Qualitative properties of singular solutions to nonlocal
problems
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Abstract We consider positive weak solutions to (—A)* u = f (x, u) in Q\I" under zero
Dirichlet boundary condition. The domain 2 is bounded or is the whole space, and the
solution has a singularity on the singular set I'. Under suitable assumptions on f we prove
symmetry and monotonicity properties of the solutions when the singular set I has zero s-
capacity.
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1 Introduction

In this paper we study the following nonlocal semilinear elliptic problem:

(=A)u = f(x,u) in Q\T,
u>0 in Q\I, (1.1)
u=0 in RV\Q,
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where 0 < s < 1, N > 2s and Q2 is a bounded domain with smooth boundary €2, or it is
the whole space RY . Note that the equation is satisfied in \I", where the set I' C €2, which
is referred to as the singular set, is compact and has zero s-capacity (see Sect. 2 below).

We consider solutions belonging to Wli)cz RN\ NL'®RY) N C(RN\I'), and the equation
is understood in the weak distributional sense, see Definition 2.2 below. As it is customary,
in the case of a bounded domain €2, the Dirichlet datum is expressed by the fact that u is
identically zero outside 2.

We study symmetry and monotonicity properties of solutions via the moving plane method
that was introduced in [2,22], and in particular we refer to the celebrated papers [4,15]where it
was firstly exploited to study symmetry and monotonicity properties of the solutions.

Here we deal with singular solutions in the nonlocal case; for the local case we refer to
[6,21,23,28]. Symmetry results, when I' = ¢, for equations involving the fractional
Laplacian via the moving plane method, for more regular problems, can be found for
instance in [3,12,16,17] and also in [7,8,12,14,20]. Other works, for the case I’
= () and in the nonlocal framework, that study the symmetry of solutions using other
techniques are, for example, [5,11,24].

In our results we shall assume in the case of a bounded domain €2 that the nonlinearity f
is uniformly locally Lipschitz continuous far from the singular set I'. More precisely we
make the following assumption:

(ALY). For any 0 < 7, t < M and for any compact set K C Q\T, there exists a positive
constant C = C(K, M) such that

|f(x,t) —f(x,t)| <Clt—t|foranyx e K.

Furthermore, f (-, T) is nondecreasing in the x1-direction in Q N {x1 < 0} and symmetric
with respect to the hyperplane {x| = 0}.
In this setting our main result is the following

2

Theorem 1.1 Let u € W;-(RV\I'") N LY(RY) N C(RN\T) be a solution to (1.1) with f

Sfulfilling (A}v). Assume that the singular set ' C Q is compact and has zero s-capacity.

If Q is convex and symmetric in the x1-direction and I' C {x1 = 0}, then u is symmetric
with respect to the hyperplane {x; = 0} and increasing in the x-direction in Q2 N {x; < 0}.

If the domain is a ball and T is the center of the ball, then the solution is radial and
radially decreasing about the center of the ball.

The proof exploits a new technique based also on some ideas introduced in [23] for the
local case. The nonlocal case exhibits many peculiarities related in particular to the notion
of solution and to the fact that the critical set plays a role also far from it, because of the
nonlocal nature of the operator.

In the second part of the paper we consider problem (1.1), with f = f(u) in the whole
space R, that is we consider

(1.2)

(—A)Yu = f(u) in RV\T,
u>0 in RM\T,

with f(-) satisfying a critical growth assumption, namely:
(A?) fis C! and convex with f(0) = 0 and, for any 7 > 0
fl6) < Cpt72,

for some Cy > 0, where 2 = 2N /(N — 2s), N > 2s is the Sobolev critical exponent. We
dropped thé dependence of f on x to avoid further technicalities.



In this setting our main result is the following

2

Theorem 1.2 Let u € Wy,-(RV\I') N LY ®RY) N CRN\T) be a solution to (1.2) with f

Sfulfilling (A?C). Assume that the singular set ' C RN is compact and has zero s-capacity.

If for some Ry > 0, I" C {x; =0} N B, andu € L% (RN\BRO), then u is symmetric with
respect to the hyperplane {x1 = 0} and increasing in the x1-direction in {x; < 0}.

If u has only a nonremovable singularity at the origin, then the solution is radial and radially
decreasing about the origin.

In the local case the problem in the whole space can be studied in a similar way as in the
case of a bounded domain. This is not the case when considering nonlocal problems; indeed,
a fine density argument and new estimates are required.

The paper is organized as follows: we collect some preliminary results in Sect. 2. The case
of a bounded domain, namely Theorem 1.1, is studied in Sect. 3. In Sect. 4 we deal with the
case of the whole space and we prove Theorem 1.2.

2 Notations and preliminary results

Let us recall that, given a function u in the Schwartz’s class S (]RN ) we define for0 < s < 1,
the fractional Laplacian as

(CAYuE) = [E70E), £eRY, @.1)

where # = F(u) is the Fourier transform of u. It is well known (see [18,27,29]) that this
operator can be also represented, for suitable functions, as a principal value of the form

oo u(x) — u(y)

(—A)'u(x) :=cn s P.V. /RN 7“ — (2.2)
where . (N )
1 — cos(&) )_ #r (5 +s

5= ——d =——= >0, 2.3

o (/R g 4 e e

is a normalizing constant chosen to guarantee that (2.1) is satisfied (see [9,25,29]). From
(2.2) one can check that

C
(=AY p(x)| < W, for every ¢ € S@RM). 2.4)

This motivates the introduction of the space

e (x)]

LSRNy = RY S R: / _—
( ) {u - RN 1—|—|x|N+25

dx < oo} R
endowed with the natural norm

e, = [, B g
'Y 1+ [x|N+2s

Then, ifu € £5(RY) and ¢ € S(RV), using (2.4), we can formally define the duality product
((=A)%u, ¢) in the distributional sense as

(=A)u, §) ::/ u(=A) ¢ dx.
RN



We consider the Sobolev space
H'RY) := [u e L2RY) : |¢fh e L2(RN)}
endowed with the norm
Nl s vy = Nl 2wy + 167l 2y -

We also consider the Hilbert space ©%2(R"), which is the completion of C & (RN) w.rt.
the norm

2. 12
g1 al 2@y = —n( A Pulfa g

Furthermore, for any open subset 2 € ]RN with smooth boundary 9€2, and for any p > 1
let W* P (Q2) be the space of measurable functions u : € — R such that the norm

p p [u(x) —u(y)|?
||y = |lu + —————dxd
lleellyy P(Q) I “LP(Q) /Q o |x — y/Ntps y

is finite. In addition, denote by Wg’p (2) the closure of C2°(€2) with respect to the norm
I+ lws.p(e) - We set

HY(Q) = W2(Q), HJ(Q) = Wy (Q).

