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ABSTRACT. We consider solutions of the competitive elliptic system

—Au; = — Zj;éi uluf in RN
u; >0 in RN

(S) i=1,... k.

We are concerned with the classification of entire solutions, according with their growth
rate. The prototype of our main results is the following: there exists a function § =
5(k, N) € N, increasing in k, such that if (u1,...,ux) is a solution of (§) and
wr(z) + - Fup(z) < A+ |z|h) for every z € RN,

then d > §. This means that the number of components k of the solution imposes an
increasing in k minimal growth on the solution itself. If N = 2, the expression of ¢ is
explicit and optimal, while in higher dimension it can be characterized in terms of an
optimal partition problem. We discuss the sharpness of our results and, as a further
step, for every N > 2 we can prove the 1-dimensional symmetry of the solutions of (S
satisfying suitable assumptions, extending known results which are available for £k = 2.
The proofs rest upon a blow-down analysis and on some monotonicity formulae.

1. INTRODUCTION

This paper concerns the classification of positive or monnegative entire solutions with
algebraic growth of the competitive elliptic system

k
(1) —Aui:—Zu?ui in RN fori=1,...,k,
j=1

J#i
with & > 2. Here and in the what follow, writing “positive solution” we mean that u; > 0
in RY for every ¢, while writing “nonnegative solution” we admit the possibility that some
u; vanish identically, requiring however that at least two components are non-trivial. Note
that, by the strong maximum principle, if u; > 0 and u; Z 0, then u; > 0 in RY. The main
result we aim at proving is the following Liouville-type theorem.

Theorem 1.1. Let N > 2, and let (u1,...,ux) be a positive solution of ({dl) having algebraic
growth, that is, there exists C,d > 0 such that

(2) up(x) + - Fug(x) < O+ |z|?) for every x € RV,
Then

2
N -2 N -2
d> (5= + LuEh-1) - ==,
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where L (SN =) is the spectral minimal partition sequence of —Agn-1 over SN~ introduced
n [I1]. Note that Li(S') = k?/4 when N = 2.

In one direction, this means that if we consider a positive solution of ([I]) with a prescribed
number k of components, then we have a minimal admissible growth for the solution itself.
As we will prove in Lemma [£1] the minimal growth is strictly increasing in k. In the
opposite direction, we deduce that a bound on the growth of a positive solution imposes
a bound on the number of components k of the solution itself. When N > 3, the exact
value of L;(SV~1) is known for k = 2, and we will be able to solve it in the special case of
k = 3 components, thus extending what has been proved in [12] for the two-sphere. As a
consequence, we will prove the following.

Corollary 1.2. Let N,k > 2, and let (u,...,ux) be a positive solution of ().
(i) If the solution has linear growth, that is there exists C' > 0 such that

(3) ur(z) + - +up(z) < C(1+ |z)) for every x € RV,

then k = 2 and the solution has growth rate 1.
(ii) If there exists C > 0 such that

wy () + - 4 ugp(z) < C1+ |z>?) for every x € RV,

Then either k = 2 and the solution has linear growth, or or k = 3 and the solution has
growth rate 3/2.

Here and in the rest of the paper we write that (u1,...,ur) has growth rate d if
—_— k .
lim erfl faBT dic1 u? _ )t ifd <d
r——+oco p2d’ 0 ifd > d,

where B, denotes the ball of center 0 and radius r. We will observe that any solution of ()
has a growth rate.

As a further step, we address the proof of the validity of some De Giorgi-type conjectures
for solutions of (d): under suitable assumptions, we show that a solution of () is necessarily
1-dimensional, namely up to a rotation it depends only on 1 variable. In what follows we
write that (u1,...,uxr) has algebraic growth if it satisfies condition (2)) for some C' > 0 and
d > 1. If the stronger condition (@) holds, we write that (u1,...,u) has linear growth.

Theorem 1.3. Let N > 2, let (uq,...,ux) be a nonnegative solution of ().
(i) If (u1,...,ur) has linear growth, then all the components but two, say u; and uz,
are identically zero, and (u1,u2) is 1-dimensional.
(ii) If (u1,...,ux) has algebraic growth and for some i # j

Ingﬂim (wi(2',zn) — uj(a’, xN)) = Foo,

the limits being uniform in x' € RN=1 then (u1,...,ux) has linear growth, all the
components w; with 1 # 4,7 are identically zero, and (u;,u;) is 1-dimensional.

We postpone a more precise discussion of our main results after a brief review of what
is known on existence and qualitative properties of solutions of (). Such review has to be
understood also as a motivation for our study.

The 2 components system

—Au=—w?® inRY
(4) —Av=—u?v in RN
u,v >0 in RY



has been widely investigated in recent years. It appears in the analysis of phase separation
phenomena in a binary mixture of Bose-Einstein condensates with multiple states; we refer
to the papers [2] by H. Berestycki, T.-C. Lin, J. Wei and C. Zhao, [3] by H. Berestycki, K.
Wang, J. Wei and the second author, and to the references therein for a detailed derivation
of the phase separation model. In the quoted papers, the 1-dimensional case has been
completely classified: up to translations, scaling and exchange of the components there
is only one positive solution (u,v), which has linear growth, has the symmetry property
u(x) = v(—z) for every x € R, and satisfies the monotonicity condition v’ > 0, v' < 0 in R.
The linear growth is the least admissible growth rate for positive solutions to (@); indeed in
any dimension N > 1, if (u,v) is a nonnegative solution of (@) and satisfies the sublinear
growth condition

u(z) +v(z) < C(1+ |z|Y) in RY

for some a € (0,1) and C > 0, then one between u and v is 0, and the other has to be
constant. This has been proved by B. Noris, H. Tavares, G. Verzini and the second author in
[13], see Proposition 2.6, and together with its counterpart for systems with & components,
Proposition 2.7 in the same paper, is the only known example of Liouville-type theorem
available for system (IJ).

The non-existence of positive solutions having sublinear growth, and the existence of
a positive solution with linear growth, suggest an analogy between problem (@) and the
Laplace equation. This point is made clear in [3], where for every integer d € N the authors
constructed a positive solution (ug,vq) of @) “modelled on” the homogeneous harmonic
polynomial ¥, = PRe(z?), in the sense that (ug,vq) has growth rate d (the same asymptotic
growth of W), and (ug,vq) exhibits the symmetry of (U}, ¥ ); in this way the authors
associated to any homogeneous harmonic polynomial of two variables a positive solution of
). Also the converse can be done: to any positive solution to [@l) having algebraic growth
it is possible to associate a class of homogeneous harmonic polynomials, see the blow-down
Theorem 1.4 in [3]. It is worth to point out that the dichotomy “positive solutions to ()"
— “harmonic function” is not an exclusive prerogative of solutions having algebraic growth,
as revealed by the existence of solutions with exponential growth which are associated to
exponential harmonic functions, for which we refer to the main results in [I4] by A. Zilio
and the first author.

Most of the quoted achievements admit a natural counterpart for the kK components system
(@ with k& > 2. In particular, for any k > 2 there exist infinitely many positive solutions
having algebraic or exponential growth (see Theorem 1.6 in [3] and Theorem 1.8 in [I4]),
which are “modelled on” suitable harmonic functions. For this reason, the reader could be
tempted to think that the qualitative description of the & components system is essentially
the same than that of the 2 component system. As we shall see, when k > 2 the picture
is more involved. In what follows we restrict our attention to solutions having algebraic
growth and, in order to better motivate our study, we report two aforementioned results in
[3]. Concerning the notation, here and in the rest of the paper we denote by B,(xo) the
ball of centre zo and radius r in RY, and write simply B, for B,.(0); we use the complex
notation z = x 4 iy for points of C ~ R?, writing Z for the complex conjugate of z, and we
count the indexes ¢t =1,...,k,k+1,... modulus k.

Theorem 1.4 (Theorem 1.4 in [3]). Let N > 2, (u,v) be a positive solution of (), and let
us introduce

(ur(@), vr(x)) == (ﬁ /BBR u? +v2) T (e, ().



Let us assume that
(5)

r [ [Vul? + Vo + u?v?

=:d < +.
r——4o0o faB u2 +’U2

Then d is a positive integer. Moreover, there exist a subsequence of the blow-down family
{(ur,vr) : R > 0}, and a homogeneous harmonic polynomial U of degree d, such that
(ur,vg) = (¥, ¥~) as R — +o0 in C) (RY) and in H} (RY).

loc loc
Theorem 1.5 (Theorem 1.6 in [3]). Let k > 2 and d € N/2 such that 2d = hk for some
h € N; let Gr/q denote the rotation of angle w/d, with order 2d. There erists a positive
solution of system () in R? such that

(i) wi(z) =uit1(Grjaz) i C,i=1,..k
(ii) upti—1(2) = ui(2) inC,i=1,...,k

k
o TIBT >y [Vul® + doi<i<i<k “3“? B

(iii) i

k
r—4oo faBT Zi:l
1 k
(“)) TLHJPOO rit2d /(9B7‘ i=1 v ’

for some b € (0, +00).

