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STABILITY ANALYSIS OF ABSTRACT
SYSTEMS OF TIMOSHENKO TYPE

VALERIA DANESE, FILIPPO DELL’'ORO AND VITTORINO PATA

ABSTRACT. We consider an abstract system of Timoshenko type
P+ aAF(ATp +¢) =0
path + bAY + a(AZp + ) — A0 =0
p30 + cAO + §A ) =0

where the operator A is strictly positive selfadjoint. For any fixed v € R, the stability
properties of the related solution semigroup S(t) are discussed. In particular, a general
technique is introduced in order to prove the lack of exponential decay of S(t) when the
spectrum of the leading operator A is not made by eigenvalues only.

1. INTRODUCTION

Let (H,{-,-), |- ||) be an infinite-dimensional separable real Hilbert space, and let
A:DA) CH—H

be a strictly positive (real) selfadjoint unbounded linear operator with domain ©(A), i.e.
A = A* > 0, where the dense embedding ©(A) C H need not be compact. For ¢t > 0, we
consider the abstract evolutionary system

P16+ aAz (A2 +1)) =0,
(1.1) path 4+ bAY + a(Azp +1p) — A0 = 0,

p36 4+ cAO + S A = 0,
in the unknowns ¢ = ¢(t), ¥» = ¥(t) and 6 = 0(t), where the dot stands for derivative
with respect to the time variable t. Here, the coupling exponent v is a real number,

whereas p1, p2, p3, as well as a, b, ¢ and the coupling parameter § are strictly positive fixed
constants.

Remark. For the particular choice H = L*(0,¢) and
A= -0, with domain ~ ®(A4) = H*(0,¢) N Hy(0,¢),

system (1.1) can be interpreted as a nonlocal version of a thermoelastic beam model of
Timoshenko type [18], subject to the Dirichlet boundary conditions

QD(O, t) = @(& t) = ¢(0>t) = 'QZ)(E’ t) = 9(O>t) = 9(& t) =0,
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where ¢, 1,0 : (x,t) € [0,{] x [0,00) — R represent the transverse displacement of a
beam with reference configuration [0, ¢], the rotation angle of a filament and the relative
temperature, respectively.

For every fixed v € R, system (1.1) is shown to generate a contraction semigroup
S(t) = e'f acting on the natural weak energy space H. The focus of this work is a
detailed analysis of the stability properties of S(t), which turn out to depend heavily on
the particular choice of 7. To this end, a crucial object is the so called stability number,

firstly introduced in [13, 17],
a b

X - )
S )
defined as the difference between the propagation speeds of the first two hyperbolic equa-
tions.

The main result of the paper can be stated as follows:

Theorem. The semigroup S(t) is exponentially stable if and only if

1
x=0 and T=3
Possibly, the most interesting feature of the theorem is that we are not assuming the
compactness of the embedding ®(A) C H. This translates into the fact that the spectrum
of A can be a complicated object, not simply made of an increasing sequence «,, — 00
of eigenvalues. Indeed, the usual semigroup techniques employed to prove the lack of
exponential decay of linear semigroups rely in a crucial way on the existence of such a
sequence «,. Here, we establish a general method for the exponential stability analysis
when the spectrum of A consists of approximate eigenvalues (which is always the case
for selfadjoint operators). This method allows to revisit stability results for a number
of equations or systems, already known when the leading operator has compact inverse.
For instance, a complete answer can be given on the uniform decay of the wave equation
coupled with the classical heat equation (see e.g. [1, 12])

i+ Au— A0 =0,

0+ A0+ Ari =0,
depending on the parameter v € R. In this case, exponential stability occurs if and only
if v € [3,1].

Aside from exponential (or uniform) decay, we are also interested in weaker notions of
stability (see §3 for the definitions). Indeed, we will prove the following theorem.
Theorem. For a general strictly positive selfadjoint operator A,

(i) S(t) is semiuniformly stable for v € [5,1];
(ii) S(t) is not semiuniformly stable when ~v > 1.

Conclusion (ii) above follows from the fact that the infinitesimal generator L of S(t)

turns out to be invertible if and only if v < 1.

In the particular case when D(A) € H (i.e. the embedding ©®(A) C H is compact), we
are able to complete the picture. Namely, we have



Theorem. If in addition ®(A) € H, then
(i) S(t) s semiuniformly stable if and only if v < 1;
(ii) S(t) is stable for every v € R.

It is worth noting that, in this situation, the domain of L is compactly embedded into
the phase space H if and only if v < 1. Thus, v = 1 can be regarded as a sort of critical
exponent for the problem.

In order to explain the difficulties encountered in the analysis, we begin to observe that
the sole dissipation present in the system is the “thermal” one, provided by the third (heat)
equation, while the first two (wave) equations alone are conservative. Accordingly, the
stabilization mechanism is based on the transfer of thermal dissipation into mechanical
dissipation, and this happens through the coupling. Roughly speaking, the coupling
should be sufficiently strong in order for the third equation to transfer enough dissipation,
but not too strong due to the first two equations. Indeed, wave equations with very strong
damping are less likely to stabilize (see e.g. [5, 7]). In addition, for systems of Timoshenko
type, the stability number y comes into play: when the waves exhibit different speeds, the
dissipation transfer from the variable ¢ to ¢ loses effectiveness, whereas y = 0 produces
a sort of resonance, as already observed in [13, 17].

