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Abstract

We study the Neumann boundary value problem for the second order ODE

W’ + (¢ (t) = pa= (t))g(u) =0,  t€[0,7T], (1)
where g € C}(R) is a bounded function of constant sign, a*,a™ : [0,7] —
RT are the positive/negative part of a sign-changing weight a(t) and p >
0 is a real parameter. Depending on the sign of ¢’(u) at infinity, we find
existence/multiplicity of solutions for p in a “small” interval near the value
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The proof exploits a change of variables, transforming the sign-indefinite equa-
tion (1) into a forced perturbation of an autonomous planar system, and a
shooting argument. Nonexistence results for u — 0% and u — +oo are given,
as well.
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1 Introduction and statement of the main results

In this paper, we investigate the Neumann problem for the second order ordinary
differential equation

u” + q(t)g(u) =0, t € 10,7, (2)

where g € C1(R) is a bounded function of constant sign. By integrating the equation
on [0,7T], a necessary solvability condition is thus immediately found: the weight
function ¢(t) has to change its sign in [0,7], that is, ¢(t) is an indefinite weight.
This terminology goes back at least to [2], where it was introduced dealing with a
linear eigenvalue problem, and it has become very popular starting with the paper
[16] by Hess and Kato.



In spite of the wide bibliography dealing with nonlinear boundary value prob-
lems associated with the scalar equation

u” + f(t,u) =0, (3)

with f : [0,7] x R — R a bounded function, the case which we are taking into
account (namely, f(t,u) = q(t)g(u) with the above assumptions on the sign of ¢(t)
and g(u)) seems to be quite new. It is worth noticing that classical nonresonance
assumptions (recall that the boundedness of f(¢,u) implies that the Neumann prob-
lem for equation (3) is resonant with respect to the principal eigenvalue A\g = 0) do
not apply in this setting. For instance, the well-known Ahmad-Lazer-Paul condi-
tions! (see [13, 18])

T T
lim F(t,u)dt = —c0 or lim F(t,u)dt = 400

lul—+00 Jo [ul—+00 Jo

fail for equation (2) (here F(t,u) = [y f(t,s)ds), since in this case

/OT F(t,u) = (/OT a(t) dt) G(u), with G(u) = /Oug(s) ds,

and the fact that g(u) never vanishes implies that either sgn(u)G(u) > 0 for every
u # 0 or sgn(u)G(u) < 0 for every u # 0.

It is the aim of the present paper to show that the existence of Neumann so-
lutions to (2) may actually depend in a quite subtle way on the interplay between
the weight function ¢(t) and the nonlinearity g(u) at infinity. To achieve this goal,
we impose some specific conditions both on the nonlinear term and on the weight
function, but, on the other hand, we manage to obtain quite accurate conclusions.

The basic assumption which is required henceforth for g(u) is that, for a suitable
d >0,

(o) g (u)#0 for [u] >d, and lim ¢'(u) = 0.

|u|—+o0
Hence, various cases can be taken into account according to the values of
sgn(g(w),  sen(9'(Wlu<—ay).  sen (9 (Wlpsay) -

However, as it will be clear from the proofs, it is not restrictive to assume that the
first two terms in the line above are positive, thus focusing on the sign of ¢'(u) for

!These assumptions are related to the variational approach to (3) and imply, respectively, the
coercivity or a saddle geometry for the associated Lagrange functional (other conditions coming
from topological degree theory, like the Landesman-Lazer ones, could be given, as well, being
however less general [13]). Notice that, usually, nonresonance conditions are stated for the T-
periodic problem, but the same results hold when one considers Neumann solutions. Our choice
of studying the Neumann BVP is due to the (shooting) method used in our proofs.



u > d (indeed, the other combinations can be treated with similar arguments). As
two possible models, we can take for instance

g(u) = arctan(u) + g , (4)
for the case ¢'(u) > 0 for u > 0, and
(W=7 o)
g u) = 1 +U2 9

for the case ¢’(u) < 0 for u > 0. Notice that, in both the above examples, the
limits g(4o00) exist (and g(—o0) = g(+00) in the second one); however, this is not
essential (see also the first remark after the statements of Theorems 1.1 and 1.2).

As for the weight function, the essential point is to introduce and exploit the
following dependence on a real parameter: we take

q(t) = qu(t) = a™(t) — pa™ (1), (6)
where p > 0 is the parameter and a™(t),a™(t) are the positive and the negative
part of a sign-changing function a € L'(0,T) (accordingly, the fact that a(t) is sign-
changing is understood up to zero measure sets, i.e., fOT at(t)dt, [; a(t)dt > 0,
and solutions to the differential equations are meant in the Carathéodory sense).
We also make the further assumption (suggested by the method used in the proof,
compare with [8]) that a(t) changes sign just once on [0, 7], that is (up to substi-
tuting T' — ¢ for t) there exists 7 € [0, 7] such that

a(t) >0 for a.e. t € [0,7], a(t) <0 for a.e. t € [r,T]. (7)

It is worth noticing that indefinite weights of the type (6) were already considered
in [6, 12, 14, 15], in connection with the existence of positive solutions to the
Dirichlet problem for the equation u” + g, (t)u? = 0 (and its PDE counterpart), in
the superlinear case p > 1. However, while in those papers solutions are found for
© > 0, here existence and multiplicity can be guaranteed when the parameter is
“near” (the precise picture depending on the sign of ¢'(u) at +o00)

ety at
fe =", (8)
Jo a=(t)dt
this being the value of ;1 such that g,,(t) has zero average. Of course, this restriction
requires some comments and motivations; we will discuss in detail this point later
(see the second remark after the statements of Theorems 1.1 and 1.2, and Section
4).
Let us now come to the precise statements. Consider the problem
o 4 (a* (1) — pa= (£))g(u) = 0 "
W' (0) =4/ (T) =0,
namely, the differential equation (2), with ¢(¢) as in (6), together with Neumann

boundary conditions on [0,7]. We first take into account the case when the non-
linear term is strictly increasing for u positive and large, like (4).



