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We propose a framework of nonintrusive polynomial chaos methods for transcranial magnetic stimulation (TMS) to investigate the
influence of the uncertainty in the electrical conductivity of biological tissues on the induced electric field. The conductivities of three
different tissues, namely, cerebrospinal fluid, gray matter (GM), and white matter, are modeled as uniformly distributed random
variables. The investigations are performed on a simplified model of a cortical gyrus/sulcus structure. The statistical moments
are calculated by means of a generalized polynomial chaos expansion using a regression and cubature approach. Furthermore,
the results are compared with the solutions obtained by stochastic collocation. The accuracy of the methods to predict random
field distributions was compared by applying different grids and orders of expansion. An investigation on the convergence of the
expansion showed that in the present framework, an order 4 expansion is sufficient to determine results with an error of <1%. The
results indicate a major influence of the uncertainty in electrical conductivity on the induced electric field. The standard deviation
exceeds values of 20%—-40% of the mean induced electric field in the GM. A sensitivity analysis revealed that the uncertainty in
electrical conductivity of the GM affects the solution the most. This paper outlines the importance of exact knowledge of the electrical
conductivities in TMS in order to provide reliable numerical predictions of the induced electric field. Furthermore, it outlines the
performance and the applicability of spectral methods in the framework of TMS for future studies.

Index Terms—Eddy current, finite-element method (FEM), Monte Carlo (MC) method, regression analysis, sensitivity analysis,

statistical analysis, stochastic processes, transcranial magnetic stimulation (TMS), uncertain systems.

I. INTRODUCTION

RANSCRANIAL magnetic stimulation (TMS) is a

non-invasive technique to stimulate cortical regions
of the human brain by the principle of electromagnetic
induction [1], [2]. In biphasic stimulation, a time-changing
current with sinusoidal waveform is driven through an
excitation coil. Consequently, an electric field is induced
inside the human brain due to Faraday’s law. The design
and optimization of TMS coils involves simplifications to
spherical head models to reduce the computational cost of
iterative algorithms [3]. However, subsequent validation based
on realistic head models derived from magnetic resonance
images have to be performed to confirm the optimization
results [4]. The complex geometry of the brain requires the
application of numerical techniques, such as the finite-element
method (FEM), in order to compute the spatial distribution of
the induced electric field [5].

Thus, any kind of simulation study related to transcranial
electromagnetic stimulation (not limited to TMS) requires
exact knowledge of the corresponding electrical conductivity
of the tissues in the head. However, in vivo measurements are
difficult to obtain and vary between subjects due to individual
factors, such as the cognitive state or baseline hormone levels.
Hence, available data are widespread and exact individual
predictions seem to be impossible [6], [7]. For that reason,
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an analysis regarding the uncertainty of the induced electric
field in TMS appears imperative. Sampling methods, such
as Monte Carlo (MC) approaches, are not applicable due
to their slow convergence and the need for a large number
of sampling points (10*-10°). For that reason, we propose
to apply a generalized polynomial chaos (gPC) expansion
based on spectral projection or stochastic collocation (SC).
Recent studies in this framework emphasize the importance
of uncertainty quantification [8].

II. METHODS
A. Deterministic FEM Model

A simplified geometry of a cortical gyrus/sulcus structure
was used, similar to the one in [9] and [10]. The model
is shown in Fig. 1(a). The coil is positioned at a distance
of 10 mm above the volume conductor, which consists of
a cerebrospinal fluid (CSF) layer with 20 mm thickness
and an artificial sulcus with gray matter (GM) and white
matter (WM). The sulcus has a depth of 21 mm and the
GM layer has a thickness of 3 mm.

A commercial figure-of-8 coil (Second Generation Double
70 mm - 3191-00, Magstim Company Ltd., Whitland,
U.K.) acts as the excitation coil, assuming a current ampli-
tude of 5488 A and a frequency of excitation of 2.9 kHz.
The coil is positioned such that the normal component of
the induced current density J is maximum, i.e., the long
axis of the coil is parallel to the artificial sulcus. Due
to the validity of the quasi-static approximation in TMS,
the magnetic field produced by the coil is calculated in
advance by means of the magnetic vector potential A. The
induced electric field is given by E = —jwA — Vgp.
Commercial FEM software is used to determine the scalar
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(a) Quarter-model. (b) FEM mesh of the investigated cortical gyrus/sulcus structure. Red area and red cross: region of interest and a point inside

GM where the pdf of the magnitude of the induced electric field is evaluated exemplarily.

electric potential ¢ [11]. The FEM model shown in Fig. 1(b)
makes use of the two symmetry planes xz and yz to further
reduce computational costs resulting in only one quarter of the
full geometry.

