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Abstract—The objective of this two-part paper is to provide
clarity to physical concepts used in the field of transformer
modeling, to dispel common misconceptions regarding numer-
ical instabilities, and to present unified modeling techniques for
low-frequency transients. This paper focuses on proper modeling
of nonlinearities (magnetizing branches) since these components
are critical to determine the low-frequency behavior. A good
low-frequency model should properly represent: normal op-
eration, inrush currents, open and short circuit, out-of-phase
synchronization transient of step-up transformers, geomag-
netic-induced currents, ferroresonance, and harmonics. This
paper discusses the derivation of electrical dual models from the
equivalent (magnetic) reluctance networks and the direct appli-
cation of the principle of duality. It is shown that different dual
models need to be derived for different transformer geometries
and the advantages and disadvantages of each method are dis-
cussed. This paper also compares double-sided versus single-sided
dual models, and shows that the double-sided model is a more gen-
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eral approach. The mathematical equivalency of several leakage
models (negative inductance, mutual coupling, and BCTRAN) is
demonstrated for three-winding transformers. It is also shown
that contrary to common belief, a negative inductance is not the
source of numerical oscillations, but they occur due to the use of
noncorrect topological models for representing the core.

Index Terms—Electromagnetic transients, duality models, low-
frequency transients, negative inductance, numerical oscillations,
topological models, transformers, transformer modeling.

I. INTRODUCTION

T RANSFORMERS are essential components of the power
system. Computer modeling and simulation of these de-

vices are complicated because of the interactions of the elec-
tric and magnetic fields in a multi-media and non-linear envi-
ronment (typically iron, oil, paper, and copper). Power trans-
formers behave differently when subjected to the variety of exci-
tations that they face during their lifetime. Accurate transformer
models compatible with Electromagnetic Transient Programs
(EMTP-type) are of interest for power system modelers. Ide-
ally, a transformer model should be built using the capabilities
already available in EMTP-type tools.
The principle of duality is recognized as a physically cor-

rect technique to obtain circuital models of power transformers.
This technique was first introduced for transformers by Cherry
[1] and further developed to include nonlinearities by Slemon
[2], [3]. The main advantage of this method is that the physical
magnetic circuit of an electromagnetic device can be converted
to its dual electric circuit suitable for simulation in EMT-type
programs, using standard circuit elements. Duality models are
able to describe the distribution of magnetic flux in the core and
windings. Therefore, they are capable of providing useful infor-
mation of the electromagnetic behavior of all transformer con-
struction elements.
There exist other modeling possibilities to represent the

physics of magnetic circuits in time domain simulations: bond
graphs [4], [5], magnetic circuit equations [6], [7], gyrator-ca-
pacitors [8]–[11], and mutators [12]. Some of these techniques
are difficult to implement in EMTP-type programs. An imple-
mentation of mutators using commonly available coupled R-L
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branches has been recently proposed [12], which allows an
easy representation of magnetic circuits, offering an alternative
to the use of the duality transformation.
A unified and generally accepted model for transformers ca-

pable of reproducing their behavior under all low-frequency op-
erating conditions does not exist. There is a gamut of duality-de-
rived transformer models [13]–[30]; each one with some (small
or large) variation with respect to the others. This two-part paper
attempts to produce a model capable of reproducing all low-fre-
quency transients for transformers. In particular, this unified
model should properly represent: normal operation, inrush cur-
rents, short-circuit, out-of-phase synchronization, geomagnetic
induced currents, ferroresonance, and harmonics. It is demon-
strated that dual models for transformers with different winding
geometries or core structures are different. However, a unified
model can be derived for a given transformer that is capable to
reproduce all low-frequency transients. This is demonstrated for
a single-phase shell-type transformer in the paper.
The paper discusses two common methods to derive dual

models: (1) the traditional method that converts magnetic
circuits into electrical circuits, and is called here “reluctance
based” after [3]; (2) the method that derives directly electrical
circuits from the geometry of the iron core, the so-called “direct
application of the principle of duality” [24].
Finally, two leakage models (i.e., negative inductance, mu-

tual coupling) are introduced and applied to the derivation of
multi-winding transformer models. They are also compared to
BCTRAN model [31]. The differences between the three ap-
proaches are highlighted using a numerical example based on
terminal measurements of a four-winding transformer.