Theorem 1.1. Assume that g € C'(R) is a positive function such that, for a
suitable d > 0,
g (u)>0 for|ul >d,

and
lim ¢'(u) = 0.
|u| =400
Moreover, suppose that a € L'(0,T) satisfies (7). Then, there exists pi* > pi. such
that, for every u € |, u*[, problem (9) has at least two solutions.

We now give the statement for nonlinearities strictly decreasing for u positive
and large, like (5).

Theorem 1.2. Assume that g € C'(R) is a positive function such that, for a
suitable d > 0,
sgn(u)g’(w) <0 for |u| > d,

and
lim ¢'(u) =0.
|u|—+o00
Moreover, suppose that a € L'(0,T) satisfies (7). Then, there exist ji., u* > 0 with
fe < e < p* such that problem (9) has at least one solution for pu = p. and two

solutions for p € |, [ \{pc}-

We mention that our original motivation for the study of nonlinearities like
g(u) = 1/(1 + u?) were the papers [4, 11, 22], dealing with the solvability of the
(resonant) T-periodic problem associated with v” + g(u) = s+ p(t), with p(t) a T-
periodic function and s a positive parameter. In those works, an Ambrosetti-Prodi
type result is proved, according to the classical scheme zero/one/two solutions for
s belonging to different ranges of values. Theorem 1.2 shows that, for the indefinite
problem (9), a somewhat similar picture is obtained. Also, our results suggest some
analogies with the ones recently obtained in [7] for the existence/multiplicity of
positive solutions to super-sublinear problems, possibly deserving future attention.

A few remarks are now in order.

(i) The boundedness of g(u) (which is assumed throughout the Introduction for
the sake of simplicity) actually is not necessary. However, in view of (o), it
turns out that g(u) is sublinear at infinity, i.e., g(u)/u — 0 for |u| — 4o0.

(ii) The condition u > u. (i.e., f()T(a+(t) —pa~(t))dt < 0) in Theorem 1.1 cannot
be removed, in general. Indeed, it is necessary for the solvability whenever
g'(u) > 0 for any u € R (see Remark 3.2). Notice that this restriction does
not appear in Theorem 1.2 since the sign condition sgn(u)g’(u) < 0 for |ul
large automatically rules out strictly increasing nonlinearities. On the other
hand, nonexistence results can often be proved for 4 — +o00 in Theorem 1.1
and both for g — 0% and p — 400 in Theorem 1.2, showing that, also from
this point of view, the above statements cannot be improved. We refer to
Section 4 for further details.



(iii) As it will be clear from the proofs, in place of (6) one could consider weight
functions of the form ¢y (t) = Aa™(t) — a~(t), so as to prove corresponding

results for \ near the value \. = p_ 1.

(iv) In a standard way, Theorems 1.1 and 1.2 can be used to construct T-periodic
solutions to (2) (with ¢(¢) as in (6)) when the weight function a(t) is T-
periodic, satisfies a(o + t) = a(o —t) for some o € [0,7] and almost every
t € R and, for a suitable 7" €]0,7/2[,

a(t) >0 for ae. t € [o,0+ 7], a(t) <0 forae. t€o+7,0+T/2],

(notice that this is always the case if the weight function a(t) is piecewise
constant). Indeed, one first solves the Neumann BVP on [o,0 + T'/2] and
then finds a T-periodic solution extending by symmetry with respect to o
and by T-periodicity (cf. [8, Corollary 4]). Also, it is possible to use our
results to construct radial solutions to the PDE counterpart of (9) on an
annulus, when the weight function is radial.

The proofs of Theorems 1.1 and 1.2 rely on an elementary shooting argument.
First, we use the change of variables introduced in [8] to transform (2) into a first
order planar system of the type

=y

{ y' = h(z)y* +q(t), (10)
converting the original Neumann problem into the search for solutions to (10) sat-
isfying y(0) = y(T') = 0. Such solutions are in a one-to-one correspondence with
the intersections between the two planar curves obtained by shooting the x-axis
forward (from 0 to 7) and backward (from T to 7) in time (this indeed motivates
the choice of a two-step function a(t) as in (7); we do not exclude, in principle, that
more general configurations could be considered at the expense of longer computa-
tions). Thus, taking into account that q(t) = a™(t) — pa~(t), the crucial point is to
carefully understand how the mutual position of such curves changes in dependence
on the parameter, so as to identify the ranges of u for which they actually intersect.

The reason why we study (10) instead of (2) in the standard phase-plane lies in
the fact that the dynamics in the latter case appears much more difficult to decode
(see the numerical simulations in Section 4); thus, the possibility of changing the
original sign-indefinite equation (2) into a forced perturbation of an autonomous
planar system seems to be quite essential for our purposes (in particular, for stating
Lemma 3.3 below). It is worth recalling that this change of variables works, more in
general, for equations like u” + ¢(¢)g(u) = 0, with g(u) defined and never vanishing
on an open interval ]a, 5[ C R. From this point of view, while the results in [8]
essentially deal with the highly asymmetric case g’'(u) — 0 and g’'(u) — +00 when
u — o and u — 7, respectively (applying for instance to g(u) = exp(u), when
Ja, B[= R as in the present paper), our work can be viewed as a contribution to
the case when g'(u) — 0 both for u — o™ and uw — 3~, which indeed yields a
completely different dynamics.



