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1. Introduction

In recent years piezoelectric harv
energy that can be used to feed sen

fields of automotive engineering [1], monitoring of structures and machines [2], bioengineering [3], sport apparel and equip-
ment [4], and efficient commercial piezoelectric harvesters are now available.

Multi-physics mathematical simulations and experimental results [5,6] show that a piezoelectric harvester generates the 
maximum electric power in resonance condition, when the natural frequency of the harvester is tuned to the frequency of 
ambient vibrations; performance strongly decreases when the harvester does not operate in resonance. If ambient vibrations 
are dominated by an harmonic component at constant frequency, the harvester can be tuned accordingly prior to its instal-
lation on the vibrating structure [5]. However, harmonic vibrations with variable frequency, usually found in vehicles run-
ning at different speeds [1,7] or in household appliances driven by electric motors equipped with inverters, require a 
continuous tuning of the harvester or a wide band harvester [8] able to effectively convert kinetic energy into electrical 
energy in the whole frequency band between the maximum and minimum frequencies of operation [5].

Harmonic vibrations are important, but they represent only a particular class of ambient vibrations. Given the need for 
harvesters to collect periodic, impulsive or random vibrations, it is necessary to adopt specific technical solutions to tune 
them or widen their operation band [9].
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This research focuses on the problem of harvester tuning in the presence of impulsive vibrations, which may be found in 
nature [10,11], or during machine operation [12]. Moreover some recent studies on the problem of energy harvesting from 
low frequency vibrations (1–30 Hz) proposed a frequency up-conversion that is based on devices capable of generating series 
of impacts from low frequency motions [13]. Thus the interest in impulsive excitation is increasing. The problem of collecting 
kinetic energy from impulsive vibrations by means of harvesters has been addressed in the literature for a decade. In [14] a 
cantilever piezoelectric harvester was optimized to collect energy from impulses whose duration was very short compared to 
the natural period of the harvester. The analysis was carried out by means of a lumped element network model. Optimized 
values of load resistance and thickness ratio (between the piezoelectric material and the structural material) were found. 
Short duration impulses were also considered by Wei et al. in [15]. In  [16] the energy harvesting performance of a piezoelec-
tric stack under shock events was investigated. In this case the duration of the impulses was very long compared to the nat-
ural period of the harvester. A lumped element model of the harvester was developed and numerical results in the time 
domain showed a good agreement with experimental results. The impulse duration can be comparable with the natural per-
iod of the harvester in many energy harvesting applications such as intelligent tires [12,17] and energy harvesting from 
human motion [18,19]. In  [17] an impulsive method for testing piezoelectric harvesters for tires was developed. Preliminary 
results showed the effect of impulse duration on the harvester’s performance. The impact harvester investigated in [20] was 
studied in the time domain and finite duration impacts were described through a Hertzian contact law. In [21] the response 
of a piezoelectric harvester to finite width impulses modeled as Gaussian functions was investigated. The effect of various 
parameters on the harvester’s performance was studied. Numerical results showed large variations in the performance when 
the impulse duration changed from values shorter than the natural period of the harvester to values longer than the natural 
period of the harvester.

This paper aims at studying the effects of the shape and duration of a finite width impulse on the performance of a can-
tilever harvester, using analytical, experimental and numerical methods. A one degree of freedom (DOF) model of a can-
tilever harvester excited by ideal impulses is considered and a frequency domain approach similar to the one used to study 
the shock response of structures [22] is adopted. Analytical results show that it possible is to exploit the relation between 
impulse duration and harvester natural period to ultimately maximize the harvester’s performance.

Experimental tests corroborate the analytical model, show that the maximum excitation condition holds for cantilevered 
unimorph and bimorph harvesters loaded with impacts generated by a hammer for modal testing.

A 3D multi-physics finite element (FE) model of a rectangular unimorph harvester is then developed in COMSOL. Both 
frequency and time domain responses to impacts are validated by means of experimental tests. The validated FE model is 
used to develop various models of cantilever harvesters having the same layers and piezoelectric properties but different 
geometries (tapered, inverse tapered, triangular).