Moreover, we say that u € WISO’C2 (R2), if for every compact subset K C 2 we have that
u € WS2(K) . We also set

H(Q) = [u cHY(Q) :iie DS’Z(RN)] ,

where

P L (2.5)
0 in RM\Q.

H{(£2), equipped with the norm

2 o 2s ~\ 12
e T

is a Hilbert space. If €2 is bounded (see, for example, [13]), then there exists a constant
C = C(2) > 0 such that

Cllall s wnvy = Nz @) < Nl gsgyy forany u e Hy(2).

Thus,
() = {u CHY(Q) tiie HS(RN)} .

Moreover, C°(2) is dense in H{(<2) .
In the following we will exploit the following well known Sobolev-type embedding The-
orem

Theorem 2.1 (See[1, Theorem 7.58],[9, Theorem 6.5],[19,26]) LetO < s < 1land N > 2s.
There exists a constant Sy g such that, for any measurable and compactly supported function
u: RN > R, we have
2
Sl gy < o =2l

L2 (RN) = RN)



where
2% 2N (2.6)
SN -=2s '

is the Sobolev critical exponent.
Now we are in position to give the following
Definition 2.2 We say that u € Wlso’c2 (RM\I") N L' (RY) is a weak solution to (1.1) if
u=0 in RM\Q

and

1 /‘ / (u(x) —u(y)(e(x) — ()
—CNs dxdy
2 RN JRN

|x _ y|N+2s
= [ Fexpdx vpecx@r).
where ¢y ¢ has been defined in (2.3).

For the reader’s convenience, in order to show that Definition 2.2 is well posed, we prove
the following

Proposition 2.3 Ler u € WS2(RN\T) N L' (RN). Then, for any ¢ € C2(Q\I),
1 (u(x) —u(y)(px) — @(y))
SCN,s dxdy < oc0.
2 RN JRN

|x _y|N+2s

Proof Letg e C2°(Q\I') and let us denote K, = supp(¢). Fix now a compactset K C Q\I"
such that K, C K and use the decomposition

RY xRY = (KUK®) x (KUK"),
where K¢ := RN\ K. Thus,
1 / / (ux) —u) (@) — ()
5CN.s dxdy
2 RN JRN

| — y|NHs
_ lc / / (u(x) —u(y)(px) — () drd
2 e i =y '
1 (u(x) —u(y)(px) — ()
+§CN,S ﬁ e |x — y|N+23 dx dy
1 (u(x) —u(y)(px) — ()
+§CN,s /;{(_ /K x|V dx dy, 2.7)
since
1 (u(x) —u(y)(px) — ()
EON’S /KC e x| N2 dxdy =0.
We prove that all the three terms on the right-hand side of (2.7) are finites. In fact
1 (u(x) —u()(ex) —e(y))
ECN’S /K/K X — y N dxdy < C, (2.8)

for some positive constant C, since by hypothesis u € Wli)’cz (RM\I') and K C Q\TI. There-
fore, by Holder inequality, (2.8) follows.



We can write the second term as

10 // (u(x) —u() (@) — o) drd
2N Je Jie Ix — y|N+2s y
_1 (u(x) — u(»))(px) — p(y))
= ZCN’S/;< e v y N2 dxdy. 2.9)

¢

We observe that, for all points (x, y) € K, x K¢, we have that |[x — y| > § > 0, for some
positive constant § = §(K, K,). We deduce

1 / (u(x) —u(y)(px) — ()
K, JK¢

—cN.
2 § |x _y|N+25

dxdy <C, (2.10)

with C = C(3, K, Ky, lullp1gny, lollLe,)) a positive constant. Here we have used the
fact that u € LY(RV) and ¢ € C*(Ky). From (2.9) and (2.10) we obtain

1 - _
Sens / (u(x) u(y))(z(fz)‘ ¢ ey < . @.11)
2 K Jke [x — y[VHes

For the third term we argue in the same way as in (2.9), (2.10) and (2.11). Finally, by (2.7)

we obtain the thesis. O
For future use we point out the following

Lemma 2.4 Let u € W]‘;’CZ(RN\F) N LYRN) be a weak solution to (1.1), according to
Definition 2.2. Then,

1 (u(x) —u(y)(p(x) — ()
ECN,s A@N /];{N It — y|Vi2s dxdy =/1;{N fx,u)pdx

forany ¢ € Wg’z(Q\l") with compact support in Q\T.

Proof For any ¢ € WS’Z(Q\F) with compact support in Q\I", by a convolution argument,
we can consider a sequence of functions ¢, with compact support still in Q\I" such that
Wit (Q)
on €CE(Q\D) and ¢, — o
Plugging ¢, as test function in (1.1) and passing to the limit we obtain the thesis. It is crucial

here the fact that, by the properties of the convolution, we can assume that the supports of
the functions involved remain bounded away from the singular set. O

For any given compact subset I' C Q we define the relative s-capacity of T" w.r.t. Q as
follows (see, for example, [13]):

Cap§z T) = ¢€gg(g) {”¢”%"5(9) : ¢ > 1 in a neighborhood of F} . (2.12)
Moreover, we define the s-capacity of I" by
- ; 2 . ; ;
Cap,(I') := ¢501321:RN) {||¢||D‘“*2(]RN) : ¢ > 1 in a neighborhood of F}. (2.13)

We have the next result.