B. Non-Intrusive Generalized Polynomial Chaos Expansion

A gPC expansion can be conducted by either an intrusive
or a nonintrusive approach. Intrusive approaches are based on
Galerkin methods and imply a reformulation of the governing
equations [12]-[14]. These approaches are usually memory
intensive compared with nonintrusive approaches that make
use of a distinct set of forward simulations to determine the
stochastic properties of the output variables. In the present
framework, we will focus on nonintrusive approaches and their
application to TMS.

Considering the available data for CSF, GM, and
WM, a wide range of electrical conductivity can be
observed [5], [15]-[21]. Since the statistical properties of the
tissues are not known, they are modeled as independent and
uniformly distributed random variables with the following
limits: 1) 1.4341 < ocsp < 1.9487 S/m; 2) 0.1224 < ogm <
0.5106 S/m; and 3) 0.0957 < owm < 0.1663 S/m. They
are combined in a three-variate random vector & (N = 3)
located in the probability space (E, X, P). The event space
E contains all possible events, X is a o-algebra, which is
a subset of E, and P is a measure for the probability of
occurrence. Based on this, the gPC for uniformly distributed
random variables is defined by a truncated expansion
of Legendre polynomials w;(§) weighted by the gPC
coefficients iy [22]
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In the present framework, the output E(r,&) is the
magnitude of the induced electric field at a certain point r.
In the case of a maximum order gPC expansion with order p,
the total number of coefficients N, in the case of N random
variables is given by [23]
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In the following, two numerical methods are presented to
determine the gPC coefficients, namely: 1) the spectral pro-
jection approach by Gauss—Legendre quadrature and 2) the
regression approach.

1) Spectral Projection by Gauss—Legendre Quadrature:
Due to the orthogonality of the polynomial basis functions
wi (§), the gPC coefficients #y(r) can be determined by [24]
(Er, ). yi(®) )
(v (§), wi(8))

The denominator in (3) acts as a scalar weight for each
coefficient and can be calculated analytically. However, the
numerator has to be calculated numerically, since the function
E(r, &) is not known. Depending on the probability density
function (pdf) of the input variables, this integral can be solved
by means of a distinct type of Gauss quadrature. In the present
case of standard uniform distributions in the interval [—1, 1],
a Gauss—Legendre quadrature is applied
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where n = (1,2,..., N) denotes the respective dimension,

my is the number of cubature points in the nth dimension,
and wg"") is the corresponding weight.

According to the uniform distribution of the input, the
grid points are chosen as the roots of the Legendre
polynomials [24]. In this paper, the grid is 3-D. It is calculated
by means of the tensor product of the roots given by the
1-D Legendre polynomials of degree m, resulting in m3 nodes.

2) Regression Approach: The regression approach employs
a least square solution in order to determine the gPC
coefficients

Ya(r) = s(r). 6)

The matrix ¥ is of size [Ny x N.], with N; denoting
the number of deterministic forward simulations. Each row



contains the N, multivariate polynomials y; calculated at the
sample points & with i = 1,..., N.. The unknown vector
a(r) of size [N, x 1] contains the gPC coefficients iig(r),
which correspond to each polynomial wy(€). The calculated
deterministic forward solutions at the grid points &; are com-
posed in the vector s(r) of size [Ny x 1] on the right-hand
side. The Moore—Penrose pseudo-inverse based on singular
value decomposition is used to determine the gPC coefficients.
The same tensor product-based Legendre grid as described
previously is applied for the regression approach.

C. Stochastic Collocation by Lagrange Interpolation

The SC approach in the framework of uncertainty analysis
was first introduced in [25]. In contrast to previously presented
methods, the SC is not based on the projection of the solution
on the random space. Instead, the solution is approximated
by a set of multivariate Lagrange interpolation functions. This
set contains one polynomial for each collocation point. The
advantage of Lagrange interpolation is that the associated
function equals 1 in the corresponding collocation point and
0 in all other points. Thus, the approximation is exact at
the collocation points and smoothly interpolated in between
adjacent points. The polynomial for an N-dimensional interpo-
lation can be constructed by tensor products of 1-D Lagrange
polynomials Efm”)(f) [24]
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The global interpolation function can then be constructed by
the principle of superposition
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During implementation of the SC, it proven to be useful for
postprocessing to reformulate (8) into the form like that used
in gPC (1)
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where N; denotes the number of Lagrange coefficients Ik (r),
which is equivalent to the number of grid points N;. The
function L (&) is the Lagrange interpolation polynomial at
the corresponding point indexed by k.

