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ABSTRACT. A limit elastic energy for pure traction problem is derived from re-scaled non-
linear energies of a hyperelastic material body subject to an equilibrated force field.

We prove that the strains of minimizing sequences associated to re-scaled nonlinear energies
weakly converge, up to subsequences, to the strains of minimizers of a limit energy, provided
an additional compatibility condition is fulfilled by the force field.

The limit energy is different from classical energy of linear elasticity; nevertheless the com-
patibility condition entails the coincidence of related minima and minimizers.

A strong violation of this condition provides a limit energy which is unbounded from below,
while a mild violation may produce unboundedness of strains and a limit energy which has
infinitely many extra minimizers which are not minimizers of standard linear elastic energy.
A consequence of this analysis is that a rigorous validation of linear elasticity fails for com-
pressive force fields that infringe such compatibility condition.
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1. INTRODUCTION

Linear Theory of Elasticity ([19]) has a prominent role among Mathematical-Physics theories
for clearness, rigorous mathematical status and persistence. It was a great achievement of
last centuries, which inspired many other theories of Continuum Mechanics and led to the
formulation of a more general theory named Nonlinear Elasticity ([22],[32]), also known as
Finite Elasticity to underline that no smallness assumptions is required.

There was always agreement in scholars community that the relation between linear and
nonlinear theory amounts to the linearization of strain measure under the assumption of small
displacement gradients: this is the precondition advocated in almost all the texts on elasticity.
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Nevertheless only at the beginning of present century, when appropriate tools of mathematical
analysis were suitably tuned, the problem of a rigorous deduction of any particular theory
based on some approximation hypotheses from a more general exact theory, became a scientific
issue related to the general problem of validation of a theory, as explained in [31].

In this conceptual framework, G. Dal Maso, M. Negri and D. Percivale in [I3] proved that
problems ruled by linear elastic energies can be rigorously deduced from problems ruled by
non-linear energies in the case of Dirichlet and mixed boundary conditions, by exploiting De
Giorgi I'-convergence theory ([12],[14]). This result clarified the mathematical consistency
of the linear boundary value problems, under displacements and forces prescribed on the
boundary of a three-dimensional material body, via a rigorous deduction from the nonlinear
elasticity theory. We mention several papers facing issues in elasticity which are connected with
the context of our paper: [, [2], [3], [4], [5] [6], [7], [8], [9], [21] [23], [24], [25], [27], [28], [29], [30].
The present paper aims to the same general question which was studied in [13], but here we
deal with the pure traction problem, i.e. the case where the elastic body is subject to a system
of equilibrated forces and no Dirichlet condition is imposed on the boundary.

We consider a bounded open set @ ¢ RN, N = 2,3, as the reference configuration of a
hyperelastic material body, hence the stored energy due to a deformation y can be expressed
as a functional of the deformation gradient Vy

/Q W(x, Vy) dx

where W : Q x MN*N [0, +00] is a frame indifferent function, MY¥*¥ is the set of real
N x N matrices and W(x,F) < 400 if and only if det F > 0.
Then due to frame indifference there exists a function V such that
W(x,F) =V(x, 3(FTF - 1)), VF € MVXN ' ae x €.
We set F =1+ hB, where h > 0 is an adimensional small parameter and
Vin(x,B) := h*W(x, I+ hB).

We assume that the reference configuration has zero energy and is stress free, i.e.

W(x,I) =0, DW(x,I)=0 forae xecQ,
and that W is regular enough in the second variable, then Taylor’s formula entails

Vi(x,B) = Vo(x,symB) + o(1) as h — 04

(BT + B) and

where sym B := %

1
Vo(x,symB) := §symBD2V(x,O) sym B.

If the deformation y is close to the identity up to a small displacement, say y(x) = x + hv(x)
with bounded Vv then, by setting E(v) := $(Vv? 4+ Vv), one plainly obtains

(1.1) ’llii)%/gvh(x,vv)dx—/QV()(X,E(V))CZX.

