at As= 0.5

respectively are 3.0 hy/E,p/Pep> 1.42 h\Eep/Pep, 1.04 hy[Eep /pep and 0.72 hy/E,p, /ey -
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Fig. 14. Effect of CNT mass ratio (w,) on (a) nonlinear vibration response at ;= 0.5 and (b) principle instability
zone of a simply supported RD-CNTRC plate (a/b=1, b/h=50, o=p=1, 1, =0) under Case-III of localized in-plane

loading.

Effect of Shape of In-plane Load

In many practical situations — damaged boundary, stiffened plate connected to the unstiffened plate, improper
connection between two structural components — the loads at the edge of the plate are localized. These situations can
be successfully handled by using the set of in-plane loads considered in this study.

Fig. 15 reports the nonlinear vibration response at ;= 0.5 and the dynamic load factor of a simply supported RD-
CNTRC plate (a/b=1, b/h=20, 0==1, 1, = 0, w, = 0.25). The plate is subjected to three cases of localized and uniform
in-plane loading with respect to the N, of Case-III loading. The width of the frequency-amplitude curve is maximum
for Case-III loading and minimum for Case-I loading as shown in Fig. 15(a). This behavior is explained by observing
that the resultant stiffness of plate (K = K; + Kz + s N K) for Case-III loading is less compared to the resultant
stiffness associated with Case-I loading. Also, it is observed that the frequency-amplitude curve for Case-II loading

and uniform loading are very close, which indicates that both the loadings have similar effects.
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Fig. 15. (a) Nonlinear vibration response at A; = 0.5 and (b) principle instability zone of a simply supported RD-
CNTRC plate (a/b=1, b/h=20, a=p=1, A; = 0, w, = 0.25) subjected to three cases of localized in-plane loadings and

uniform in-plane loading.

Similarly, from Fig. 15(b), it can be observed that the origin of the dynamic instability region for all the load cases
is the same because the value of the static load factor is considered zero (4; = 0). However, the width of the dynamic
instability region is maximum for Case-III loading and minimum for Case-I; on the contrary, for Case-1I and uniform
loading, it is almost the same. The sequence of dynamic instability width for Case-I, Case-II, uniform loading, and
Case-III loadings are 7.22 hm, 10.16 hm, 10.42 hm and 13.59 hm respectively at
Ja = 0.5. This behavior is explaind by observing that the resultant stiffness of plate (K) increases in sequences as
Kcasemn < Kunitorm < Kcasert < Kcaser1. At As = 0 and A4 = 0, the initial stiffness of the plate (K. + Ky; + Knzo) is

independent from all the different types of loadings.

Fig. 16 reports the plot of the nonlinear vibration response at 14=0.5, and the dynamic instability region of a simply
supported RD-CNTRC plate (a/b=1, b/h=20, a=p=1, w,= 0.25) subjected to three cases of localized in-plane loadings
and uniform in-plane loading with a static load factor of A; =0.4. From Fig. 16(a), it can be concluded that the

nonlinear vibration response curve of the RD-CNTRC plate for Case-II loading and uniform loading the plate
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behaves almost the same while the nonlinear vibration response for loading Case-1 and Case-11I behaves differently

than the other two loadings (THIS IS NOT CLEAR).
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Fig. 16. (a) Nonlinear vibration response at 1s =0.5 and (b) principle instability zone of a simply supported RD-
CNTRC plate (a/b=1, b/h=20, a=p=1, 1, =0.4, w, = 0.25) subjected to three cases of localized in-plane loadings and

uniform in-plane loading.

Also, the difference between the origin of nonlinear vibration response curves, as in Fig. 16(a) corresponding to

lower and upper instability boundaries (see, Fig. 16(b)), increases with an increase in loading concentration towards

the center edge of the plate. Whereas from Fig. 16(b), the origin of the dynamic instability region is not the same as

it is observed in the case of Fig. 15(b). Because of the pre-loading (i.e., static load factor) applied at the edge of the

plate. It is also observed from Fig. 15(b) that the Case-II loading and uniform loading has a similar effect on the

instability of the RD-CNTRC plate. The sequence of dynamic instability width of RD-CNTRC plate for Case-I,
Case-II, uniform, and Case-III loadings respectively are 8.17 h\/E,p/pep> 12.15 hy[Ecp /pep, 12.45 h\/Ep [ pep and

17.31 hyJEep/pep at 24=0.5.
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Effect of Boundary Conditions

In real-life situations, the RD-CNTRC plates can be fitted in various ways to the adjacent components of a complex
structure. Hence, the effects of boundary conditions should be investigated on the nonlinear vibration and dynamic
instability. For this scope. a RD-CNTRC plate (a/b=1, b/h=50, o=p=1, As =0, w, = 0.25) is considered with and
different boundary conditions are analyzed. The loading condition is of the one of Case-III. The results are

summarized in Fig.17.
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Fig. 17. (a) Nonlinear vibration response at 4;=0.5 and (b) principle instability zone of a RD-CNTRC plate (a/b=1,
b/h=50, a=6=1, i, =0, w, = 0.25) with different boundary conditions subjected to Case-III of localized in-plane

loading.