Since the nonuniformity of the nodal distribution improves
the quality of Lagrange interpolation [22], the same grid as
was used in the case of Gauss quadrature is applied in SC. This
results in a total number of N; = m? terms in (9), whereas
the maximum order of each random variable is m — 1.

D. Postprocessing

After calculating the gPC coefficients #; by means of
Gauss quadrature or regression, the statistical moments can

be determined. Using an indexation such that yy = 1, the
mean E, (r) and the variance E 2(r) of the induced electric
field E(r, &) are given by

E,u (l’) = E[E(I', §)] = l//()E[E(I', ‘S)]
Ne—1 +1
= > i [ vow(® 05Vag =) (10
k=0 -1
E,(r) = E[(E(r, &) — E,(r)?]

Ne—l +1
- Z u,%/ wi(£)%0.5V dE. (11)

k=1 -1
Hence, the mean is directly given by the first gPC
coefficients due to the orthogonality of the gPC basis functions
with respect to the pdf. The variance can be determined by
the remaining coefficients, whereas the integral in (11) can
be calculated analytically. In the case of SC, the statisti-
cal moments can be calculated in a similar way. However,
the Lagrange interpolation polynomials are not necessarily
orthogonal, which leads to analytical integrations when
employing (10) and (11).

The pdf can be determined by applying sampling
strategies, such as MC, Latin Hypercube Sampling [26], or
quasi-MC [27], [28] with M realizations. Since a functional
dependence is calculated by either the gPC or SC, a large
number of samples, such as M ~ 105—10°, can be used with
a significantly decreased computational effort compared with
direct sampling with the FEM model.

An important part during the investigation of new or
partially known systems is an analysis regarding its
sensitivity. In gPC, the global derivative-based sensitivity
coefficients S, can be approximated by means of the gPC coef-
ficients and the partial derivatives of the basis functions [29].
In this context, the index n denotes the materials CSF,
GM, or WM
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Due to the reformulation of the Lagrange interpolation
function in (9), the same formula can be applied to determine
the sensitivity coefficients in the case of SC by replacing ity (r)
and (&) with Ik (r) and L (&), respectively.
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E. Error Estimation

It is shown that SC yields exact results at the collocation
points. However, the interpolation in between grid points might
be inaccurate, especially when considering higher dimensions.
To evaluate the accuracy of gPC (regression and quadrature)
and SC (Lagrange interpolation), the results were compared
with an independent test set [30]. This set contains M’
randomly selected points & = {5’(1),...,5/(M/)} according
to the pdfs of the input variables. They are not used to
estimate the coefficients in gPC or SC. To obtain a global
measure, the goodness of fit is determined in the domain of



TABLE I
COMPARISON OF GOODNESS OF FIT e g BETWEEN gPC EXPANSION (GAUSS QUADRATURE/REGRESSION) AND SC (LAGRANGE INTERPOLATION).

DOUBLE ENTRIES SEPARATED BY A SLASH SYMBOL REPRESENT GOODNESS OF FIT OF GAUSS QUADRATURE AND REGRESSION,

RESPECTIVELY; m IS NUMBER OF GRID POINTS IN ONE DIMENSION, N4 IS TOTAL NUMBER OF FORWARD SIMULATIONS,
N¢ IS NUMBER OF gPC COEFFICIENTS, AND p IS ORDER OF EXPANSION. BOLD VALUES INDICATE BEST

