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Abstract – This work provides the analytical derivation of the characteristic function of noisy 
digital measurements of fundamental and harmonic active power in electrical systems. Knowledge 
of the characteristic function, in fact, allows a complete statistical description of the measured 
active power since both the probability density function and the distribution function can be 
readily derived. Moreover, from the characteristic function all the statistical moments can be 
evaluated, whereas in the existing literature only the first- and second-order moments of the 
fundamental component were provided. More specifically, it is well known that voltage and 
current waveforms in electrical systems under non-sinusoidal conditions are digitized through 
analog-to-digital conversion and transformed into the frequency domain. Each waveform spectral 
line is processed to evaluate active power at the corresponding frequency. Since spectral lines are 
affected by additive noise the measured active power can be properly treated as a random 
variable. In particular, harmonic active power is more sensitive to additive noise since it is given 
by low-magnitude spectral lines .In the paper, the probability density function corresponding to 
the derived characteristic function is validated through numerical simulation of the whole 
measurement process and the impact of waveform and sampling parameters is investigated. 

Keywords: Additive Noise Propagation, Discrete Fourier Transform, Power Measurement, 
Power Quality, Probabilistic Techniques 

Nomenclature 
Δf Frequency resolution of DFT 
ΦA(ω) Characteristic function of the random variable A 
φh Phase of the h-th frequency component of 

voltage 
μA Statistical mean value of the random variable A 
 ௏ଶ Variance of real and imaginary parts ofߪ ,ூଶߪ

current/voltage DFT coefficients 
௡೔ߪ
ଶ  Variance of current additive noise 

௡ೡߪ
ଶ  Variance of voltage additive noise 

ϑh Phase of the h-th frequency component of 
current 

A/D Analog-to-digital 
DFT Discrete Fourier transform 
ENBW Equivalent noise bandwidth 
fA(∙) Probability density function of the random 

variable A 
FFT Fast Fourier transform 
fh Frequency of the h-th sine wave component 
fS Sampling frequency 
Ih Rms amplitude of the h-th component of current 
 መ௛ DFT estimate of Ihܫ
MA(s) Moment-generating function of the random 

variable A 
mn n-th statistical moment
N Number of sine waves in voltage/current

waveform

NH Number of harmonics 
ni, nv Additive noise in current/voltage waveforms 
NS Number of samples 
NPSG Normalized peak signal gain 
P1 Fundamental active power 
Ph Active power related to the h-th frequency 

component 
෠ܲ௛ DFT estimate of Ph 
PH Harmonic active power 
PDF Probability density function 
rms Root mean square 
RV Random variable 
SNR Signal-to-noise ratio 
Vh Rms amplitude of the h-th component of 

voltage 
෠ܸ௛ DFT estimate of Vh 
w[∙] Time window 
ℑ஺ Imaginary part of A 
ℜ஺ Real part of A 

I. Introduction
Nowadays, power measurement in electrical systems 

can be effectively performed by means of digital 
techniques [1]. Analog-to-digital conversion of voltage 
and current waveforms, in fact, can be easily and 
accurately carried out. When only the measurement of 
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the average power is required, the digital processing 
consists simply in the evaluation of the time-domain 
mean value of the product of the sampled waveforms [2], 
[3]. In modern electrical power systems, however, the 
widespread use of non-linear loads results in voltage and 
current waveforms rich in harmonics and inter-harmonic 
contents [4]-[6]. Therefore, as far as power is concerned, 
the resulting non-sinusoidal condition includes a flux of 
active power at each frequency component of the 
waveforms spectra [7], [8]. A detailed power-quality 
analysis requires the measurement of the significant 
power components associated with the frequency 
contents of voltage and current waveforms [7], [9], [10].  