II. DUALITY-BASED TRANSFORMER MODELS

This section is dedicated to compare two common methods
to obtain the topology of dual transformer models.

A. Models Derived From the Magnetic Circuit

The conventional method to derive dual transformer models
is based on the conversion of the reluctance network into an
electrical circuit [3]. Reluctance networks are built from the
connection of reluctances corresponding to the path of mag-
netic flux in the transformer. Field lines in different transformer
designs ( . shell-type, core-type, welding, and toroidal) are
different. Hence, topological models for various geometries are
different. A variety of models may result from different geome-
tries of the core, number of windings, construction of wind-
ings, number of phases, or construction of tank and accessories.
Moreover, a particular transformer has different electromag-
netic behavior under different operating conditions such as open
circuit, deep saturation, under load, or short circuit. Three dif-
ferent flux patterns are shown in Fig. 1 for open circuit, normal
operation, and high saturation. In Fig. 1 the corresponding reluc-
tance circuits for this shell-type transformer are also shown. Ac-
cording to this figure, one may use different topological models
for different studies for the same transformer. However, power
system modelers need a unified model that is general to use
at least for a given geometry under different operating con-
ditions. They can build a comprehensive model with all pos-
sible flux paths if the geometrical data is provided. However,

Fig. 1. Magnetic flux density simulated in finite elements for different oper-
ating conditions. The reluctance network is shown on top of the transformer
window: (a) open circuit; (b) normal operation; (c) high saturation. The black
and white rectangles represent nonlinear and linear reluctances, respectively.

Fig. 2. (a) Flux paths in a shell-type single-phase transformer; (b) equivalent
magnetic circuit, after simplifications. The black and white rectangles represent
the nonlinear and linear reluctances, respectively.

manufacturers, rarely (if ever) give internal information about
large transformers. Frequently, however, to obtain a very de-
tailed model (reluctance network for all possible flux paths),
the complete internal information is needed. Therefore, in this
paper optimum models with the minimum number of compo-
nents useful for all low-frequency transients are recommended.
For instance, for a shell-type transformer, this can be appre-
ciated by representing the flux paths of Fig. 2(a). Converting
these flux paths into an equivalent magnetic circuit gives the
model shown in Fig. 2(b) (exploiting symmetry to simplify the
circuit). The magnetomotive force (mmf) sources are inserted
into the magnetic circuit so that loops surrounding windings
integrate the corresponding mmf, as explained in [32]. Then
the electrical equivalent circuit is derived from the principle
of duality, where reluctances become inductances, nodes be-
come loops and loops become nodes, and mmf sources (cur-
rent-controlled voltage sources) become current-controlled cur-
rent sources. Conventionally, the dual electrical models derived
from the magnetic circuits are equipped with ideal transformers
as shown in Fig. 3 [2]. The winding resistances are added to
the external terminals of the ideal transformers. Also, a capac-
itance network may be connected at the external terminals, if
necessary, to take into account the capacitances to ground and
the inter-winding capacitances.
The hysteretic inductors can be represented with static or

dynamic hysteresis models to represent the core losses. Also,
they can be substituted with non-hysteretic inductors (piecewise
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Fig. 3. Duality derived model.

linear approximation) for transient studies where the core losses
are insignificant (see Part II).
The use of ideal transformers is strongly recommended for