Lemma 2.5 Let Q C RN be an open bounded subset; let ' C 2 be a compact subset. Then,
there exists a constant K > 1 such that

Cap, (") < Cap{}(T") < K Cap,(T'). (2.14)



Note that an estimate similar to (2.14) is established in [30]; however, in [30] a slightly
different definition of s-capacity is used. Moreover, the relation between the s-capacity and
the Haussdorf measure is described also with various examples.

Proof In view of (2.12) and (2.13), clearly, we have that
Cap,(T") < Cap¥(T). (2.15)
Note that, due to (2.13), for any € > O there exists ¢ € C2° (RNM) such that
I6e 132 vy < Capy (D) +€. (2.16)
We can select (see [9]) an open subset Q' CC 2 and a function 7, € W25 (RN) such that

Ne = ¢ in ', (2.17)
ne =0 in RM\Q. (2.18)

Moreover, we can find a constant C = C (") > 0 such that

17 lw2s @yy < C~'||7)e||w2-s(§z/) . (2.19)

Note that thanks to (2.18), we have that ¢ € HB(Q) . Using the fact that C2°(2) is dense in
Hy(2), (2.19), and Theorem 2.1, we can infer that

Capi' (D) < nelyea@ny < Imelliyso@ry < CImellfye gy,
< Clldel7a gy + I19elZeran)]
< ClIell? o ) + 10l n)] < C(Capy (D) +6).
for some positive constant C independent of €. Letting € — 0T, we get
Cap$(T") < Cap,(T).
This combined with (2.12) yields (2.14). The proof is complete.

We will use the following notations. For a real number A < 0 we set

Q. ={xeQ:x <A} (2.20)
={xeRY :x; <) (2.21)
Ry(x) =x), = QA —Xx1,X2,...,X) (2.22)

which is the reflection trough the hyperplane 7; and
up(x) = u(xy). (2.23)

Also we define
a = inf xj. (2.24)
XEQ

Notation. Generic fixed and numerical constants will be denoted by C (with subscript in
some case), and they will be allowed to vary within a single line or formula. By |A| we will
denote the Lebesgue measure of a measurable set A.



3 Proof of Theorem 1.1
For A < 0 we introduce the following function

_Jw—u)t), ifxen,
)= { = )~ (x),

if x e RM\X;, 3.1
where (1 — u3)* := max{u — uy, 0} and (u — uy)~ = min{u — u;, 0}. We set
Sy, supp w; (x) N %;, S)LL' = 2\Sh,
N N (3.2)
D;. supp w (x) N (R \EA), D; = (R \EA)\D/\ .
It is not difficult to see that

D,. is the reflection of S;,

(3.3)
Lemma 3.1 Under the assumptions of Theorem 1.1 and for a < A < 0, we have that
(10— w3 )’
/RN /RN oy dxdy < C(f,s, N, llullL>@;)) (3.4)

Consequently wy, € Hy(2; U Ry (23))
Proof We start by exploiting the fact that the singular set I' has zero s-capacity. For each
e > 0,let

rt = [x e RV | dist(x, Ry.(I") < s} .

A
In view of Lemma 2.5, we have that, for each ¢ > 0, Capgs (R;(I")) = 0. Hence, we can find
¢e € C2°(I'?) such that

(e~ @(y))
/;QN/RN g |N+2Y dxdy <e, 3.5)

with ¢, > 1 on a neighborhood of R, (I'). Via a truncation argument it follows that we can
assume 0 < ¢, < 1, ¢, € HY(I'}). Let now

g(t) := min{1; max{0; 2t — 1}}

teR,
and consider

81— ¢e(x)) in T}
() = ’ A, (3.6)
1 in X\I';.
Moreover, we extend ¢, by even reflection in RN\ Ty, namely ©;(x) = @7 (x;) for every

— o
x € R"\X,. In the following, for simplicity, we use the notation ¢} = ¢.. Then, we set

¢ = wwf .
It is easy to check that

(=AY uy = f(xp,up) in RV\Ry (D), 3.7)



in the sense of Definition 2.2 . By density arguments (see Lemma 2.4), we can plug ¢ as
test function in Eq. (1.1) fulfilled by u, and in Eq. (3.7) fulfilled by u,. Arguing in this way
and subtracting, we get

1 (@) — up(x)) — @) — 1, () (wr ()2 (x) — wr. (VP2 (»)) 4
~CN,s &y Jry Xdy

|x _y|N+25

(3.8)
S/ (f(x,l/l) f(xvuk)>w%(p§dx .
N U —uy
where we also used the monotonicity properties of f (-, u).
Claim: Now we claim that
/ / (((x) — up(¥) = @(y) — ). (y) (Wi (@7 (x) — wi (NPZ () dx dy
§ _ y|N+2s
RN JrN lx — yl (3.9)

e f / (w2 () = ) (W @E® ~ WD) o
RN JRN

|x _ y|N+2s

To prove this we follow closely the technique in [12] and we argue as follows. We have that

[ (@) = 0.0 = () = w0 ) (a2 @) = Wi ()
RN JRN

|x_y|N+2x xdy

/ / (200 = w2 (1) (wr L2 = W (VFE()
RN JRN

|x — V|N+23 dXdy

[ (e = 0.0 = @) = 1.)) = (w206 = w2 () ) (WD) = WA (VEE)
Jr
R’V JRV |

X
X — N Y

(200 = 02 (Wi OEED) = w2 (P2 () Gy
_/RN/IAQV |x_y|N+23 dxdy + /]RN/D;N |x—y|N+25 Y,
(3.10)

where

G0y = (00 =) = () =1,)) = (2.0 = w M) ) (W) =W (WPE)) -

g(x,y)
/RN/]RN r—y |N+2dedy20. 3.11)

To check this, we use the decomposition

Now, we prove that

RV xRN = (S US{UD, UD) x (S US{UD,UDY),

where S;., S5, D and D5 have been introduced in (3.2). By construction, it follows that

G(x, y) = [ = () = ) w M M] in (S5 x S),
G(x, y) = | = (@) = @)w M| in (S x Da),
G(x,y) = [ = () ~ wM)wr@e? @] in (S, x S),
Gx. ) = [ = () = wM)wr (D) | i (S.x DY),
G(x, y) = | = (W) = @)w M| in (D xS,).