Let us finally mention that there is a rich bibliography dealing with BVPs
for ordinary differential equations with indefinite weight. A significant part of this
research, however, is concerned with the study of (oscillatory) solutions for (2) when
g(u) = G'(u), with G(u) > 0 for |u| large (see, e.g., [10, 19, 21] and the references
in [7, 8]); these works are quite far in spirit from our investigation. As for g(u) of
constant sign on R, we can quote the paper [17] as one of the few contributions
available for the Neumann problem, dealing however with the case g(u) = exp(u)
(see also [8]).

The paper is organized as follows. In Section 2 we recall the aforementioned
change of variables and state our main results in the new coordinates. Moreover, we
provide an illustrative strategy of the proofs, based on some numerical simulations
involving the planar curves used in the shooting argument; the complete details
are then given in Section 3. Finally, in Section 4 we discuss the optimality of our
theorems, by showing a nonexistence result for g — 0™ and p — +o0.

2 Yet the main results: a more general point of view

In this section, we present our main results under a slightly more general perspec-
tive. This is related to the change of variables (see [8]) mentioned at the end of the
Introduction, which we now describe more in detail.

Let g € C'(R) satisfy

g(u) >0 for every u € R (11)
and
lim ¢'(u) =0. (12)
|u|—+o0
Of course, this is the case for both Theorems 1.1 and 1.2. Set
“d
W(u)——/ —S, u€eR;
o 9(s)

in view of (11), W (u) is a strictly decreasing C?-diffeomorphism of R onto its image.
Moreover, (12) implies that g(u) < |ul for |u| > 0, so that

[
o 9(s) 0 9(5)
whence W(R) = R. We can thus change variable in equation (2) by setting
x(t) = W(u(t)), (13)

so as to obtain the second order equation (see also [20])

2" = h(z)(2")* + q(t), (14)



being h : R — R the continuous function given by
ha) =g (W' @), weR.

Notice that, in view of (12), h(x) — 0 for |z| — 4o00; moreover, the uniqueness
and the global continuability for the Cauchy problems associated with (14) are
guaranteed since this is the case for (2). Since the Neumann conditions are clearly
preserved by (13), we can solve the Neumann problem associated with (2) by finding
solutions to (14) such that 2/(0) = 2/(T") = 0. This is indeed the approach that we
are going to follow henceforth.

To emphasize the role played by this change of variables, through the rest of the
section we present our theorems directly referring to the second order differential
equation (14), that is, we just assume that h : R — R is a continuous function such
that

lim h(z) =0. (15)
|z| =400
This gives a slightly wider point of view, since h(z) does not need to be obtained
from a function g(u) as above?. It is worth noticing that the uniqueness for the
Cauchy problems is still valid under the sole continuity of h(x), as it is easily seen
by writing the equivalent first order planar system

X’zYexp(/OXh(s)ds>, Y’:q(t)exp(—/oxh(s)ds>,

whose associated vector field is of class C! in (X,Y). On the other hand, the global
continuability may fail and it will be explicitly assumed.

Taking ¢(t) = g,(t) as in (6) and recalling the definition of the critical value p.
given in (8), we can now state our main results for the problem

a" = h(z)(2')? + (at(t) — pa™(t))
{ 2(0) = /(T = 0. (16)

They can be seen, respectively, as more general versions of Theorems 1.1 and 1.2 in
the Introduction, which indeed follow using the change of variables just described
(with the choice d = —W~1(r), being r as in the theorems below).

Theorem 2.1. Assume that h € C(R) satisfies (15) and that the global continu-
ability for the Cauchy problems associated with the differential equation in (16) is
ensured (for any p > 0). Moreover, suppose that, for a suitable r > 0,

h(z) >0  for |x| > r.

Finally, let a € L'(0,T) satisfy (7). Then, there exists u* > . such that, for every
W € e, ¥, problem (16) has at least two solutions.

2This point requires some care. Indeed, as shown in [8], it is always possible to cast back
equation (14) into an equation of the type u’ + ¢(t)g(u) = 0, but the function g(u) may be
possibly defined only on a proper open subinterval of R.



Theorem 2.2. Assume that h € C(R) satisfies (15) and that the global continu-
ability for the Cauchy problems associated with the differential equation in (16) is
ensured (for any p > 0). Moreover, suppose that, for a suitable r > 0,

sgn(x)h(z) >0  for |z| > r.

Finally, let a € LY(0,T) satisfy (7). Then, there exist piy, * > 0 with j, < pro < p*
such that problem (16) has at least one solution for u = p. and two solutions for

f € e, [\ { e}

Similarly as in the second remark after Theorems 1.1 and 1.2, we have that the
condition p > p. is necessary for the existence of a solution when h(z) > 0 for any
x € R (see the proof of Lemma 3.1). Of course, this is possible only in the setting
of Theorem 2.1.

We conclude this section by fixing some notation and giving an intuitive ex-
planation of the shooting argument employed for the proofs, supported by some
numerical simulations. The technical details are postponed to Section 3.

Let us consider, for any p > 0, the first order planar system

Y = h(z)y® + (a*(t) — pa™(t))
and, for every zo = (z0,%0) € R? and ¢; € [0, 7], denote by

Cul5t0, 20) = (2u(5t0, 20), Yu(+s to, 20))

the solution to (17) with (,(to; to, 20) = 20. Moreover, define, for any to,t; € [0,7T],
the application

CI)tO’tl :]0, —i—OO[ XRQ — Rz, (,u, ZO) — C,u(tIS to, Zo).