As previously stated, Theorem [[4] allows us to associate to any positive solution (u,v)
of (@) a homogeneous harmonic polynomial. In particular, this implies a quantization of
the admissible growth rates at infinity, see the limit (B]) and the forthcoming Proposition
[L7l1 The very same quantization cannot be expected when k > 2: indeed, Theorem
provides solutions with half-integer asymptotic growth for every odd k&, see point (iv). More
important, the presence of more than 2 components prevents the possibility that, if an
asymptotic profile exists, has the simple structure (¥+, ¥ ) for some homogeneous harmonic
polynomial W. In light of these remarks, an interesting problem is the description of the
asymptotic profiles of the solutions of ([Il). As a further question, we observe that Theorem
ensures the existence of a positive solution (u,v) to () with minimal growth rate 3/2
when k = 3, 2 when k = 4, 5/2 when k = 5, ...; we recall that writing “positive solution”
we mean that u; > 0 in RY for every i. It is natural to wonder if these are really the
minimal admissible growth rates or not. In the opposite direction, is it true that if a
nonnegative solution of (I has growth rate d, then there exists a maximal number of
components depending on d and on the dimension N which cannot vanish identically? We
recall that in this spirit the non-existence results for positive solutions having sublinear
growth holds also when k > 2, see Proposition 2.7 in [I3].

The aim of this paper is to answer the previous open problems and questions. Moreover,
once that such topics are discussed, we will be able to extend some results of 1-dimensional
symmetry of solutions in the present setting. The proof of the validity of some De Giorgi’s-
type conjectures for positive solutions of () has been object of an increasing attention in
the last years. In dimension N = 2, A. Farina proved that if (u,v) has algebraic growth and
dou > 0 in R?, then (u,v) is 1-dimensional. This enhances a previous result in [2], where
the 1-dimensional symmetry of (u,v) was obtained under the linear growth assumption of
(u,v) plus the monotonicity condition dru > 0 and dv < 0 in R2. Always in dimension
N =2, in [3] it has been proved that if (u,v) is a stable solution of () having linear growth,
then it is 1-dimensional. Symmetry results in dimension N = 2 for systems having a more
general form, under either monotonicity or stability assumptions, have been achieved by S.



Dipierro [7]. In the higher dimensional case N > 2, A. Farina and the first author proved
in [9] that if (u,v) has algebraic growth and
mNh—>Hioo (u(‘rla :L'N) - /U(xla :L'N)) = iOO,

the limit being uniform in 2’ € RY¥~! then (u,v) depends only on zy. This positively
answer to a conjecture formulated in [2]. Furthermore, as product of the main results in
[T, 18], K. Wang showed that if (u, v) has linear growth (without other assumptions), then
it is 1-dimensional.

As stated in Theorem [[3] our aim is to extend the two last quoted achievements for
solutions of the k components system ().

In what follows, we introduce convenient notations and state our main results in a precise
form.

1.1. Notation and further results.

e We use the vector notation u := (uq, ..., ux).
o Let A;, Ay be disjoint open subsets of RY; we write that A; and A, are adjacent if
0A; N OA; has positive (N — 1)-dimensional Hausdorfl measure.

e For any continuous function u in RY, the set {u > 0} is called positivity domain of
u, and its connected components are called nodal domains.
For a vector valued function u, we call nodal set or zero level set {u = 0}.
For any A C RV, we write y4 for the characteristic function of A.
For any A C RY, we write Int(A) for the interior of A.
In the proof of our results we often write u.t.s. instead of “up to a subsequence”.
The notation H™ () is used for the m-dimensional Hausdorff measure of Q C R¥.
For any w C 0Bji, the first eigenvalue of the Laplace-Beltrami operator —Agn-—1
with Dirichlet boundary condition on w is denoted by A (w).
e We often write

f(0T):= lim f(r) and f(+o0)= lim f(r)

r—0+t r—+4oo

if the limits exist.
In the paper we consider two classes of variational problems: regular ones of type
(©) —Au; = —f3 Zj# u?uZ in RN
u; >0 in RV,
where § > 0, and segregated ones of type
—Av; =0 in {v; >0}
(7) v; >0 in RY,
viv; =0  in RY for every i # j.

We introduce suitable Almgren frequency functions according to whether we are considering
@) or ([@). If u is a solution of (@), for zog € RY and r > 0 we define

k

1 2
[ ] = — :
H{u,0,m) = T§= /E)Br(mo) ;u
1 k
(8) e E(u,xo,r) =5 Z|Vui|2+5 Z ufuf
" Br(zo) j=1 1<i<j<k

E(u7 Zo, T)

e N(u,zg,r):= H(u,70,7)

(Almgren frequency function).
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If v is a solution of (), for 7o € RY and r > 0 we set

k
- 1
o FE(v,zg,r):= —TN_Q/B( )Z|V1}i|2
r{T0) j=1

9) N

N7 E(V,SC(),T)
(] N(V,Io,T) ::m

where H(v, o, r) is defined as in the first one of the (g]).
Let u be a solution of () (or to (@)). We set, for zo € RY and R > 0,

u(xo + Rx)
H(u7 Zo, R)1/2 .
We are interested in the asymptotic behaviour of the blow-down family {uy, r} as R — +oc.
We mainly consider the case xy = 0, writing simply ug instead of ug g to simplify the
notation.

The first of our main results is the extension of the blow-down Theorem [.4lin the present
setting.

(Almgren frequency function),

uZmR(‘T) =

Theorem 1.6. Let N,k > 2, let u be a nonnegative solution of ([), and let us assume that
lim N(u,0,7)=:d < +o0.
r—+00

Then, up to a subsequence,
up = us =r4g1(0),...,9x(0) as R — +oo
in CY (RY) and in H. (RY), where (r,0) € [0, 4+00) x SN~1 is a system of polar coordinates
in RN centred in 0. Furthermore:
o the components u; . are nonnegative and with disjoint support: U; ccUjoo = 0 for
every i # j;
o Au; oo = 0 in the positivity domain {u; o > 0};
o if for some i # j there exists two adjacent nodal domains B; C {u; . > 0} and
Bj C {uj,00 > 0}, then ujoc — Uj oo is harmonic in Int(B; U Bj);
o the set {us = 0} N IBy has null (N — 1)-dimensional measure;
- N
o H(u,0,R)R*Y", _ ui pu? p — 0 in Ly, (RY).
Let now N = 2. Then, in addition, d is a half-integer. Moreover, letting

1
Uy(r,0) := —=resin (df
d( ) ) \/E ( ) )
there exists a partition (A, ..., Ay) of the positivity domain Xy, = {|Va| > 0}, where for
every i
Aj is the union of non-adjacent nodal domains of Xy |,

such that, up to a subsequence and up to a rotation, up — (XAy,---,XA.)|Vdl as R — +00,
in C) (RN) and in HE (RY).

loc loc

Remark 1. 1) The same result holds for blow-down sequences centred at zg # 0.
2) By Proposition 5.2 in [3] (reported in Subsection2.1]), it follows that the limit N (u, 0, +00)
always exists. Moreover, it is finite if and only if u has algebraic growth.

Theorem [[.4] with N = 2 is a particular case of Theorem [L.6} note that when k is odd we
have to take into account the possibility that the homogeneity degree of the limiting profile
is a half-integer; this is coherent with Theorem [[.5l Let us also observe that, when k is odd,
U4 does not define a harmonic function in R? in polar coordinates, since it is not 27-periodic
in 6; it can be seen as a harmonic function in the double covering {r > 0,0 < 0 < 47}.



The blow-down theorem will be the starting point in the derivation of the desired classifi-
cation results. To this aim, we emphasize the relation between the growth rate of a solution
and its Almgren frequency function.

Proposition 1.7. Let u be a nonnegative solution of ([Il) having algebraic growth. Then
d:= N(u,0,400) € (0,400) is the growth rate of u.

This proposition implies that any solution of (IJ) having algebraic growth has a growth
rate d := N(u,0,4+00). The strategy we shall adopt to prove our Liouville-type theorems
rests on the idea that d characterizes the asymptotic profile of the solution by means of
Theorem in particular, the value d characterizes the maximal number of non-trivial
components for a limiting profile, which hopefully should coincide with the maximal num-
ber of non-trivial components of the “original” solution. In this perspective, the main
difficulty is represented by the lack of uniqueness of the asymptotic profile (the convergence
in Theorem takes place only up to a subsequence), and in general by the difficulty in
deriving rigorous information on the “original” solution starting from the knowledge of the
blow-down limit (we remind the interested reader to [9] and [I7], where these problems are
sources of tremendous complications). We can overcome these obstructions by means of the
following intermediate result, which holds in any dimension.