Thus, each waveform is usually transformed into the 
frequency domain through the discrete Fourier transform 
(DFT), and the power components are evaluated by 
processing the relevant spectral lines [6], [11]. Additive 
noise coming from the electrical system and from 
instrumentation [12]-[15] affects the spectral lines 
amplitude and phase, and therefore each power 
component must be properly treated as a random 
variable. Since the harmonic/inter-harmonic spectral 
lines are much lower in magnitude than the fundamental 
component (i.e., the component at 50 or 60 Hz in most of 
power systems), a significant influence of additive 
noiseis expected on the estimation of the related power 
components [7]. Thus, the main objective of this work 
consists in the complete statistical characterization of 
both the fundamental active power and the harmonic 
active power related to the contribution of spectral lines 
different from the fundamental. In the existing literature 
only the fundamental active power has been investigated 
by deriving its mean value and variance [2], [11], [15]. 

In this paper the characteristic function of each 
component of the active power is derived in closed form.  

This allows a complete characterization in terms of 
probability density function (PDF), distribution function, 
and all the statistical moments for both the fundamental 
and the harmonic active power.   

The paper is organized as follows. In Section II the 
background and the main definitions are provided. 

In Section III the characteristic function of measured 
active power is derived in closed form. In Section IV the 
mean value and the variance are derived from the 
characteristic function derived in Section III. In Section 
V the analytical expression of the PDF is derived in 
integral form.  

The analytical results are validated in Section VI 
through numerical simulation of the whole measurement 
process. Finally, conclusions are drawn in Section VII. 

II. Background and Problem Statement
Power measurements under non-sinusoidal conditions 

can be effectively performed by resorting to digital 
instrumentation based on A/D conversion of voltage and 
current waveforms, and time-to-frequency transformation 
through the DFT algorithm (by means of the efficient fast 
Fourier transform (FFT) algorithm) [1], [6], [11], [15].  

 

Thus, active power at each frequency of interest can 
be readily evaluated by processing the relevant spectral 
lines. When low-amplitude spectral lines are involved 
(e.g., when power related to harmonic components must 
be evaluated), an important source of uncertainty is 
additive noise. Indeed, voltage/current waveforms are 
always affected by additive noise which propagates 
through A/D conversion and DFT transformation, 
yielding noisy spectral lines. 

It is expected that the impact of additive noise is larger 
as the amplitude of the involved harmonic spectral lines 
decreases. Therefore, the resulting power evaluations 
should be properly characterized in statistical terms by 
treating each power estimate as a random variable (RV). 

More specifically, the time-domain voltage/current 
waveforms are modelled as a sum of the mean value, N 
sine waves, and additive zero-mean independent noise: 

(ݐ)ݒ = ଴ܸ + √2෍ ௛ܸcos (2ߨ ௛݂ݐ + ߮௛)
ே

௛ୀଵ

+ ݊௩(ݐ) (1)

(ݐ)݅ = ଴ܫ + √2෍ܫ௛cos (2ߨ ௛݂ݐ + (௛ߴ
ே

௛ୀଵ

+ ݊௜(ݐ) (2)

where additive noise takes into account both the noise 
from the electrical power system and the noise 
superimposed to the waveforms by the instrumentation. 

The fundamental and the harmonic active power are 
defined as [7] 

ଵܲ = ଵܸܫଵܿݏ݋(߮ଵ − ଵ) (3)ߠ

ுܲ = ෍ ௛ܸܫ௛ܿݏ݋(߮௛ − (௛ߠ
௛ஷଵ

= ෍ ௛ܲ
௛ஷଵ

 (4)

After A/D conversion of (1)-(2) with sampling 
frequency ௦݂, and weighting time-window w[·] against 
spectral leakage ( ௦ܰ samples in length) [16]-[18], the 
DFT transform provides the estimates of the complex 
Fourier coefficients: 

෠ܸ௡ =
√2

ௌܰܰܲܵܩ
෍ ݊݇ߨ2݆−)݌ݔ݁[݇]ݓ[݇]ݒ ௌܰ⁄ )
ேೄିଵ

௞ୀ଴

 (5)

መ௡ܫ =
√2

ௌܰܰܲܵܩ
෍ ݊݇ߨ2݆−)݌ݔ݁[݇]ݓ[݇]݅ ௌܰ⁄ )
ேೄିଵ

௞ୀ଴

 (6) 

where w[k] is the selected time window characterized by 
the related Normalized Peak Signal Gain NPSG (see 
Table I where three examples of commonly used 
windows are reported with the parameters exploited in 
this paper) [5]. 