Plan of the paper. In the next §2 we introduce the functional setting of the problem.
In §3 we give a general presentation of the decay properties of bounded linear semigroups.
In §4 we rewrite system (1.1) as an ODE by introducing the linear operator L, which is
proved to be the infinitesimal generator of a contraction semigroup in the subsequent §5.
The remaining §6,7,8,9 are devoted to the statements and the proofs of the decay results.
In particular, the exponential stability and the lack of exponential stability of S(¢) are
discussed in §8 and §9, respectively, whereas §6 and §7 are concerned with stability and
semiuniform stability.

2. FUNCTIONAL SETTING

We consider the nested family of Hilbert spaces

r

H"=9(Az2), reR,
with inner products and norms given by
(u,v), = (Asu, A20) and wll, = || AZul|.

The index r will be always omitted whenever zero. For r» > 0, it is understood that H~"
denotes the completion of the domain, so that H~" is the dual space of H". The symbol
(+,-) will also be used to denote the duality pairing between H~" and H".

Remark. If u € H and r > 0, we can still write A"u to mean the element of the dual
space H~%" acting as
(ATu,v) = (u, A™v), Yo e H”.

Along the paper, we will also consider the complexification of H (and, more generally,
the one of H"). This is the complex Hilbert space

He=H®iH ={u+iv: u,v € H},



endowed with the inner product
(u+iv,u' + ') = (u,u') + (v,0") + i{v,u') —i{u,v’).

In a similar manner, we define the complexification A of A to be the linear operator on
Hc with domain

DA)={u+iv: u,v e D(A)}
acting as
A(u+iv) = Au + iAv.

coincide.

Since A is strictly positive selfadjoint, so is A, and the two spectra o(A) and o(A)
= p(A) NR.

In particular, o(A) C R, and the resolvent sets satisfy the equality p(A)
Besides,

apg=min{a: a € g(A)} >0
and (as A is unbounded)
sup{a: a € 0(A)} = c0.

Being A selfadjoint, it is well known that o(A) coincides with the approximate point
spectrum o,,(A), made by approximate eigenvalues (see e.g. [10]); namely, « belongs to
the spectrum of A if and only if there is a sequence of unit vectors w,, € H¢ such that

Tim[(a = A)w,[| = 0.
If D(A) € H, which is the same as saying that A=! and A~! are compact operators, then
o(A) reduces to the point spectrum o, (A), consisting of an increasing sequence c,, — 0o
of eigenvalues of A.

Denoting by Ej the spectral measure of A (see e.g. [16]), for every complex measurable
function f on ¢(A) one can define the linear operator

f) = [ sode
o(A)
with dense domain

D(f(A) = {= € He - /

| [FOF du(t) < oo}

Here, 2 is the finite measure on C supported on o(A) given by
p2(X) = [ Ba(®)z]?,

for every Borel set ¥ C C. Recall that f(A) is selfadjoint if and only if f is real valued.
Furthermore,

1f(A)z]* = /(A) [FOF dut(t), Vz e D(f(A)).
In particular, for every r > 0 we deduce the Poincaré type inequality

(2.1) Izl < ag *|[2llr,  Vz € He.



3. DEcAY TYPES OF BOUNDED LINEAR SEMIGROUPS

In this section, we dwell on the possible decay types of a strongly continuous semigroup
of linear operators

Sit)y=er H —-H
acting on a real Hilbert space H, with infinitesimal generator L : ©(L) C H — H. We
further assume that S(t) is bounded, i.e.

sup [|S(t)[|ez) < o0,
t>0

where £(H) denotes the Banach space of bounded linear operators on H.

Remark. The complexification L of the linear operator L is the infinitesimal generator
of the bounded semigroup

Sc(t)(z +iw) = S(t)z +1S(t)w
on the complex Hilbert space H¢ = H @ iH, which satisfies the equality
1S(O)le0) = [1Sc(Ollere),  VE=0.
3.1. Stability. The semigroup S(t) is said to be stable if
tliglo |S(t)z]|% =0, VzeH.

Remark. As far as stability is concerned, there is no need to require the boundedness of
S(t) in the hypotheses. Indeed, as a consequence of the Uniform Boundedness Principle,
a stable semigroup is automatically bounded.

For a contraction semigroup, the following stability criterion from [6] can be useful.

Theorem 3.1. Let S(t) be a contraction semigroup (i.e. |S(t)||e) < 1 for allt), and
let V C H be a Hilbert space with continuous and dense embedding (but not necessarily
compact). Suppose that, for every fived z € V,

(i) The set U5, S(t)z is relatively compact in H and bounded in V, for somet, > 0;
(ii) ||1S()zll = |zl|la for allt > 0 implies that z = 0.
Then S(t) is stable.

3.2. Semiuniform stability. The semigroup S(t) is said to be semiuniformly stable if
there exists a nonnegative function A(t) vanishing at infinity such that

15(8)zll < h(D)l|Lz]2, VzeD(L).
Remark. Semiuniform stability is a stronger notion than stability. Indeed, it ensures

the convergence S(t)z — 0 for all z € ®(L), and since S(¢) is bounded, this immediately
yields the convergence S(t)z — 0 for all z € H.

In light of the works of C.J.K. Batty and coauthors [2, 3, 4], semiuniform stability can
be given equivalent formulations, as shown in the next theorem, which also provides an
effective criterion.