GOODNESS OF FIT VALUES AT A GIVEN NUMBER OF FORWARD SIMULATIONS. gPC COEFFICIENTS

WERE DETERMINED UNTIL N; < Ny FOR REGRESSION AND p < 2m — 1 FOR QUADRATURE

m 3 4 5 6 7
Ng | 27 64 125 216 343
SC (Lagrange Interpolation)
.9030 9683 9897 .9966 9988
Ne P gPC (Quadrature | Regression)
10 2 .8947 / .8943 .8991 / .8969 .8991 / .8942 .8991 / .8921 .8991 / .8905
20 3 9030 / .9029 9657 / .9655 9670 / .9663 9670 / .9655 9670 / .9648
35 4 7155 1 - 9683 / .9683 9888 / .9888 9893 7 .9892 9893 7 .9890
56 5 -.0227 / - .9080 / .9372 9897 / .9897 9963 /.9963 .9965 /.9964
84 6 -/- 7099 / - .9700 / .9788 9966 / .9966 9987 / .9987
120 7 -/ - -.0432 / - 9071 /.9542 .9903 /.9930 9988 / .9988
165 8 -/ - -/ - 7075 7 - 9699 / 0.9839 9968 / .9976
220 9 -/- -/ - -.0456 / - 9074 / - 9904 / .9946
286 10 | -/- -/- -/- 7082 / - 9701 / .9865
364 11 -/ - -/ - -/ - -.0430 / - 9078 / -
455 12 | -/- -/ - -/ - -/ - 7100 / -
560 13 -/ - -/ - -/ - -/ - -.0519 / -
TABLE II

(a) DETERMINANT OF INFORMATION MATRIX Ty, (b) CONDITION NUMBER OF gPC MATRIX ¥ FOR DIFFERENT TENSORED GRIDS

AND EXPANSION ORDERS p. BOLD VALUES INDICATE BEST GOODNESS OF FIT VALUES FROM TABLE I AT A GIVEN NUMBER

OF FORWARD SIMULATIONS. DETERMINANTS WERE DETERMINED UNTIL Ny < Ny

m 3 7 5 6 7 m 3 7 5 6 7
Ne |, Na 27 64 125 216 343 Ne |, Na 27 64 125 216 343
10 2 3E+08  GE+12  SE+15 2E+I8  3E+20 10 2 2E+00 2E+00 2E+00 2E+00  2E+00
20 3 3E-127 7E+20 3E+27 SE+32  1E+37 20 3 2E+16  3E+00 3E+00 3E+00  3E+00
35 4 - SE-109 1E+41 4E+50  2E+58 35 4 - 2E+30 SE+00 SE+00  SE+00
56 5 - 0 1E-82  1E+71  9E+83 56 5 - 2E+31  4E+31  7E+00  7E+00
84 6 - - 0 4E-41 7E+112 84 6 - . 9E+30 2E+30  9E+00
120 7 - - 0 0 1E+09 120 7 - - 3E+31  6E+30 2E+31
165 8 - - - 0 7E-273 165 8 - - - SE+30  SE+31
220 9 . . . § 0 220 9 . . . : 6E+30
286 10 - - - - 0 286 10 - - . - 1E+31
(a) (b)
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Fig. 2. Comparison of the normalized pdfs of the induced electric field between gPC/SC and MC simulations at the point (x, y, z) = (2.8,0, —31.1) mm
in case of (a) order p = 4 approximation and (b) order p = 7 approximation.

interest r € ', which is defined in the xz plane at y = 0 mm.
The results obtained by the expansions E(r,&’) for these

values are compared with the exact results E(r, §') in the root
mean square sense. Since the expansion is performed for every
FEM-node in €', an additional integration is performed over

EE =
Voo

L/ | NE@E) - E@ )
o IE®E) - E(r.8)]

Q' weighted by the total volume V¢ to obtain a measure for
the global error in this region

(13)
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Fig. 3. gNRMSD ¢qop from (14) in dependence of the expansion order p for (a) mean value &, (b) variance ¢, 2, and (c) global sensitivity coefficients

eg of the induced electric field. All results are compared with an order p =7

The variable E(r,£’) denotes the mean of all M’ samples.
This error estimator can be understood as a modification to
the second metric proposed in [31]. The disadvantage of this
error estimator is an increase in computational cost to perform
additional M’ forward simulations. However, ¢ quantifies the
error of the approximation directly with respect to the output
variable E(r, &). The estimates vary between —oo for bad fits
and 1 in the case of perfect fits.

The convergence of the statistical moments and the
sensitivity coefficients are evaluated by calculating the global
normalized root mean square deviation (gNRMSD) with
respect to the reference solution REF obtained by Gauss
quadrature for an order p = 7 expansion using m = 7 points
in each dimension

/7 Jo (QOI(r) — REF(r))2dQ
max REF(r) — min REF(r)

where QOI(r) is the quantity of interest. Hence, the gNRMSD
of the mean and the variance are denoted as ¢, and ¢,2,
respectively.

eqor = 100% (14)

III. RESULTS AND DISCUSSION
A. Convergence of Expansion

The goodness of fit is calculated for different grids by
varying the number of grid points m in each dimension. The
results are shown in Table I for gPC and SC using a validation
set of size M’ = 10*. We observed very similar results using
a smaller validation set of M’ ~ 10>—103 points (data not
shown). Nevertheless, this sample set is also used to compare
the pdfs obtained by MC with gPC and SC.