The frequency index n is related to the frequency 
index h in (1)-(2) by ݊ × ∆݂ = ௛݂, where ∆݂ = ௦݂ ௦ܰ⁄  is 
the DFT frequency resolution. 



TABLE I 
SOME FIGURES OF MERIT OF THREE WIDELY USED WINDOWS 

Window NPSG ENBW 
Rectangular 1 1 

Hann 0.50 1.50 
Minimum 4-term Blackman-Harris 0.36 2 

Under non-coherent sampling conditions (i.e., when 
the number of acquired waveform periods is not an 
integer number), the relation ݊ × ∆݂ = ௛݂ is intended as 
an approximate relation where n is the index such that 
݊ × ∆݂ is the discrete frequency closest to ௛݂.  

In this paper, according to [6], synchronization 
between sampling and the fundamental frequency 
component is assumed. 

Therefore, frequency interpolation is not implemented 
for fundamental and harmonic components. For the same 
reason, the prescribed window in [6] is the rectangular 
window. In this paper, further kinds of windows are 
considered since in some cases spectral leakage from 
non-harmonic components could be significant if the 
simple rectangular window is used. The estimates of the 
active power are derived from (5)-(6) as: 

෠ܲ௛ = ห ෠ܸ௛หหܫመ௛ห cos൫ܽ݃ݎ ෠ܸ௛ −  መ௛൯ܫ݃ݎܽ
ℎ = 1, … ,ܰ      ௛݂ ≅ ݊ × ∆݂ 

(7)

It is worth noticing that each of the RVs 
൛ ෠ܲ௛ൟ௛ୀଵ

ே
defined by the transformation (7) is given as a

function of four RVs ൛ห ෠ܸ௛ห, หܫመ௛ห, ݃ݎܽ ෠ܸ௛,  መ௛ൟ for whichܫ݃ݎܽ
statistical uncorrelation cannot be assumed. Indeed, it is 
well known that both ห ෠ܸ௛ห and ܽ݃ݎ ෠ܸ௛ are obtained by 
combining the real and the imaginary parts of the 
relevant DFT coefficient ෠ܸ௛, and the same is true for หܫመ௛ห 
and ܽܫ݃ݎመ௛ with respect to the DFT coefficient ܫመ௛. 

It follows that the analytical derivation of the 
statistical properties of the RVs ൛ ෠ܲ௛ൟ௛ୀଵ

ே
 given in the

form (7) cannot be straightforward. In the next Section an 
alternative form for (7) will be provided, such that the 
statistical characterization of active power can be 
analytically derived through a straightforward approach. 

III. Derivation of the Characteristic
Function 

In this Section, for the sake of simplicity, the 
frequency index h in (7) will be dropped since the 
proposed approach holds for each specific frequency ௛݂.  

By using a well-known trigonometric identity, the 
active power (7) can be rewritten as 

෠ܲ = ห ෠ܸ ห ݃ݎ൫ܽݏ݋ܿ ෠ܸ൯ หܫመห መ൯ܫ݃ݎ൫ܽݏ݋ܿ + 
+ห ෠ܸห ݃ݎ൫ܽ݊݅ݏ ෠ܸ൯ หܫመห መ൯ܫ݃ݎ൫ܽ݊݅ݏ = 

= ℜ൛ ෠ܸൟℜ൛ܫመൟ + ℑ൛ ෠ܸൟℑ൛ܫመൟ 
(8)

where the real (ℜ) and the imaginary (ℑ) parts of ෠ܸ  and ܫመ 
have been put into evidence. By adopting a simpler 
notation (8) can be rewritten: 

   

෠ܲ = ℜ௏ℜூ + ℑ௏ℑூ (9)

In the literature it has been shown that each of the real 
and the imaginary parts of a DFT coefficient of a noisy 
waveform can be treated as Gaussian uncorrelated RVs, 
with mean value μ equal to the noise-free mean value 
(i.e., unbiased RVs), and variance given by [2], [5], [11], 
[16]-[17]: 

ଶߪ =
1
௦ܰ
ܹܤܰܧ௡ଶߪ (10)

where ߪ௡ଶ is the variance of the additive input noise, and 
ENBW is the Equivalent Noise Bandwidth of the 
selected time window. 