Proposition 1.8. Let N > 2, and let u be a nonnegative solution of ([l having algebraic
growth. Let us assume that there exists a sequence R,, — +00 asn — oo, such that u; g, — 0
in C_(RN) for some i. Then u; =0 in RN,

Thanks to Proposition [L8, we prove the Liouville-type Theorem [T in dimension 2. In
terms of the Almgren frequency function, it can be re-phrased as follows.

Theorem 1.9. Let N =2, k > 2, and let u = (uy,...,ux) be a nonnegative solution of ()
such that N(u,0,4+00) =: d € (0,+00). Then at most 2d components of u do not vanish
identically.

Equivalently, let N = 2, k > 2, and let u = (uq,...,ux) be a positive solution of () such
that N (u,0,+00) =:d € (0,+00). Then d > k/2.

In light of Theorem [[L5] the result gives a sharp estimate in dimension 2 on the minimal
admissible growth rates for positive solutions of (l) with a given number of components.
The higher dimensional case is more involved, reflecting the impossibility of deriving a
complete description of the admissible limiting profile for solutions of (), see Theorem L6
In connection to this, we point out that all the existence results available in the literature
have been achieved in dimension 2 (thus leading to 2-dimensional solutions of (Il in any
dimension N > 2); so far it is still unknown if true N-dimensional solutions of () with NV > 3
exist and can exhibit different asymptotic behaviour with respect to the 2-dimensional case.
Writing “true N-dimensional solutions” we refer to solutions in dimension N which cannot
be obtained by solutions in dimension N — 1 adding the dependence on 1 variable (up to
a rotation). Nevertheless even in higher dimension not all is lost: by means of Theorem
and Proposition [I.8 we can relate the maximal number of nontrivial components of a
solution of () having a prescribed growth with the solution of an optimal partition problem
for the unitary sphere SV—1.

Definition 1. Let 1 < k € N. A k-partition (or, simply, partition) of S¥=! is a family
w = (wi,...,wx) of mutually disjoint open and connected subsets w; C S¥~1. We denote
the class of the k-partition of SV =1 as Py (SN 1).



We define

10 Lp(SYN"1):=  inf A (wi
(10) RS e ) 2 1(wi)

(11) 1(t) = (?) ri- (552).

Note that v is monotone increasing and is such that v(t) — 400 as t — +o00. The following
is a more convenient statement of Theorem [[LT] holding in any dimension.

Theorem 1.10. Let N,k > 2, and let u = (uy,...,u) be a nonnegative solution of ()
such that N(u,0,4+00) =: d € (0,+00). If m is the mazximal positive integer such that
V(L (SV1)) < d, then at most m components of u do not vanish identically.
Equivalently, let N,k > 2, and let u be a positive solution of ([Il) such that N(u,0,+00) =:
d € (0,+00). Then d > y(Lr(SN~1)).

This statement is the base point for the proof of Corollary Again, we think that the
following re-formulation is more suited to describe our result.

Corollary 1.11. Let N,k > 2, and let u = (uq,...,ur) be a nonnegative solution of (I
such that N(u,0,+00) =: d € (0,400). Then either d =1 or d > 3/2. Furthermore:

(i) if d =1, then u has exactly 2 non-trivial components;

(ii) if d = 3/2, then u has exactly 3 non-trivial components.

The proof of point () is obtained as a particular case of a more general result (see Theorem
[LT3] and Proposition 223]), while the second part and the jump in the admissible values of
N(u,0,+00) require a careful further analysis which can be carried on only for solutions of
system ({]). We emphasize that, in light of the known existence results for system () with
k =2 or k = 3, Corollary [[LTIlis optimal in any dimension. Moreover, in proving point (i)
we can determine the optimal value £3(SV~1) for every N, partially extending the main
result in [12].

Theorem 1.12. In any dimension N > 3, it results that
3/3
L3SV H=Z(Z4+N-2
3877 =5 (2 + ) :

and an optimal partition is the extension in dimension N of the so-called Y -partition of
SNV-1,
Remark 2. For the definition of the Y-partition, we refer to [I2]. We point out that we do
not prove the uniqueness of the generalized Y-partition as a solution of L£3(SV~1).

The relation between optimal partition problems and Liouville-type theorems has been
already observed e.g. in [I [4, [5 13]. We refer in particular to Proposition 7.1 in [5], where
the authors related the minimal growth of a positive solution of Lotka-Volterra type systems
with the quantity

k
2
12 k,N) = inf z A (w;
(12) B(k,N) o wkl)IéPk(SNfl)k;:lry(l(w))

We think that it is remarkable to observe that the very same approach leads to a more
general result, involving subsolutions to a wide class of systems. Let

(13) —Au; < —u;g;i(z,u) %n RZ
u; >0 in RY,

under the following assumptions on the nonlinear terms g; € C(RY x [0, +00)¥):



(H1) gi(x,t) > gi(t) > 0 for every (z,t) € RN x [0, +00)¥, where g; € C(]0, +00)¥);

(H2) if gi(t) = 0, then either t; =0 for every j # 4, or t; = 0; o

(H3) gi(x,t) is monotone non-decreasing in ¢; for every j.
As typical example, the reader may think at the case g;(z,t) =3, ; t? defining system (),
but even to more general interaction terms (neither necessarily variational, nor symmetric)
such as

gi(x,t) =Y ay (@)t ¢,
J#i

with a;;(x) > a;; >0in RV and p; >0, g; > 0.

Theorem 1.13. Let N,k > 2. Under assumptions (H1)-(H3), let u = (uq,...,ux) sat-
isfy@3) and

(14) up(x) 4 - -+ up(z) < C(1+ |z|h) for every x € RY

for some C >0 and d > 1. Let m be the mazimal positive integer such that 3(m,N) < 2d.
Then at most m components of u do not vanish identically.

In other words, if u = (u1,...,u) is a positive solution of ([I3) satisfying (1), then neces-
sarily B(k,N) < 2d.

System () fits in the assumptions of Theorem [[LT3l Tt is then straightforward to obtain
the first part of Corollary [[L11] as a particular case of a more general result.

Corollary 1.14. Let N,k > 2. Let us assume that (H1)-(H3) are satisfied, and let u =
(ug,...,ux) satisfy (I3).
(i) If there exists C > 0 such that

ui(z) + - +up(z) < C(1+|z)) for every x € RV,

then at most 2 components of u do not vanish identically.
(ii) If there exist C > 0 and o € (0,1) such that

up(x) + - Fuplx) < CA+ |z|%) for every x € RV,
then at most 1 component of u do not vanish identically.

For the proof it is sufficient to recall that S(k, N) is monotone non-decreasing in k, and
such that B(k, N) > (2, N) whenever k > 3 (see the inequality (31) in [5]). Moreover,
B(2,N) = 2 in any dimension N (see [16]).

Remark 3. In [4] it has been proved that both 8(k, N) and £;(SV~!) are achieved. Here
we used Theorem instead of Theorem [Tl to prove point (7) in Corollary [LTI] but we
point out that Theorem is stronger in the particular case of system (). Indeed it is
well know that (L, (SV=1)) > B(k, N)/2 for every k, N. Moreover, since the optimal value
B(2, N) is achieved by the equator-cut sphere (see [16]), v(L2(SN 1)) = 3(2,N)/2 =1 for
every N, which implies directly point (¢) in Corollary [LT11

The last part of the paper is devoted to the 1-dimensional symmetry of solutions of ().
The proof of Theorem consists in showing that, under the assumptions of both points
(7) and (74), only two components of the solution can be non-trivial, and thus the solution is
1-dimensional symmetry thanks to the results in [9][17,[18]. If the solution has linear growth,
the fact that u has at most two non-trivial components follows directly by Corollary [L11} if
u satisfies the assumption of point (i7), we at first study the asymptotic profile of the blow-
down sequences {ug, }, proving that any blow-down limit has two non-trivial components;
then, to recover the result for u, we apply the crucial Proposition [[.8
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Structure of the paper. In Section[2we collect some results which will often be employed
in the rest of the paper. Section[is devoted to the proofs of Theorem [[L6l and of Proposition
[L8 The proofs of the Liouville-type Theorems and [LT0, which concern system (),
together with that of Corollary [LT11] and of Theorem [[L.T2] are the object of Section [dl In
Section Bl we consider the general system (I3]), proving Theorem Finally, in Section
we address the problem of the 1-dimensional symmetry, proving Theorem 3

2. PRELIMINARIES

In what follows we recall some essentially known results which will be useful in the rest
of the paper.

2.1. Almgren monotonicity formulae. Here we recall some properties of the Almgren
frequency function associated to solution of (), proving in particular Proposition [[.7

Proposition 2.1 (Proposition 5.2 in [3]). Let N > 2, xg € RY, and let u be a nonnegative
solution to (). The Almgren frequency function N(u,xo,r) is monotone non-decreasing in
.

We infer the following doubling properties.