As seen from Fig. 17(a), SCSC and CSCS boundary conditions lead to very similar results. On the contrary, the
nonlinear vibration response curves are inherently different for CCCC and SSSS conditions. As expected, fully
clamped conditions promote the hardening response of the plate, as one may observe from Fig. 17(a).

Referring to Fig. 17(b), it is observed that the origin of the dynamic instability region for SCSC and CSCS boundary
conditions starts from the same point of excitation frequency, whereas, for other SSSS and CCCC boundary

condition, it is having a lower value and higher values respectively. Also, the dynamic instability width of the RD-
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CNTRC plate with SSSS, CSCS, SCSC, and CCCC boundary conditions respectively are 13.67 h,/E¢,/pep, 11.15

hyEep/Pep> 936 hy/Eep/pep and 8.91 h\/E,,, /pep at 2a=0, which represents that the stiffness of the plate changes
with the boundary condition of the plate, and thus the width of the dynamic instability region changes. Although

CSCS and SCSC boundary conditions have the same origin of instability with the change in dynamic load factor,
the width of the instability region changes, and it is different based on stiffness gained by the plate due to boundary
conditions and which shows that SCSC condition provides more stiffness than that of CSCS condition as the width

of the dynamic instability region is less for SCSC than CSCS boundary condition.

Conclusions

In this study, a semi-analytical solution has been developed to investigate the buckling, dynamic instability, and
nonlinear vibration behavior of a randomly oriented SWCNT reinforced RD-CNTRC plate based on HSDT under the
action of three cases of localized in-plane loadings. The effect of different types of CNT agglomeration models, CNT
mass fraction, static and dynamic load factors, boundary conditions, and three cases of localized in-plane periodic
loadings along with uniform loading on the dynamic instability and nonlinear vibration of the RD-CNTRC plates were

studies in details. The remarks from the present semi-analytical investigation are summarized as:

e The buckling load and fundamental frequency of the RD-CNTRC plate incerase with the rise in CNT mass
fraction in the matrix. However, the rate of growth in buckling loads and fundamental frequencies decreases
with a further increase in CNT mass fraction compared to the case where there are no CNTs in the matrix,
and CNT is added to the matrix by a small fraction.

e Pre-loading has a significant effect on the dynamic instability and nonlinear vibration of the plate. When
there is no pre-load (i.e., 4, =0), all load cases have the same origin of instability. Small increase in static load
factor determine a change in the origin of instability for all load cases.

e The origin of instability shifts towards lower excitation frequency for Case-III loading and higher for Case-1
type loading for any positive value of static load factor (i.e., 4, = +ve).

e Among all the case of loadings, the width of the frequency-amplitude curve and DIR of the RD-CNTRC
plate is maximum for Case-III localized loading, and minimum for Case-I localized loading. While Case-II
type localized loading and uniform loading shows almost the same effect on the dynamic instability and
nonlinear vibration of the RD-CNTRC plate.

e In the case of different boundary conditions, the width of the DIR of the RD-CNTRC plate is minimum for
CCCC and maximum for SSSS. The plate with the CCCC boundary condition behaves more hardening than
the plate with SSSS, SCSC, and CSCS boundary conditions.

Appendix A
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588 The generalized analytical expression for the localized in-plane loading is derived using the Fourier series expansion
589 along the y-direction. The loading is applied partially at the edge of the plate, so that domain of the unloaded part will

590 be considered zero. The general case of localized in-plane loading function is written as,

0 —2 <y <+d (A.1.1)
IVO _§+ do <y <_§ + d0+§ (A.1.2)
0 b d b d (A.1.3)
NG = Tyttt <y<g-do—3
(A.1.4)
(A.1.5)
591
Right edge

Fig. 18. Schematic diagram of RD-CNTRC plate load under localized in-plane loading representing the generalized

case of loading.

The above-localized in-plane loading function is represented through Fourier series as:

N) = % + Xi21a;cosB;y + XiZq bisinpiy (A2)
where,
2 Pt
2
w=3| [ N+ [ woay+ [ Nodv+ [ Nody+ [ NGday
-2 2 +do —ztdot3 5o 2 ~do
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, _7b+d0+% g—do
=7 f N@»)dy + f N(@)dy
_Tb+d0 g—do—%
2Nyd
ag = 0 (A3)
b
Again,
) _2—b+cl0+% g—do
a =7 f N(y)cosp;ydy + f N(y)cosB;ydy
—b b d
S +do 2 %73

- ;ilj [sing; (=3 +do +5) = Singi (=5 + do ) + Sins; (5 — do ) — Sinfs; (5 — do = 5]

= ;TNI: [Sinﬁi (; +dy — g) + Sinp; (g - do)]

: 2nr
Since f5; = >

Similarly,
, _Tb+d0+% g—do
b=} f N(y)sinf;ydy + f N(y)sinp;ydy
z tdo g—do—%
ZIVO b d b b b d
= B —cosp; (_E +d,+ 5) + cosp; (_E + do) — cosf; (E - do) + cosp; (E —d, — 5)]
_ 2N, (b d d) N (b 4 d>]
= cosp; 5~ do—5 )+ cos(5—do—5