Numerical results obtained by means of these models show that a harvester of assigned geometry, stiffness and mass can 
be excited in the best way by an impulse of base acceleration only if the impulse has a certain shape and duration. If the 
characteristics of the impulse are assigned, some different solutions (geometry, added mass) can be found to design a har-
vester that can be excited in the best way.

Finally the response of various harvesters to a more complex impulse of practical interest is simulated: the acceleration 
impulse caused by heel strike in human gait. Numerical results show that a maximum excitation condition can be found for 
this impulse as well.

2. Harvester response to a finite width impulse

A piezoelectric harvester converts mechanical energy into electrical energy. The harvester is typically connected to an
electric circuit for power extraction. In the framework of this research open circuit voltage voc ðtÞ is used as a reference 
parameter since it is an important variable for the design of the electric circuit [23].

In Fig. 1 the equivalent electric circuit for the harvester in open circuit condition is represented in the frequency domain: 
x is the angular frequency, IðxÞ is the current generated by the piezoelectric layer, Cpu is the internal capacitance of the 
piezoelectric layer.

In the frequency domain, the open circuit voltage is related to the mechanical excitation through this equation:
VocðxÞ ¼ FRFðxÞFrðxÞ ð1Þ
Fig. 1. Equivalent circuit of the harvester.



where VocðxÞ is the spectrum of the open circuit voltage. The harvester is represented by a single-mode model, as in most 
studies dealing with harvesters loaded by impacts [13,14]. Numerical results reported in [17] showed that the effects of
higher order modes can be neglected. Therefore, with the above-mentioned assumption, FRFðxÞ is the frequency response 
function of the 1 DOF model of the unimorph harvester, as derived in [6]:
FRFðxÞ ¼ uu
r

Cpuðx2
r �x2 þ 2ifrxrxÞ þuu

rvu
r

ð2Þ
In (2) xr is natural frequency, fr is the damping ratio of the fundamental mode (r), uu
r is the forward modal coupling coef-

ficient, vu
r is the backward modal coupling coefficient and Cpu is the capacitance.

Fr ðxÞ is the spectrum of the modal forcing function, which depends on the base acceleration [6] as follows:
FrðxÞ ¼ AinðxÞm
Z L

0
/rðxÞdx ð3Þ
In (3) AinðxÞ is base acceleration, m is the mass per unit length and /rðxÞ is the modal shape of the fundamental mode. It

should be noted thatm and
R L
0 /rðxÞdx are constants that scale the base acceleration impulse but do not change the frequency

content.
The response of the harvester is maximized when the impulse excites the harvester at its natural frequency. To further 

analyze this concept, ideal impulses are considered.
In Fig. 2 a half-sine force impulse with duration s and maximum amplitude Fo is considered. Fr ðxÞ is given by the follow-

ing equation:
FrðxÞ ¼ Fo
psðcosðxsÞ � i sinðxsÞ þ 1Þ

p2 � s2x2 ð4Þ
The amplitude of this function is plotted in Fig. 3. It has the main peak for x ¼ 0, and its value 2Fos=p decreases when 
duration s decreases. At higher frequencies there are minor peaks separated by minima, and the first minimum takes place 
when xc ¼ 3p=s.

The amplitude of the impulse spectrum at the natural frequency of the harvester (xr ) can be calculated by setting x ¼ xr 

in Eq. (4). The result of this calculation is plotted in Fig. 4 as a function of the normalized impulse duration (snorm), which is 
the ratio between s and the natural period of the harvester Tr ¼ 2p=xr . A piezoelectric harvester with Tr ¼ 8 ms  is
considered.

Fig. 4 clearly shows that the optimal excitation condition corresponds to s=Tn ¼ 0:675. Conversely, the first minimum 
takes place when snorm ¼ 1:5.

Sometimes real impulses do not vary as sharply as the half-sine impulse, and the real phenomenon can be modeled as a 
shifted-cosine impulse, which is described by Eq. (5) and is presented in Fig. 2.
f rðtÞ ¼ Fo
1�cos 2p

s tð Þð Þ
2 0 6 t 6 s

0 t < 0 [ t > s

(
ð5Þ
The Fourier transform of this function is given by Eq. (6) and its amplitude is plotted in Fig. 3.
FrðxÞ ¼ Fo
2p2ði cosðxsÞ þ sinðxsÞ � iÞ

xð4p2 � s2x2Þ ð6Þ
Fig. 2. Ideal impulses: solid line half-sine impulse, dashed line shifted-cosine impulse (s ¼ 0:01 s Fo ¼ 1 N).