Theorem 3.2. The following are equivalent:



(i
(ii
(iil) L is invertible! and limy_o || Sc(t)L™| e@ee) = 0.

limt_mo ||S(c(t)(1 - L)_IHQ(HC) =0.

Proof. The equivalence (ii)<>(iv) is proved in [4], while (ii)<>(iii) can be found in [2, 3].
It is also apparent that (iii)=>(i). We conclude the proof by showing the implication
(i)=(iv). To this end, we first observe that (i) gives at once

15e(®)zllne < h(@)|[Lllne, V2 € D).

S(t) is semiuniformly stable.

The imaginary azis iR belongs to the resolvent set p(LL).

— N N

(iv

Since Sc(t) is a bounded semigroup, 1 € p(IL). Accordingly,
1Sc(t)(1 = L) 2llue < AL L) 2llse, ¥z € He

On the other hand,

L(1-L)" € £(Hc),
and so there exists M > 0 such that

1Sc()(1 = L) 2lle < R(E)M||2llpe, V2 € He,

yielding the desired limit (iv).
3.3. Exponential or uniform stability. The semigroup S(t) is said to be ezponentially
stable (or uniformly stable) if there exist K > 1 and x > 0 such that

1S e < Ke™".

Since the infinitesimal generator of an exponentially stable semigroup is always invertible,
it is apparent that exponential stability implies semiuniform stability: just take

h(t) = KHL_l ||£(H)€_Ht.
Remark. It is well know that exponential stability occurs if and only if
lim [|() oy = 0.

which is true if and only if
1St e < 1,

for some ¢, > 0 (see e.g. [14]). Actually, by the Uniform Boundedness Principle, exponen-
tial stability can be inferred whenever there exists a nonnegative function k(t¢) vanishing
at infinity such that

1S@)2lln < CR@)2ll3, Yz €M,

where the positive constant C, depends on z. In other words, lack of exponential stability
prevents the existence of a uniform decay pattern of the trajectories.

ISince L is a closed operator, being the infinitesimal generator of a (complex) strongly continuous
semigroup, by the Closed Graph Theorem we learn that L= € £(Hc).



As shown by J. Priiss [15], the exponential stability of a semigroup, no matter if bounded
or not, is equivalent to the condition

iR C p(L) and sup [|(iX — L) ™| ee) < oo
AR
When (as in the present case) S(t) is bounded, the result can be given a more convenient
formulation [8].

Theorem 3.3. The semigroup S(t) is exponentially stable if and only if there exists € > 0
such that

inf [[IA2 — Leflae 2 efl2llae, V2 €D(L).

4. THE LINEAR OPERATOR L
We define the phase space of our problem to be
H=H'xHxH xHxH
endowed with the (equivalent) Hilbert norm
(0, @00, 0,015 = all Az + > + bl 0l1F + pall @I + p2ll 911 + psll6]1%.
Then, introducing the evolution
Z(t) = (1), (1), (1), (1), (1)),
we rewrite system (1.1) as the ODE in H
d

dtZ(t) = LZ(t),
where the linear operator L is given by
()0 1 (ﬁl
% — A (Azp + )
L 1@ - w )
v LAGATI0 = byp) — £(AZp+ 1))
0

—LA(ch + A1)

with domain

¢ € H!

© € H?
D(L)=z€eH Ve H!
SATY0 — by € H?
cd+ AT M) € H?

By the very definition of ®(L), some additional regularity on the components ¢ and 0
is obtained.?

2Actually, further regularization occurs for the remaining variables as well.



Proposition 4.1. Let z = (@, @, 1,1, 0) € D(L). Then

HY=3 if 1<y <3,
H* if v > %,

(4.1) Y e {

and
H? if g <4,
(4.2) 0e H3? if % <y <1,
HY1 i 4 > 1.
In particular, 8 € H' for every v € R.
Proof. If v > 1, since v € H', we infer from the condition
SATY0 — by € H?
that # € H*~!. This observation, together with
c+0A ) e H?,
imply (4.1). Assume next v < 1. In this case, using once more the latter relation,
YpeH = AYWeH™ = g g2t
which is exactly (4.2).
Further properties of L are established here below.
Proposition 4.2. The operator L is dissipative for every v € R.
Proof. This amounts to show that
(Lz,2);, <0, VzeD(L).
Indeed, given z = (@, @, 1, 0, 0) € ©(L), direct computations yield
(4.3) (L2, 2)u = —c|0]1,
where cancelations are allowed due to the regularity of the domain. In particular, we run
across the terms

(A(BAY0 — bip), ) = (A0 — bip, )y = 6(A7730, A

IL> - b<¢7 7~p>1

(NI

and
(A(ch+ AT14D), 0) = (f + 6T 1), 6)1 = c|6]]] + 5( A=), A726),
which make sense by virtue of (4.1)-(4.2).

The next result concerns with the invertibility of L. Observe that L is a closed operator:
this can be checked directly, or deduced by the subsequent Theorem 5.1. Hence, by the
Closed Graph Theorem, if L™! exists, it belongs to £(H) as well.

Proposition 4.3. The operator L is invertible if and only if v < 1.