duality derived models. There are two important reasons to use
ideal transformers in topology derived models: accuracy and
physical consistency.When calculating the inductors of the dual
circuit, they are referred to a common number of turns (com-
monly ). Hence, to achieve the correct terminal be-
havior, ideal transformers (with turns ratio ) are required
to reflect the correct equivalent inductance from all terminals
while maintaining the proper voltage conversion between wind-
ings. Frequently the solutions of the dual models with/without
ideal transformers match. However, there are cases for which
the presence of ideal transformers is indispensable: the external
connection (i.e., Y, , or Zigzag) of terminals in three-phase
transformers and mid-frequency models including eddy current
and capacitive effects. Short circuits of some of the inductors
are experienced when ideal transformers are not used for three-
phase transformers in the presence of connections. In fact,
the solutions obtained from circuits with/without ideal trans-
formers are different for three-phase transformers. Also, these
ideal transformers facilitate the series and parallel connections
of different windings and/or winding sections, required for some
mid-frequency dual models, while providing appropriate termi-
nals to connect the capacitances [29].
Note that, the inductors obtained from the principle of du-

ality represent the magnetic behavior of the device (i.e., they
model the circulation ofmagnetic flux), while resistors represent
losses and capacitors deal directly with electric charges, which
are completely different in nature. The ideal transformers iso-
late the electrical parts from the magnetic parts.

B. Direct Application of the Principle of Duality

The dual electrical equivalent can be obtained directly from
the geometry of the transformer without drawing the reluctance
circuit. In many occasions (for general multi-winding trans-
formers or multi-sections for high-frequency) it can difficult
to identify the connection points of the terminals from the
reluctance circuit. These connection points are very clear when
assembling the model directly from the geometry (as simple
as connecting the terminals at the location of the windings
or sections) [24]–[29]. For a symmetrical geometry such as a
shell-type transformer, the direct application of principle of
duality could be implemented on half part of the geometry
(single-sided) or both parts of the geometry (double-sided) [29].
To illustrate this, consider the model for shell-type two-winding
transformers shown in Fig. 4. For the single-sided approach (of

Fig. 4. Derivation of the dual circuit for a shell-type two-winding transformer
using direct application of the principle of duality: a) Conventional single-sided
derivation; b) Double-sided derivation; the flux paths used for the direct deriva-
tion of the circuit are shown.

Fig. 5. Direct application of the principle of duality on a shell-type transformer
with a special winding configuration; the flux paths used for the direct derivation
of the circuit are shown.

Fig. 4(a)), the winding connections are made to the symmetry
point at the center of the core, while the double-sided procedure
(of Fig. 4(b)) reveals the primary and secondary terminals
effectively. Since the geometry is completely symmetrical, the
circuit derived from Fig. 4(b) is perfectly equivalent to the one
of Fig. 3, since the symmetrical inductances are virtually in
series (currents are the same). However, some care is usually
needed to identify the correct terminal connection points for a
single-sided transformer model.
For geometries including more windings (or winding sec-

tions), as shown in Fig. 5, it is less intuitive to insert the connec-
tion points when using the reluctance-based method. One needs
to propagate the mmf source in the central limb, as explained
in [32]. However, as shown in Fig. 5, the electrical dual model
can be directly drawn on top of the transformer window by the
direct application of the principle of duality. The terminal con-
nections are clearly identified on the corresponding windings.
The ideal transformers are then added to the electrical circuit
in Fig. 6. The winding resistances are not included because of
lack of space. The capacitors could be connected after the ideal
transformers if required. The significance of the terminal capac-
itances is highlighted in Part II of this paper.
Transformer modelers can skip the step of deriving the mag-

netic circuit and directly derive the electric equivalent circuit
on top of the geometry drawing (assuming flux paths), so that
the direct application of the principle of duality is a shortcut that
allows faster derivation of topological models. However, the re-
sulting model will be the same as with classical duality, as seen
when comparing Figs. 3 and 4(a).



Fig. 6. Connection of the ideal transformers to the model of Fig. 5.

Double-sided dual models are necessary for some mid-fre-
quency models that take into account the eddy current and ca-
pacitive effects [29]. In this condition, the electrical connections
for ideal transformers cannot be identified with single-sided re-
luctance-based models. Also, in single-sided models there are
not sufficient terminals to connect the capacitors that represent
the insulation layers.

III. NUMERICAL STABILITY OF MULTI-WINDING
TRANSFORMER MODELS

In this section, the most popular leakage inductance models
for multi-winding transformers are reviewed and compared.