Therefore, the RVs in (9) can be denoted as Gaussian 
RVs: 

ℜ௏~ࣨ൫ߤℜೇ , ,௏ଶ൯ߪ ℑ௏~ࣨ൫ߤℑೇ , ௏ଶ൯ (11)ߪ

ℜூ~ࣨ൫ߤℜ಺ , ூߪ
ଶ൯, ℑூ~ࣨ൫ߤℑ಺ , ூߪ

ଶ൯ (12) 

where the mean values are the noise-free values of DFT 
coefficients (possibly distorted by the contribution of the 
window in case of non-coherent sampling), and: 

௏ଶߪ =
1
௦ܰ
௡ೡߪ
ଶ ܤܰܧ ௏ܹ (13)

ூଶߪ =
1
௦ܰ
௡೔ߪ
ଶ ܤܰܧ ூܹ (14)

In (13) and (14) it has been taken into account that 
different windows with different ENBW can be used for 
the voltage and the current waveforms.  

The expression obtained in (9) allows a 
straightforward derivation of the characteristic function 
of the active power. 

In fact, the active power in (9) is written as the sum of 
two terms, where each term is the product of two 
uncorrelated Gaussian RVs. The characteristic function 
of the product of two Gaussian RVs is available in the 
technical literature [19].  

Moreover, it is well-known that the characteristic 
function of the sum of two independent RVs is given by 
the product of the two characteristic functions [20]. 

The two elemental characteristic functions of the RVs 
in (9) are given by: 

Φℜೇℜ಺(߱) =
1

ඥ1 + ଶ(ூ߱ߪ௏ߪ)
· 

· exp

⎝

⎜
⎛
−

߱ଶ൫ߪூଶߤℜೇ
ଶ + ℜ಺ߤ௏ଶߪ

ଶ ൯ +
ℜ಺ߤℜೇߤ2݆߱−

2(1 + (ଶ(ூ߱ߪ௏ߪ)

⎠

⎟
⎞ (15)



(߱)ℑೇℑ಺ߔ =
1

ඥ1 + ଶ(ூ߱ߪ௏ߪ)
· 

· ݌ݔ݁ ቆ−
߱ଶ൫ߪூଶߤℑೇ

ଶ + ℑ಺ߤ௏ଶߪ
ଶ ൯ − ℑ಺ߤℑೇߤ2݆߱

2(1 + (ଶ(ூ߱ߪ௏ߪ) ቇ 
(16)

where ݆ = √−1. 
As mentioned above, the characteristic function of the 

RV (7) is given by the product of (15) and (16): 

(߱)௉෠ߔ = (߱)ℑೇℑ಺ߔ(߱)ℜೇℜ಺ߔ = 

=
1

1 + ଶ(ூ߱ߪ௏ߪ) · 

· ݌ݔ݁ ቆ−
߱ଶ(ߪூଶܸଶ + (ଶܫ௏ଶߪ − ݆2߱ܲ

2(1 + (ଶ(ூ߱ߪ௏ߪ) ቇ 

(17)

where: 

ܸଶ = ℜೇߤ
ଶ + ℑೇߤ

ଶ  (18)

ଶܫ = ℜ಺ߤ
ଶ + ℑ಺ߤ

ଶ  (19)

ܲ = ߮)ݏ݋ܿܫܸ − (ߴ = ℜ಺ߤℜೇߤ + ℑ಺ (20)ߤℑೇߤ 

are the unbiased rms squared voltage, rms squared 
current, and active power. 