The standard theory of ODEs guarantees that this map is continuous; moreover,
for every p > 0 fixed, ®!0:t1(y, ) is a global diffeomorphism of the plane onto itself
(the so-called Poincaré map). In the following, we will use the simplified notation
Oy () = Dot (p, ).
We now define the sets
't = )7 (R x {0})

and
- _ &I,7
r,=2o, (R x {0})

and we notice that, in view of the previous discussion, they are unbounded C'-curves
(parameterized by zp € R) with no self-intersections. Moreover, the dependence
of I';, on the parameter  is continuous in the sense specified above, while, on the
other hand, we have dropped the subscript p from I'" since the map @?f does not
depend on p (indeed, a™(t) = 0 for ¢ € [0, 7]). For this reason, in the following we
simply write %7 (and, similarly, ((¢;to, z0) instead of (,(¢; to, 20) if ¢, %o € [0,7]).



It is now easily seen that (,(¢; 7, P) is a solution to (17) satisfying the Neumann
boundary conditions y,(0;7, P) = y,(T;7,P) = 0 if and only if P € " N T,.
Hence, we are led to look for intersection points between the curves I'"™ and L,
Notice that, clearly, distinct intersections yield distinct Neumann solutions to (17).

The argument leading to Theorems 2.1 and 2.2 goes as follows. At first (see
Lemma 3.3) we prove that

(%) the y-components of Tt and r,, for |xo| large enough, are “near”
Jo at(t)dt and ,ufTT a~ (t) dt, respectively.
As a consequence, when p = p. the two curves I't and I',. approach the same

horizontal line when |zg| — +o00. Focusing on the mutual position between I'" and
[',., we can also prove (see Lemma 3.5) the following:
(I) in the setting of Theorem 2.1, T', lies definitively (for |zo| large) “below” I'";
(IT) in the setting of Theorem 2.2, ', lies “above” I't for xy negative and large
and “below” 't for xy positive and large.

These two situations are pictorially described in Figure 1.

Figure 1: On the left, case (I) is depicted for h(z) = 1/(1 + 0.12%) and the piecewise
constant weight function a(¢) = 1 on [0,7[= [0,1[, a(t) = —1 on [r,T] = [1,2]. On the
right, we give a snapshot of case (II) for h(z) = x/(1+0.01z%) and the same weight function
a(t). In both situations, p = u. = 1. Notice that, consistently with (x), the y-components

of the curves I'" and ', are near the value 1 = [ a™ = p. fTT a.

To conclude, we now have to analyze the behavior of the curves I't and L,
when g varies in a neighborhood of .. In view of (%), the y-component of L,

approaches p fTT a™ (t) dt, so that we have the following situation:
(I) as soon as p exceeds e, L', climbs over I T both for xy negative and large

and for x( positive and large, giving (at least) two intersections for u in a
suitable right punctured neighborhood of p. (see Figure 2);



i F’u Figure 2: Here, case (I) is depicted (with
h(z) and a(t) as in the left half of Fig-
10+ ure 1) for p = 1.1 > 1 = p.. Con-
L= sistently with (x), the y-component of

the curve I',; approaches the value 1.1 =

ufTT a~. Two intersection points (com-

-30 -0 -10 0 10 20 30 '
ing from 4o00) are found.

(IT) for p mear p, I', climbs under 't for zy negative and large if u < p., and
it climbs over I'" for z( positive and large if g > p.. Thus, at least one
intersection is found in a punctured neighborhood of .. On the other hand,
the two curves I' and '), actually already intersect; clearly enough, this is

true also for p in a suitably small neighborhood of p., completing the picture.

Figure 3: Here, case (II) is depicted (with h(z) and a(t) as in the right half of Figure 1)
for £ =09 <1 = p. on the left and p = 1.1 > 1 = . on the right. Consistently with
(%), the y-component of the curve I, approaches the values 0.9 and 1.1, respectively. The
“robust” intersection already present for p = p. (see Figure 1) is here preserved, while
another intersection (coming from —oo on the left and from +oco on the right) is found.

A final remark: we are aware of the drawbacks of our numerical simulations,
since we have not discussed the global continuability for the solutions giving rise
to our plots (this is an assumption in our main results, and it appears as a non
trivial matter when h(z) has not been obtained from g(u) via the above described

10



change of variables). However, on one hand their purpose is purely illustrative; on
the other hand, we think that they can be preferable with respect to handmade
figures, since the solutions found numerically do not exhibit evidence of blow-up
phenomena and seem to provide a nice insight into the dynamics of the considered
equations.

3 Proof of the main results

In this section, we give the details of the informal argument described in Section
2, thus providing the proofs of Theorems 2.1 and 2.2. We refer to the notations
therein, as well as to the definition of the value p. given in (8).

To begin with, it is convenient to state a simple necessary condition for the
existence of “large” solutions to (16). It relies on the basic assumption that the
function h(x) has constant sign definitively.

Proposition 3.1. Assume that there exists r > 0 such that h(z) # 0 for every
|| > 7 and let © : [0,T] — R be a solution to (16) with |x(t)| > r for every
t €10, 7). Then u # pe and

sgn(p — pe) = sgn(h(z(t))).