Proposition 2.2 (Proposition 5.3 in [3]). Let u be a nonnegative solution of ().
(i) For every 0 < rg <1y <ry il results that

H(u,xo,7m2) _ H(u,z0,71)
TgN(U@oﬂ“o) = rfN(uyroﬂ"o)'

(ii) Assume that N(u,xo,7) < d for every r > 0. Then

H(u,l'o,TQ) < dH(u,SC(),Tl)
e
T2d — 7,2d
2 1

for every 0 <1y < ra.

The doubling properties allow us to relate the Almgren frequency function with the growth
rate of the associated solution, as stated in Proposition [[.7

Proof of Proposition[1.7 If d’ > d, then by Proposition 2.2} (i) we have

H(u,0,r r2d
%gcw—m as r — +o0.
r r

If ' < d, by monotonicity there exists # > 0 such that N(u,0,7) = d' + & < d for some
€ > 0. Then, by Proposition 2:2+(7), for every r > 7

H(u,0,r) S CrQ(d”“f)
2d =Y T ad

— 400 as r — +00.

It is also possible to relate the Almgren quotient with a pointwise upper bound.

Proposition 2.3. N(u,0,7) < d for every r > 0 if and only if there exists C,d > 0 such
that 3, ui(z) < C(1 + |z|?) in RN,

For the proof, see Lemma 2.1 in [§] and Corollary A.8 in [J].
Since the growth rate of a solution u of () coincides with the limit of the Almgren
frequency function, it is natural to have the following result.

Lemma 2.4. Let u be a nonnegative solution of ([l) having algebraic growth.
Then N(u,zo,+00) is constant as function of xg € RY.
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Proof. Let N(u,0,+00) = d < 400, and let us assume by contradiction that there exists
xo # 0 such that N(u,zg,+00) = d' # d. Firstly, d < 400 since u has algebraic growth.
Only to fix our minds, we suppose that d’ < d, so that there exists ¢ > 0 such that
d + ¢ < d. By Propositions 2] and there exists ro > 0 such that H(u,zo,r) < Cr2¥
and H(u,0,7) > Cr2@'+e) for r > ry. Therefore on one side

T1 ,
/ u? = / sNTYH (u, zg, 5) ds < Or2® TN
By (%0)\Brg(z0) 70

for 1 > 7o, while on the other side

/ Zu? = / sV H(u,0,s)ds > C’Tg(d/+8)+N
B 70

() (0)\BT0 (0) 7

for ro > rg. As a consequence, for r > rg, we have

Cr2d TN < / u?
B, (0\B1, (0) Z

< / u? + / 2
By 2o (20)\Brg (%0) ; By (z0)\Bry (0) ;

< C(r+ |zo))* N + € < Cr** Y,
which gives a contradiction for r sufficiently large. 0

2.2. Segregated configurations. In Definition 1.2 of [I5], H. Tavares and the second
author introduced the class of functions G(€2). We consider a subclass of particular interest
in the present setting.

Definition 2. For an open set 2 C RY, we define the class G*(2) of nontrivial functions
0 # v = (v1,...,v;) whose components are nonnegative and locally Lipschitz continuous in
2, and such that the following properties holds:
e v;v; =0 in Q for every i # j;
e for every i
—Av; = —py; in Q in distributional sense,

where p; is a nonnegative Radon measure supported on the set d{v; > 0};
o defining for zy € Q and r > 0 such that B,.(z¢) C Q the function E(v,xzg,r) as in
@), we assume that F is absolutely continuous as function of r and
d 1 i
—E(V,(EO,T) = / (81,1)')2;
dr riN=2 By(zo) ; '

We write that v € Gioc(RY) if v € G(Bg) for every R > 0. We write that v € G; _(RY) if
v € QIOC(RN ) and is homogeneous with respect to some zy € R¥, in the sense that there
exists v > 0 such that v(r,0) = r7g(f), where (r,0) is a system of polar coordinates in R
centred in xg.

It is possible to introduce an Almgren frequency function associated to any v € G (RN)
as in (@), and to prove a monotonicity formula for it (see Theorem 2.2 and Remark 2.4 in

[15]).

Proposition 2.5. Let v € Gioc(RY). For xg € RY and r > 0, the function N(v,xo,r) is

non-decreasing in r. Moreover, N(v,xqg,r) = const. = o > 0 if and only if v(r,0) = r°g(0),
where (r,0) denotes a system of polar coordinates centred in xg.
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As a consequence, it is possible to derive doubling properties similar to those of Proposi-
tion[Z2 and to recast the proof of Lemma 24 in the present setting, obtaining the following
statement.

Lemma 2.6. Let v € Gioo(RY) having algebraic growth. Then N(v,xq,+00) is constant as
function of xg € RV,

We conclude this subsection with a definition.
Definition 3. Let v € Gioc(RY), and let 29 € {v = 0}. We define the multiplicity of x¢ as
#{i=1,...,k: for every r > 0 it results B,(zo) N {v; >0} # 0}.

2.3. Decay estimates. If (u,v) solves ({l) and u is large in a ball Ba,(zp), then by com-
parison principles v has to be exponentially small with respect to v in a smaller ball.

Lemma 2.7 (Lemma 4.4 in [5]). Let zg € RY andr > 0. Let u € H'(Ba,(x0)) be such that

—Av < —Kv in By (x0)
v>0 in Bay(x0)
v< A on OBz (x0),
where K and A are two positive constants. Then there exists C > 0 depending only on the

dimension N such that

sup  v(z) < CAe=CKr,
z€B,(z0)

3. ASYMPTOTIC BEHAVIOUR OF POSITIVE SOLUTION
In this section we prove Theorem and Proposition [[.8
3.1. Blow-down limits.
Proof of Theorems[L.6 The elements of the blow-down family satisfy

{—Aui,g = =3 BPH (0,0, R)uf pu; g in RY

t=1
ui,RZO iDRN

k

PRI )

so that are well defined functions H(ug,0,7), E(ug,0,7) and N(ug,0,r) as in ([§). By
direct computations it is easy to check that

H(u,0,7R) E(u,0,rR)
H(u,0,R)’ H(u,0,R)’
By the doubling property (i) in Proposition H(u,0,R)R?> — 400 as R — +oo. Fur-
thermore, by definition H(ug,0,1) =1 for every R > 0, and by the Almgren monotonicity
formula Ng(r) < d for every r, R > 0. As a consequence, the doubling property (ii) in
Proposition implies that

H(ug,0,7) = E(ug,0,7) = N(ug,0,7) = N(u,0,rR).

H(ug,0,7) < %2
for every R,7 > 1. Hence, by subharmonicity, {ug} is uniformly bounded in L2 (RY),
and we are in position to apply the local version of the main results in [I3] (for the local
version, we refer to Theorem 2.6 in [I7]): up to a subsequence ur — U in C2_(RY) and

loc
in HL (RY), where by Corollary 8.3 in [15] us € Gioc(RY). In particular

® Ujoolljoo =0 in RY for every i # j, and

li H(u,0,R)R*Y u;puip=0 f 0;
gHm . (u,0,R) ;uLRuLR or every r > 0;
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® u; o is subharmonic in RY, and Au; oo = 0 in {u; 0 > 0}, for every i =1,... k.
Let N(us,0,7) be define in (@). For every r > 0

N, 0,7) = Rgl}rlooN(uR,O,r) = RLITOO N(u,0,Rr)=d
so that as stated in Proposition u.(r,0) = rig(f). Concerning the functions g;, they
have disjoint support and are such that r%g;(6) is harmonic in {u; > 0}. Let us note that
if {wj00 > 0} # 0, then it is a cone, and by Theorem 1.1 in [I5] the zero level set {us, = 0}
has null N-dimensional measure. By homogeneity, this implies that {us, = 0} N 9B; has
null (N — 1)-dimensional measure. In what follows, we use the notation

{ui,oo > 0} =A; = Bl,i J---u Bhi,i;

denoting by By ; the nodal domains of u; . If B, and B;, are adjacent, then the reflection
law proved in Theorem 1.1 in [15] implies that u; o — uj,00 is harmonic in Int(B;;, U Bj;,);
the main result in Section 10 of [6] rules out the existence of point of multiplicity 1; in other
words, if there exist two non-empty connected components of some A; (i = 1,...,k), then
they have to be non-adjacent.