G(x, y) = = (W) = ) w M| in (D5 x D),
G(x, ) = [ = (W) —ww eI in (Di x ).

Gx.y) = [ = (W) = wM)wr (D) | in (D1 x DY)
and G(x,y) =0 elsewhere .

G(x,y) G(x,y)
/ev/& Ix —y |N+2YdXdy+/c/D vy |N+2dedyZO' (3.12)
* A

Indeed, note that, if x € S)f and y € S, then G(x, y) > 0; moreover, G(x, y) = —G(x, y»).
Also, we have that [x — y| < |x — yx| forall (x, y) € S5 x Si. Therefore, using also (3.3),

we have
G(x,y) / / G(x,y)
dx dy dxd
//5 oy SO s
/ / G(x,y) / / G(x, yn) drd
s, o=y e Js, Te =y

1 1
= Q(x,y)[ - ]dxdyz()
/; S v — pINF2 | — oy [N

which shows (3.12). Similarly, one can prove that

(x,) / / G(x,y)
dxdy dxdy > 0,
/.A/wx—yw“i T s, Joe ey Y =

G(x,y) G(x,y)
// [x—y I"’“Ad *dy +fc/m lx —y I"’“Ad xdy =0

G(x,y) / / G(x,y)
dxdy + dxdy > 0.
./D,\/L |x — y|N+2s D, Jpe Ix — y N2

Collecting the estimates above we obtain (3.11) that actually proves (3.9) and the claim.

‘We have that

and

By (3.9) it follows now that (3.8) provides
/ / (Wi (x) — wa () (Wi ()2 (x) — wr ()7 (y))
RN JRN

lx — y[NH

5/ (f(x,u)—f(x,ux)) wig? dx

Q) u—uy

that we rewrite as
L. / / (W, (0) = w (@) |
2N Jaw Jrw |x — y|NF2s Y

/ / (Wi (x) — wa () (P2 (y) — %(X))wx(y)
RN JRN

v — y|Nt+2s

/ <f(x u) — f(x,u;\)) w)%wfdx
Q) u—u)

dxdy
(3.13)

dxdy




L / / (W () = w, () (20) = gEO) i) |
-2 N.s RN JRN |x — y|N+2s y
+C(f.N,s, ”u“LOO(Q;\))/Q (w) @2 dx . (3.14)

Observe now that, by a symmetry argument, we have

(Wi () —wa(»)? 5
»/RN /I‘QN [x — y|N+25 @7 (x)dxdy

=f / (w;.(x) — wy,())? (wf(x)wf(y)+¢§(x)—‘/’3(y)> drdy (3.15)
RN JRN 2

e — y Ve 2

3 / / (w;.(x) — wy () (<p§(x)+<p§(y)) ded
= ey ey T =y 2 v

On the other hand, using the Young inequality we have

/ / (Wi (x) — wa () (P2(y) — P2 (0)) wi ()
RN JRN

|x_y|N+2s dxdy

_ / / (w,\(x)—wxz(Ver)z) i) o) (%(x)wg(y))'
]RN RN |x_ | S

(wy, (x) — wy (»))?
=° /RN /]RN T (@ (X) + 9 (y))°

C(fN 5, ||14||L°°(QA))/ / (e (x) = e ()
RN

|x _ |N+2s

(W) —wi()? , 5
=2 /]‘{N /RN |x — y|N+23 (¢£ (x) + ¢; ()’))

+C(faN75,||u||L°°(QA))/ / (@ (¥) — ¢ ()°
& RN '

|x_ |N+Zs

(3.16)

In the following computations we set ¢ = %cN“Y and, taking into account (3.14), by (3.15)
and (3.16), we arrive at

/ / (Wi (x) — wa()? <¢§<x>+<p§<y>) ded
wy Jay  x = IV 2 g

< C(f, N, s, lullL=(g,)) fg wip? dx
A

(e (x) — @ ())?
+C(f,N,s, IlullLoo<m>)/RN fRN Tk — gV

= CULi N, s, lullL=@) - (3.17)

In the final estimate we exploited the properties of the cutoff function provided by (3.6) and
the fact that 0 < w; < u in 2, (together with a symmetry argument).

Then, since ¢, — 1 in RV as ¢ — 07, the inequality (3.4) follows by Fatou Lemma
letting ¢ — 07 in (3.17).

To deduce that w; € Hf)(QA U R, (£2,)) just note that w, is bounded and then apply
standard arguments, see [9]. m]



Proof of Theorem 1.1 We start the moving plane procedure by showing that, recalling (2.24),
we can take a < A < 0, with |A — a| small, in such a way that u < u; in 2, \ R, (I"). In fact
using @ = w)hgog in Eq. (1.1) fulfilled by u and in Eq. (3.7) fulfilled by u, , subtracting we

wi (D@2 (x) — wy ()@Z () dx dy

/ / ((x) —upn(x)) — w(y) —un(y))) (
RN JRN

|x _y|N+2s

</ ( (x, u) - f(x,m)w%%zdx
RN u—uy

and then, as in (3.13) (see also (3.9)), we have
/ / (Wi (x) — wy, (M) (W ()P (x) — w3 ()2 (y))
RN JRN

|x _y|N+2c

[ ()

Using that 92 < 1 in all RV and that w € L>®°(R"), it follows

/RN /RN (0, () @2 (x) — wr (NP2 dxdy

|x _ y|N+23

(Wi (x) — wa(y))?
= Z/RN /RN BT LT

(@: () — e (x))?
+C/R~ /R Ty S

and C = C(JJlul|L=(@,)) is a positive constant. Therefore, by Lemma 3.1, (3.5) and (3.6) we

deduce 5

20y 2

/ / (wr (P2 (x) — wy. (NP2 (Y)) dxdy < C. (3.19)
RN JRY lx — y|NV+2s

dxdy
(3.18)

where C is a positive constant not depending on ¢. Letting ¢ tend to zero, the L.h.s of (3.18)
by weak convergence goes to

(wy. (x) — w;, (»)?
,CNS/I;N/RN x_leHY dxdy.