Proof. By integrating the differential equation in (16) and recalling (8), we get
T T T
/ h(z(t))z' (t)? dt = ,u/ a”(t)dt — / at(t)dt
0 T 0
T
—(u-pe) [ @@

Since z'(t) # 0 (otherwise z(t) = x(0), which is not a solution as a(t) # 0) and
h(z(t)) # 0 for every t € [0, 7], the integral on the left hand-side is not zero, with
sign equal to sgn(h(z(t))). The thesis follows. O

It can be helpful to remark explicitly the consequences of Proposition 3.1 when
h(z) is a function satisfying the assumptions of Theorem 2.1 or Theorem 2.2.
Namely, we have:

(I) if h(x) > O for |z| > r, then no Neumann solutions = : [0,7] — R with
x(t) > r or z(t) < —r for every t € [0,T] can exist if p < pi;

(IT) if sgn(z)h(z) > 0 for |z| > r, then

- no Neumann solutions z : [0,7] — R with x(t) < —r for every t € [0,T]
can exist if yu > pe,

- no Neumann solutions z : [0,7] — R with z(t) > r for every ¢t € [0,T]
can exist if yu < pe.

11



Remark 3.2. Results of the type given in Proposition 3.1 can be formulated in
the context (already discussed at the end of the Introduction) of an equation like

u” +q(t)g(u) =0, (18)

with g(u) a C'-function of constant sign defined on an open interval |, 3 C R and
such that g’(u) never vanishes on a subinterval |o/, 3’| C]a, B]. Indeed, assuming
that u(t) is a Neumann solution to (18) with u(t) €lo/, 5[ for every ¢t € [0,T],
dividing the equation by g(u(t)) and integrating (by parts) on [0,7] we find

ATQ“”“:'14T<9Z%$>25W“”dt

son ([ a0 a) = —sem (o). (19)

so that a mean value condition on the weight function appears as a necessary
requirement for the solvability of the Neumann problem with solutions taking values
in a preassigned interval (the reader is invited to compare with the statement and
the proof of Proposition 3.1). Notice that the same happens if the T-periodic
problem is considered, or if u” is replaced by Au in a PDE setting. Conditions of this
type were first introduced by Bandle, Pozio and Tesei [3], dealing with the existence
of positive solutions to the Neumann problem for Au + g(z)u? =0 (z € Q C RV),
in the sublinear case 0 < p < 1. In this setting, the necessary condition (19) leads
to [ q(x)dr < 0 and it is shown to be sufficient for the (Neumann) solvability,
as well. Afterwards, the role of mean value conditions for the solvability of BVPs
associated with equations with a sign-changing weight function has been recognized
and examined in several different frameworks (see, among others, [1, 5, 8, 9] and
the bibliography in [7]).

Hence

Henceforth, we fix an open bounded neighborhood U C 0, 4+00[ of u. and we
limit ourselves to consider values p € U. This is not restrictive, since it is the case
for our results. Our first lemma deals with the claim in (%), clarifying its meaning.
Notice that it relies only on the fact that h(z) is infinitesimal at infinity, while the
sign condition does not play a role at this stage.

Lemma 3.3. Assume that lim|y_, o h(x) = 0. Then, for every e €]0,1], there
exists Re > 0 such that

e for any xo € R with |zo| > R,
‘y(T;Oa (:COvO)) _/ a+(t) dt‘ <, |CC(T;07 (:I:an)) - CC(]| < Na
0
e for any xo € R with |zg| > Re and for any p € U,

T
yu(m; T, (20,0)) — u/ a” (t) dt‘ <€, |z, (15T, (20,0)) — 20| < N,
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with N > 0 a suitable constant depending only on a™(t), a™(t) and U.

Sketch of the proof. The proof is like the one of [8, Lemma 5]; for the reader’s
convenience, we provide a brief sketch. Set cg = sup|g>¢ [h(z)| and, for ¢ € [0, 7],

£(t) = £(t:0, (20,0)),  =(t) = y(t:0, (20,0)) — /0 a* (s) ds.

For ¢ large, the differential inequality

2

O < e (o0 + [ ats)ds) < e (007 + ¥ )

implies that |z(t)| is small as long as t € I = {t € [0,7] | |x(s)| > &, for s € [0,]}.
As a consequence, |2/(t)| is bounded on I, so that |z(t)| > £ can actually be ensured
when |zg| is large enough. Hence, I = [0, 7], so that |z(7)]| is small and |z(7) — |
is bounded, which is the thesis.

The proof for the solutions on the time interval [7, 7] is analogous; of course,
one has to use the fact that p ranges in a bounded interval to make the constants
R and N uniform with respect to the parameter. O

Notice that, using the above arguments together with the continuity of the maps
ol we can assume (up to enlarging the constant N) that for any ro € R and
peU,

|z(t; 0, (20,0)) —xo| < N for every t € [0, 7], (20)

and
|z, (t; T, (x0,0)) —x9| < N for every t € [1,T]. (21)

In particular, this implies that I'", ', are unbounded in the z-component. On the
other hand, still from Lemma 3.3 we can deduce that they are bounded in their
y-component.

Let us now consider the curve I'". Since ®%7 is a global homeomorphism of R?
onto itself, I'" disconnects the plane into the two (pathwise) connected components

O = " (Rx]0,400[),  O%=d"(Rx] - o0,0[).
Accordingly, the following holds true:

(o) if S C R? is a connected set, then one (and only one) of the following
three possibilities occurs: S C O%, S € O or SNTT £ ().