Historically relationship was considered as the main justification of linearized elasticity,
but such pointwise convergence does not even entail that minimizers fulfilling a given fixed
Dirichlet boundary condition actually converge to the minimizers of the corresponding limit
boundary value problem: this phenomenon is made explicit by the Example 3.5 in [13] which
exhibits a lack of compactness when V has several minima.
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To set the Dirichlet problem in a variational perspective, referring to a prescribed vector
field vo € W1 (Q,RY) as the boundary condition on a given closed subset ¥ of 9Q with
HN=1(X) > 0 and to a given load g € L*(Q,RY), one has to study the asymptotic behavior
of the sequence of functionals 7, which is defined as

/Vh(x,Vv)dx—/g~vdx if veH,
(v) = Q Q ’

+o0 else in H'(Q,RY),

Iy

where H},O 5 denotes the closure in H!(Q, RY) of the space of displacements v € W1 (Q, RY)
such that v = vy on X: it was proved in [13] that (under natural growth conditions and suitable
regularity hypotheses on W) every sequence vy, fulfilling

Ih(vh) = ianh + 0(1)

has a subsequence converging weakly in H' (€, RY) to the (unique) minimizer v, of the func-
tional Z representing the total energy in linear elasticity, that is

/ Vo (x,E(v)) dx — / g - vdH"l(x) if ve Hy s
I(v) = Q 20 ’
+00 else in H'(Q;RY),

and that the re-scaled energies converge, namely

%E%Ih(vh) = I(vy) = /QVO (x,E(v4)) dx—/Qg-v*dx.

Such result is a complete variational justification of linearized elasticity, at least as far as
Dirichlet and mixed boundary value problems are concerned. So it is natural to ask whether
a similar result holds true also for pure traction problems whose variational formulation is
described in the sequel.

In the present paper we focus our analysis on Neumann boundary conditions, say the pure
traction problem in elasticity. Precisely we assume that f € L2(0Q;RY), g € L2(;RY)
are respectively the prescribed boundary and body force fields such that the whole system of
forces is equilibrated, namely the condition of equilibrated load

(1.2) L(z) =0 vz : E(z) =0,

(which is a standard necessary condition for pure traction in linear elasticity) is assumed with

L(v) = / f-vdHN_1+/g-vdx.
o0 Q

We consider the sequence of energy functionals
(1.3) Fn(v) = / Vi(x,Vv)dx — L(V)
Q

and we inquire whether the asymptotic relationship Fp,(vy) = inf F, +o0(1) as h — 04 implies,
up to subsequences, some kind of weak convergence of vy to a minimizer vq of a suitable limit
functional in H'(€;RY).

First we emphasize that in the case of Neumann condition on the whole boundary things are
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not so plain. Indeed even by choosing 2 Lipschitz and assuming the simplest dependance of
stored energy density W on the deformation gradient F, say (see [10])

IFTF —1]? if detF >0
(1.4) W(x,F) =
400 otherwise,
ifg=0, f= fn, f <0 and n denotes the outward unit normal to 9 (so that the global

condition (|1.2)) holds true), then by the same techniques of [13] one can exhibit the Gamma
limit of Jj, with respect to weak H' topology:

(1.5) PwH') im Fi(v) =&(v),
where

V) = v)|? dx — v-n N=1(x
(1.6) ew) =4 [ E@Pix—7 [ von a0,

i.e. the classical linear elasticity formulation which achieves a finite minimum over H*(Q, RY)
since the condition of equilibrated loads is fulfilled. Nevertheless with exactly the same choices
there is a sequence wy, in H'(£2, RY) such that Fj,(wy) — —o0o as h — 0 (see Remark :
although minimizers of & over H'(€;RY) exist, functionals F, are not uniformly bounded
from below and these facts seem to suggest that, in presence of compressive forces acting on
the boundary, minimizing sequences of F; do not converge to minimizers of £.

Moreover it is worth noting that if W fulfils and g = f = 0, hence inf F}, = 0 for every
h > 0, then by choosing a fixed nontrivial N x N skew-symmetric matrix W, a real number
0 < 2a < 1 and setting

(1.7) zp :=h *"Wx,

we get Fp(zp) = inf Fj, + o(1), nevertheless z;, has no subsequence weakly converging in
H'(;RY), see Remark

Therefore here, in contrast to [13], we cannot expect weak H'(£2;RY) compactness of mini-
mizing sequences, not even in the simplest case of null external forces: although this fact is
common to pure traction problems in linear elasticity, we emphasize that in general nonlin-
ear elasticity setting this difficulty cannot be easily circumvented by plain translations since
Fn(vr) # Fr(vy — Pvy), with P projection on infinitesimal rigid displacements.