Fig. 3. Spectra (amplitudes) of ideal impulses: solid line half-sine impulse, dashed line shifted-cosine impulse (s ¼ 0:01 s Fo ¼ 1 N).

Fig. 4. Maximum response condition: solid line half-sine impulse, dashed line shifted-cosine impulse.
The maximum value is Fos=2 and the first minimum takes place for xc ¼ 4p=s. In this case the amplitude of the impulse 
at the natural frequency of the harvester reaches the maximum value when snorm ¼ 0:8375.

So far the harvester with its natural period has been assigned, but in many practical situations the impulse duration is 
given and the harvester that maximizes performance has to be found. Also in this case the frequency domain analysis is use-
ful in the harvester’s design process.

A first effect is highlighted by the spectra of ideal impulses (Fig. 3). They clearly show that, in order to collect a large 
amount of energy, the resonance peak of the harvester has to belong to the frequency band ½0; xc � in which xc is the angular 
frequency of the first minimum of the spectrum. When this condition is satisfied, the lower the natural frequency the larger 
is the amount of energy that can be collected.

A second effect is due to the FRF between the generated voltage and the base excitation (Eq. (2)). The peak of the FRF in 
resonance condition is given by:
FRFðxrÞ ¼ uu
r

Cpu2ifrx2
r þuu

rvu
r

ð7Þ
And in terms of natural period (Tr ¼ 2p=xr):
FRFðTrÞ ¼ uu
r

Cpu2ifr 2p
Tr

� �2
þuu

rvu
r

ð8Þ



Fig. 5. Maximum value of FRF amplitude against tuning frequency and period.
Fig. 5 shows that the peak of the FRF increases when the natural frequency of the harvester decreases [24]. The slope of the 
curve decreases at low frequencies, when at the denominator of the FRF the term containing the forward and backward 
coefficients becomes important.

The maximum value of the output spectrum VocðxÞ is the product of the FRF in resonance condition (Eq. (7)) and the cor-
responding line (x ¼ xr ) of input spectrum. The result of this calculation for an half-sine impulse is shown by the three-
dimensional (3D) surface plot in Fig. 6. It represents the maximum value of the amplitude of the output spectrum against 
natural period Tr and impulse duration s.

An intersection of the 3D surface with a vertical plane s ¼ constant confirms that an impulse of given duration s can be 
exploited in the best way by increasing the natural period of the harvester (i.e. lowering the natural frequency). When the 
impulse is very short, the maximum peak of the response increases in monotonic fashion when the natural period increases. 
When the impulse is long and the natural period increases, there is first a zone of the 3D surface with maxima and minima 
and then there is a second zone in which the maximum peak of the response increases monotonically. The separation 
between the two zones takes place at Tr ¼ 1:5s.

It is worth noting that, if an intersection of the 3D surface with a plane Tr ¼ constant (assigned harvester) is considered, 
the maximum response condition of Fig. 4 is retrieved.

Similar results can be obtained considering the shifted-cosine impulse.
An increase in the natural period (i.e. the reduction in the natural frequency) improves the performance of the harvester, 
but it has an important drawback, which is mathematically described by the FRF between transverse displacement of the 
cantilever wrel (relative to the moving base) and base excitation [6]:
Fig. 6.
wrelðxÞ
FrðxÞ ¼ Cpu/rðxÞ

Cpuðx2
r �x2 þ 2ifrxrxÞ þuu

rvu
r

ð9Þ
This FRF clearly shows that, if the natural frequency decreases, the displacement in resonance increases proportionally to
1=x2

r inducing mechanical stresses that can potentially destroy the harvester or significantly reduce its operative life. In con-
Maximum amplitude of the response (Voc) of the harvester in the frequency domain vs. natural period Tr and impulse duration s (half-sine impulse).



clusion a detailed FE multi-physics analysis is needed to find the harvester’s natural frequency (i.e. natural period) that rep-
resents a good trade-off between the increase in generated voltage and the increase in mechanical stresses.