From this fact, it follows that any horizontal line which does not intersect I'" (recall
that I't is bounded in its y-component) is entirely contained either in O or in O
By studying the direction of the vector field in (17) for |yo| large enough, we can
easily deduce that O% contains all the horizontal lines y = yo with yo > 0, while O¢
contains all the horizontal lines y = yg with yg < 0. This gives a first justification
to the superscripts u and d, standing for “up” and “down”, respectively. However,

13



we need a more precise description of the sets contained in O%, 0%, giving complete
meaning to the terms “above” and “below” used in Section 2. To this aim, we
introduce the following notation: for any (z,7) € R? we define the four cones

(z,y) eR* |z < 7, y > 7},

( {
(E,g) = {(e,y) €R? |2 >, y > 7},
( {(z,y) eR* |z <z, y <7},
&, g) = {(x,y) €R? |z > 2,y < g}

Again, v and d stand for “up” and “down”, while [ and r stand for “left” and “right”.
In order to ease the reader’s understanding, we give a pictorial representation of
these cones in Figure 4 below.

El’u Ou T
/\_/\/—/—\I‘+
El’d Er,d
Od

Figure 4: The four cones ¥%, ¥r@ vbd 374 (not to overload the notation, we have omit-
ted the point (Z,7); of course, we have drawn X4* ™" for § > [ a™*(t)dt, and £, £
for y < [y a™(t)dt).

We have the following result.

Lemma 3.4. For every ij # [ a™(t)dt, there exists n(y) > 0 such that

S (7). 5) UST (7). 5) C O when g > /0 ot (1) dt,

and
Shd(—n(y),7) US4 (n(y),g) C O when F< / a't(t) dt.
0

Proof. We prove the thesis when § > fOT a™(t) dt, the other case being analogous.
Fix € > 0 so small that

y> /OT at(t)dt+e. (22)
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Correspondingly, let R. be given by Lemma 3.3 and set 1(y) = R + N (which
depends on 7 through €). We claim that both X4%(—n(g),7) and X"%(n(5),)
are entirely contained in one connected component of R? \ I't. Since they can
be connected using an horizontal segment having large positive y-component, this
ensures that X5%(—n(7), ) and X7%(n(7), 7) are contained in the same connected
component (recall (o)), and that this component is precisely O“.

We prove the claim for ¥4%(—n(%), ) (the argument for ¥™%(n(y), ) is com-
pletely symmetric and we will omit it for the sake of brevity). We write

st (—n(g),5) = | £),
Y2y
where, for a fixed y > 7, £!(y) denotes the left half-line
Ly) = {(z,y) eR* |z < —n(y)}-

In view of (o), it is enough to prove that £!(y)NT'+ = () for any y > ¢ (indeed, all the
half-lines £!(y) can be connected using the vertical half-line {(—n(%),y) | v > 7}).
To see this, define

=@ (] =00, R x {0}), 72 = ¥7([~Re, +oo[ x{0}),

so that I'" = v U, and fix y > . We are going to show that neither v; nor o
can intersect El(y) since their points have, respectively, different y-coordinate and
different x-coordinate. More precisely:

- 11N LYy) = 0. Indeed, in view of the choice of R,

11 CRx ]/;f“(t)dt—6,/07a+(t)dt+e[

and the thesis follows from (22), since y > ¥.

- 2N LYy) = 0. Indeed, this is a consequence of (20), since the z-component
of any point in 7, is strictly greater than —(R. + N) = —n(y).

The proof is thus completed.
We now define, for any u € U,
It =@07(] =00, —(r+2N)] x {0}),  Ty" = ®L7([r + 2N, +o00[ x{0}),

namely, the “left-tail” and the “right-tail” of ', . Notice that, if z =z, : [0,7] = R
is a solution to (16) with |z, (T")| > r+2N, then (20) and (21) imply that |z,(¢)| > r
for every t € [0,T]. Then, Proposition 3.1 gives the following:

(I) if A(x) > 0 for |x| > r, then

F;’l NIrt=0= L, n L't for every p < jic; (23)
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(I) if sgn(z)h(x) > 0 for |x| > r, then
I’;J NIt =0 whenever u > pe,

and
r, n I'* =0 whenever p < pe.

For p = pic, we have in particular (both in case (I) and (II))
=l =17 +
LNt =0=0,"nI".

Consequently, since I’;;l, I',;" are connected sets, (o) implies that each of them is

contained in one of the connected components O%, O¢. The next (crucial) lemma
clarifies which situation can occur, according to the sign of h(z) at infinity.

Lemma 3.5. The following hold true.

(I) Assume h(xz) > 0 for |x| > r. Then

rolcot and T, cO”
(IT) Assume sgn(z)h(z) > 0 for |z| > r. Then

F;C’l cCO" and T, C o,

Proof. All the statements can be proved in the same way. For this reason, we give
the details only for F;C’l in case (I). By contradiction, assume that

-1 u
r,co

(notice that - as remarked before - we know that F,:c’l is entirely contained either
in O% or in O%, so that this is the logical negation of the thesis).

For y1 € U, denote by P, the “endpoint” of F;’l, ie. P, = @,:f’T(—(T +2N),0).
Since P, € F;c’l C O" and O" is open, the continuity of @E’T yields the existence
of pu < pe such that P, € O, implying

rolnov 0. (24)

On the other hand, set

- ”—;“C/TTQ_(t)dt << MC/TTQ—(t)dt>,

and choose € > 0 so small that

y+e<uc/TTa(t)dt (: /OTaJr(t)dt). (25)
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For every z¢p < —max{R,n(y) + N}, we have
" (20,0) € S (—n(y),y) C O

where the first inclusion is guaranteed by Lemma 3.3 and the second one by Lemma
3.4. Taking, moreover, zg < —(r 4+ 2N), we have ®-7 (z0,0) € T';,*, so that

Pl 0! £0. (26)

Recalling (o), (24) and (26) imply that F;’l has to intersect I'", which is impossible
in view of (23) (being p < pc). O

We are now ready to complete the proofs of Theorems 2.1 and 2.2.