III.1 Fundamental Active Power

The characteristic function of the fundamental active 
power defined in (3) is given by (17) where the quantities 
(18)-(20) refer to the fundamental component: 

(߱)௉෠భߔ =
1

1 + ଶ(ூ߱ߪ௏ߪ) · 

· ݌ݔ݁ ቆ−
߱ଶ(ߪூଶ ଵܸ

ଶ + (ଵଶܫ௏ଶߪ − ݆2߱ ଵܲ

2(1 + (ଶ(ூ߱ߪ௏ߪ) ቇ 
(21)

III.2 Harmonic Active Power

As far as the harmonic active power (4) is considered, 
by taking into account that the characteristic function of 
the sum of independent RVs is given by the product of 
the elemental characteristic functions we obtain: 

(߱)௉෠ಹߔ = ෑߔ௉෠೓(߱)
௛ஷଵ

= 

=
1

[1 + ଶ]ேಹ(ூ߱ߪ௏ߪ) · 

· ݌ݔ݁ ቆ−
߱ଶ(ߪூଶ ுܸ

ଶ + (ுଶܫ௏ଶߪ − ݆2߱ ுܲ

2(1 + (ଶ(ூ߱ߪ௏ߪ) ቇ 

(22)

where [7]: 

ுܸ
ଶ = ෍ ௛ܸ

ଶ

௛ஷଵ

 (23) 

ுଶܫ = ෍ܫ௛ଶ
௛ஷଵ

 (24)

and NH is the number of harmonic components in (23) 
and (24). 

III.3. Extension to Polyphase Active-Power
Measurement 

Extension of (21) and (22) to electrical systems 
consisting in n wires is straightforward. In such cases, in 
fact, the total active power is given by the sum of n 
single-phase power measurements by assuming one wire 
as reference. 

The estimate of the total active power is therefore 
given by the sum of n terms of the same kind as (9). 
Statistical independence of each of the n terms results 
in a total characteristic function given by the product of 
n terms of the same kind as (21) for the fundamental 
active power, and n terms of the same kind as (22) for 
the harmonic active power. 

IV. Statistical Moments
Statistical moments of fundamental and harmonic 

active power can be obtained from the characteristic 
functions derived in Section III. 

The approach is based on the so-called moment-
generating function which is related to the characteristic 
function by the variable substitution ݏ = ݆߱[20]. 

IV.1 Fundamental Active Power

From the characteristic function (21) the following 
moment-generating function can be derived: 

(ݏ)௉෠భܯ =
1

1 − ଶ(ݏூߪ௏ߪ) · 

· ݌ݔ݁ ቆ
ூଶߪ)ଶݏ ଵܸ

ଶ + (ଵଶܫ௏ଶߪ + ݏ2 ଵܲ

2(1 − (ଶ(ݏூߪ௏ߪ) ቇ 
(25)

It is well-known from the moment theorem that the n-
th derivative of (25) at the origin provides the n-th 
statistical moment of ෠ܲ. 

In particular, the first and second moments are given 
by: 

ᇱܯ
௉෠భ(0) = ݉ଵ = ଵܲ (26)

ᇱ௉෠భ(0)′ܯ = ݉ଶ = ூଶߪ ଵܸ
ଶ + ଵଶܫ௏ଶߪ + ூଶߪ௏ଶߪ2 + ଵܲ

ଶ (27)

from which the mean value and the variance can be 
readily derived: 

௉෠భߤ = ݉ଵ = ଵܲ (28)

௉෠భߪ
ଶ = ݉ଶ −݉ଵ

ଶ = ூଶߪ ଵܸ
ଶ + ଵଶܫ௏ଶߪ + ூଶ (29)ߪ௏ଶߪ2



It can be observed that the mean value (28) is 
unbiased. 

Moreover, in (29) the first two terms take into account 
the magnitude of voltage and current spectral lines, 
whereas the third term is related only to noise. 

By taking into account (13) and (14), the variance (29) 
can be written as explicit function of the number of 
samples ௦ܰ, of the selected time window with parameter 
ENBW, and of the additive noise variance ߪ௡ଶ: 

௉෠భߪ
ଶ =

ܤܰܧ ூܹ

௦ܰ
௡೔ߪ
ଶ

ଵܸ
ଶ +

ܤܰܧ ௏ܹ

௦ܰ
௡ೡߪ
ଶ ଵଶܫ +

+2
ܤܰܧ ௏ܹܤܰܧ ூܹ

௦ܰ
ଶ ௡ೡߪ

ଶ ௡೔ߪ
ଶ  

(30)

By defining the voltage and current signal-to-noise-
ratios: 