3. The impulsive testing method

A specific test rig for cantilever harvesters with length of some tens of millimeters was developed [17]. The main com-
ponent of the test rig is an aluminum bar suspended from a frame by means of ropes, which isolate the system from the 
vibrations of the surroundings. The harvester is clamped at one end of the aluminum bar and an hammer for modal testing is 
used to hit the opposite end of the bar (Fig. 7). In this way the hammer impact generates longitudinal vibrations inside the 
aluminum bar that, in turn, generate the acceleration impulse at the base of the harvester. The duration of the force impulse 
and consequently the duration of the acceleration impulse at the base of the harvester depends on the resilience of the ham-
mer tip. Different impulse widths can be obtained using hammer tips with different resilience [25]. Usually hammers for 
modal testing are equipped with a series of tips.

The measurement equipment includes a small piezoelectric accelerometer mounted on the clamped base of the cantilever 
(Fig. 7) and a piezoelectric load cell mounted on the head of the hammer for modal testing. The signals of the sensors and the 
voltage generated by the harvester are acquired by means of a NI 9234 board. Digital signals are analyzed in the time and 
frequency domains by means of NI Signal Express. In particular the FRF (between generated voltage and base acceleration) 
and the spectrum of the hammer impact are calculated. Some preliminary tests were carried out to validate the test rig and 
good repeatability and accuracy were found [17].

4. Experimental results

Most of experimental tests were carried out on a MIDE PPA 1001 harvester. It is a general-purpose unimorph harvester 
having a rectangular shape (41.1 mm length, 20.8 mm width) with a PZT 5H piezoelectric layer (thickness 0.15 mm), a stain-
less steel 304 structure (thickness 0.15 mm) and a copper electrode (thickness 0.03 mm). The upper side is covered by polye-
ster (thickness 0.05 mm) the lower side is covered by polyimide (thickness 0.03 mm). The nominal natural frequency of this 
harvester is 130 Hz, which corresponds to a natural period of 7.7 ms. Some tests were carried out also on a MIDE V22B har-
vester. It is a bimorph cantilevered harvester with 35.6 mm length, 6 mm width and 0.8 mm thickness.

The harvesters were tested by means of impulses of different duration and the duration was varied by changing the tip of 
the hammer of the harvester. Impulses with durations ranging from 1 to 16 ms were obtained.

Fig. 8 shows experimental results in the frequency domain. The measured FRF between generated voltage and base accel-
eration shows a peak at 125 Hz (xr ¼ 2p125). The damping ratio of the harvester (f) can be evaluated by means of the half 
power method [26], considering the two frequencies (x1; x2) corresponding to FRF amplitudes equal to 0.707 the peak 
value:
f ¼ x2 �x1

2xr
ð10Þ
The calculated damping ratio is f ¼ 0:08.
   Since there is only one resonance peak, Fig. 8 suggests that only the first bending mode is involved in the voltage generation 
caused by the base acceleration impulse. The spectra of two hammer impulses are represented in Fig. 8 as well. The   
Fig. 7. Test rig.



Fig. 8. FRF of PPA1001 harvester and spectra of impulses.
impulse with duration s ¼ 3 ms shows a large amplitude (close to the maximum value) at the harvester’s resonance fre-
quency; whereas the impulse with a longer duration (s ¼ 14 ms) shows a smaller amplitude at the resonance frequency.

Fig. 9 shows experimental results in the time domain obtained when the PPA1001 harvester is excited by impulses of
different duration s. The base acceleration impulses are similar to the force impulses. A detailed analysis of the acceleration 
impulses, which is shown in Fig. 10, reveals that they are not perfectly symmetric and are more similar to shifted-cosine
impulses rather than to an half-sine impulses. The generated voltage is a damped oscillation. With s ¼ 3 ms the generated 
voltage does not reach the maximum value during the impulse, but in the first cycle of free oscillations. Whereas, with
s ¼ 14 ms; the generated voltage reaches the maximum amplitude during the impulse and the free damped oscillations have 
a smaller amplitude.