We deal with this issue in the paper [26], showing nonetheless that at least for some special
W, if Fp(vp) = inf Fj, 4 o(1) then up to subsequences Fj, (v, — Pvy) = inf Fj, + o(1).

In order to achieve some kind of precompactness for the sequences vy, fulfilling Fp(vy) =
inf Fj,+0(1), we work with a very weak notion of convergence: the weak L?(€2;R™) convergence
of linear strains. Therefore our approach requires the analysis of variational limit of Fj, with
respect to this convergence. Since weak L? convergence of linear strains does not imply an
analogous convergence of the skew symmetric part of the displacement gradients, it can be
expected that the I' limit functional is different from the classical linearized elasticity functional
which is the pointwise limit of Fj (for a reformulation of classical linearized elasticity with
linear strain tensor as the “primary” unknown instead of displacement, see [11]).

Indeed under some natural assumptions on W, a careful application of the Rigidity Lemma
of [I8] shows that if E(v}) are bounded in L? then, up to subsequences, vAVvy, converges
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strongly in L? to a constant skew symmetric matrix and the variational limit of the sequence
Fr, with respect to the w-L? convergence of linear strains, turns out to be

(1.8) F(v) = n%n/ Vo (x, E(v) — iW?) dx — L(v),
Q
where the minimum is evaluated over skew symmetric N x N matrices W and
1
(1.9) Vo(x,B) := 5BT1)2V(><, 0)B VB e MY

We emphasize that the functional F in (1.8)) is different from the functional & of linearized
elasticity defined as

E(v) = /QVU(X,E(V)) dx — L(v)

since if v(x) = 1 W?2x with W # 0 skew symmetric matrix, then F(v) = —L£(v) < £(v).
Nevertheless if N = 2 then (see Remark

Fv) = 5(v)—i(/QV0(X7I)dx>_1 [(/QDVO(X,I)-E(V) dx>_r,

hence F(v) = &E(v) if
N =2, and / DVy(z,I)-E(v)dz > 0.
Q

In particular if N = 2 and W is the Saint Venant-Kirchhoff energy density (1.4]) then the
previous inequality reduces to
/ divvdx >0
Q

which means, roughly speaking, that the area of €2 is less than the area of the related deformed
configuration y (), where y(x) = x + hv(x) and h > 0.

The main results of present paper are stated in Theorems [2.2] and [£.1} they show that under
a suitable compatibility condition on the forces (subsequent formula ) the pure traction
problem in linear elasticity is deduced via I'-convergence from pure traction problem in non-
linear elasticity, referring to weak L? convergence of the linear strains.

Precisely Theorem states that, if the loads f, g fulfil together with the next compat-
ibility condition

(1.10) / f-WQXdHN_l—i—/g-ngdx <0 V skew symmetric matrix W0,
o0 Q

then every sequence vy, with F(vy) = inf Fj, 4+ o(1) has a subsequence such that the corre-
sponding linear strains converge weakly in L? to the linear strain of a minimizer of F, together
with convergence (without relabeling) of energies Fp,(vy,) to min F. Under the same assump-
tions Theorem [£.1] states that minimizers of F coincide with the ones of linearized elasticity
functional £, thus providing a full justification of pure traction problems in linear elasticity
at least if is satisfied. In particular, as it is shown in Remark 2.8, this is true when
g=0, f = fn with f > 0 and n is the outer unit normal vector to 92, that is when we are
in presence of tension-like surface forces.

About physical interpretation and motivations of compatibility condition we refer to

subsequent Remarks and
Moreover, if there exists an N X N skew symmetric matrix such that the strict inequality is
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reversed in , then functional F is unbounded from below: see Remark and Example
On the other hand if inequality in is satisfied in a weak sense by every skew sym-
metric matrix, then argmin F contains argmin £, min F/ = min £ but F may have infinitely
many minimizing critical points which are not minimizers of £ (see Proposition .
Summarizing, only two cases are allowed: either min F = min £ or inf F = —o0o; actually the
second case arises in presence of compressive surface load.

By oversimplifying we could say that F somehow preserves memory of instabilities which are
typical of finite elasticity, while they disappear in the linearized model described by £.