ܴܵܰ௏భ = ଵܸ
ଶ

௡ೡଶߪ
(31) 

ܴܵܰூభ =
ଵଶܫ

௡೔ߪ
ଶ (32) 

the following expression for the standard deviation 
corresponding to (30) can be derived: 

௉෠భߪ = ௡ೡඪߪ௡ೡߪ

ܤܰܧ ூܹ

௦ܰ
ܴܵܰ௏భ +

ܤܰܧ ௏ܹ

௦ܰ
ܴܵܰூభ +

+2
ܤܰܧ ௏ܹܤܰܧ ூܹ

௦ܰ
ଶ

(33) 

Notice that (33) is slightly different from the result 
obtained in [2] by means of a different approach 
developed in the time domain. 

Moreover, the approach presented in this paper, based 
on the characteristic function, allows straightforward 
calculation of higher order moments such as skewness 
and kurtosis [20]. 

IV.2. Harmonic Active Power

Statistical moments of the harmonic active power can 
be derived by applying to the characteristic function (22) 
the same approach presented in the previous subsection. 

It can be easily shown that the mean value is still 
unbiased, i.e.: 

௉෠ಹߤ = ுܲ (34) 

whereas the standard deviation is given by: 

௉෠ಹߪ =

= ௡ೡඪߪ௡ೡߪ

ܤܰܧ ூܹ

௦ܰ
ܴܵܰ௏ಹ +

ܤܰܧ ௏ܹ

௦ܰ
ܴܵܰூಹ +

+2 ுܰ
ܤܰܧ ௏ܹܤܰܧ ூܹ

௦ܰ
ଶ

(35) 

where: 

ܴܵܰ௏ಹ = ுܸ
ଶ

௡ೡଶߪ
(36)

ܴܵܰூಹ =
ுଶܫ

௡೔ߪ
ଶ (37) 

V. Probability Density Function
The characteristic function of a RV is defined as the 

Fourier transform of the PDF [20]. Therefore, the PDF of 
fundamental and harmonic active power can be 
recovered from the characteristic functions (21) and (22) 
by means of the inversion formula: 

݂௉෠൫ ෠ܲ൯ =
1

ߨ2
න Φ௉෠(߱)݁ି௝ఠ௉෠݀߱
ஶ

ିஶ

 (38)

The integral (38) can be easily evaluated numerically 
through standard methods. It is useful, however, to 
identify a finite integration interval to speed up the 
numerical process. To this aim, it can be readily 
recognized that the function |ߔ௉෠(߱)| is equal to 1 for 
߱ = 0, whereas: 

|Φ௉෠(߱)|~
1

ଶேಹ(ூ߱ߪ௏ߪ)  when   ߱ → ±∞ (39)

Notice that NH = 1 for the fundamental active power. 
Therefore, reasonable integration limits in (39) can be 

defined by imposing 

1
ଶேಹ(ூ߱ߪ௏ߪ) <

1
100 (40)

leading to: 

߱௟௜௠ =
10

భ
ಿಹ

ூߪ௏ߪ
(41)

Thus the PDF can be recovered from: 

݂௉෠൫ ෠ܲ൯ ≅
1

ߨ2
න Φ௉෠(߱)݁ି௝ఠ௉෠݀߱

ఠ೗೔೘

ିఠ೗೔೘

 (42)

where the range for the RV ෠ܲ can be roughly considered 
௉෠ߪ±3  centered on the mean value (28) or (34). 

VI. Numerical Validation
The analytical results derived in the previous Sections 

were validated by resorting to numerical simulation of 
the whole process of active power measurement. Voltage 
and current waveforms consisting of the 60-Hz 
fundamental component and the first four odd harmonics 
were assumed (see Table II) according to the example 
reported in Annex A of [7]. 