By (A;) and Lemma 3.1, the r.h.s of (3.18) goes to

/ (f(x,u)—f(x,u;)) 2
wy dx.

RN u—1u

Hence, (3.18) becomes

1 (W (x) — m(y))2 feu) = fou)\ o
sons [ [ e vy = [ (PRI e

Using (A lf) and Holder inequality, it follows

(Wi (x) — wa(y))?
/I;N /];{N x _ y|N+2s dx dy




s/ (f(x’”)_f(x’”“> w? dx
RN u—uy

z-2 »  \F
<2Cs|1ul % (/ w;’ dx)

4C (ws(x) — wa ()2
< Q 2 dxdy, 3.20
- SN sCN, v| )L| /RN /I‘QN |~x - |N+25 Bt ( )

where the last inequality follows from Theorem 2.1. Recalling (2.24), for [A — a| small, it
follows that

4c -2
—L T < —eny
SN,SCN,S 4

A contradiction occurs by (3.20) unless

(Wi (x) — wm)) B
Jor oo S axar =0,

thatis u < u in ;.

Let us now set
Ao={a<r<0:u<u; in Q\R,(I") forall 7 € (a, 1]}
and
Ao = sup Ao.

that is well defined since we showed that Ag is not empty. To prove our result we have to
show that Ag = 0.

To prove this we assume that Ayp < 0 and we reach a contradiction by proving that
U < Upgtr N Qygpr \Ryg4c(I') for any 0 < 7 < 7 for some small T > 0. By continuity
of u in S_Z\F, we know that u < uy, in Q3,\Ry,(I'). Actually it follows that u < u;, in
Q5,0 \ Ry, (I'). To deduce this, just write down the equation fulfilled by u — u;, and exploit
Proposition 3.6 in [17].

Therefore, given a compact set K C €2;,\ Ry, (I"), by a uniform continuity argument, we
can ensure that u < u;,4. in K forany 0 < 7 < 7 for 7 > 0 small. Note that to do this we
implicitly assume, with no loss of generality, that R, (I") remains bounded away from K.
Arguing as in Lemma 3.1 we consider

e =TT 0<tT <1

with the same construction and we set
o 2
@ = w)»()+‘[ gas .

In view of Lemma 3.1, we can choose ¢ as test function arguing exactly as in the proof of
Lemma 3.1 and again we arrive at the first inequality in (3.17), namely

/ / (Wigse () = Wigse ()’ (wﬁ(x) +<p§(y)> q
xdy
RN JRN |x — y|[N+2s 2

= C(f,N,s, ||u||Lw(szk0+f))/ (Wig4) 7 dx

Qk0+r




(e (¥) — 9 ()*
+C(f, N,s, ||M||L°C(on+f))/l‘w /]RN W

By construction, see (3.6), it follows that

/ / (P (x) — @ (1))? 0
RV JRN  x—y TN e

Therefore, arguing as above, we pass to the limit as ¢ — 0 and, recalling Lemma 3.1, we

deduce that
2
/ / (Wirgr () — wigre (1)) ded
RV JRY |x — y|N+2s Y

< C(fN. s, lullz@,00) / (Wigr)? dx

Qg+t

=C(f,N,s, ||M||L°°(Qko+f))/ (Wig+0)* dx .

QAU+I\K

By the Sobolev inequality, see Theorem 2.1, we deduce that

2
(wk()+‘r (x) — W+t (y)) dxd
RN JRN |x_y|N+2s Y

< OO N5 (@5 00| (@ 42\ KO

2

2% %
/ (Wpg+7)™ dx
Qgr\K

2
32 (Wig e (X) = wig (1)

. Q0 \K ’ dxd
< C(f.N.s. lullL (mom)‘( ho+7\K) /RN /RN N+ ahed

(3.21)

22

where the C(-) involves now the Sobolev constant. For K large and T small, we may assume
that

22

SN 8, @) | (Rt VK| <1

so that, by (3.21), we deduce that

2
(Wagr (X)) — wig4 () B
/]RN/]RN =y dxdy =0.

This proves that u < w47 in )4 \Rjy4:(I') forany 0 < v < 7 and for some small
T > 0. Such a contradiction shows that

A =0.

Since the moving plane procedure can be performed in the same way but in the opposite
direction, then this proves the desired symmetry result. The fact that the solution is increasing
in the xj-direction in {x; < 0} is implicit in the moving plane procedure. If 2 is a ball and
u has only a nonremovable singularity at the origin, then the solution is radial and radially
decreasing about the center of the ball. This follows applying the moving plane procedure in
any direction v € S! of RY. O



4 Proof of Theorem 1.2

We start by proving the following

Lemma 4.1 Under the assumptions of Theorem 1.2, for ) < 0, we have that

2
(w00 = w2 ()
/ / dxdy <C, 4.1)
RN JRN

x — y[NH

where C = C(f,s, N, ull,2 (BN\Bg,)® ||”||L°°(EAOBRO)) is a positive constant.