Proof. The operator L is invertible if and only if, for any f = (fi, fo, f3, f1, f5) € H, the
equation

Lz=f
admits a unique solution z = (g, @, ¥, 1, 0) € D(L). Componentwise, this translates into
D= f17
jafb(/b%@ +1) = p1fa,
w = .f3a

A(SAT10 — byp) — a(A2p + 1) = pafa,
[ —A(ch + 5419) = pa .
Assume first v > 1. Choosing f3 € H ! but not more regular, we see at once from the

third equation of the system that 1) € H! but not more, contradicting (4.1). Conversely,
if v <1, the explicit solution z reads

52 1)
Y= —&(b_'_aA_ ) 1f _'_ A2’Y—§f + p2A—_f4 4 27 p3 »Y__fs’
ab b be
&= fi,
wz ATify— AZ'* 2y — L2 a1, — ”3 Y
lﬁzf
5 y—1 —1
0= A fy - fs.

It is apparent that @, ¢, v, 6 € H1 and ¢ € H?. Besides,
SATI) — by = —PlA_%f2 + pe A7V fy € H?
and .
e+ 6AT ) = —ps AT s € H.
Hence, z € D(L).

Remark. In fact, when vy < 1, the relation L™ € £(H) can be easily deduced by the
proof above.

We end the section by discussing the compactness of the embedding ® (L) C H in the
case when A~! is a compact operator,® i.e. D(A) € H.

Proposition 4.4. Assume that A™' is a compact operator. Then D(L) @ H if and only
if v < 1.

Proof. First, we provide a counterexample to compactness when v > 1. Choose an or-
thonormal basis u,, of H' and any two bounded sequences ¢, € H 2 and ¢, € H'. Then,
define the sequence z, = (¢, @n, Yn, ¥n, 0,), where

wn = éuna ILn = _EA2—2fyun’ en = Al_ﬁ/un-

b o

3Clearly, if the embedding ©(A) C H is not compact, the same is true for D(L) C H.



Since v > 1, it is readily seen that &n, 0, € H*. Moreover, by construction,
5Av—19n — b, =0, b, + 5/”_1@% =0.

Thus z, is a bounded -in the norm of D (L)- sequence in (L), whose component v, has
no convergent subsequence in H*. B

Assume next v < 1, and let 2, = (¢n, Pn, ¥n, ¥, 0,) be bounded in D(L). In particular,
¢n is bounded in H> € H', whereas @, ¢y, 0, are bounded in H' € H. Accordingly,
there exist ¢ € H' and ¢,1,0 € H such that, up to a subsequence,

©n — @ in H!
and . .
On — @ in H, v, = in H, 6, — 60 in H.

We are left to prove the convergence v, — v in H*, for some 1) € H'. Indeed, knowing

that
SAY9, — by, s bounded in H?,

we get the convergence, up to a subsequence,
SAY0, —bp, = in HY,
for some n € H'. At the same time, since v < 1,
A9, — A9 in HY,
so implying the desired convergence.

Remark. It is clear that all the results above remain valid for the complexification L
acting on Hc as well, the only difference being the dissipative estimate (4.3), which
becomes

(4.4) Re (Lz, 2)3,. = —cHHHf, Vz € D(L).
5. THE CONTRACTION SEMIGROUP

The next step is showing that L generates a semigroup.

Theorem 5.1. For every fixed v € R, the linear operator L is the infinitesimal generator
of a strongly continuous semigroup

St)y=el:H —-H
of linear contractions.

The proof is carried out via an application of the classical Lumer-Phillips Theorem (see
[14]).
Theorem 5.2 (Lumer-Phillips). The operator L is the infinitesimal generator of a con-
traction semigroup S(t) = el on H if and only if
(i) L is dissipative; and
(i) ran(1 — L) = H.
Indeed, point (i) is exactly the content of Proposition 4.2. Accordingly, Theorem 5.1
follows from the next lemma, establishing (ii).



Lemma 5.3. The operator 1 — L : ©(L) C H — H is onto.

Proof. For f = (f1, fa, f3, f1, f5) € H, we look for a solution z = (p, 3,1, 1, 0) € D(L) to
the equation

z—Lz=f,
which, componentwise, reads
—¢=fi
P13+ aAZ(AZp + 1) = pi fo,
V=t = fi,

pop + A(by — 6ATT10) + a(A2p + ¥) = pofa,
p3(9 + A(c@ + (SAPY_IQZ) = p3f5.

Substituting the first and the third equation of the system above into the second and the
fourth one, respectively, we obtain

(5.1) (p1 + aA)@ + aAz¢ = hy,

(5.2) aA23 + (py+ a+ bAW) — 540 = hs,
(5.3) SA) + (p3 + cA) = ha,

where

i =—aAfi+pifs—aAfye H,
hy = —GA%fl —(a+bA)fs+ pafs € HY,

hs = psfs € H.
Collecting equations (5.1) and (5.3), we learn that
(5.4) &= (pr+ad)" (b — adzy),
(5.5) 0 = (p3 + cA) " (hg — SAYY).
Substituting (5.4)-(5.5) into (5.2), and exploiting the Functional Calculus of A, we obtain
. 1
(5.6) o= [ B
o(a) W(t)
where
a’t Lt

w(t) = p2 +a+ bt — +
)= p2 p1tat  ps+ct

and
h = hy —aA3(py + aA) " hy + 6A7 (ps + cA) " h.
Thus,



Observing that w(t) > py for every t € o(A) and, in the limit ¢t — oo,

21 ify > 1
t if v <1,

we infer that ¢ € H', and fulfills (4.1) as well. As a byproduct, ¢ = ¢ + f3 € H'. At

this point, we learn from (5.4)-(5.5) that ¢ € H', and § € H" at least.* In order to show
that o = ¢ + f1 € H?, we collect (5.4) and (5.6). This entails the explicit expression

_ ( ) pz(t) pg—(t)
- /U(A) 0 dE (t )f1+/a(A) o) dE(t) f2+/U(A) o) dEu(t) f4
pa(t) ps(t)
- e am e / 2 agso

v(t) v(t)
where
v(t) = (p1 + at)(ps + bt)(ps + ct) + api(ps + ct) + 3% (p1 + at),

and

p1(t) = pil(p2 + bt)(ps + ct) + alps + ct) + 6],

pa(t) = prl(p2 + a + ) (ps + ct) + 6°477],

p3(t) = —atz[ps(ps + ct) + 62],

pa(t) = —atng(pg + ct),

ps(t) = —psdat’™ .