TABLE II 

HARMONIC CONTENT OF THE WAVEFORMS 

FOR NUMERICAL VALIDATION 

h f 

(Hz) 
Vh φh 

(V) 

Ih ϑh 

(A) 

Ph=VhIhcos(φh-ϑh) 

(W) 

1 60 70.71 -7.2 70.71 -42.4 4085.72 

3 180 5.02 -76.0 19.09 18.3 -7.18671

5 300 3.18 -114.0 7.64 -15.8 -3.46588

7 420 2.33 -142.0 3.68 -43.2 -1.31261

9 540 1.13 -165.0 1.41 -69.0 -0.16724

In this case for the voltage waveform we have 

 and  according to (23), 

whereas for the current waveform we have 

and according to (24). The fundamental 

active power is  whereas the harmonic 

active power is  according to (4). 

Gaussian zero-mean independent noise was added to 

both voltage and current waveforms by selecting and 

 according to the SNR values defined in (31)-(32) in 

case of fundamental active power evaluation, and (36)-

(37) in case of harmonic active power evaluation. For the 
sake of simplicity, in the following simulations equal 
values for voltage and current SNR were selected, 
therefore we assume , and such common 
value will be denoted as SNR. Simulations were 
performed by digitizing exactly 12 cycles of the 
fundamental frequency.

Thus, coherent sampling was implemented (i.e., 

synchronized measurements as recommended in [6]) 

such that interpolation algorithms against picket fence 

effects are not needed 

The first set of simulations (Figs. 1-2) was addressed 

to validate the standard deviation (35) for the harmonic 

active power PH. In Fig. 1 the standard deviation of PH is 

shown as a function of SNR (analytical results (35) 

represented in solid lines). Numerical estimates of 

harmonic active power standard deviation (cross 

markers) have been obtained by 104 repeated evaluations 
of (4) through the relevant DFT spectral lines (5)-(6) for 

each SNR value. 

Simulations were performed with a measurement 

window with length  samples. Three 

different windows have been used (see Table I) against 

spectral leakage from possible non-harmonic 

components. In any case, for all the simulations 

presented in this Section the same window was used for 

the voltage and current waveforms. Therefore, 

was assumed. 

According to (35), a window with larger ENBW 

results in a larger standard deviation. This is confirmed in 

Fig. 1, where the maximum values of the standard 

deviation have been obtained with the Blackman-Harris 

window having , whereas the minimum 

standard deviation has been obtained with the rectangular 

window having . Intermediate values have 

been obtained with the Hann window having 

. In Fig. 2, the standard deviation (35) for the 

harmonic active power was validated with respect to the 

number of samples . 

      

Simulations were performed with three different 

number of samples, i.e., 256, 1024, and 4096. 

The selected window was the Hann window. As it was 

expected from (35), the standard deviation increases with 

decreasing number of samples. 

The second set of simulations (Figs. 3-6) was 

addressed to validate the PDF of both the fundamental 

and the harmonic active power. 

Fig. 3 refers to the fundamental active power and 

compares (42) (evaluated for the characteristic function 

(21)) with numerical results obtained by a repeated run 

analysis, for the three numbers of samples already 

considered in Fig. 2. The window is the rectangular one 

since coherent sampling is assumed with respect to the 

fundamental component.  

Additive noise is such that . Behavior of 

the curves is in agreement with (33). In fact, by 

increasing the number of samples the standard deviation 

of fundamental active power decreases and therefore a 

more peaked PDF is expected. Fig. 4 reports the PDFs of 

the harmonic active power in the same conditions defined 

for Fig. 3 and assuming . Analytical PDFs 

are obtained from (42) and (22). The same remarks 

reported above for Fig. 3 can be done with respect to the 

impact of the number of samples on the standard 

deviation (35). 

In Fig. 5 the PDF (42) for the harmonic active power 

is validated against different windows. The number of 

samples is 1024 and the . According to (35), 

windows with larger ENBW result in larger standard 

deviation of harmonic active power and then PDF with 

lower peak. 

In Fig. 6 three different SNR were set for the 

evaluation of the PDF of harmonic active power. The 

number of samples is 1024 and a rectangular window 

was applied. By increasing the SNR the PDF spread 

decreases due to lower noise contribution. 

Fig. 1. Standard deviation of the harmonic active power as a function of 

the signal-to-noise ratio of voltage and current waveforms. Comparison 

between analytical result (35) (solid lines) and numerical results 

(markers) for different windows and 1024 samples 
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