Proof of Theorem 2.1. In view of Lemma 3.5, case (I), and since O? is open, the
continuity of @Z’T allows us to choose p* € U, with pu* > p., such that, for any
W E [fe, *[, the “left-endpoint” Pli of I‘;’l (i.e., P;i = @;‘C’T(—(r +2N),0)) as well
as the “right-endpoint” P of T',;"" (P} = Q)Z’T(r + 2N, 0)) belong to @. On the
other hand, arguing as in the proof of Lemma 3.5, we can find points both of I‘;’l
and of T';,’" lying in O%, provided that p € |u., p*[. Hence, (o) ensures that

DANTT A0 AT ATT for every p € Jpie [

Since F;’l and I',"" are disjoint, we have found the two desired intersections.  [J

Proof of Theorem 2.2. In view of Lemma 3.5, case (II), and since O" is open, the

continuity of @5’7 allows us to choose p, € U, with p,. < pe, such that, for any

ft € i, e[, the “left-endpoint” P! of T, (e, Pl = O, (—(r + 2N),0)) of T,
belongs to O“. On the other hand, arguing as in the proof of Lemma 3.5, we can
find points of F;’l lying in O%, for any u € ]us, pte[. As a consequence, in view of

(©),
F;’l NTY £ for every p €|, fie] -

In a symmetric way, we can find p* € U, with p* > p., such that the “right-
endpoint” P} of ;" belongs to O% for p1 € e, pu+[ , and

r, n It £ () for every p € |pte, ps] -

Summarizing, until now, we have found at least one intersection for p € |, p*[ \{ptc }-
We now define

I% =@l ([=(r+2N),r + 2N] x {0}),

that is, the compact connected subset of I obtained dropping its tails. From
Lemma 3.5 and (o), it follows that

- K +
LN #0,
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so that another intersection appears for © = .. Since, for any p € ., p*[, we have
PfL € 0" and P € 0%, (o) implies again that

F;’K NTT #0  for every p €|, [,

that is, we have a second intersection for y in a neighborhood of p., clearly distinct
from the one found before. O

4 Further remarks: nonexistence and dynamics in the
phase-plane

With the aim of discussing the optimality of our main results, in this final section
we focus more in detail on the issue of nonexistence of solutions to

u + (at(t) — pa=(t))g(u) =0
{ W(0) = () =0, (27)

where g € C'(R) has constant (positive) sign and a € L'(0,T) is as in (7).

We recall that some observations in this direction were already presented in the
second remark after Theorems 1.1 and 1.2 and in Remark 3.2; precisely, problem
(27) is never solvable for p < p. (resp., for u > u.) whenever ¢’(u) > 0 (resp.,
d'(u) < 0) for every u € R. Notice that results of this type are useless when ¢'(u)
changes sign (as in Theorem 1.2) and, in any case, they provide only one-sided
intervals of non-solvability with respect to .. Hence, a more careful study of (27)
for 4 — 0" and p — +oo seems to be necessary.

A first, simple observation is the following: if the function g(u) is bounded and
bounded away from zero, namely, there exist m, M > 0 such that m < g(u) < M
for any u € R, by integrating the equation on [0, 7] we easily see that a necessary
condition for the solvability of (27) is that

m M
M:uc < K < E/«Lc-

This could be enough to show that our results, from the point of view of solvability
in dependence on p, cannot be improved in general (and the value p. appears again
to have a special role). However, if on one hand this simple remark applies to a wide
class of nonlinearities g(u) (independently of the assumptions on the derivative),
on the other hand it requires some extra conditions on the range of g(u) which
are somewhat far from the approach followed in this paper. In particular, the
hypothesis that g(u) is bounded away from zero appears here unnatural, and indeed
it is not satisfied by our model nonlinearities (4) and (5).

Our next result tries to fill this gap, showing that nonexistence for (27) when
i — 07 and p — 400 is a quite general fact. Precisely, it can always be proved
whenever ¢'(u) is infinitesimal at infinity, provided that a slightly stronger assump-
tion on a(t) is fulfilled.
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Theorem 4.1. Let g € C*(R) be a positive function such that

lim ¢'(u) =0. (28)

|u| =400

Moreover, suppose that a € L' (0,T) satisfies (7) and that a~(t) vanishes at most on
a zero-measure subset of [T,T]. Then, there exist po, oo > 0, with po < pie < oo,
such that problem (27) does not have a solution for p €10, o[ U ]too, +00[ .

Proof. We first transform the differential equation in (27) into the system

=y
{ y' = h(z)y® + (a*(t) — pa™ (1)), (29)

via the change of variables described in Section 2, and notice that the uniqueness
and the global continuability for (29) are guaranteed since they hold for (the differ-
ential equation in) (27). With the same notation as in Section 2, we thus consider
the map

101 (20) = (z4(t1;to, 20), ypu(t1; 0, 20))

(observe that here it is important to include the value ;= 0 in our considerations;
of course, the continuity of @ff’tl with respect to p is guaranteed also in this case)
and the curves I'" and I',. Having in mind the shooting technique described in
Section 2, this time we aim at showing that no intersections between I'™ and r,
can appear when g is small or large. Precisely, we are going to prove that the
projections of '™ and '), on the y-axis have disjoint images.

As a preliminary step, we notice that, as shown in [8, Lemma 3|, the curve
['" lies entirely in the open half-plane {y > 0}. Since, in view of Lemma 3.3,
y(70, (0,0)) converges to [y at(¢)dt > 0 for |xo| — +oo, the continuity of &7
ensures then that there exist ¢,C > 0 such that ¢ < y(7;0, (z9,0)) < C for every
xo € R (here we have dropped the subscript since there is no dependence on p).