A. Introduction to Terminal Leakage Models

There are three different approaches for representing leakage
in topologically-based core models for multi-winding trans-
formers; they are based on the use of: (1) Negative Inductances
(NI); (2) Mutual Couplings (MC); and (3) BCTRAN.
The so-called Negative Inductance (star equivalent) model

was first introduced by Boyajian in 1924 [33]. The model was
designed for steady state behavior. The magnetizing branches
are neglected in the first Boyajian's publications [33], [34].
Later, the model was expanded to include the nonlinearities of
the iron core in the equivalent circuit [35]. According to the
theory of the three-circuit transformers [35], a three-winding
transformer can be represented with a four-terminal network in
which all terminals are connected to each other with an inductor.
Reference [35] calls the model shown in Fig. 7(a) “exact” or
“ideal”.
The non-linear inductors connected to node 0 represent the

excitation characteristic of the transformer. The magnetizing
currents are very small under steady state conditions. Therefore
the model shown in Fig. 7(a) can be simplified to the model
shown in Fig. 7(b). This model is converted to equivalent cir-
cuit of Fig. 7(c) with -Y transformation. Because of the com-
plex procedure required to determine the non-linear parameters
of the “exact” model, a single magnetizing branch was added
to the middle node as a bulk component [35]. The ideal trans-
formers and terminal resistances are then added to obtain the
model shown in Fig. 8. Hence, the location of the magnetizing
branch in Fig. 8 was decided for convenience and it is not phys-
ically sound.
The (wrong) location of the magnetizing branch may also

be inherited from the traditional (Steinmetz) model for a

Fig. 7. Equivalent circuits for three-winding transformers [35]; (a) exact
representation; (b) delta representation when excitation current is neglected;
(c) equivalent star representation when excitation branch is added to the center
point. Note that, the connection of the inductor is arbitrary and not justified
on a rational basis: the star center is a mathematical node emerging from the
delta-star transformation, which cannot be used to connect any magnetizing
inductor or a resistor to represent the core losses.

Fig. 8. Star representation of a three-winding transformer. Inductance as-
sociated with the middle winding is negative.

Fig. 9. Traditional representation of a two-winding transformer ( -model).
There is substantial experimental evidence showing that this model fails to prop-
erly represent the transformer under heavy saturation.

two-winding transformer (see Fig. 9). This classic model has
been used successfully for over 100 years for steady state
analysis, but since it is not a topologically correct model,
it frequently fails to properly represent the behavior of a
transformer under saturation [23], [27]. Despite the lack of
physical meaning, the Steinmetz equivalent is still acceptable
for rated steady-state conditions when the magnetizing branch
can be neglected (low saturation). The unrealistic nature of the
-model becomes evident when the core approaches saturation,

for example, during inrush current events. Nevertheless, for a
standard three-winding transformer design, the value of is
negative [24], [36], the reason why the model is called negative
inductance model in this paper.
A subject of debate over the past three decades [24], [30],

[36]–[38] has been the numerical instability apparently caused
by the negative inductance in the star-equivalent circuit
of a three-winding transformer as shown in Fig. 8. The insta-
bility has been mathematically proven in [36] and [37], but the



real problem was not revealed. The true reason of the numer-
ical instability is not the use of the negative inductance , but
not considering the transformer topology, which has resulted in
the erroneous location of the magnetizing branch at the center
of the star. Conventionally, a resistor represents the core losses
in parallel with a lossless inductor [39]. However, as discussed
earlier, in this paper, the hysteresis inductors represent the core
losses. In the literature, one can find solutions proposed to pre-
vent oscillations of the circuit of Fig. 8, such as: connecting the
magnetizing resistance to one of the terminals or distribute them
among all terminals [36], autotransformer-based solutions [37],
and relocation of magnetizing branch to the inner winding ter-
minal based on the principle of duality for a core-type trans-
former which has no iron outside the outer windings (for all
phases) [30]. Note that, core-type units are more common than
shell-type units at high power ratings.
The other alternative is to completely avoid negative induc-

tance values using a mutual coupling model. This model was
first introduced for three-winding transformers in [24] and later
extended to multi-winding cases in [26]. It is noteworthy to
mention that mutual inductances have been used to model the
effects between different phases in [16].
Note that [24], as some other publications [36], wrongly

blames the numerical instabilities to the negative inductance. In
fact, the negative and the mutual coupling inductance models
are mathematically equivalent for a three-winding transformer.
The following section shows that when the magnetizing branch
is located correctly there are no numerical instabilities.