In the light of Theorem [2.2]and of remarks and examples of Section [d] it seems reasonable that,
as far as it concerns pure traction problems, the range of validity of linear elasticity should be
restricted to a certain class of external loads, explicitly those verifying , a remarkable
example in such class is a uniform normal tension load at the boundary as in Remark ;
while in the other cases equilibria of a linearly elastic body could be better described through
critical points of F, whose existence in general seems to be an interesting and open problem.
Concerning the structure of the new functional, we emphasize that actually F is different from
the classical linear elasticity energy functional £, though there are many relations between
their minimizers (see Theorem [4.1)). Further and more detailed information about functional
F (a suitable property of weak lower semicontinuity, lack of subadditivity, convexity in 2D,
nonconvexity in 3D) are described and proved in the paper [26].

2. NOTATION AND MAIN RESULT

Assume that the reference configuration of an elastic body is a
(2.1) bounded, connected open set Q C R with Lipschitz boundary, N = 2,3.

The generic point x € {2 has components z; referring to the standard basis vectors e; in RY;
LN and BY denote respectively the o-algebras of Lebesgue measurable and Borel measurable
subsets of RY. For every a € R we set at =a V0, a~ = —a V0.

The notation for vectors a, b € RV and N x N real matrices A, B, F are as follows: a-b =
Yjaibji A-B=3,,Ai;Bi;; [ABij = 37, AixBuy; [F|* = Te(FTF) = 3, ; F?; denotes

J /[/7
the squared Euclidean norm of F in the space MV*N of N x N real matrices; I € MN*N

denotes the identity matrix, SO(NN) denotes the group of rotation matrices, Mé\;an and
M?,Q:év denote respectively the sets of symmetric and skew-symmetric matrices. For every

B € MM*N we define sym B := (B + B”) and skew B := (B — BT).

It is well known that matrix exponential maps M?,Q:iv to SO(N) and is surjective on SO(N)

(see [20]). Therefore for every R € SO(N) there exist ¥ € R and W € MYV W2 = 2

skew

such that exp(d W) = R. By taking into account that W3 = —W if N = 2,3, the Taylor’s
series expansion of ¥ — exp(9 W) =3 7° 9FWF /E! yields the Euler-Rodrigues formula:

(2.2) exp(WW) = R =TI + sind W + (1 — cos?) W? N =23.
We recall an elementary issue which proves useful in our analysis:

(2.3) if We MMV Wi2=2 N=23, then |[W??=2,

skew



and we set
(2.4) K:={r(R-I):7>0, Re SO(N)}.

For every U : Q x MMN — R with U(x,-) € C? a.e. x € Q, we denote by DU(x,-) and
D?U(x, -) respectively the gradient and the hessian of & with respect to the second variable.
For every displacements field v € H'(Q;RY), E(v):=sym Vv denotes the infinitesimal strain
tensor field, R :={v € H'(Q;R"Y) : E(v) = 0} denotes the space spanned by the set of the
infinitesimal rigid displacements and Pv is the orthogonal projection of v onto R.

We set f, vdx = Q7! [, vdx.

We consider a body made of a hyperelastic material, say there exists a £Vx BN *measurable
W Q x MVXN 10, 400] such that, for a.e. x € Q, W(x, Vy(x)) represents the stored
energy density, when y(x) is the deformation and Vy(x) is the deformation gradient.
Moreover we assume that for a.e. x € ()

(2.5) W(x,F) = 400 if det F <0 (orientation preserving condition),

(2.6)  W(x,RF)=W(x,F) VRecSO(N) VFec MY (frame indifference),
(2.7) 3 a neighborhood A of SO(N) s.t. W(x,-) € C*(A),

(2.8)  3C>0 independent of x : W(x,F) > C|FTF —I|? VFe MY (coerciveness),

(2.9) W(x,I)=0, DW(x,I) =0, for a.e. x € Q,
that is the reference configuration has zero energy and is stress free, so by (2.6) we get also
W(x,R)=0, DW(x,R)=0 VR € SO(N).

By frame indifference there exists a £V x BN-measurable V : Q x MY*N — [0, 4-00] such that
for every F € MNXN

(2.10) W(x,F) =V(x, 3(FTF - 1))
and by (7]
(2.11) 3 a neighborhood O of 0 such that V(x,-) € C*(0), a.e. x € Q.