What we proved so far holds in any dimension N > 2. In what follows, we focus on the case
N = 2. By Theorem 1.1 in [I5] and by homogeneity, the nodal set {u., = 0} is the union of
straight lines passing through the origin and meeting with equal angles. For some i # j, let
B;,, and By, be adjacent nodal domains of u; o, and uj ~, respectively. Then, as already
noticed, ;0o — Uj,00 is harmonic in the cone Int(B;;, U Bj ;) = {r > 0,00 < 0 < 01} (where
0 <6y < 6 < 2m); up to a rotation, it is not restrictive to assume that 6, = 0, so that
w = g; — g; satisfies

w” + d*w =0 in (0,61)
w(0) = w(61/2) =w(f) =0
w>0 in (0,601/2), w<0 1in (01/2,61)

for some 6, € (0,2m). It is straightforward to deduce that for some C' > 0 we have w(f) =
Csin(df) and 0, = 2w/d. Iterating this line of reasoning for any pair of adjacent nodal
domains B;;; and Bj;;, and recalling that the functions g; are segregated and nonnegative,
we conclude that d € N/2; and there exists a unique C' > 0 such that

(gl (9)5 s agk(o)) = (XAI? s 7XAk)CSin(d9)7

which is uniquely determined as C =1/ \/7 by the normalization
27
C?sin?(df) do = 1.
0

This completes the proof. 0

Remark 4. As observed, any blow-down limit of an arbitrary solution u of system ()
belongs to G;i .(RY), see Definition Bl Therefore, the results proved in [I5] hold for the
blow-down limits. This will be used in Subsection 3]

3.2. Proof of Proposition [[.L8 We aim at showing that if in the blow-down family one
component u; vanishes along one sequence R,, — 400, then it is identically zero. We reach
this result through a series of lemmas.

We introduce the family BDy, of the blow-down limits for a fixed nonnegative solution u
of (Ml): w € BD, if there exists a sequence R, — +oo such that ug, — w as n — oo in
CY (RY) and in H} (RY).

loc loc
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In what follows we derive some useful properties of BD,. Here and in the rest of the
section d denotes the limit of the Almgren frequency function of the considered solution:
d := N(u,0,+00), which is finite since u has algebraic growth. In several cases we consider
blow-down sequences up, converging to some limiting profile u,, € BD,. Clearly the
convergence has to be understood in CP (RY) and in H} _(R"), and we often omit this
piece of information.

Lemma 3.1. (i) The set BDy is locally uniformly bounded in the 1/2-Holder norm.
(ii) The set BDy, is closed under locally uniform convergence.
(iii) For any w € BDy it results that

k
/ Zw? < edp2dtN-1 for every r > 1.
OB

=1

Proof. (i) It is a consequence of the local version of the main results proved in [13], see
Theorem 2.6 in [17].

(ii) Let {w,} C BD, such that w, — w in C{ (R") as n — oco: given r and € > 0, there
exists 7 € N such that

(15) n>n = sup sup|w;, —w;| < =
i=1,...k B, 2

Since w,, € BDy, there exists a sequence R}, — +00 as m — oo such that ugn — w,, in
CY (RN) and in HL_(RY) as m — oo. Therefore, there exists m(n) € N such that

loc

(16) m>m(n) = SUp  sup |ug,rr — Wipn| < %

i=1,....k B

Now, for every n let us choose m,, > m(n) so large that R,, := R;;, tends to +o0o as n — oo.
Considering the blow-down sequence {ug, }, it is easy to check that it is locally uniformly
convergent to w: indeed given r,e > 0, by (I3 and (I6) we obtain

sup |ui g, — wi| <sup |ui g, — Win| +sup|wi, —w;| <e
B B B

for every i =1,...,k and n > n.
(4i7) It follows from the doubling property (i¢) in Proposition[2.2] which holds for any element
of the blow-down family and is stable under uniform convergence. |

In the next lemma we show that, under the assumptions of Proposition[I.8] for the entire
blow-down family the component u; g — 0 as R — +o0.

Lemma 3.2. Let us assume that there exists a sequence R, — +00 as n — oo, such that
ui g, — 0 in CY (RY) and in HL_(RN). Then for every sequence Rl — +oc it results that

loc
ui,r; — 0 in C) (RY) and in HY (RY) as n — oo.

loc

Proof. We separate the proof in two steps.
Step 1). There exists C > 0 such that for any w € BDy, for any i =1,...,k and for any
(not empty) connected component w; of {w; > 0} N OBy it results

/ w? > C.
w;

Assume by contradiction that the claim is not true. Then there exist a sequence {w,} C
BDy, and a sequence of connected components wj,, n of {w;, > 0} N OBy, such that

k
(17) / Xewip, m wan = / w; —0 as — 00.
aBl j:l ' w

in,n
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Up to a subsequence, we can assume that i,, = i. By the properties of the blow-down limits
w,(r,0) = rig(), where g1 ,,, ..., gk.n have disjoint supports. Moreover, since w; ,, has to
be harmonic in its positivity domain

—Agn-1gin =d(d+ N —2)g;n, inwiy
Gin >0 in Wi,n
Gin=0 on Ow .
This reveals that d(d + N — 2) is the first eigenvalue of —Agny-1 with Dirichlet boundary

conditions on w; ,, with corresponding eigenfunction g;,, and in particular there exists
C > 0 such that

(18) HN " Hwi ) > C for every n.

This fact follows from the known dependence on A; (w) on the measure of w, and in particular
by the property
M(w) = oo as HY " Hw) — 0.

Now, point (4i7) of Lemma 3] implies that

k
/ wan < edp2d+N-1
0B, =

for every r > 1, for every n. By subharmonicity, {w,} is uniformly bounded in L{° (RY),
and by point (¢) of Lemma [3lit is also equi-continuous. Thus, by the Ascoli-Arzela theorem
it is locally uniformly convergent u.t.s. to some w, still belonging to BD, thanks to point
(73) of Lemma[31l As a consequence, {w = 0} N9dB; has null (N — 1)-dimensional measure,
and

k

(19) > wl, A0 ae in SV

Jj=1

On the other hand, by (), up to a subsequence
k
(20) Xwion wan -0 a.e. in SV,
j=1

A comparison between (IJ) and @0) implies that x.,, — 0 a.e. in S¥~!, which by the
dominated convergence theorem provides H¥~!(w,) — 0 as n — oo, in contradiction with

Step 2). Conclusion of the proof.
Assume by contradiction that there exist R, — +oc such that u; r: / 0asn — co. Arguing
as in the proof of Theorem [0 u.t.s. ugr, — w’ € BDy in C (RY). By assumption w] # 0,
o its support A; is not empty, and by the first step
1 C

lim ufR,z—/ w > —,

n—00 8B, wm 2 AZ 2
where A; = A; N OB. Extracting if necessary further subsequences, it is possible to sort

the terms of (R,) (the sequence given by the assumption) and (R]) in such a way that
R, < R), < Ry,41 for every n. Note that, at least for n sufficiently large,

C 3C
/ uiRn < — and / uiR/ > —,
9B, 8 o, " 8
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so that thanks to the mean value theorem for every n there exists R, € (R, R},) such that

/ UQ - g
i,R// —_— .
8B, " 4

Clearly, up to a subsequence ugy — w” € BDy in C) (RY), and
C
w’)? = lim u? gy = —.
[ = tim [t =G
This contradicts what we proved in the first step.

In light of Lemma B2l up to relabelling there exists 1 < h < k such that if i = 1,...,h,
then u; g, /# 0 as n — +oo for every R, — 400, while if i = h + 1,...,k, then for the
entire blow-down family u; g — 0 as R — +oo (in C) (RY) and in H! _(RY)). For every
e, R > 0, we introduce

h
(21) D.r= {xE@Bl ZufR(x) >€},

i=1
and its complement D .

Lemma 3.3. It results that

e—0 \ R—»>+oc

lim< lim HY ;R)> =0.

Proof. By contradiction, there exists ¢ > 0 and a sequence &, — 0 such that
limsupHY (DS ) >6  for every n.
R— 400 "

Thus, we can find a sequence of real numbers R,, > n such that

)
(22) HNNDE R, > 3 for every n.

Up to a subsequence ugr, — Uo in Cp (RY) and in HL _(RY), as n — oo, and by The-
orem [LLG we know that HY~!({u., = 0} N dB;) = 0. Since by Lemma we have also

Zf:hﬂ u? =0 in OBy, it is necessary that

h
(23) HNL ({x €0B1: Y ul (v)= o}) = 0.

i=1
We show that this leads to a contradiction with the estimate [22]). For any p > 0, let

h
D, = {z € 0B : Zufoo(z) > p} ,
i=1
By (23) there exists p > 0 sufficiently small such that HY~1(0B1\ D; ) < 6/2; by uniform
convergence there exists n such that
h
inf 2 >
IEIBﬁ,x =1 uz’R" (:C) -

and &, <

N
N eY]

for every n > n. Therefore

h
HYTHDE, g,) <MY <{z €0B1: ) uip, (@) <

N eY]
N |

}) <MY OB\ Ty <

whenever n > 7, which is in contradiction with the (22)).
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Now the core of the proof of Proposition [[.8 begins. Let us assume by contradiction that
there exists i = h + 1,...,k such that, although u; p — 0 as R — +o0, it results u; # 0.
Without loss of generality, we suppose that 7 = h + 1. Clearly,

h .
(24) —Aupi1 < —upy1 Zj:l u? in RV
Up+1 > 0 in RY.
Let
2Z2N2 0 N jf0<r<1
(25) £(r) { VR
T if r> 1.