Note that v(t) is away from zero for ¢ € o(A) and, as t — oo,

2+ iy > 1
v(t) ~ 1 K ’
t3 if v <1.

It is then readily seen that, for every v € R,

pz(t)

forv=1,2,4,5,
t—o0 U(t)
and
1 t
lim sup t2 p?’—() < 00
t—o0 U(t)

Recalling in particular that f; € H', we draw the desired conclusion ¢ € H?. To finish
the proof we are left to verify the relations

SATW9—bpe H>  and  h+6A Y e H

“Indeed, one can deduce at this stage the regularity (4.2) only for v < %, whereas for v > % equation
(5.5) merely gives § € H?, which is not optimal.



Again, by explicit calculations we obtain
sa0 - = [ B ag,) i+ )+ [
oa) V()
t t
s Banan+ [ 2Wamo s
o(4)

o(a) V(1)
v(t) o(a) V(1)

and

ooag=— [ 10
v v /cr(A) (t)

(%

B0 )+ [

T3(t> 7’4(t>
i / A £ / i B £

with v(t) as above,

@1 (t) = prald®t> =2 + bt3 (ps + ct)],
¢ (t) = p1ad*t? ™t — bpy(p1 + at)(ps + ct),
qs(t) = —papr + at)[6°2 ™ + b(ps + ct)],
qa(t) = psdt”apy + pa(p1 + at)],

and

ri(t) = —,01P3a5t7_%,

ro(t) = —p30t’ (pra + pibt + abt?),

r3(t) = pap3dt’ ™ (p1 + at),

r4(t) = cpsfapy + (p1 + at)(pz + bt)] + p38°t2 " (py + at).

At this point, checking as before the growth orders of the ratios ¢,(¢)/v(t) and r,(t)/v(t)
as t — oo, the claim follows. The details are left to the reader.

Remark. Actually, when v < 1, Theorem 5.1 can be given a more direct proof. Indeed,
we already know from Proposition 4.3 that L=! € £(#H). Hence, L is a closed dissipative
operator with 0 € p(L), and the conclusion follows from a slightly modified version of the
Lumer-Phillips Theorem (see e.g. [12]).
6. STABILITY

We provide the result within the assumption ©(A) € H.
Theorem 6.1. If A~! is compact, then the semigroup S(t) is stable for every v € R.
Proof. Aiming to apply Theorem 3.1, we introduce the Hilbert space V &€ H defined as

VY = HP™ x HP x HP™ x HP x HP,
with p = p(y) > 0 large enough such that V C ©(L), endowed with the norm

~ 7 1 ~ 7
10, &, 0,9, 0)13 = all A2 + ¥lIp + bl ¥y + prlI Gl + p2llPll; + p3ll6]l5-



Let then z = (o, @o, Yo, 1&0, 0p) € V be arbitrarily fixed. It is a standard matter to prove
that the restriction of S(¢) to V is a contraction semigroup with respect to the norm of V
as well. Therefore,

IS@ =1y < lzllv, vt =0,

showing that the entire orbit of z is bounded in V), hence relatively compact in H thanks
to the compactness of the embedding. Assume next

1Szl = =llw, vt >0.
Exploiting (4.3), we get

0= %Hs(t)zH; = 2(LS(t)z, S(t)z)u = 2| 0(1)]7,

and so 6(t) = 0. In turn, from the third equation of system (1.1) we infer that ¢(t) = .
Accordingly, (1.1) reduces to

{0195 +aA3(A2p + 1)) =0,
bAY, + a(Azp + 1) = 0.
The second equation above yields
plt) = = A7HbA + ),
and substituting into the first equation we obtain
A2y =0 = p=0 = ¢(t)=0.
Summarizing, we proved that z = 0, and the claim follows.

If the embedding ©(A) C H is not compact, the picture becomes less clear, and a
comprehensive result seems out of reach. What we can say in general (see the proof of
Theorem 7.2 of the next section) is that

op(L)NiR =0, VyeR,

no matter whether or not ®(LL) € Hc. This is not enough (albeit necessary) to ensure
stability, which would follow if in addition one knew that o,,(IL) NiR is countable (see [2]).
Nevertheless, for v € [, 1], the stability of S(t) is obtained as a byproduct of Theorem 7.1
below.

7. SEMIUNIFORM STABILITY

We begin by observing that, on account of Theorem 3.2, S(¢) cannot be semiuniformly
stable when v > 1, for its infinitesimal generator L (and so its complexification L) is not
invertible by Proposition 4.3. The situation is different for v < 1.

Theorem 7.1. If v € [3,1], the semigroup S(t) is semiuniformly stable.