Preliminary experimental results dealing with the effect of impulse duration on the generated voltage were presented in 
[17]. In the framework of the present research, an extended series of tests was performed both on PPA 1001 and V22B. Table 1 
summarizes the experimental results.
Fig. 9. Impulsive force, base acceleration and time response of PPA1001 harvester, s ¼ 3 ms (left) and s ¼ 14 ms (right).



Fig. 10. Base acceleration, actual impulse and ideal impulses, s ¼ 3 ms (left) and s ¼ 14 ms (right).
Two parameters are used for ranking the performance of the harvesters. The first is the maximum peak-to-peak voltage 
generated after the end of the impulse ðvppÞ: it represents the amplitude of free oscillations, which collect most of energy. The 
second is the maximum (positive or negative) peak voltage during the impulse ðvmiÞ; the maximum value is considered 
instead of the peak-to-peak value, since, with short impulses, there is not a complete cycle of oscillation during the impulse 
itself (Fig. 9). Both parameters are divided by the base acceleration peak ðac Þ. Each test was repeated five times and Table 1 
summarizes the mean values and the coefficients of variation of the measurements.

Even if actual harvesters are distributed parameter systems and actual impulses are different from ideal impulses, Table 1 
shows that the maximum peak-to-peak voltage is generated when the impulse duration is close to the optimal value found 
for ideal shifted-cosine impulses (snorm ¼ 0:8375). When the impulse duration is much shorter than the optimal value, vmi 

(during the impulse) is smaller than 0:5vpp (after the impulse); when the impulse duration is larger than the optimal value, 
vmi can be much larger than 0:5vpp. Harvester V22B generates less voltage than PPA1001, because its natural frequency is 
higher.

5. Numerical model

The 3D numerical FE model of the unimorph harvester was developed by means of COMSOL [27]. The multi-physics linear 
model includes mechanical, electrostatic and electrical equations and takes into account geometrical and structural details, 
like the layers of different materials and the edges of the plastic material that surrounds the active area of the piezoelectric 
material.
Table 1
Experimental results in the time domain.

Harvester Tr [ms] snorm vpp

ac

� �
vmi
ac

� �
Mean value Coefficient of

variation
Mean value
[V/g]

Coefficient of
variation

Mean value
[V/g]

Coefficient of
variation

PPA 1001 8.0 0.08 0.046 0.171 0.089 0.017 0.037
PPA 1001 8.0 0.40 0.031 0.608 0.035 0.310 0.036
PPA 1001 8.0 0.50 0.034 0.653 0.044 0.344 0.039
PPA 1001 8.0 0.73 0.024 0.745 0.041 0.387 0.045
PPA 1001 8.0 0.80 0.034 0.790 0.028 0.412 0.027
PPA 1001 8.0 0.99 0.028 0.760 0.023 0.401 0.028
PPA 1001 8.0 1.30 0.033 0.742 0.017 0.405 0.019
PPA 1001 8.0 1.75 0.021 0.569 0.044 0.387 0.005
PPA 1001 8.0 2.11 0.025 0.210 0.136 0.343 0.030

V22B 3.7 0.18 0.067 0.174 0.059 0.069 0.159
V22B 3.7 0.58 0.041 0.295 0.035 0.104 0.040
V22B 3.7 0.89 0.033 0.358 0.027 0.127 0.036
V22B 3.7 1.06 0.058 0.321 0.053 0.116 0.063
V22B 3.7 1.69 0.014 0.131 0.065 0.110 0.024
V22B 3.7 2.04 0.022 0.050 0.084 0.081 0.035



Fig. 11. FE model of the unimorph piezoelectric harvester with the different layers.

Table 2
Numerical results, natural frequencies and resonance peaks of PPA1001.

Mode number Eigenvalue analysis Harmonic response analysis

Frequency [Hz] Frequency [Hz] FRF peak [V/g]

1 121.3 125.4 18.27
2 500.5 – –
3 752.4 763.2 0.670
4 1627 – –
5 2104 2129 0.078
The PPA1001 unimorph cantilever is composed of 5 layers of different and perfectly bonded materials. One layer is made 
of piezoelectric material and the other 4 are the substrate (steel, copper, polyimide and polyester).