Note that f € C*((0,+o0)) and Af(|z]) <0 a.e. in RV, For 8 > 0, let also
A(r) = r? Jop, [Vouna|* + uf 1 3055

faBT “%H

h
1 1
I5(r) = (1) = %/B ) [ IVunsa 4+ ud ey 3
r j=1

Lemma 3.4. For every r > 1, it holds

h
J(r) < m/a&fﬂﬂ) [Vung|? ‘*‘U%H;“? ,

where we recall the definition of v, see equation (II).

We remind the reader to the proof of Lemma [5.1] which contains that of Lemma B.4] as
particular case.

In the next lemma we show that the function Ig is non-decreasing for sufficiently large
radii.
Lemma 3.5. Let 8 > 2d. There exists rz3 > 1 sufficiently large such that the function

r+— Ig(r) is monotone non-decreasing for r > rga.

Proof. In what follows we consider scaled functions of type

vir(z) = U (1) : for r > 0.

1 2) 2
(TN*I faBT uj)
Note that the L? norm of v;, on dB; is normalized to 1 for every r and for every j, and
moreover

(26) / Vonpnr |2 < A(r),
OB

as one can easily check by direct computations. By Lemma [3.4] it results that

50) g, Jon S0 (VP 0 S0008) 5 )

L) f () (VP 4o, Shgud) T

for every r > 1. Hence to complete the proof of the lemma we wish to show that there exists
rg > 1 such that if r > rg, then 2y(A(r)) > 8. Let us assume by contradiction that such a
value rg does not exist: then we can find a sequence R,, — +oo such that

(27) 2y(A(Rn)) < B for every n,
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and recalling the definition of v this implies that (A(Ry)), is bounded. By (26]), we deduce
that the sequence {v,11 g, } is bounded in H!(0B1), so that u.t.s. it is convergent to some
vhe1 € HY(OBy) weakly in H'(0By), strongly in L?(0B1), and a.e. in dBy; in particular,
lvns1ll2om,) = 1. Let wpy1 == suppvpq1. If we can prove that

(28) YA (wht1)) > B

(where we recall that Aj(wp41) is the first eigenvalue of the Laplace-Beltrami operator with
Dirichlet boundary condition on wy,1), then we easily reach a contradiction: indeed by the
monotonicity of v, and by the inequalities (26]) and [27]), we deduce that

B <v(M(wni1)) < (/ |V9Uh+1|2) < (liminf/ |v9Uh+1,Rn|2)
0B, n—o0  Jop,
<~ (limian(Rn)) = liminf vy (A(R,)) < 5,
n—oo

n—oo

a contradiction. To prove the (28), we recall that A(w) — +o00 as HV~1(w) — 0: this implies
that there exists ¢ > 0 such that

HY Hwnt1) <6 = y(Milwnir)) > B,

where we used the coercivity of . Therefore, the desired result follows if we show that

(29) HY " Hwpi1) < 6.
As a first step, we observe that for every n
h
(30) — Avpyrg, < —ROH(W,0,Ry) Y w5 vnirr,  inRY,
j=1

where we recall that u; g, (v) = uj(R,x)/H(u,0,R,)"? (we emphasize the fact that the
normalization of u; g, is different with respect to that of vj41 g,). Moreover, having as-
sumed that up4+1 Z 0, by the mean value inequality and Proposition 2.3]

up+1(Rn2) S+ R |z|?)

VST 0)
(erfl Jos, “}21+1) o

for every = € RY, where C > 0 is independent of n.
Now, by Lemma [3.3] there exists £ > 0 such that for every 0 <e < &

(32) HNY(DS. ) <6 provided r > re,

(31) Uht1,R,, () = < C(1+ Rylal?)

for some r. > 0 sufficiently large. For the reader’s convenience, we recall that Dy, , has
been defined in (2I)). Clearly, there exists i, such that R, > r. whenever n > fi..

In what follows we fix € € (0,£), and we consider the blow-down sequence {ug, : n > 7. }.
By usual arguments it is uniformly bounded in the 1/2-Holder norm in compact sets, it is
convergent to a limiting profile uy, € BDy in CI% C(RN ), and thanks to Lemma we know

that uj 0 =0 in RN for j =h+1,..., k. For any p > 0, let

h
D, = {:L' € 0B : Zufoo(z) > p} .

i=1
By uniform convergence, there exists 7. such that
h
. 2
inf uj g, () >

IeDs,oc j:1

—1/ .
for every n > ng;

DN ™
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furthermore, by the uniform 1/2-Hélder regularity of the sequence {ug, }, there exists p. > 0
independent of zy € D,  and of n > A, such that

for every x € B,_(zo).

=~ ™

h
(33) Z u?an (z) >

Collecting equations (30), BI) and ([B3]), we deduce that for every zo € D¢ and for
every n > 71, we have

7A’Uh+1,Rn S 7%R721H(u, 0, Rn)vh+11Rn n Bpa (:Eo)
Uh+1,R, > 0 in B,_(x0)
Vht1,m, < C(1+ RZ) in B,_(xo).

As a consequence we can apply Lemma 277
Vht1,Rn (T0) < C(1+ Ri)echR"H(“’O’R")l/Z”E <C(1+ Ri)e’cgmpf

for every zgp € Dg o, for every n > 7i.. Passing to the limit as n — oo, since ¢ is fixed
we infer that vpy1(wo) = 0 for every xg € D. o, that is, supp(wnt1) C DE . Thus, to
complete the proof it remains to show that the measure of D¢ . in 9By is sufficiently small.
By uniform convergence there exists 7” such that

h

2 3e =11

sup uj g, () < 5 for every n > n.;
zGDg,ooj 1

in other worlds, D¢, C D5_ p for every n > n, and thanks to the estimate (32)) we deduce
that HN=1(D¢ ) < 6; in particular the ([ZJ) holds, proving the thesis. O

We are ready to complete the proof of Proposition[[.8 The basic idea is that the mono-
tonicity formula proved in the previous lemma imposes a minimal growth rate on the function
J for r large, while the algebraic growth of u gives a maximal growth rate, and having cho-
sen 8 > 2d these two estimates are in contradiction. This kind of argument is by now well
understood (see for instance the proofs of Proposition 7.1 in [5] and of Proposition 2.6 in
[13]), even though it is usually employed on groups of components rather than on a single
one.

Conclusion of the proof of Proposition[[.8. By Lemma [B.5] it results that

h
(34) /B Fa)) [ Va2 + a2y S 2 | > o8

j=1

for every r > rg. On the other hand, let us test the inequality [24) against n?f(|z|)un+1,
where 7 is a smooth cut of function such that n = 1 in B,,, n = 0in RV \ By,., and |Vy| < C/r
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in RY. By means of some integrations by parts, we obtain

h
[ sa) | Funal + i 3o

Jj=1

=- / [2uns1nf (|2]) Vst - Vi + uns1n®Vung - V f(|])]
RN
2 2 1 2 2 2 Up i1
< [ Al alVaP + 31 GaD? Funia? - 2 (M52 9 1(aD)|
RN

1
= [ [prebu VP + el Tuna?

2
Since f(|z|) is superharmonic (recall the definition (2H)), it results that

- / V (1l ) - Vf (2]) = / N INIEL)
RN RN

and as a consequence

UQU}QL 1
v (T8) 94 4 n - V)]

h
[ e (19wl w3 | <2 [ [2r(ald 9ol i V(e

j=1
By the choice of n and the definition of f ([23]), we infer
(35)

h
/B Fa) [ Va4 020, 32 | < /B IR 90 4090 9 ()
r j=1 2r \Dr

2 2
C Uh 41 C Uph+1

— 2 N—-2
7" JBs\B. || " J By \B-

C 2r C 2r
_/ p2d+1dp+?/ dedp:CTQd,

r2

IN

where we used the fact that ujy1(z) < C(1+ |z|?) for every z € RY. Having chosen 3 > 2d,
a comparison between ([34]) and (B3] gives a contradiction for r sufficiently large. O

4. LIOUVILLE-TYPE THEOREMS FOR SYSTEM ([I)
The aim of this section is to prove Theorems [[L9 and [T, and Corollary [LTIl
4.1. 2-dimensional case.

Proof of Theorem[I.9. Let u be a positive solution of () such that N(u,0,40c0) = d €
(0, 4+00), and let us consider the blow-down family {ugr}. By Theorem [[.G up to a subse-
quence and up to a rotation

Ur = (Xays - XA )7t sin(df) as R — 400

L (RYN). Moreover, x4, # 0 for every i, since otherwise
by Proposition [[8 we would have u; = 0 in RY, in contradiction with the positivity of
the considered solution. Now, any A; is the union of non-adjacent nodal domains of the
function r?sin(df); each nodal domain is a cone of angle 7/d, so that we have exactly 2d

uniformly on compact sets and in H}'
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nodal domains. Since for every i the positivity domain A; contains at least one cone, we
deduce that k£ < 2d. O

4.2. Higher dimensional case. W need a monotonicity result for the dependence of
L5, (SN~1) with respect to k.

Lemma 4.1. For every N,k > 2, it results that L1 (SN 71) > L (SV1).