On every grid, the calculations are performed for different
expansion orders p. For gPC, the highlighted values indicate
the best combination between the grid discretization m and
the order of expansion p. It can be observed that an increased
expansion order p leads to better fits. Thus, nonlinear rela-
tionships between the induced electric field and the electrical
conductivity are present, which result from the geometrical
structure of the problem. When comparing the goodness of
fits at one distinct grid, it can be observed that the error is
minimized, when choosing p = m, i.e., the expansion order
corresponds to the number of grid points in one dimension.
On the one hand, when choosing p < m, each individual gPC
coefficient is determined more accurately. However, the error
increases due to truncating the expansion too early. On the

(m = 7) approximation determined by means of Gauss quadrature.
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Fig. 4. Spatial distribution of (a) normalized mean and (b) relative standard

deviation of the induced electric field under the figure-of-8 coil in the xz plane
at y = 0 mm (Gauss quadrature, p =7, m = 7).
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other hand, when choosing p > m, the error increases because
the number of deterministic forward simulations is too low,
for both quadrature and regression. Considering the optimal
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choices for m and p, all methods perform almost equally well.
In the case of regression, the ratio between the number of
forward simulations and the number of coefficients increases
for higher orders p.

The determinant of the information matrix W7 ¥ is shown
in Table II(a). It is proportional to the generalized variance,
which is a measure for multidimensional scatter in the result-
ing gPC coefficients [32]-[34].

The condition number of the gPC matrix ¥, which is a
measure of the output sensitivity with respect to small errors
in the input a(r), is shown in Table II(b).

A sharp transition can be observed between p = m — 1
and p = m. This effect occurs when the overdeterminacy of
the linear system is decreased at the point where the number
of gPC coefficients is greater than two times the number
of forward simulations N. > 2N,. The determinant and the
condition number indicate that p = m — 1 would lead to the
best results. However, the use of the Moore—Penrose pseudo-
inverse significantly improves the results obtained by regres-
sion and leads to the highest goodness of fit values at p = m
even for very high condition numbers and small determinants.

The pdf is obtained by direct MC-sampling with 10* points
and by sampling the gPC expansion E(r, &) from (1) with
103 points. Fig. 2 shows the pdfs for an order p = 4 and
p = 7 expansion at the point (x, y, z) = (2.8,0, —31.1) mm
located close to the sulcus in the center of GM [see red cross
in Fig. 1(a)]. Slight differences between gPC, SC, and MC
can be observed at the maximum, which can be explained by
an inadequate number of direct MC simulations of only 10%.
An order 4 expansion with only 64 forward simulations
already approximates the resulting pdf very well.

Fig. 3 shows the convergence of the gNRMSD -calculated
by (14) of the mean, the variance, and the sensitivity
coefficients. The results of the quadrature method for p = 7
and m = 7 are used as reference values, since they are
determined to be the most exact (see Table I). As expected,

(b) ©

Spatial distribution of the global sensitivity coefficients (a) Scsp, (b) Sgm, and (c) Swm in the xz plane at y = 0 mm (Gauss quadrature,

the mean converges faster than the variance. The conver-
gence rate between the global sensitivity coefficients showed
noteworthy differences. It can be seen that Sgm converges
remarkably slower than Scsp and Swm. However, an order
p = 4 expansion (N; = 64) resulted in errors <1% for all
sensitivity coefficients.

B. Statistical Moments

The spatial distribution of the expected value and
the standard deviation are shown in Fig. 4(a) and (b),
respectively. The results are shown in the region of interest
shown in Fig. 1(a). The mean-induced electric field is
normalized with respect to the maximum value in the
xz plane. The results are obtained by the reference solution
(Gauss quadrature, p = 7, m = 7). The mean of the induced
electric field was normalized with respect to its maximum
value in this region. The normalized mean-induced electric
field exceeds values of 0.9 in several small regions in CSF,
the gyrus crown in GM as well as in WM.

The spatial distribution of the standard deviation in Fig. 4(b)
was normalized with respect to the corresponding mean value
of the induced electric field and multiplied by 100 to determine
a relative measure in percent. An area where the relative
standard deviation exceeds 30%—40% can be observed in the
GM region. However, a sharp transition to adjacent domains
can be observed, where the relative standard deviation drops to
20% in CSF at x = 0 mm and 5%-10% in WM at x = 5 mm.
Hence, using the presented methodology, it is possible to
identify the specific areas where the uncertainty of the input
variables amplifies the spread of the output quantities.