Proof. In light of Theorem 3.2, it is sufficient to show that iR C p(L). To this end,
we appeal to [2, Proposition 2.2], which says that if the complexified semigroup Sc(t) is
bounded (as it is the case), then

(L) NiR = o,,(L) NiR.

In other words, it is enough to show that no approximate eigenvalues of the operator
L lie on the imaginary axis. Indeed, suppose by contradiction that i\ € o,,(L), for
some A € R. Note that A # 0, for L is invertible. In this case, there exists a sequence

2 1 2 9 - -~ 9 2
|2alle = allA2@n + ol + bl[nl} + o1l Gl + p2llnll” + pall6al? =1,

satisfying the relation
iz, — Lz, =0 in Hc.
Componentwise, we draw the relations
7.1) iAo — @n — 0 in HE,
) iIAp1@n + aAZ (AT, +1b,) — 0 in He,
) iIN, — b, — 0 in HE,
) INpathy, + A(bihy, — SAT10,) + a(AZp, +1,) = 0 in He,
) iAp3On + A(ch, + A 19,) = 0 in He.
By means of (4.4),

Re (iAz, — Lz, 2n) e = —Re (L2, 20)me = cll0nll3,
and since the left-hand side tends to zero as n — oo, we infer that
(7.6) 0, — 0 in HZ.

Therefore, an application of the operator A2 to (7.5) gives
A3 4), — 0 in He,

and since y > % this readily implies

(7.7) Un — 0 in He.
In turn, from (7.3),
(7.8) Yn =0 in He,

and we deduce from (7.4) that
bA21, + ap, — SAT"2 60, — 0 in Hc.
Exploiting (7.6) and the assumption v < 1, the relation above reduces to
(7.9) bA2Y, + ap, — 0 in He
which, by means of (7.8), entails
Az v, =0 in He.



At this point, we make use of (7.1) to get
A2 3, =0 in He.
Hence, by applying A™2 to (7.2) we find
(7.10) Az g, + 1, =0 in He,
and by virtue of (7.8) we establish the convergence
¢on — 0 in HE.

As a consequence, (7.9) turns into

(7.11) Y — 0 in HZ.
Finally, from (7.1) we conclude that
(7.12) Gn — 0 in He.

Collecting (7.6)-(7.7) and (7.10)-(7.12), the sought contradiction is attained.

The limitation v > % plays an essential role in the proof. Indeed, as seen in the previous
section, if 7 < § we cannot even ensure the stability of S(t). But again, if D(A) € H we
do have a complete answer.

Theorem 7.2. If A=! is compact, then S(t) is semiuniformly stable when v < % as well.

Proof. As in the previous proof, we must show that iR C p(LL). The difference is that in
this case we take advantage of the compact embedding © (L) € Hc¢ ensured by Proposi-
tion 4.4. This allows us to apply a famous result of T. Kato [11, Theorem 6.29], stating
that

U(L) = UP (L)a
whenever L.™! is a compact operator. Therefore, we only have to show that
op(L) NiR = 0.

By contradiction, suppose that i\ € o,(LL) for some A € R. As before, the invertibility of
L forces A # 0. Then, there exists a nonnull vector z = (¢, @, 1,1, 0) € D(L) satisfying

iz —Lz=0.
In components,
(7.13) ixg —p =0,
(7.14) IAp1@ 4+ al2 (Azp + ) =0,
(7.15) i\p — 1) =0,
(7.16) iApat) + A(by) — GAT710) + a(AZp + ¥) =0,
(7.17) iAp3 + A(cO + JATI) = 0.

By means of equality (4.4), we have the identity
0 =NRe (iAz — Lz, 2)3. = |||,



and thus § = 0. Hence, equation (7.17) entails ¢ = 0 and then from (7.15) we also obtain
1 = 0. At this point, from (7.16) we infer that ¢ = 0, and therefore exploiting (7.13) (or
(7.14)) we get @ = 0. The proof is finished. O

8. EXPONENTIAL STABILITY

We now turn our attention to the stronger (and certainly more interesting) notion of
exponential stability. We begin by stating the positive result. We point out that no
compactness assumption on A~! is made.

Theorem 8.1. Assume that
1
=0 and =-.
Then the semigroup S(t) is exponentially stable.
Theorem 8.1 can be proved via linear semigroup techniques. For instance, a possibility
is to exploit Theorem 3.3. However, revisiting the arguments of [13], a direct proof can
be given, based on the existence of suitable energy functionals. This is the approach we

will follow, which has also the advantage to be exportable to deal with nonlinear versions
of the problem (e.g. to prove the existence of bounded absorbing sets).

Proof of Theorem 8.1. By density, it is enough to show that
E(t) < KE(0)e ™™,
where

B(1) = 5 115():1l;

is the energy at time ¢ corresponding to the initial datum z = (¢, @, ¥, ¥, 0) € D(L).
Exploiting (4.3), we deduce the energy equality

d
(8.1) &E+c||6||f = 0.

We now define three auxiliary energy functionals:

As(t) = 2p2 (0 (1), (1)) — 201(2(1), 0(1)),

Malt) = 2222 4300), (1),

; 1 1 .
As(t) = 2p2(0(t), A2 p(t) + ¥ (1)) — 2p2(AZ4 (1), (1)).

Along this proof, C' > 0 will denote a generic constant depending only on the structural

parameters of the problem. We will also make use, without explicit mention, of the

Poincaré inequality (2.1), as well as of the Hélder and Young inequalities. The following

lemmas hold.