Proof. Let w = (w1, ...,wk+1) be an optimal (k+ 1)-partition for L1 (SN ~1) (the existence
of w is given by Theorem 3.4 in [I1]). Up to a relabelling, we can assume that w; and wg41
are adjacent sets of the partition. We consider the connected set w| = Int(w; Uwy41), and
the k-partition w’ = (w],wa,...,wk) . Since

max{ A1 (w]), A1 (w2), ..., Ag(wk)} = ,_max M (wi) = Ly (SN,

we deduce that L1 (SV71) > L£,(SV~1). To show that the strict inequality holds, we
assume by contradiction that the values are equal. Arguing as in the first part of the
proof, from an optimal (k + 1)-partition w for £;41(S™V~1) we can construct a k-partition

W’ = (WY, wa,...,wg) such that

max{ A (w]), A\ (w2), ..., \e(wk)} = max ) M (wi) = Lpp1 (S = £, (ST,

=T,k
that is w” is optimal for £, (SV=1). But Aj(w}) # A1 (w;) for every j # 1, in contradiction
with the fact that for any optimal k-partition @ it holds A\ (w;) = A (@;) for every i # j,
see Theorem 3.4 in [11]. O

Proof of Theorem [L.I0. We consider a positive solution u of (). Arguing as in the previous
proof, u.t.s. the blow-down family is convergent to a limiting profile 7%g(6#) uniformly on
compact sets and in H}_(RY), see Theorem We point out that thanks to Proposition
L8 and having assumed that u is positive, g; Z 0 in S¥~! for every i. Now, since rig;(0) is
harmonic in its positivity domain, we have

—ASN—lgi = d(d + N — 2)91 in {gz > 0}
=0 on 9{g; > 0}.

Let A; := {g; > 0}, and let w; 1,...,w;;, be the nodal domains of g;. We observe that since
the functions g; have disjoint support

W= (W1 1y e s Wiy W21y ey Wiy Wh 1y -+ s W Iy )
is a k-partition of SV-1 for some k > k, and is such that

d(d+ N —2)= max_\(w;) > L;(SV1) > Lp(SV 1),
i=1,....k

where we used the definition ([[0) of £x(SV~!) and LemmaZIl Recalling the definition ()
of 7, this is equivalent to d > v(Lx(SV~1)). a

4.3. Proof of Corollary [[LTIl For point (i), as already observed in the introduction (see
Remark [3)), we can either recall that v(L2(SV 1)) = 1 for every N and use Theorem [L10]
or apply Corollary [LT4] whose proof is independent of the argument we developed so far.
Thus in what follows we focus on the jump in the admissible values of N(u,0,+00) and on
point (i) of the thesis.

Lemma 4.2. Let v € G (RY) be homogeneous with respect to 0. Then
3

either N(V,0,0+) =1, or N(v,0,0+) > 7
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For the reader’s convenience, we recall the definitions of N (v,0,7) and of and G (RY),
see (@) and Definition

Proof. By homogeneity 0 € {v = 0}, and hence by Proposition 4.2 in [I5] the assertion holds
true in dimension N = 2. Now we show how to exploit the blow-up analysis tin order to
lower the dimension. We proceed by induction assuming that the result holds in dimension
N — 1, and proving that then it holds in dimension N. Let v = rig(f) € G .(RY), and let
Iy = {V = 0} NoB;.
Case 1). Assume firstly that every zo € I'y is a point of multiplicity 2 (see Definition [B]). If
o denotes a connected component of 'y containing xg, there exist two indexes i # j such
that v C w; Nwj, where w; and w; are connected components of the positivity domains
{vi > 0} NIB;y and {v; > 0} N OBy, respectively; here we used the main result in Section
10 of [6] to ensure that ¢ # j. According to the reflection law in Theorem 1.1 of [I5], v; — v,
is harmonic in Int(w; Uw;). Since any zo € I'y has multiplicity 2, it is possible to iterate
this line of reasoning, deducing that there exists a spherical harmonics ¥4 associated to the
eigenvalue d such that

V(T, 9) = (XA17 s 7XAk) Td\Ild(o)v
where (41,...,Ax) is a partition of g, = {¥4 # 0} and A; is the union of non-adjacent
nodal domains of Xy,. We deduce that the Almgren frequency function N (v,0,7) is on one
side constant and equal to d by homogeneity (see Proposition [Z3]), while, on the other side,
it is a positive integer by the harmonicity of r?W¥4. So, if it is different from 1, has to be
larger than or equal to 2 > 3/2.
Case 2). There exists o € I'y with multiplicity larger than 2. We consider a blow-up in a
neighbourhood of xy by introducing, for any p > 0,

vi(xo + px)
H(Va Zo, p)1/2 .

Since v € Gi..(RY), we are in position to apply Theorem 3.3 and Corollary 3.12 in [I5]:
there exists a sequence p,, — 0 such that v, :== v, — Vv as m — +oo in CIOO’S(RN)
for every 0 < a < 1 and strongly in H{_(RY). Furthermore, ¥(r,0) = r°g(f) belongs to
the class Gj,.(RY), see Definition Here 0 = N(v,xo,OJr), and necessarily o > 1 since
the multiplicity of zg is larger than 2 . It is now crucial to observe that, thanks to the
homogeneity of v, the function v depends only on N — 1 variables. To be precise, we claim

that
(36) V(x + Azg) = V() for every A > 0 and z € RV,

Vi p(2) =

Since v, — Vv in CIOO’S‘ (RY), it is sufficient to show that vy, (z+Azg) — v (x) — 0 as m — oo
for any A > 0 and « € RY. Since v is homogeneous of degree o
V(@0 + pm(@ + A10)) V(L4 Apm)T0 + pna)

Vm(x i )\:CO) B H(VaZCOapm)l/Q - H(Vaanpm)1/2

(L+Apm)? Pm z
= T Am) P ) = (1 M)V [ —— ).
Hv, 20, o)1 72 - PO T 0007 (L Apm) ™V | T30

Let K be a compact set containing both x and z/(1 + Ap,,) for m sufficiently large. Then
the local C%® convergence of v,,, to ¥ implies that

[Vin (2 + Azg) — vin (2)] < ‘(1 +APm) "V <L) o <L)’

14+ Aom 14 Aom
x
o (55,) -t

(03

1 fal,

< O11+ 37 ~ 1140

1+>\pm a
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from which the claim (30) follows. Now, up to a rotation we can assume that zo =
(0,...,0,1), so that by the ([B8) we know that v is independent on zy, and we recall that
v € Git (RY). Tt is then clear that the restriction V|gy-1 (o} belongs to G, (RN 1), so that
by inductive assumption and by homogeneity (see Proposition [2.5])

o= N(v,z0,0"7) = 1i£n N(v,zg, pm) = 1i£n N(vp,0,1)
= N(\?,O, 1) = N(‘7|]RN*1><{0}507 1) - N(‘7|]RN*1><{0}5070+)

is either 1 or larger than 3/2. Recalling that ¢ > 1, we deduce that o > 3/2. Using again
Proposition and Lemma 2.6 we conclude that

g <o= N(V,$0,0+) < N(V,SC(), +OO) = N(V507+OO) = N(V5070+)7
which completes the proof.

Remark 5. In [I5] it has been proved that if v € Gioc(RY) then either N(v,0,0") = 1
or N(v,0,07) > 1 + dy for some 6y > 0 depending only on the dimension N. The extra
information which we obtain in Lemma is the precise value of §x (which is remarkably
independent of N) under the extra-homogeneity assumption.

We are now in position to compute the optimal value £3(S™~1) in any dimension N > 3.

Proof of Theorem[I.12. We aim at proving that, for every N > 3, there holds

3/3 _ N1
2(2+N 2)_53(8 ).