Proof We start by exploiting the fact that the singular set I" has zero s-capacity. For each
e > 0,let

r* .= [x e RY | dist(x, Ry(I)) < s] .
Arguing as in the case of a bounded domain, thanks to Lemma 2.5, we have that, for each

e >0, CapEQ(RA(F)) = 0. Therefore, there exists ¢, € Cfo(Fg\) such that

(#e00 </>g(y>)
/RN/RN S drdy s, 4.2)

with ¢ > 1 on a neighborhood of R, (I"). Via a truncation argument it follows that we can
assume 0 < ¢ < 1, ¢ € Hj (Fé). Let (ps)\(x) be defined in X, as in (3.6). Then, by even
reflection, we define <p§(x) in all RV putting <p§(x) = (pé‘ (x;) for every x € R"\%,. Let
Y10 € C®(RN) be a standard cutoff function such that ¢; ¢ = 1 in B;(0) and 010=0
outside B> (0) and even w.r.t the hyperplane Tp, i.e., ¢1,0(x) = ¢1,0(x0) forevery x € R"\ X.
Then, for a fixed point xc € T, letus set pg . = ¢1,0((x —xc)/R). Recalling (3.1) we set

9 = WiPLPR . -
We point out that u«; (see (2.23)) solves
(=A)up = f(u) in RM\R, (), 4.3)

in the sense of Definition 2.2. By density arguments (see Lemma 2.4), we can plug ¢ as test
function in Eq. (1.2) fulfilled by « and in equation (4.3) fulfilled by u,_. Subtracting, we get

/ / () —up(x)) — (u(y) —ur(y)))
RN JRN

_y|N+2€

x (0 () ()@ . <x> — W (NP (NPR . (1) dxdy
< /N <M> w%‘ﬂ?‘ﬂlze,xc dx . (4.4)
R

u—uy

Arguing as in the proof of Lemma 3.1, following verbatim the computations from Eq. (3.9)
to equation (3.13), we obtain

(w20 = ws () (W2 (R, (¥) = . (IG2GIGF (1)
/ / dxdy
RN JRN

|x _ y|N+2s

< /RN <M) wi%z(p%’xf dx. 4.5)

u—uy



We rewrite (4.5) as

1 / / (i (x) —wi () @ (X)waC(X)
=CN,s dy
2 ’ RN JRN

|x _y|N+25

1 (3.0 = w0 (P2, 0) = P20, () wa(v)
< —CN_s dxdy
2 /]RN /RN |x — y|N+2s
+/ <f(“) - f(u)»)> %903(01?)( dx.
RN u—up
(4.6)
Recalling (3.15) we have
/ / (w3 (x) = wi (1)) P2 ()P . (%) e d
RN JRV |x — y[NF2s g
_ / / (Wi () — w2 [ PF PR . () + 92 (N@R . () dxdy. @)
RV JrY  |x — y|NHE 2

On the other hand, using the Young inequality we have

(wy.(x) — wa(y)) (w?(y)ga,%,xf () — PP . (x)) w;.()
[ L

|x _y|N+2s

/ f (w;\(x) — wi(y)) wi(y)
RN JRN — y|NF2

X (@e(NPR x (V) = @ (X)PR x. (X)) (96 (D@R x, (X) + @ (N@r.x, () dx dy ‘

dxdy

_ 2
<5 /R ) fR ) ("’Tffi yll;’i(zf D (e 0)0me, (0) + 00 (0. () dxdy

- 2.2
+7/ / (#e (PR 2 (X) = 9 (MR (1)) W (y) dxdy
RN JRN

lx — y|N+2s
(w;.(x) — wy,(»)?
<28 fRN /RN k|x - y|N12s (92 ()PR ) + 97 (NPr(») dxdy

L / / (0 (PR x, (X) — 0 N@R.1 (1)) W)
RN JRN

|x _y|N+2s

dxdy. 4.8)

Now we set § = cN s and, taking into account (4.6), by (4.7) and (4.8) we obtain

|x _y|N+2s 2

/ / (w3, (x) — w;, (¥))? (sof(x)w%,x (X) + 92 (NP5 (y))
- - dxdy
RN JRN

—c /R /R (06 (VPR . (¥) — 9 (NPR 5. (1)) WE(y) dedy

o — y|NH

+/ (f(”) - f(“k)) wiwsz(p%yxc dx
RN u—upy

=11 + Iy, 4.9



where C is a positive constant depending on s, N. Let us start by evaluating the term /;. First
of all we obtain

— 2.2 2
I < C/ / |oR x. (X) — ¢Rr,x, (M| 0z (M w; (¥) dxdy
RN JRN

[x — y|N+2s
+C /R ) /R ) e () - ;p_(yy) :iz%s(x)w%(y) s
=€ /RN /]RN e (x|)x__¢;|,l/:lc+(§s)|2w§(y) dxdy
wo [ [ R e
= I + I (4.10)

where we also used that (,012e <1, %2 < linaRY. Inthe following we exploit some standard
arguments, see, for example, [10]. In our case such an application would be more easy in
the case of globally bounded solutions. Since we deal with the more general case of locally
bounded solutions, the computations are more involved.

To estimate the term /11, we define the following sets:
Aotxe) =[x, ) € RY xRV |y —xe| = 2)x — xcl],
o) = [, 3) € RY xRV : |y = xe| < 2)x — xc| and [x — | = R},
As(xe) = {(x,y) eRY xRN : |y — xc| < 2|x — x| and |x — y| < R}, 4.11)

Therefore,

. C// |98 2. (%) = PR (M PWF(Y) dx dy
: Ap(xc) |x — y|N+2s

. 2.2
+C// |9R,x. (X) — @R x. (V)W () dx dy
Ap(xc)

|x _y|N+2s

+C// l9R.x. (X) — PR 5. ) PWE(Y) ded
A (xc) |x _ y|N+25 y

2
=Y h (4.12)
k=0

Define oy = s and fix o1 € (0, s) and 03 € (s, 1). Let us write now, fork =0, 1, 2,

l0R x. () = PR, MPWE () 9rx () — pre, WF wE(Y)
|x_y|N+2s |x_y|2(s+rrk) |x_y|N—20k’

By Holder inequality, for k = {0, 1, 2}, we have

2s N-2s

0R x, (0) — GR .2 IS v wl> ()
Illk SC /[ (pR,xr (pR,X(Ny dxdy // %dxd);
Ap(xc) |x _yl(S‘HTk)? A N

RPN

(4.13)



The first integral on the r.h.s of (4.13), by the change of variable * = (x — x¢)/R can be

estimated as
N
// loR, x((x) R x. (V| dx dy
Ax(xc) — y|ten T

. o N
= R2N*(S+O'k)¥/‘/ lo1,0(X) — @10 di d
Ar(0)

|)2 _ A|(s+ak)ﬂ
_ R(s_gk)¥ |(/)1,0(x) @1, 0()’)' did$ < CR(S_Uk)¥. (4.14)
PRONNE LA

For the second integral on the r.h.s of (4.13) we proceed decomposing it on the three
sets (4.11).