We first prove nonexistence for p small, by showing that, when u — 07,
yu(7; T, (20,0)) < c for every 9 € R. To this aim, choose ¢ = ¢/2 and i =
¢/(2 [ a=(t)dt). Repeating the estimates in Lemma 3.3, we have that there exists
R. > 0 such that, if |zg| > R, then |y,(7;T, (20,0)) — ,LLfTTa_(t) dt| < ¢/2 for
w € [0, ). Hence,

lyu(T; T, (20,0))| < ¢ for |zg| > Re, p € [0, fi]. (30)
On the other hand, by uniform continuity we have that

Mli)rgl+ @Z’T(-, 0) = <I>0T’T(-, 0) uniformly for zg € [—Re, Re];

since @g’T(xo, 0) = (x0,0) for every zp € R, this means that

lim y,(7; T, (x9,0)) =0 uniformly for g € [-R., R]. (31)

u—0t+
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Consequently, (30) and (31) imply that, for p sufficiently small, y,(7; T, (z9,0)) < ¢
for every zg € R, as desired.

We now turn to the case when p is large, by showing that, for u — +oo,
yu(7; T, (x9,0)) > C for every xp € R. To this aim, assume, by contradiction,
that there exist sequences iz — +oo and zf € R such that Yyur (73T, (zk,0)) < C.
Of course, two possibilities can occur: either Jy = supycpr 1) Yy, (4 T, (zk,0))] is
bounded, or limsupy_,,., Jr = 4o0o. In the following, we simply write y,, (t)
instead of y,,, (t; T, (z§,0)) (an analogous notation is adopted for the z-component);
moreover, we set H = max,cg |h(z)|.

e In the case J = supy, Jr < 400, using the second equation in (29) we have that

-C< y#k

\

(0, (8)) i () = pna™ ()]

| /\

T
f2< - uk/ o~ (t) dt,

which is a contradiction when k is large.

e In the case when limsup, ., Ji = 400, we first observe that it has to be
limyg s 4 oo SUPsefr 1] Yur () = 400 (indeed, by a time-inversion argument, from [8,
Lemma 4] it follows that y,, (t) > 0 for ¢t € [1,T]). It is then possible to choose an
interval [t, ,t] C [r,T[ such that

Y () =C,  yu (7)) =2C, C <y, (t) <2C for every t €]t ,t;[.

Using the second equation in (29), it follows that
6 )
[ ()03, ()% = pxa™ (1)]

+
tk

<4HC*(tf —t;) — Nk/ a”(t)dt.
-

k

C= yﬂk(tl-:) - yuk(tlg) = /t

k

As a consequence, (t; —t; ) is bounded away from zero. Since, by assumption, a™ (t)
+

vanishes at most on zero measure subsets of [1,7T], we deduce that ft b a”(t)dt is
k

bounded away from zero, as well (observe that, up to subsequences, t,_, t,‘: converge).

From
o
k

C <4HC*(T — 1) — Mk/ a” () dt,
b

we thus get a contradiction when £k is large. O

It is worth noticing that Theorem 4.1 applies to the model nonlinearities (4)
(implying nonexistence for p — +00; nonexistence for u < p. follows from the fact
that ¢’(u) > 0 for every v € R) and (5) (implying nonexistence both for y — 0
and for ;1 — +00). Supported by this further piece of theoretical information, we
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conclude the paper by providing some numerical simulations for the dynamics of
u” +qu(t)g(u) = 0 (with g(u) as in (4) and (5)) in the standard phase-plane

{ Z’/ _ :Ju(t)g(U),

on varying of the parameter y. Similarly as in Section 2, we plot the two curves
't and I',, obtained by shooting the u-axis, respectively, forward (from 0 to 7) and
backward (from 7" to 7) in time. The reader will certainly notice how subtler the
situation appears to interpret, compared with the figures in Section 2.

-20 -lo 0 10 20

[k €lher 7l —

=]

Figure 5: The dynamics in the standard phase-plane is depicted for case (I), with g(u) =
arctan(u)+7/2 and a(t) = 1 on [0, 7[= [0,1], a(t) = =1 on [7,T] = [1, 2]. In the figure, the
parameter p increases proceeding from the top to the bottom; the right half corresponds
to values of p (in the picture, p = 1.5), greater than u. = 1, for which we have existence
of at least two solutions, while in the left we have no solutions (for y = 0.3, and p = 3).
In particular, consistently with Theorem 4.1, we see that for © — 0% the curve f; lies
entirely above f“‘, while for g — 400 the opposite situation occurs. As for the existence,
we recover the picture highlighted in Theorem 1.1.
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Figure 6: Here, the dynamics in the standard phase-plane is depicted for case (II), with
g(u) = 1/(1 +v?) and a(t) = 1 on [0,7[= [0,1[, a(t) = —1 on [1,T] = [1,2]. In the
figure, the parameter u increases proceeding from the top to the bottom; the right half
corresponds to values of p (in the picture, p = 0.9 and p = 1.1 respectively) yielding at
least two solutions, while in the left we have either no solutions (for p = 0.2, and p = 2.5)
or, in general, at least one - but not necessarily more than one - in correspondence of the
critical value p, (in our picture, y. = 1). Similarly as before, we see that for u — 0% the
curve f; lies entirely above f+, while for © — +o0o the opposite situation occurs. As for
the existence, we recover the picture highlighted in Theorem 1.2 (notice that for u = p. we
only see an intersection between I and 1:;)
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