B. Physical Interpretation of the Negative Inductance

Negative inductors are frequently used to model the leakage
inductances of multi-winding transformers. The first physical
interpretation of the negative inductance was introduced by
Boyajian [33]. However, in this paper, a more scientific ap-
proach is introduced to shed light into its physical meaning. The
2D arrangement shown in Fig. 10(a) consists of two concentric
windings 1 and 2 that are separated by a distance . Assuming
there is no fringing flux (all windings have the same height and
are close to the yokes), the “total” leakage inductance is
calculated using the well-known expression [3], [24]:

(1)

where is the mean length of the turn; is the mean length of
the magnetic flux path; is the effective width of the leakage
channel. is traditionally determined from the trapezoidal
distribution of themagnetic field strength in the transformer
window used bymany researchers [24], [30]. The expression for
the leakage channel is given as function of the winding thick-
nesses , and the separation distance between them as
follows [3]:

(2)

Equations (1) and (2) are used for the calculation of leakage
inductance between two windings with the same current in op-
posite direction. The distribution of the magnetic field is as-
sumed to follow a trapezoidal pattern [3]. For three-winding

Fig. 10. Representation of the transformer window (shell-type two-winding)
including the distribution of the magnetic field in short circuit conditions:
(a) thick winding representation; (b) thin winding representation; (c) equivalent
between core (winding “0”) and winding 1 (thick and thin) for the flux linking
the core; (d) equivalent between core winding “0” and windings and .

transformers, the magnetic flux pattern/amplitude change when
a different pair of windings is energized. The magnetic flux in
the region between the two conductors (air) is completely uni-
form as shown in Fig. 10(a). Hence, the flux pattern of this part
does not change for the short circuit tests between any pair of
windings. However, a difference exists for the magnetic flux
that passes through the thickness of the conductors (linear de-
caying or rising pattern). As discussed in [24], this portion of
the magnetic field causes a mismatch for one of the short cir-
cuit tests in a three-winding transformer. As an alternative, the
total magnetic flux can be reconstructed with a uniform mag-
netic flux distribution that is produced by zero thickness wind-
ings. For simplicity, the approach is described in this paper with
a two-winding transformer. However, the same concept can be
extended for three-winding transformers.
For a two winding transformer, the leakage channel can

be seen as separating two infinitely thin windings with radii
and ; see Fig. 10(b). Also, a fictitious winding with zero
thickness is considered on the core. To explain the nature of
the negative inductance, consider the flux distribution between a
fictitious winding located at the core (winding “0”) and winding
1; see Fig. 10(c). Short circuit between two thin windings “0”
and “1” emulates the flux linking the core. The effective width



Fig. 11. Two-winding shell-type transformer model with negative inductance.

of the channel between the core and the real (thick) winding
1 is:

(3)

where is the space between winding 1 and the imaginary
thin winding 0 situated on the core surface [21]. Winding 1 can
be represented by a thin winding of radius .
Comparing Fig. 10(b) and (c), winding 1 can be characterized
by two thin windings with different equivalent radii, and

. To resolve the ambiguity and construct a unique model,
winding 1 can be represented by a thin winding , with radius

equal to the mean radius of the real winding; see Fig. 10(d).
Also, winding 2 can be represented by a thin winding with
radius equal to . Hence, the model of Fig. 10(d) can be ob-
tained with three thin windings (0, , and ). The next step is
to compute the parameters of Fig. 10(d) according to the geo-
metrical information, so that the leakage inductances computed
from Fig. 10(a) and (d) match. For this reason, inter-winding
distances should be equal to and

. By analogy with (1), the terms in these for-
mulae can be represented by the following inductance [30]:

(4)

The leakage inductance between windings and is given
by: . Similarly, the leakage inductance between
windings “0” and is . Thus the leakage
model should include a negative inductance in series
so that the leakage inductance for the thin equivalent windings
matches the behavior of the actual thick windings. Using the
principle of duality, the leakage model should be supplemented
with the core (connected to the fictitious winding “0”), ideal
transformers, and winding resistances; see Fig. 11.
This -model arises from the fact that the return path (side

leg of the core) has not been modeled; when completed it would
become similar to -model of Fig. 3. The -model of Fig. 3 is
recommended to represent these transformers [23], [27]. The
circuit of Fig. 11 has the same leakage inductance between the
twowindings, comparing to Fig. 3, when neglecting the currents
in the magnetizing branches. In this circuit, the magnetizing
branch is connected to the innerwinding terminals.
The same inner connection of the magnetizing branch was rec-
ommended in [30], [31]. Note that the negative inductance
is required to accurately take into account the winding thickness.
It is worth remarking that by parameter tuning the model of

Fig. 11 can become reversible. A reversible model can be used

to compute low-frequency transients involving high saturation
(inrush, GIC, etc.), from all terminals, without modification of
the circuit parameters [23], [27]. This is because a reversible
model is able to reproduce simultaneously the “terminal” satu-
ration inductances and measured from primary
and secondary terminals. Under saturation
[23], [27], [28], where is the component saturation in-
ductance of the branch . Therefore, the following equation
can be written:

(5)

Also, looking from the secondary side under saturation
conditions:

(6)

Note that, can be calculated from (4). Also, the values
of and can be obtained from terminal mea-
surements or finite element calculations [42]. Hence,
and can be computed by solving the system of two
equations with two unknowns given by (5) and (6).
According to the explanation above, the model of a three-

winding shell-type transformer can be derived with the direct
application of the principle of duality (see Fig. 12). In this figure,

and are the leakage inductances measured (or calcu-
lated) for windings 1–2 and 2–3 respectively. Since the leakage
inductance measured between windings 1 and 3 for stan-
dard transformer designs, especially large power transformers,
is usually greater than , then two positive inductances,

(7)

and one negative inductance, , are included in the model
to match the measured values of , and simulta-
neously. The model is further developed to the one presented
in Fig. 13, incorporating the terminal resistances and ideal
transformers. Remark that the leakage part of the model in
Figs. 12 and 13 coincides with that in the model of Fig. 8. The
negative inductance equivalent can also be substituted with
the mutual couplings as shown in Fig. 12. This is because the
mutual couplings and the negative inductance models are math-
ematically equivalent for a three-winding transformer [24]. In
this case, the equivalent circuit of Fig. 14 can be derived.
It should be noted that, in transformer models, the number

of the core sections (hysteresis inductors) is independent from
the number of windings and can be different. For example, in
Fig. 12, the iron core is divided in three sections that are rep-
resented with three magnetizing branches. However, some au-
thors use one or two sections to represent the low-frequency
behavior of the transformer core (frequently because of lack of
the design data). Accordingly, magnetizing branches and

of Fig. 13 is often lumped into . In this case, numer-
ical instabilities do not happen since the location of the magne-
tizing branch is correctly identified at the inner winding terminal
[30]. However, it is not always possible to have a mathemati-
cally correct model behavior from all terminals with only one
magnetizing branch. Ideally, transformer models require sec-
tions for an -winding transformer to accurately represent the
behavior seen from all terminals [28].



Fig. 12. Direct application of the principle of duality for a three-winding shell-
type transformer. Note that, the leakage part can be either represented with neg-
ative inductances or mutual coupling models.

Fig. 13. Three-winding transformer model with three magnetizing branches
derived with the application of the principle of duality.

Fig. 14. Three-winding transformer model with three magnetizing branches
and mutual coupling leakage model.