C. Sensitivity Analysis

The spatial distributions of the global sensitivity coefficients
Scsk, SoMm, and Swn are shown in Fig. 5. These coefficients
indicate how strong and at which point in space the



induced electric field is affected by changes of the electrical
conductivity of CSF, GM, and WM, respectively.

It can be observed that, close to the sulcus region, the
sensitivity coefficient is negative in the corresponding domain,
i.e., Scsr and Swwm reach values of less than —3 and —10 V/S
at x = 0 mm in CSF and x = —5 mm in WM, respectively.
However, Sgm clearly exceeds the latter two coefficients and
the values of less than —40 V/S inside GM at x = —2.5 mm
are reached. In general, a negative sensitivity can be under-
stood as an inverse proportionality. This can be explained by
Ohm’s law and the boundary condition for J. An increase
in conductivity leads to a decrease of the induced electric
field in the corresponding domain but to higher values in
neighboring domains. This behavior can be observed in all
three sensitivity maps. Comparing the sensitivity coefficients
of GM and WM, a significant mutual interference can be
observed. For example, a change in the electrical conductivity
in WM also greatly affects the resulting electric field in GM
and vice versa. A comparison between the magnitudes of the
sensitivity coefficients emphasizes the need for more exact
knowledge about the electrical conductivity of GM that can be
explained by its embedded geometrical position between CSF
and WM as well as its high range in uncertainty in the input.

IV. CONCLUSION

A gPC expansion using two different approaches to
determine the gPC coefficients, namely, quadrature and
regression, is compared with an SC in the framework of TMS.
No significant advantages or disadvantages between the
methods could be observed in the present framework of
tensored grids. An investigation regarding the convergence
properties of these methods revealed an acceptable accuracy
with errors <1% (Fig. 3) regarding the mean, the variance,
and the global sensitivity coefficients of the induced electric
field using an order p = 4 expansion.

The results indicate the major influence of the uncertainty
in electrical conductivity on the induced electric field. The
spatial distribution of the statistical moments as well as the
global sensitivity coefficients contribute to a better understand-
ing about uncertainty propagation in TMS. The sensitivity
analysis shows that the electrical conductivity of GM plays
the largest role in the whole process. The relative standard
deviation reveals that the electric field in the vicinity of a
cortical sulcus is affected most by the uncertainty. Besides
geometrical variations between patients, the uncertainty of
electrical conductivity could be a key factor by explaining the
variability between clinical TMS studies.

The advantage of a simplified model, such as the
sulcus/gyrus structure employed in this paper, lies in its
practicality due to computational cost and, hence, its applica-
bility for parametric studies. The simplified structure allows
the interpretation of data and the explanation of underlying
processes. However, in order to quantify the uncertainty in
TMS, realistic head models have to be used in combina-
tion with the presented methodology. These studies require
highly efficient implementations due to increased compu-
tational costs. This could imply the application of either
Smolyak-based sparse grids [24], [35] for approaches based

on Gauss quadrature and SC or reduced grids in the case of
regression [36]. The use of adaptive strategies, i.e., proposed
in [37] and [38], are very efficient considering one random
variable. However, in the case of multiple random output
variables, such as in the case of random vector fields, adap-
tive strategies based on nonintrusive approaches are still in
development.

The presented methodology provides valuable insight into
the system under investigation. By means of statistical and
sensitivity analysis, it is possible to provide more general
answers from a numerical perspective.

This paper demonstrates how gPC- and SC-based algo-
rithms could find their application in the field of transcranial
stimulation. The presented approach is not limited to TMS; it
can be readily applied to other stimulation methods, such as
transcranial direct current stimulation [39], to investigate the
propagation of uncertainty throughout a particular model under
investigation onto respective output quantities. For example,
one field of application of the presented schemes could be
the evaluation and minimization of the risk to benefit ratio
across individuals. The variability can be quantified while
considering a constant external stimulation dose [40]. Studies
that employ numerical simulations to investigate patient safety
of new systems or coil design and optimization could also
benefit from approaches based on spectral projection [41].
The simple sulcus/gyrus model presented here demonstrates
the impact of uncertainty and necessity of this kind of study
in the broad framework of brain stimulation.
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