In addition we assume that there exists v > 0 independent of x such that
(2.12) |B" D*V(x,D)B| < 274|B|> YDeO, YBe MV,

By (2.9) and Taylor expansion with Lagrange reminder we get, for a.e. x € Q and suitable
t € (0,1) depending on x and on B:

1
(2.13) V(x,B) = 7 B D*V(x,tB)B.
Hence by ([2.12)
(2.14) V(x,B) <yB? VBeMVNnO.
According to (2.10)) for a.e. x€€, h>0 and every B € MY XN we set
1 1
(2.15) Vi(%,B) i= 5 W(x,T+hB) = 5 V(x, hsym B + 3h?BTB) .
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Taylor’s formula with (2.9),([2:15) entails V;,(x,B) = 1 (sym B) D*V(x,0) (sym B) + o(1), so
(2.16) Vi(x,B) — Vo(x,sym B) as h — 0,
where the pointwise limit of integrands is the quadratic form Vy defined by
1
(2.17) Vo(x,B) := 5BTD2V(X, 0)B aec xe€Q, Be MYV,

The symmetric fourth order tensor D?V(x,0) in (2.17)) plays the role of classical linear elas-
ticity tensor.

By (28) we get

(2.18) Vi(z,B) = ﬁW(:U I+hB) > C|2symB + hBTB|?
so that (2.17) and (2.18]) imply the ellipticity of Vj:

(2.19) Vo(x,symB) > 4C |sym B|? ae xeQ, Be MV,

Let f € L2(0Q;RY) and g € L?(£; RY) be respectively the surface and body force field.
For a suitable choice of the adimensional parameter h > 0, the functional representing the
total energy is labeled by Fj, : H'(Q;RY) = RU {400} and defined as follows

(2.20) Fn(v) = /QVh(X, Vv)dx — L(v),
where
(2.21) L(v): = /{mf'vd’;'-[”_1 +/Qg-vdx.

In this paper we are interested in the asymptotic behavior as h | 04 of functionals F}, and to
this aim we introduce the limit energy functional F : H*(; RY) — R defined by

(2.22) F(v) = Weril/lt%“\’/ Vo (x,E(v) — $W?2) dx — L(v).

skew

We emphasize that the minimum in right-hand side of definition (2.22) exists: precisely the
finite dimensional minimization problem has exactly two solutions which differs only by a sign,

since by (12.19)),

(2.23) lim / Vo (x,E(v) — iW?) dx = +o0
|W| =400, WeMNXN Jo

and Vy(x, ) is strictly convex by (2.17), (2.19).

All along this paper we assume (2.1) together with the standard structural conditions (12.5))-
(2.9),(2.12)) as it is usually done in scientific literature concerning elasticity theory and we
refer to the notations (2.10)),(2.15),(2.17)),(2.20)-(2.22).

The pair f, g describing the load is said to be equilibrated if

(2.24) / f-zd?-LNl—i—/g-zdx =0 VzeER,
[2/9] Q

and it is said to be compatible if

skew

(2.25) / f - W2x dHV! +/g-W2xdx <0 VWeMP>N gt W£o.
o0 Q
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Definition 2.1. We say that v; € H'(Q;RY) is a minimizing sequence of the sequence of
functionals Fy,;, if (Fn;(v;) —inf Fp,) — 0 as hj — 0.

We will show (see Lemma that, if compatibility (2.25]) holds true then inf}, inf F}, > —oo,

hence for every infinitesimal sequence h; a minimizing sequences of the sequence of functionals
Fp,; do exist.
Now we can state the main result, whose proof is postponed.

Theorem 2.2. Assume that the standard structural conditions and , hold true.
Then for every sequence of strictly positive real numbers h; — 04 there exist minimizing se-
quences of the sequence of functionals Fp,; .

Moreover for every minimizing sequence v; € H'Y(Q;RN) of Fh; there exist: a subsequence,
a displacement vy € Hl(Q;RN) and a constant matric Wy € Mé\,g:qj}v such that, without
relabeling,

(2.26) E(v;) — E(vo) weakly in L*(Q; MYV

(2.27) VhiVv; = Wy strongly in L*(Q; MN*N) .

(228) JEEIOO .th (Vj) = ./_"(Vo) = VEHIln(is%RN)J_"(V) s

(2.29) F(vo) = / Vo(x,E(vo) — 8W2) dx — L(vy).
Q

Remark 2.3. In the sequel (see Corollary we prove that structural assumptions together
with (2.24) and (2.25)) entail even further refinement in previous statement: explicitly Wy = 0.