Lemma 8.2. There exists C; > 0 such that

d . : 1
Mt pull@ll® +bllvllF < CL[llvl? + | A2 + | + [|0]]F]-



Proof. By direct computations, the functional A; fulfills the identity

d . 1 1 1
M T 2081 + 21T = 2020191 + 20l A + $ P + 2606, A3) — da(Azp + 9, 9).
Estimating

265(0, A34p) — da({A%p + 1, ) < bl|o||2 + C[|AZp + %+ |16]|2],

we are done.

Lemma 8.3. There exists Cy > 0 such that, for every v > 0 small,

d : 1 C
e+ ol < w[lllE + 1430 + ] + 265

dt
Proof. The functional A, satisfies the differential equality
d . 2c 20 2a 1
o+ 200 [ = 20]6]* — =2 (A6, ) — ZE20, Aby) — ZEHATE, Abp + ).
It is immediate to see that
2002

5 =2 (A420,4)) < pa| I + Cl613.

Moreover, for every v > 0,

2503
(0. M) -

which proves the claim.

2ap3 , 1, 1 1 C
Z(A720, Arp + ) < v[|[Yl} + Az + ¥)7] + —lI61l,

Lemma 8.4. There exists C's > 0 such that

d
s +allabe vl < G + 017,

Proof. Taking advantage of the assumption y = 0, we infer that

d 1 . 1 1
s+ 2a]A2p + V[I> = 2p0||0]|* 4 26(A20, Az + ).

Estimating the second term of the right-hand side as
20(A26, A2 + ) < a Az + > + C|l6]3,
we are finished.

We are now in a position to conclude the proof of the theorem. For ¢ > 0 small, we
define the energy functional

At) = E(t )+5M{2—01A1( )+A3(t)} + Ve (1),

having set

M =1+ max {4—02, 40102}.
ac = abc



Meapy .o
il
2C4

Collecting Lemmas 8.2, 8.3 and 8.4, together with the energy equality (8.1), we obtain
d (M ea

1 Meba
et _ 3 2 _ 2
G+ (T R lAke el + (S —vvE) Il +
Mea

2

: Mea eC:
— MO [P + (e - 2222 enicy - YERY o2 <.

+ (\@pz - 5

Therefore, choosing
2,/eCy
C )
and possibly fixing a smaller £ > 0, we end up with

d
—A+2E<0.
n +e°E <

It is also clear that, for all € > 0 small,

SE(1) < Alr) < 2(1).

Hence, the proof follows by an application of the standard Gronwall lemma.

9. LACK OF EXPONENTIAL STABILITY

We finally show that the sufficient condition for the exponential stability of S(t) estab-
lished in Theorem 8.1 is necessary as well. Again, the compactness of A~ is not assumed.

Theorem 9.1. If x # 0 ory # 5, then S(t) fails to be exponentially stable.

The remaining part of the section is devoted to the proof of Theorem 9.1. First, we
need a technical operator-theoretical lemma.

Lemma 9.2. Let o € o(A) be fized, and let Q@ C R be a given bounded set. Then, for
every € > 0 small enough, there exists a unit vector w. € Hc such that the vector

gq,a = Aqwa - aqwa

satisfies the relation
||€q,a|| <e, Vq € Q.

Proof. For € > 0 small enough, let us consider the interval
I.=(a—¢,a+¢) CR".
Since Fj(I.) is a nonnull projection (for a belongs to the spectrum), we can select a vector
w. € Ex(I.)He with |we|| = 1.

By the functional calculus of A,
leaell = [ le1— ot a0
o(A)

where, for every Borel set ¥ C C,
Ho () = [|Ba(R)we|® = | Ea(D) Ea(L)we|* = | Ea(E N L)we|*.



Hence ,uﬁs is supported on I., and
fo, (1) = | Ea(L)we||* = [lwe]* = 1.
We conclude that

(a+e)l—at ifg>1,
||£q,€H S Sll[p |tq - aq| = af — (Oé - g)q if qc [Oa ]-)7
rele (a—e)l—a? ifg<O.

Thus, for & small enough (depending only on « and Q),
[€gell < Ke,

having set

K = sup 2|qla®".
q€Q

Up to redefining € properly, the proof is finished.

Select o, € o(A) with a,, — oo (this is possible since A is unbounded). By Lemma 9.2,
given a positive sequence v,, — 0, there exist w,, € H¢ such that the vectors

gq,n == Aqwn — aglwn
fulfill the inequality
(9.1) ng,nH < Up, for q:f%%’l'

Next, we set
2n = (0, C1Wp, O, CoWn, O) - H(C,
where the constants c;, co will be properly chosen in a later moment in such a way that
HénHHc =L

Assume now by contradiction that the semigroup S(¢) is exponentially stable. Then, for
any given sequence ), € R the resolvent equation

i\,z, — Lz, = 2,
has a unique solution
Zn = (Spna ana ’an, @Ena en) € Q(L)
Besides, by Theorem 3.3 there is € > 0 such that

1, 1
92) lallre < <lznlle = <.

Namely, the sequence z, is bounded. We will reach a contradiction by showing it is not
so. To this end, we begin to reformulate the resolvent equation above componentwise.