Letk = 0. When (x, y) € Ap(xc) we have that |[x —y| > |y —x¢c| — |x —xc| = |y —xcl/2
and therefore

w w
// | |xN(y210 dxdy < c// iy iyzm dx dy
Ao(xc) |x — y| N=2 Aoxc) |y

_xc| N=2s

ymrel/2 wl; () 2
sc[ (/ p" 1dp) A dy < c/ wl}’ () dy,
RN \JO _ v N RN

[y — xc| V=2

(4.15)
with C = C(N) a positive constant and where we used the fact that og = s.
Let k = 1. Recalling that o1 € (0, s), we obtain
w
//‘ | IAN(yZ) dx dy
N—zo]
A(xe) |x — y| V=2 N
1 2%
= de lwl;* () dy
RN \JRM\BR() |x — y| 7 N
[ i ma [ o
= wi,"y)dy- T NGap
RV BY\BR(O) (3| V+ R
2N(o1—s) 2%
=CR VX / [wl3* (y)dy, (4.16)
RN

where in the last line we used the change of variable x = x — y and where C = C(s, o1, N)
is a positive constant.

Let k = 2. Recalling that o» € (s, 1), we deduce

|w|)L )
// e dxdy
Az (xc) |x—y|N ZSN

1 0%
=< / / I dx ) Jwl}* (y)dy
RV \JBr() |x — y| T2z ¥



2% 1
= lw] S(y)dy-/ — v, 4
/I.QN A 52(0) |x|N72N(}2 )

2N(o9—s) s
_ CRTVE f i (y) dy,
]RN

4.17)
where C = C(s, 02, N) is a positive constant.
Collecting (4.15), (4.16) and (4.17) we have that
| w | (y) 2N (o —s) 2%
// —r ¥y dxdy < CRT V-2 / lwl;* () dy. (4.18)
Ar(xe) |x — y| T RN

From (4.13), using (4.14) and (4.18) it follows

N-2s N-2s

2s—o1) 2N (og —5) 2% N 2% N
i = CR6- (7% / wXmdy) | <c / wXody)
RN RN

4.19)
where C is a positive constant not depending on R. Finally from (4.12), we obtain
N-2s
2k N
In<C (/ lwly’ ()’)dY)
RN
N-2s
2 2 "
=c([, wioa+[ wiow) =cn  @o
RN\ Bg, (0) By (0)

with Ry given in the statement of Theorem 1.2 and where Cy is a positive constant that does
not depend on R (and on ). We point out that, in the last line of (4.20) we used the fact that
w; (x) < u(x), u € L% (RV\Bg,) and that, by (3.1), wy € L*(Bg,). To estimate the term
112 in (4.10), we fix a radius R> Ry such that Bg, U Ry (Bg,) C Bjy. Therefore, using that
(see (3.6) ¢ (x) = 1in RM\ B

_ 2.2
Iy < C/ / l9e (x) — e (V) [7w; (¥) dx dy
RN JRN

| — y[NHs

_ 2..,2
C/ / [0e (x) — @e (V) [“w5 (¥) dx dy
B; JB

|x _y|N+23

2,,,2
X) — w
+/ / e (%) %(1)\;)+|2s () dx dy
RN\BRg By |x_)’|

2.2
X) — w
f / [@e (x) <ﬂa(}yv)+lzs 5 () dx dy
B JRN\B, lx =yl

2
= I @21

By Definition (3.1) we have that w; € L°(B}y). Thus, using (4.2) we obtain

2
1120<C/ / [e(x) — @e ()] dx dy

-V



2
<C/ / 9 = 6P 4, 422)
RN JRN

|x _ |N+2s
where, Ap := Ry (Bp) and C = C(||u||Loo(Al§)) is a positive constant. Similarly we also get
Iz < Ce. (4.23)

For the last term of (4.21) we argue splitting it in two terms:

|9e (¥) = e Pw3 ()
11222/ / : gl)\;ﬂxly dxdy
By JByp\B, lx =yl

_ 2,2
. f / 0 ) = e PE) oo “424)
RN\B

|x _y|N+2s

For the first term, as we did in (4.22), we have

_ 2.2
/ / [@e (x) — @ (M) |“w5 () drdy < Ce.
2R\B

o — y|NH

). For the second term we use Holder inequality deducing

with C = C(llullzo(a, )
_ 2.2
/ / [¢e (x) ws(mzwk(y) dx dy
Bk RN\BZR |x _'y| g
2 [e (x) — e (V)]s
By RM\B, 4 RMByz |y —y|
%
<c ( / / e = ffvi(zyﬂv' dy dx) : (4.25)
]RN\B |x — y| 2s

with C = C(s, N, R, ||u||L2§f(RN\BZk), ||M||L°°(A2k))- Since for all (x,y) € By x ]RN\sz,
it follows that [x — y| > § > 0, from (4.25) we infer that

2,2 00 1
/ / Iwg(x) <p8|(z)+|2:vx(y) dxdy <C / o dp < +oo  (4.26)
RV\B, -y ’ 2R =

and C = C(s, N, R, ”””LZF(RN\BZ,@)’ ”“”Loo(Az[é))' Using (4.22), (4.23) and (4.26), from
(4.21) we deduce

Ip < Cpp(1 +¢). (4.27)
Finally from (4.10), collecting (4.20) and (4.27) it follows

I} < Ci(1+e), (4.28)

for some positive constant C.