By definition it is equivalent to show that 3/2 = v(L£3(SV~1)). The identity is satisfied when
N = 3 in light of Theorem 1.1 in [I2]. We observe that the optimal partition in dimension 3
provides an admissible partition in any dimension, so that v(£3(S™¥~1)) < 3/2 for every N.
By Theorem 3.4 in [I1] there exists an optimal partition w € P3(S¥~1) achieving £3(SNV 1),
and such that A\ (w;) = M\ (wj) for every i # j; moreover, there exists eigenfunctions {¢;}
corresponding to {A1(w;)} such that

—Agn-1 (s — ;) = L3SV (@i — ¢;) in Int(w; x Uw;n)

where w; and wj are adjacent connected components of w; and wj, respectively. Let

v = EGY (01 o). As observed in Section 8 in [I5], v € Gioo(RY), and by
homogeneity we can say even more: v € G (R") and is homogeneous with respect to 0.
Therefore by Lemma

either v(L3(SN™1) = N(v,0,07) =1, or 7(Ls(SV™")) = N(v,0,07) >

N W

To obtain the desired result we have to rule out the former alternative. If N(v,0,0%) = 1,
then by Lemma 6.1 in [I5] the nodal set {v = 0} is a hyper-plane, which implies that only 2
sets w; are not empty. But it is not difficult to see that any partition of type w = (w1, w2, D)
cannot be optimal for £3(SV~!). Indeed, in such a situation we could replace w by w’
obtained after a splitting of ws in two non-empty sets. This would be another partition
achieving L£3(SV~1), but such that A\;(w}) # A1(wh), in contradiction with Theorem 3.4 in
[11]. |

Proof of point (ii) in Corollary L1l If u has exactly 2 non-trivial components, then d € N
by Theorem [[4l If u has k£ > 3 non-trivial components, then by Theorems [[.I0 and T2
and Lemma [41]it is necessary that

(37) d>~(Li(SNTh) = 4 (L3(SV ) = 3/2,
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where we used the monotonicity of v (see (IT])). In any case, if d A, then d > 3/2. Finally, by
Lemma 1] the inequality (B7) is strict whenever k > 3, so that if d = 3/2, then k =3. O
5. LIOUVILLE-TYPE THEOREMS FOR A GENERAL CLASS OF SYSTEMS

This section is devoted to the proof of Theorem [[LI3] In what follows u is a subsolution
of (I3), and (H1)-(H3) hold. We use the following notation:

. r? Jo, [Voui|> + uig; (x,u)
Ai(r) = f )
0B, i

Ji(r) = /B F(ll) (sl + u2g:(, w))

Lemma 5.1. For everyr >1 andi=1,...,k, it results

< W /6& f(lz]) (IVwi? + ui gi(z,)) .

Ji (T) 27

Proof. The proof is essentially contained in the proof of Lemma 7.3 in [5], or in the proof
of Lemma 2.5 in [I3]. We report the sketch for the sake of completeness.
By testing the i-th inequality (I3) against f(|x|)u; in B, with r > 1 and after some compu-

tations, we obtain
1 N -2
s <oy [ s N2 e
() < riN=2 /63 CUT 2N Jop

r

where J, denotes the outer normal derivative, as usual. By the Young inequality, it holds

/BBT u0pu;| < V(AQ%T(T)) /BBT u? + m /:93T(8VUi)2.

Hence, using the definition of -, we deduce that

L 2 — i(r u? 4 r? u;)?

Ji(r) < 2N (A (1) {(W(Ai(ﬂ) + (N = 2)7(As(r))) /E)BT i T /6&(3,/ i) ]
S S 2+ ulgi(z,u u;)?
= 2N (A () /E,BT'W“” uigi (@) + (o)

and the thesis follows.

The following Alt-Caffarelli-Friedman monotonicity formula is the natural counterpart of
Lemma 7.3 of [B] in the present setting.

Lemma 5.2. Let us assume that for some 1 < h < k it holds u; > 0 in RN for every
t=1,...,h. Let 0 < ' < B(h,N), and let us consider the function

b
J(r) = HWJZ-(T).

There exists ' = 1'(h') > 0 such that J is monotone non-decreasing in (r', +00).

Remark 6. The optimal value 8(k, N) defined in (I2) can be characterized as

"2 wi € HY(SNY), [y u2 =1
38 k,N) = inf z Vou; 2) ! ASNTE T
(38) Ak {Zhv</g Vo

ui-u; =0Vi#£j
see Section 2 of [4].

N-—1
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Proof. By Lemma [3.4]

/ h
d J(r) Z faB ) (IVuil? + uigi(z,u)) < kA N Z 27(/\1-(7’)).

dr ) (IVuil® + wigi(w,w) = v T &

Therefore, we aim at proving that there exists ' > 1 such that
Z 29(A;(r)) —hh' >0 for every r > r'.

By contradiction, if this is not true there exists r, — 400 such that the left hand side is
smaller than or equal to 0, and by definition of v this implies that (A;(r,)) is bounded. Let

us define
Ui (rn )

uET")(z) = 1 7
("'2]71 faB"n u?)

One can easily compute

| 190 < At
9B

/631 (uz(-r"))Qgi (rpz,u(rpz)) < Ag")

By the first one u(™) — @ weakly in H'(9B;), strongly in L?(0B;), and a.e. in 9B;. We
claim that 4 is segregated, that is #;u; = 0 a.e. in 9B, for every i # j. To check this, we
note that by subharmonicity (recall (H1)) and by the fact that u1,...,up, > 0 in RY we
have

(39)

1
(40) T / u? > u?(0) > Cy
Tn OB
for every i = 1,...,h and for every n. Thus by the Fatou lemma

2
/ '&129 (01/2 ) < hmlnf/ (UETn)) qg. (Cé/Qu(rn))
OBy - n—+oo 9B, I4
2
< (H1) < liminf w0 g (rnz, C2alm)
n——+o00 9B, z 0

< ((H3) + {0)) < liminf /63 (UET"))Qgi (rnz,u(rpz)) = @9) =0,

n—-+o0o

which in light of assumption (H2) implies @;%; = 0 a.e. in By, proving our claim. Now it
is not difficult to conclude, by using the absurd assumption, the first estimate in ([B39)), the
definition of v and the characterization of S(h, N), see the (B]):

h
B(h, N)h > h'h > hmmfZQ*y ) = > 2y (/ |v9ai|2> > B(h, N)h,
i=1 9B

n~> oo
a contradiction.

Proof of Theorem [ 13 Let us assume by contradiction that for some 1 < h < k such that
B(h, N) > 2d there exists a solution of (1) with at least h positive components, say u; > 0
fori=1,...,h. Let ' € (2d,B(h, N)). On one side, by Lemma [3.3 it results that

h
1
(41) =7 =c  vr>1
l T
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On the other side, as in the estimate ([B3]) it results that that for everyi=1,...,hand r > 1
(42) Jl(r) < Cr2d7

where we used the growth assumption on u. Comparing (1)) and (#2), and recalling that
h' > 2d, we obtain a contradiction for r sufficiently large. O

6. SYMMETRY RESULTS

We now pass to the 1-dimensional symmetry of solutions to ({l). Thanks to Corollary
[LIT] we are in position to extend the main results in [9] and [1I7, [I8] for systems with an
arbitrary number of components.

Proof of Theorem[L.3 () It is a straightforward consequence of point () in Corollary [LT]
and of the main results in [I7] and [I§].

(#4) Only to fix our minds, let i = 1 and j = 2. We know that ui(2’,2y) = +o0 aszy — +oo
uniformly in 2’ € RV~ Arguing as in the proof of Corollary 1.2 in [9], we wish to show
that as a consequence u;, g(x) — 0 as R — 400 in the half-space Rf_l = RN=1 x (0, +00)
for every I # 1. Given K > 0, by assumption there exists M > 0 such that u; > K in {zy >
M/2}. For an arbitrary 6 > 1, if 2 € {xy > M, |2'| < Oxn} the ball B, := B, /100()
is contained in {zx > M/2, |2'| < 20xn}. Consequently, if z € {xy > M, || < zn} we
have

ui(y) > K, = ing u(z) > K Yy € By,
z€bBy

and since u has algebraic growth
u(y) < CL+yl") < C(1+C@20+1)%R)) < C(A+ay) = b,
for every y € B,, for every [ # 1. Now,

—Au; < —K?u; in B,
u; >0 in B,
up < 6z in Bza

so that Lemma [2.7] applies:
w(x) < Coe” KN < (1 4 24)e Ko Vo € {zy > M, |2'| < Ozn},

for every I # 1. Let z € {zny >0,|2'| < Oxzn}; there exists R, > 0 such that Rx €
{zny > M, |2'| < 0xn} for every R > R,. Therefore

lim w g(z) = lim M:O Vo € {zn > 0,]2'| < Oxn}.

R0 ~ R—+oo \/H(u,0, R)

As 6 has been arbitrarily chosen, we deduce that u; g — 0 pointwise in RY for every [ # 1.
On the other hand, by Theorem [[LG] we know that up to a subsequence up — Uy in
CP (RY), where us has the properties described in Theorem [L6l We infer that o, = 0 in
Rf for every [ # 1. Analogously, starting from the fact that us(2’,xn) = +o0 asxy — —0c0
uniformly in 2’ € RVN~1, we deduce that u; oo = 0 in RY := RN~ x (00, 0) for every [ # 2.
Since w0 is continuous for every I, u; = 0 in RY for every [ # 1,2, and thanks to
Proposition L8 this implies that u; = 0 in RY for any such I. Therefore (u1,us) is a solution
of the 2-component system (@) such that

. / / —
zNILH:Lm (ul(x ,SCN) u2($ 7$N)) = +o00

uniformly in 2’ € R¥~! and Corollary 1.2 of [9] gives the desired result.
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