(A.5)
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Thus, using Egs. (A.3), (A.4) and (A.5), Eq. (A.2) can be written as:

Ny) =—m + z —[Sing; ( +dy — b) + Sing; (— - do)] cosB;y (A.6)

Considering, i = r, the generalized equation for the localized loading at the edge of the plate (keeping the total

localized load to be same as uniform load) can be written as Eq. (A.7)

N(y) = Z(@ + ZNO [Slnﬂl ( +dy— b) + Sinp; ( )] cos,b’iy> (A7)

r=1

Case-I: putting dy = 0 in Eq. (A.7)

N(y) = g(? + Z 2Ny Sinf; ( b) + Sinf; (b)] cosﬁiy>

r=1

Since f5; = Tr

N(y) = g(@ + Z 272]‘0 [Slnﬁi ((21 - g)] cosﬁiy) (A.8)

Case-II: putting dy, = 0.125b in Eq. (A.7)

N(Q) = g(@ + Z 272{0 Sing; (g - %) + Sinp; (%)] Cosﬁiy> (A9)

r=1

Case-III: putting dy = 0.25b in Eq. (A.7)

N(y) = g(T + [Smﬁl (— - g) + Sinf; ( )] Cosﬁiy> (A.10)

r=1

592 Appendix B

593 The nonlinear governing partial differential equations of the RD-CNTRC plate in terms of displacements (u, 1%, w?)

594  and rotation (¢7, ¢y) variables are given below:
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Allu,(a)cx + 2A16ugcy + A66u,°yy + A16U,?cx + (A2 + Aﬁﬁ)v,?cy + Azev,(g)zy + A11W,9cW,?cx + 2A16W,2W,2y
+ Aﬁﬁw,?cw,oyy + A16W,0yw,2x+(A12 + Aee)W,gW,gy + Azew,gw,gy + Blld’;(c),xx (B.1
+ 2316¢J(c),xy + B66¢9[c),yy + B16¢y0,xx+(B12 + B66)¢3(1),xy + B26¢y0,yy = Cgu,(it
Amu,[ix + (A2 + A66)u,(7)cy + A26ugzy + Aﬁﬁv,(a)cx + 2A2617,2y + Azzv,oyy + A16W,2W,2x + (A2
+ Ase)WIWY, + ApgWiw), + AgeWIwsy + 24,,Wiwi, + Azwiws,
+ Bi6P2xx+(Biz + Bog)Prxy + BasPryy + BesPyxx + 2Basdy vy + Baz gy

—_ 0
= Cgv't,t

(B.2)

kcH55¢x,x + kcH45¢x,y + kcH45¢y,x + kcH44¢y,y + kcHSSW,g)cx + kc2H45W,9cy + kcH44W,g)/y (B 3)
+ (Nxx - (nT)xx)W,g)cx + Z(ny - (nT)xy)W,g)cy + (Nyy - (nT)yy)W,gy = ng,(t)t

595 where,

Nxx = An[ug( + O.S(W'g)z] + Alz [U'Oy + 0.5(W'0y)2:| + Alﬁ[ug/ + v,(J]C + W'?(W'Oy] + Blld)x,x + B12¢y,y

+ Bl6(¢x,y + ¢y,x)

(B.3.1)

Nyy = A12 [ugc + O.S(W'g)z] + Azz[v'oy + 0.5(W'0y)2] + A26[ug, + v'g + Wygwyoy] + Blzd)x'x + Bzz(t)y'y

+ B26(¢x,y + ¢y,x)

(B.3.2)

Nyy = Ag[ul + 0.5(W?] + Az6[v + 0.5W3)?] + Ags[u + 15 + wiw)] + Bisdrx + Basdy,y

+ B66 (¢xy + ¢y,x)

(B.3.3)

Byiu%y + 2B1sulyy + Besulyy + BigVoy
+ (Blz + B66)v,9cy + BZ6U,(3)/y - kcHSSW,?c - kcH45W,Oy + Bllw,?cW,?cx
+ ZBMW,?cW,?cy + BeeW,ﬁ’cW,gy + BmW,OyW,g)cx + (B, + B66)W,0yW,9cx + BZ6W,(3]/W,(3]/y (B.4)
+ D11@rxx + 2D16Prxy + DesPryy + D16Pyx + (D12 + Des) Py xy + DasPy.yy

- kc(H55¢x + H45¢y) = phqu_ott

BigUulx + (Biz + Bgg)uy + BagUly + BegUsx + 2By, + Bypvy, — kcHasws — ko Hayw)
+ BigWaWe + (Biz + Bog)WIW3y, + BogWawyy, + BggWwiy + 2Brgwiwy,
+ ByywiwSy, + Digh i + (D1z + Deg) iy + DasPiyy + Desbyyy

+ 2D26¢y0,xy + D22¢y0,yy - kc(H45¢x + H4-4-¢y) = phd)y'ott

(B.5)

596

597  Data Availability Statement
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All model and corresponding data generated and used during the present investigation appear in the published article

and are available upon request.
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