To estimate I in (4.9) we use the mean value theorem and (A ). In fact

L =/ <7f(") ﬂm)( D 020k . dx
RN u—u

= 2/ &)W 00k, dx  (foru <& <uy)

> (4.29)

= 2/ f/(u)w%ﬁgo%’x[_ dx (since f(-) is convex)
P

< ZCf/ uz*dx < (Cp,
i

Where C2(f ”u”LZ (RN\BR )’ |
constants, from (4.9) we have

|u||LOO(2mBRO)). Using (4.28) and (4.29) and redefining the

- 2 (@2)ex . () +@2(Mer . ()

/ / (). (x) —wr(y)~ [ Pe R.x. Ve VPR x drdy < C(1+6).
RN JrN |x_y|N+25 2

The thesis follows now by Fatou Lemma as (first) € tends to zero and (then) R tends to

infinity. o

Proof of Theorem 1.2 We start the moving plane procedure by showing that for A < 0 and
|A| large, we obtain that u < uy in X;\ R, (I'). In fact using ¢ := wwﬁp;% in Eq. (1.2)
fulfilled by u and in Eq. (4.3) fulfilled by u;, subtracting we get (see Eq. (4.4))

/' / ((u(x) — ”A(x)) — (u(y) —ui(y)
RN JRN

|N+2v

x (W (@7 ()R . (x) — W (NP (NPR . (1) dxdy

5/ <M> (w/\)z(pg(p%xc dx
RN u—uy

and then, as in (4.5), we have

(Wi (x) — w (y)) (wx(X)(pf(X)wi,xv () = Wi (MNPZ PR . (y))
L L. T

5/ (M) (w/\)z(psz(p%’xc dx.
]RN

u—uy

dxdy
(4.30)

Using that ?¢% . < 1 inall R, it follows

2
(w202 @), @) = w2 MeF )
/ / dxdy
RN JRN

v — y|Nt+2s

(W (x) — wx(y))z

+4/ / (e MPR.x (V) — ws(x)soRxL.(X))zwf(y)d 4
RN JRN

v — N2




and therefore, by Lemma 4.1, (4.9), (4.10) and (4.20)

2
(w,x(X)fpf(X)(p%,xc () = Wi (MNPFD PR . (y))
/ / dxdy < C, 431
RN JRN

| — y[NH

with C is a positive constant not depending on ¢ and R. Letting first & to zero and then R to
infinity, using Lemma 4.1 and (4.31), the Lh.s of (4.30) by weak convergence goes to

% /‘/ W) —w ()
N.s R’V JrN lx —y |N+2s y

By (A?-) and Lemma 4.1, the r.h.s of (4.30), by the dominate convergence Theorem goes to

/ <f(u) - f(m)) (wy)? do.
RN U — Uy
Hence, (4.30) becomes

i) = w3 ())* F@) — f)
7NS/R”/;M BT ddyi/gyv(ﬁ)”’%dx-

Using (A ) and Holder inequality, it follows

(Wi (x) — wa(y))?
/I;N /]RN x _ y|N+2s dx dy
< / (M) w2 dx
RN u—up

< 2Cf/ u>s= dx
Zh

28—

2% ;7? 2¥ ﬁ
<2Cy /ufdx / w,* dx
%

4AC . - 2
< f (/ 2 dx) / / (w;, (x) l:kgy)) drdy,  (432)
SN.sCN.s RV JrY  |x — y|NE2S

where the last inequality follows from Theorem 2.1. Recalling that u € L% (RV\ Bg,), with
I' C {x1 = 0} N Bg, we deduce that we can take A < 0, with |A| large, in such a way that

%

ACy < / - )z 1
_— u”s dx < —CN.s-
Snsens \Us, 4

A contradiction occurs by (4.32) unless

(w3, (x) — wy, (»)? 3
Awﬁw Ty =0

thatis u < u; in X,. Let us now set
Ao={A<0:u<u; in \R;(I") forall r € (—o0, A]}
and

Ao = sup Ao.



that is well defined since we showed that Ag is not empty. To prove our result we have to
show that Ap = 0. To prove this we assume that Ao < 0 and we reach a contradiction by
proving that u < uy,4¢ in )4 \Rjy+:(I') forany 0 < 7 < 7 for some small 7 > 0. By
continuity of x in R¥\T, we know that u < Uy, in X, \ Ry, (I'). By the strong maximum
principle ([17, Proposition 3.6]) we deduce that u < u;,, in X;,\R;,(I"). Here we use that
a symmetry position before the limiting position (namely u = u;, in X;,\R;,(I")) is not
possible, if 1o < 0, since in this case u should be singular on Ry (I") . For § > 0 that will be
chosen small later on, we consider a compact set K5 C Xy, \ Ry, (I') such that

/ u® < 4.
Zno+7\Ks

By uniform continuity, we can take T small such that u < uy,4. in K5 forany 0 < v < 7.
Now we repeat verbatim the arguments used at the beginning of this proof, using the test
function ¢ := wko+f¢’3¢’12e,xc in Eq. (3.7) fulfilled by « and in Eq. (4.3) fulfilled by u;_.
Taking the limits, as in (4.32), we have

(Wi (x) — wa(y))?
/RN /RN TRy B
< / (M) w? dx
RN u—up

Ech/ B2 dx
T+ \Ks

282 2
. 2 o %
<2Cy / u® dx / w;” dx
T+ \Ks T+ \Ks

282

4C C\T - 2
e / uZ dx / / dedy. (4.33)
T SNsCNs \J S0 \Ks RV JRY =y

Now we chose § small in such a way that

22 22

&/ W2 A " . f u dx B
SNsCNs \JSp40\Ks T Shsens \Jzpan\Ks

< %CN,AU
obtaining the desired contradiction by (4.33) and showing that Ao = 0. The symmetry of
the solution follows now performing the moving plane method in the opposite direction. The
monotonicity of the solution is implicit in the technique.
If u has only a nonremovable singularity at the origin, then the solution is radial and
radially decreasing about the origin. This follows applying the moving plane procedure in
any direction v € S! of RV, O
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