Remark 2.4. It is worth to underline that in contrast to the case of Dirichlet problem faced
in [13], here in pure traction problem we cannot expect even weak H'(Q;RY) convergence of
minimizing sequences.

Indeed choose: f =g =0 and
|[FTF — 12 if detF >0,
400 otherwise,

(2.30) W(x,F) = {

(2.31) vii=h;*Wx  with WeMJ X" 0<2a<1, hj— 0.

skew
Then Fp;(v;) = o(1) and, due to inf Fj, = 0, the sequence v; is a minimizing sequence which
has no subsequence weakly converging in H'(Q; RY). It is well known that such phenomenon
takes place for pure traction problems in linear elasticity too, but in nonlinear elasticity this
difficulty cannot be easily circumvented in general, since the fact that v; is a minimizing
sequence does not entail that also v; — Pv; is minimizing sequence. In [26] we show that for
some special integrand W, as in the case of Saint Venant-Kirchhoff energy density, if v; is a
minimizing sequence then w; := v; —Pv; is a minimizing sequence too and there exist a (not
relabeled) subsequence of functionals Fn; such that the related a minimizing subsequence w;
converges weakly in H'(€; RY) to a minimizer v of F, provided (2.24) and (2.25) hold true.

Remark 2.5. A careful inspection of the proof (see also [13]) shows that Theorem 2.2 remains
true if coercivity condition ([2.8) on W is weakened by assuming either

(2.32) 3C > 0 independent of x:  W(x,F) > Cdist?(F,SO(N)) VYFeMV*V,
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or by assuming these three conditions on V

2.33 f inf V(z,B)>0 Vp>0,

(2:33) i, D V@ B)>0 Vo

(2.34) Ja >0, p>0 such that inéV(aJ,B) >aB? V B|<p,
TE
1

(2.35) liminf —- inf V(z,B) > 0.

B>+ |B| zeQ

This can be shown by exploiting Lemma 3.1 in [I3]; notice that under such weaker assumption
the constant appearing on the right-hand side of inequality must be modified accordingly
in Lemma 3.1

It is worth noting that implies (2.32)), (2.33), (2.34) and (2.35).

In this Section we show some properties of the limit functional F and several preliminary
results to be used in the proof of Theorem [2.2]

Remark 2.6. If N = 2, then for every W € Mﬁ:j there is a € R such that W? = —a?I,
hence ([2.22)) reads
(2.36) = mln/ Vo(x,E(v I) dx — L(v),

therefore, a minimizer a.(v) of functional (2.36 - (for a € R with fixed v) fulfils

3 V)/QVO(:B,I) dx—I—a*(v)/QDVO(X,I)-E(V) dx =0

that is

(2.37) al(v) = < /Q Vo(x,1) da:) ( / DVy(x,1) )dx>
and

(2.38) Fv) = /Q Vo (x. E(v) + 001 dx — £(v).

Hence, by taking into account that Vj is a quadratic form it is readily seen that for N = 2

/VOXE i ([nas) ([ prmnzman) |- e
—E(v)- (/QVO(X,I)dx> </ DVo(x, T)- )dx) ]

Even more explicit, if N =2, A\, p > 0 and
plFTF —I> + 3| Tv (FTF —1)]? if detF >0

400 otherwise,

(2.40) W(x,F) = {
then Vo(x,B) = 4u|B|? + 2A\|TrBJ? and we get

(2.41) a(v) = |97t </Qdivvdx> .
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This conclusion could be approximately rephrased as follows: in 2D the global energy F(v)
of a displacement v is the same of linearized elasticity if the area of the associated deformed
configuration y(Q2) = (I 4+ v)(Q2) is not less than the area of .

Remark 2.7. The compatibility condition (2.25)) cannot be dropped in Theorem even if
the (necessary) condition (2.24) holds true. Moreover plain substitution of strong with weak
inequality in ([2.25]) leads to a lack of compactness for minimizing sequences.