This leads to the system

i\pon — @n =0,
A\, p1@n + aA%(A%% + ) = preiwn,
1>\n¢n - QZn = 07

1)\np2'¢~}n - A(éA'Y_lQn - bwn) + a’(A%SOn + wn) = P2C2Wy,
IXup30n + A(ch, + SAT1Y,) =0,

which, after straightforward calculations, reduces to

(9.3) —pl)\igén + aA% (A%gén + zzn) = i\ p1C1Wh,
(9.4) — o200, — A(IAGAT 0, — b)) 4+ a(AZG, + ) = iAnpacaty,
(9.5) INup3ln + A(ch, + IAT1,) = 0.

For every n, the solution (@, ¢, 0,) to (9.3)-(9.5) can be written in the form
Pn = Buwy + ¢y,
U = Cown + G,
0, = D,w, + qg,
for some B,,,C,,, D,, € C and some vectors g}, such that
q,, L wy, for.=1,2,3.
It is then apparent from (9.2) that
(9.6) lgnll < C,

where, here and till the end of the proof, C' > 0 stands for a generic constant depending
only on the structural parameters of the problem (in particular, independent of n). By
the same token,

9.7) BJ<C,  |Gl<c,  pJ<cC
Taking the inner product in H¢ of (9.3)-(9. 5) and w,, we obtain the system
(9.8) —piA2 B, + a[a, By, + 1/, Cy] = fo +idupica,
(9.9) —p2A2C, + b, Cp, + aly/an By, + Cn] — i\ 0al Dy, = gy + 1A paca,
(9.10) i\np3 Dy + can Dy + 00 Chy = hy,
having set
f = =[Bu (€1 wa) + (s E1n) + Cal€s s wa) + (a7, €10,
=b[Co (€1, wn) + (a5 E1,0)] — a[B€1 s wi) + (dp €1,,)]
+ A0 D (€ Wa) + (G, Exn)],

hy, = _C[Dn<§l,na wn> <qg’§ >] [ n@%mwn) + <q72w€%7L>]-



By means of (9.1) and (9.6)-(9.7), it is readily seen that

(9.11) (ol SCvny gl SCA+ AaDim, hn| < Co.
At this point, we shall distinguish three cases:
i) v> 3
(ii) v < 1 and x #0.
(ili) v < £ and x = 0.

e Cases (i) and (ii). Choosing
1 n
Cl = —— Co = O, )\n = aa s

NS P1

equation (9.8) simply becomes

(9.12) Cp = +

Substituting (9.12) into (9.10), we find

_1
(9.13) D, —_ [ ®
" a [ey/pram +ivaps) T

where

Pn =

1
N {h ) %}
Vanley/pras, +ivaps) [ " a '
Observe that, by (9.11),

3 3
(9.14) 1pn| < Clhnlas 4 Cfalan 2 SCl/n(aglea;; 2).
Finally, plugging (9.12)-(9.13) into (9.9), and recalling the definition of x, we infer that

(9.15) B, = [Xp“a"— ! }C 005 Dn | n
a

N Vapy +a a,

1
a®6%c,/py T 262 /aps i [xp2/am 1 N
- - - - T'n,
alpray, +api]  alpian, +apdl  Va a N

where

n ]' .6777/ n
et 1) i
a Vapr a/o,

a ap,

In light of (9.11) and (9.14),

C(1+an)|fn C|gn B _3
1] < MJrcampn\ +% < Cvp(1+ @) Lol 2).

Ifv> %, then

ol = o(az?™"),



and (9.15) yields

aX6?c
Re B,| = |- \/Ez + Rer,
alc?pra, + aps]
a27520 27—152
> 0 \/EQ Rer,|~ I
alc?pra, + aps] ac\/pr
Conversely, if v < %,
ral = o(V/aw),
and since y # 0 we learn from (9.15) that
27_%52 1 Vo
al?prag, +ap3]  a a Van,

~ V anXpQ

— |Jmr,| ~

1
X P2~/ 1 } o 26%\/aps
alpra, + ap?]

In both cases, we reach the conclusion

Iznll3e = Vor[|@nll = V/pr| Ba| — oo,

in contradiction with (9.2).

Case (iii). We choose

)\n:\/Eu

01:0, Cy =

1
v
5, = 202000, + apy + ar/ p3 + 4p1pacuy, >0

2p1p2

where

In particular,

ac
9.16 A, ~ 2o
( ) P1
and
(9.17) P2 —acy, = p1fn — aay, ~ a plpOén.
2

Accordingly, from (9.8) we get
B — I a\/a,Cy,

T aa, —piBe aa, —piBy

Moreover, exploiting (9.10),
B hy, 0} Cy
i\/ 5np3 + cay, i\/ ﬁnp?) + cay, ‘

D,



Hence, substituting the two expressions above into (9.9) and exploiting the assumption
x = 0, we infer that

1-2v s/
(918) Cn _ a, \/@C + 1 6np2p3

52 52027 +ln,

having set

P Gnliv/Brps + com) N a\/0, i/ Brps + com) N B
! iv/Bno2an iVB02an [p1 By — acy,)  dan
By means of (9.11), (9.16) and (9.17),

lta] < Crp(ap™ + 7).

As vy < %, we learn that
[ta] = o0 ™).

Therefore, from (9.18), we arrive at

Oél—2’y c Oél—2’y c a1—2'y c
e = [P g | OB ok

As before, we end up with

Izalle = v/P2 [¥nll 2 V/P2|Co| = o0,
contradicting (9.2).
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