The substrate materials were simulated as a linearly elastic materials with isotropic properties; conversely, the piezoelec-
tric material was modeled as a transverse isotropic linear elastic material with its polarization axis perpendicular to the 
layer. The materials’ characteristics and dimensional properties used in the model are summarized in Appendix A.

To improve the reliability of the simulations, a detailed 3D mesh was developed (Fig. 11). The piezoelectric layer was sim-
ulated by means of 5 elements in the thickness direction and by 30 elements and 10 elements in the directions of length and 
width, respectively. All the characteristics of the mesh were defined in a parametric way that makes possible quick variations 
in the geometry of the harvester.

An eigenvalue analysis was carried out in the mechanical domain, since there is a small effect of backward coupling on 
the modal parameters. Then a modal order reduction was adopted and the steady state harmonic response was calculated in 
the multi-physics domain. In this simulation a hysteretic damping model with a hysteretic damping factor equal to
g ¼ 2f ¼ 0:016 (where f is the damping ratio) was used. Table 2 shows that there is a very small difference between the 
natural frequencies found with the eigenvalue analysis (mechanical model) and the resonance frequencies found with the 
harmonic response analysis using the complete multi-physics model. It is worth mentioning that in the harmonic response 
analysis the second and fourth vibration modes are not identified, since they are torsional modes and do not generate electric 
voltage due to their anti-symmetrical shapes.

Finally, a transient analysis in the time domain was carried out considering the complete multi-physics model. For this 
analysis a Rayleigh damping model was adopted, owing to the characteristics of the solution method of COMSOL [27].
6. Validation of numerical model

The numerical model was validated simulating the experimental tests carried out on the PPA1001 harvester. Both the 
numerical frequency response and the time response were validated. Fig. 12 makes a comparison between numerical and 
experimental FRFs (between open circuit voltage and base acceleration). It shows that the numerical model is able to repro-
duce the measured FRF with a very small error (2% in the peak value).

Fig. 13 shows that the reproduction of the time domain experimental results is more difficult. This is due to the fact that, if 
the measured impulse is modeled as a half-sine impulse with the same maximum amplitude and duration as the hammer 
impulse, large errors in the generated voltage appear during the first cycles of oscillation. The quality of the simulation 
increases if the actual impulse is modeled as a shifted-cosine impulse. The difference between numerical and experimental 
results becomes very small when the impulse simulated in the FE model is a polynomial fit of the measured acceleration 
impulse.



Fig. 12. Comparison between numerical and experimental FRFs.

Fig. 13. Comparison between numerical and experimental time response, short impulse (3 ms).
7. Numerical results

Numerical simulations of the performance of several kinds of harvesters derived from the unimorph harvester PPA1001 
were carried out in order to verify that the optimal excitation conditions, that were previously computed analytically for an 
ideal harvester, hold true for harvesters of different shapes as well. After a literature survey of recently proposed harvester 
designs [28–31], six harvesters were considered:

a. PPA 1001;
b. PPA 1001 with tip mass (0.59 g);
c. Wide rectangular;
d. Tapered;
e. Inverse tapered;
f. Triangular.

Some authors [28] highlighted that a correct comparison between harvesters with different geometries requires a clear 
definition of the design parameters. For this reason, in the presented numerical simulations the cross section of the various 
harvesters and the volume of the piezoelectric material were kept equal to the ones of PPA1001. Therefore, when the width 
at the clamped end (bc) and/or the width at the free end (be) were varied, the harvester’s length (L) was varied accordingly, 
these dimensions refer to the active part of the harvester, covered by piezoelectric material.



7.1. Numerical modal analysis

A preliminary numerical modal analysis was carried out to find the natural frequencies and modes of vibration of the var-
ious harvesters. Numerical results are summarized in Table 3.

On the one hand a significant decrease in the first natural frequency can be achieved by adding a tip mass (0.59 g) or by 
using the inverse tapered and triangular shapes. On the other hand, the wide rectangular shape and the tapered shape lead to 
increases in the first natural frequency. In all the harvesters hereby considered, the first mode is a simple bending mode with 
a node at the fixed end. The torsional mode cannot be excited by a uniform base acceleration. The higher order bending 
modes are characterized by strain nodes with sign alternations along the harvester length, which lead to cancellations in the 
generated voltage, if a continuous electrode is adopted [32].