There are always “air” flux paths in parallel to iron sections
of the magnetic circuit (between windings and the core) that
need to be included as series inductances in a dual model. These
are , and in Fig. 12. Their role is to represent the
fringing magnetic fluxes, which flow roughly parallel to the iron
branches. These components avoid the non-physical situation
of having a very high flux in the iron and zero flux in the space
around the yoke (air/oil) [40]. In high saturation, the incremental
permeability of the magnetic material is the same as the sur-
rounding media . Therefore, magnetic flux flows in both
the iron core and the surrounding media. In other words, these
inductances are needed to reproduce the dispersion of the mag-
netic flux paths beyond the core when the core sections approach

saturation. Thus, these elements are significant under saturation
condition, and consequently important to predict the low-fre-
quency transients involving deep saturation.

C. Comparison of the Models’ Behavior

In this section, the leakage models (Negative Inductance
(NI), Mutual Coupling (MC), and BCTRAN) are compared
versus measurements in steady state conditions. Additionally,
the numerical stability of three-winding transformer models is
investigated.
1) Terminal Behavior Under Steady State Conditions: It has

been mathematically proven that the MC and the NI models
are equivalent for three-winding transformers to represent the
leakage inductance [24]. However, for an -winding trans-
former, the negative inductance model gives degrees
of freedom. This is always less than the possible
short circuit measurement combinations for . Hence,
the set of equations to calculate model parameters are always
over-determined for . For example, for a four-winding
transformer the short circuit measurement between one pair
of windings (1 out of 6 combinations) cannot be mathemat-
ically reproduced. Similarly, for an -winding transformer

combinations cannot be exactly represented.
However, experiments show that for the tested 4-winding
1 kVA transformer, with geometrical information presented
in [27], NI model is accurate enough (see Fig. 15(a)). This
model reproduces all the measured leakage inductances except

. The inaccuracy in predicting is not expected to be
significant when model parameters are computed correctly for
concentric windings of the same height. The leakage induc-
tances measured and those reproduced by MC and NI models
for this 4-winding transformer are presented in Table I. The
results are also compared to the well-known and accurate BC-
TRAN model for the representation of the leakage inductance.
Larger inaccuracies may be expected for transformers with
more windings or when the winding heights are different. There
is still a debate among the researchers (even the authors of this
paper) on the scopes and limitations of the negative inductance
model and its applicability beyond three windings.
The value of H in Fig. 15 is calculated with

(7). A similar formula yields H. Thus, the total in-
ductance H;
this is only 2% less than the measured H. As one
can see from Table I, the mutual coupling model can be used to
reproduce the exact leakage inductances [26]. This method also
allows one to reproduce the leakage model for any winding con-
figuration. The mutual coupling method has been validated ex-
perimentally in [41] for transformers of 96 and 360 MVA. Note
that the results on Table I are identical to the BCTRAN model
[31] for all models (except for the NI model) demonstrating
their mathematical equivalence.
2) Numerical Stability: Several models are investigated for

a shell-type three-winding transformer using the benchmark
example of [36]. The first model is the unstable circuit of
Fig. 8 with parameters presented in Table II (benchmark). It is
worth mentioning that in this case the magnetizing inductance

is considered linear and lossless according to [36]. The
core losses are considered with a constant resistance in



Fig. 15. BCTRAN-based model for three-winding transformer: (a) with only one magnetizing branch on the inner winding; (b) with two magnetizing branches,
one on the innermost winding and another one on outermost winding (Hybrid Model); (c) with three magnetizing branches connected to the three windings.

TABLE I
LEAKAGE INDUCTANCES OF A 4-WINDING 1 KVA TRANSFORMER MEASURED,
AND REPRODUCED BY MUTUAL COUPLING (MC), NEGATIVE INDUCTANCE

(NI), AND BCTRAN MODELS [ H]

parallel with . This example is not a transient case, but a
normal open circuit test.
The second model is presented in Fig. 13. The leakage induc-

tances and terminal resistances are as per Table II. Note that,
similar hysteresis loops are measured from the different wind-
ings of a multi-winding transformer when excited with nominal
voltage. This is so because at rated voltage the magnetic flux is
concentrated in the iron core that passes through an almost sim-
ilar magnetic path when seen from all terminals. Therefore, as
discussed before, the magnetizing branches could be distributed
either equally between terminals or lumped on the inner-most
terminal. Here, the magnetizing inductance is equally dis-
tributed to the terminals ( H
and ). Note, however, that
in practice, the magnetizing branches should be distributed
using the geometrical information of the core and windings, or
terminal measurements (see for example [24] and [28]).
The third model is the equivalent three-winding circuit with

mutual couplings depicted in Fig. 14. For this case,
H, H, mH. Note that, to be

consistent with the model of Fig. 8, parameters
in this study (see Figs. 13 and 14).