7.2. Half-sine impulses

After the mentioned numerical modal analysis, time domain analyses were carried out to analyze the dependence of the 
maximum peak-to-peak voltage generated by the harvester on the duration of the impulse. Half-sine impulses of amplitude 
ac ¼ 1 g and different duration s were simulated. Numerical results are summarized in Fig. 14 in terms of peak-to-peak volt-
age vpp versus impulse duration s.

Every harvester generates the maximum voltage for a specific duration of the impulse. The value of the maximum voltage 
depends on the natural frequency of the first bending mode.

The harvesters with low frequency bending modes (configurations e and f) generate higher voltages than PPA1001 and
reach the best performance with long impulses ðs � 12 msÞ. The harvesters with high frequency bending modes (configura-
tions c and d), in agreement with analytical results, generate less voltage than PPA1001 and reach the best performance for
short impulses ðs � 3 msÞ: It is worth highlighting that in the presence of short duration impulses, the best design choice 
sometimes consists in lowering the natural frequency of the harvester inasmuch as numerical simulations (Fig. 14) and ana-
lytical calculations (Fig. 5) show that the increase in the response of the harvester compensates for the non-optimal tuning of 
the harvester to the impulse.
Table 3
Results of numerical modal analysis.

Harvester L [mm] bc [mm] be [mm] 1st natural frequency
[Hz] and modal shape

2nd natural frequency
[Hz] and modal shape

3rd natural frequency
[Hz] and modal shape

a. PPA 1001 41.1 20.8 20.8 122 503 760
bending torsion bending

b. PPA 1001 with tip mass 41.1 20.8 20.8 55 267 543
bending torsion bending

c. Wide rectangular 27.4 31.2 31.2 276 598 1577
bending torsion plate mode

d. Tapered 32.9 31.2 20.8 212 667 1208
bending torsion bending

e. Inverse tapered 54.8 10.4 20.8 56 342 396
bending torsion bending

f. Triangular 82.2 20.8 0 61 271 675
bending bending bending

Fig. 14. Peak-to-peak voltage of different harvesters against impulse duration (half-sine impulse with maximum acceleration 1 g).



The harvester with tip mass generates a very large voltage because the added mass not only lowers the natural frequency, 
but also increases the modal forcing function ðFr Þ; this effect is thoroughly described in [6]. The main drawback of this solu-
tion may be the increase in the stress inside the PZT layer.

For comparison purposes it is useful to represent numerical results in terms of non-dimensional quantities. The first
quantity is the normalized impulse duration snorm (in which the natural period Tr is the one of the first bending mode).
The output of the harvester is represented by the normalized peak-to-peak voltage:
Fig. 15.
vnorm ¼ vpp=2
acjHðxrÞj ð11Þ
which is the ratio between vpp=2 and the voltage generated by the harvester when it is excited at its resonance condition by 
an harmonic input having the same amplitude ðac Þ. vnorm can also be defined as the ratio between the voltage generated in 
transient condition and the voltage that the harvester can generate in the best steady state condition.

Fig. 15 shows that the various harvesters reach the best performance when snorm ¼ 0:675, in agreement with analytical 
results. In the best tuning condition, all the harvester generate the same vnorm, which corresponds to a small fraction of 
the voltage generated at resonance by an harmonic input having the same amplitude ðacÞ.

7.3. Impulses caused by human gait

The response of the harvesters to a more complex impulse was considered. In particular, owing to the practical interest, 
the response of the harvesters to the acceleration impulse caused by heel strike in human gait was simulated. Various 
authors [18,19] highlighted that this acceleration impulse is mainly directed in the vertical direction and can be represented 
by a large positive peak (pointing up from the ground) followed by a minor negative peak (Fig. 16). The amplitude and dura-
Normalized peak-to-peak voltage of different harvesters against normalized impulse duration (half-sine impulse with maximum acceleration 1 g).

Fig. 16. Schematization of impulse acceleration due to heel strike in human gait.
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Fig. 17. Peak-to-peak voltage of different harvesters against impulse duration (human gait impulse).

Fig. 18. Normalized peak-to-peak voltage of different harvesters against normalized impulse duration (human gait impulse).
tion of these acceleration peaks depend on the walking/running patterns, on the subject and on the characteristics of shoes
The major peak ranges from 5 to 30 g, the minor peak is about half the major peak [18,19]. The sequence of two peaks occurs
in some tens of ms [19]. In this research the two peaks were represented by two half-sine impulses joined for s=2 by a
smooth function. The amplitudes of the peaks were kept constant (+10 g and �5 g respectively) and the duration was varied
between 4 and 35 ms.

Fig. 17 deals with the simulated response of the harvesters loaded by impulses caused by human gait. Harvester PPA 1001
achieves the best performance when impulse duration s is about 9 ms. This value is rather small and, in order to tune the 
harvesters to the typical duration of the peak-valley sequence shown in Fig. 16, the natural frequency of the first bending 
mode has to be lowered. This result can be achieved by adding a tip mass (harvester b) or by adopting the inverse tapered or 
triangular geometries (harvesters e and f). These solutions also lead to an increase in the FRF amplitude that has a ben-eficial 
effect on the generated voltage. Harvesters tuned to high frequencies (harvesters c and d) are not suited to exploit impulses 
caused by human gait.

Also in this case results can be presented in non-dimensional way. Fig. 18 shows that the maximum performance of the 
harvester is achieved when the impulse duration is about 120% the natural period of the first bending mode ðsnorm ¼ 1:2Þ. This 
numerical result roughly agrees with analytical results since snorm ¼ 1:2 corresponds to a main half-sine peak having duration 
equal to 0:60Tr .

8. Concluding remarks

This paper deals with the problem of efficiently exploiting acceleration impulses by means of piezoelectric harvesters. An
analytical study based on ideal impulses and a single mode representation of the harvester has given design guidelines that



have proved to hold true also in the presence of actual impulses and more complex harvesters (tapered, inverse tapered and
triangular geometry).

A detailed 3D numerical model of a unimorph cantilever has been developed and experimentally validated and the para-
metric structure of the model makes it possible to simulate harvesters with different geometries.

Numerical simulations have shown that the impulsive response of both rectangular and trapezoidal harvesters depends
on the first bending mode, while higher order modes can be safely neglected.

Numerical simulations and experimental results have shown that a harvester with a certain natural frequency can effi-
ciently harvest mechanical energy only if excited by an impulse whose duration has a specific relation with the natural per-
iod of oscillation of the first bending mode of the harvester itself. The maximum peak-to-peak voltage generated in transient
condition is always a small fraction of the voltage that the harvester can generate in steady-state condition, when excited in
resonance by an harmonic input with the same amplitude.

The problem of modifying the natural frequency to tune the harvester to the impulse has been considered as well. Numer-
ical simulations have shown that, when the natural frequency has to be lowered, there are various solutions which may dif-
fer for the level of stress generated inside the piezoelectric material.

Further studies will deal with the response to repeated impulses and the borderline between impulsive and periodic
excitation.
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Appendix A

See Tables A1–A3.
Table A1
Substrate materials properties.

Material Elastic modulus E Poisson’s ratio m Density q

Polyester 3.65 GPa 0.48 1380 kg/m3

Copper 110 GPa 0.34 1300 kg/m3

Steel AISI 304 193 GPa 0.29 8000 kg/m3

Polyimide 4.1 GPa 0.34 1410 kg/m3

Table A2
PZT 5H properties’.

Property Symbol Value Unit

Relative permittivity eT33 3800
Piezoelectric constant d31 �320 � 10�12 C/N

Piezoelectric constant d33 650 � 10�12 C/N

Young’s modulus YE
11 6:3 � 1010 Pa

Young’s modulus YE
33 5:0 � 1010 Pa

Density q 7800 kg/m3

Table A3
Dimensional properties of the harvester.

Geometric cantilever properties Symbol Value [mm]

Cantilever length L 42.9
Cantilever width b 23.3
Cantilever thickness h 0.41
PZT 5H thickness hPZT 0.15
Steel thickness hSt 0.15
Copper thickness hCu 0.03
Polyimide thickness hPm 0.03
Polyester thickness hPs 0.05
Lateral edge Le 1.25
Tip edge Te 1.80
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