The last cases correspond to different BCTRAN models. In
this section, the BCTRAN model is complemented with mag-
netizing branches in Fig. 16. The nonlinearities of the core can
be distributed either equally between terminals or lumped on
one of the terminals. All possible combinations are presented in
Fig. 16, including the well-known Hybrid Model [20].
For all models, the transformer is energized from the second

winding kV [36]. The voltage of the primary ter-
minal (LV) is shown in Fig. 17. One can observe that the correct
connection of the magnetizing branches (Fig. 13) gives stable
simulations while the model shown in Fig. 8 shows numerical
instabilities. All BCTRAN-based models of Fig. 16 show stable
responses.

TABLE II
PARAMETERS FOR THE MODEL OF FIG. 8

Fig. 16. Leakage inductance models for the four-winding transformer with
concentric geometry of the coil: (a) negative inductance model with

and ; (b) mutual coupling model.

Fig. 17. Performance comparison of the models of Figs. 8, 13, and 14.



3) Discussion: BCTRAN gives a perfect representation of
the leakage inductance seen at terminals. However, it cannot
represent the core in a dual sense since it is obtained from ter-
minal measurements in short-circuit. Indeed, the core needs to
be connected to BCTRAN in an artificial manner.
There have been some attempts to connect the BCTRAN

leakage model to duality-derived models for the iron core; these
are the so-called hybrid models [20]. These models provide
physical connection points between the dual core model and the
terminal leakage model. However, not all physical connection
points between the core andwindings are available. The connec-
tions are made at two points, one at a fictitious winding located
at limb and the other is given by the external winding.
For three-winding transformers all (leakage) models dis-

cussed in this paper are equivalent. However, the connections
of the leakage models to the core models are different. The
negative inductance and the mutual coupling models can be
connected to the core model in a completely dual manner.
BCTRAN lacks the proper number of connection points to
the core. Connections of the dual core model to the BCTRAN
leakage model are made through fictitious windings. Therefore,
the resulting transformer model is not completely dual since the
core is not “dually connected” to the windings. The negative
inductance and mutual coupling models eliminate the need of
using fictitious windings to create a topological correct model
including core and windings.
In conclusion, the performance of the negative inductance

and mutual coupling models would not be theoretically iden-
tical to BCTRAN and hybrid models. It is believed, however,
that for most cases the differences would be within acceptable
engineering accuracy.

IV. CONCLUSION

Two popular duality-based approaches (i.e., “the reluctance
based” and “the direct application”) for derivation of low-fre-
quency transformer models have been discussed, and their ad-
vantages and disadvantages have been highlighted. It was ex-
plained that the sources are easier to connect with the direct ap-
plication of duality.
It has been shown that the models can be very different for

transformers with different iron-core geometries and/or winding
configurations. The optimum duality derived models change for
different operating conditions as the pattern of the magnetic flux
changes. Despite this fact, it has been shown that unified models
can be introduced for a specific type of transformer to represent
all low-frequency transients with acceptable accuracy. This is
shown for single-phase shell-type transformers in this Part I of
the paper.
The need for adding (series) inductors to represent the (par-

allel) flux for all magnetic core branches has been recognized
when saturation of the core is expected.
The mathematical equivalency of three leakage models for

three-winding transformers has also been discussed. It has been
shown that the numerical instability that can occur when simu-
lating three-winding transformers is due to an improper connec-
tion of the magnetizing branch; that is, numerical oscillations do
not happen in topologically correct transformer models.
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