Indeed, if n denotes the outer unit normal vector to 92 and we choose f = fn with f < 0,
g = 0 then, by Divergence Theorem,

skew

(2.42) / f - WxxdHN ™' = f(TTWH)|Q > 0 ¥ WeM PN\ {o},
o0

so that the strict inequality in ([2.25]) is reversed in a strong sense by any W e MAUXN \ {0};

skew

fix a sequence of positive real numbers such that h; — 04 W ¢ MNXN 3y % 0, and set

skew
v = hj_l(%Wg—F@W) x, then I+hv; = I+(%W2+§W) € SO(N), due to representation
(2.2)) with ¢ = w/3. Hence, by frame indifference,
- f

2.43 Fn.(vj)=L(vj) = -2~ | Wk -ndH"'=—-——
On the other hand, assume N = 2,3, Q € RY a bounded open set with Lipschitz boundary
and W as in (2.30)) and f =g =0, so that the compatibility inequality is susbstituted by the
weak inequality; if v; are still defined as above then, hence by frame indifference,

(2.44) Fn;(vj) =0=inf F, ,

namely, v; is a minimizing sequence for 7, but E(v;) has no weakly convergent subsequences
in L2(; MN*N),

(Tr W?)|Q| = —oo.

Remark 2.8. It is worth noticing that the compatibility condition (2.25) holds true when
g=0,f = fn with f > 0 and n the outer unit normal vector to 9.
Indeed let W € MY*N W = 0: hence by (2.24) and the Divergence Theorem we get

skew
(2.45) / f - W2xdHV 1 = f(TTW? Q] < 0
onN

thus proving (2.25)) in this case. This means that in case of uniform tension-like force field at
the boundary and null body force field the compatibility condition holds true.

Remark 2.9. It is possible to observe some analogy between the energy functional and
the results in [I5],[16], where the approximate theory of small strain together with moderate
rotations is discussed under suitable kinematical assumptions. More precisely, if F = I+ hVv
is the deformation gradient, F = RU the polar decomposition, [I5] shows that the assumptions

(2.46) R=1+0Wh), U=1+0(h) ash—0,
in the sense of pointwise convergence are equivalent to
(2.47) E(v) = O(1), h(skewVv)=O0(Vh) ash— 0y

still in the sense of pointwise convergence. Therefore

(2.48) U =1+ h(E(v) — L (skewVv)?) + o(h)
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and the pointwise limit of F3, ( not the I'-limit !) becomes
/ Vo(x,E(v) — L(skewVv)?) dx — L(v),

which is quite similar to (2. 22
We highlight the fact that (2.46)) cannot be understood in the sense of L2(€2, MYV *N) whenever
v = v, on a closed subset E of 0Q with H"~1(2) > 0, since by Korn and Poincaré inequalities

we get
/|Vv|2dx<C’ /uﬁ; |2dx+/|v*|2 dHN~ 1

therefore if E(v) = ) then hVv = O(h), thus contradicting the second of (2.46). On the
other hand a careful apphcatlon of the rigidity Lemma of [I8] show that if E(v) = O(1) and
U = I+ O(h) in the sense of L?(Q, MN*N) then there exists a constant skew symmetric
matrix W such that AVvIVv = ~W?2 4+ o(1) in the sense of L' (9, MN*N) (see the proof of
Lemma [3.4) below). Therefore

(2.49) U =1+h(E(v)—W?/2) +o(h)

where equality is understood in the sense of L'(Q, MY*N) and W a constant skew symmetric
matrix.

3. PROOFS

We recall some basic inequalities exploited in the sequel, for both reader’s convenience and
labeling the related constants.

Poincaré Inequality. There exists a constant Cp = Cp(Q2) such that
(31) [[v—Aqv HL2(Q;RN)+H v—Fqv HL?(@Q;RN) < Cp I VVlipaumveny Vv € H(QGRY) .

Korn Inequality. There exists a constant C'x = Ck(£2) such that
(32) v =Pvll2@ry) + IV =PVl 200ry) < Ck [E(V)ll2@umvxny Vv eH (RY).

Geometric Rigidity Inequality ([I8]). There exists a constant Cg = C(£2) such that for
every y € H'(Q;RY) there is an associated rotation R € SO(N) such that we have

(3.3) / |Vy —R[?dx < Cg/ dist?(Vy; SO(N)) dx.
Q Q

The first step in our analysis is the next lemma showing that if (2.24)), (2.25]) hold true then
the functionals F}, are bounded from below uniformly with respect to h > 0: this implies the
existence of minimizing sequences of the sequence of functionals Fj, (see Definition .

Lemma 3.1. Assume and (| - Then

C%Cq
(3.4) inf it Fa(v) > = (] + [lle)

where C' is the coercivity constant in (2.18]) and Cp, Cq are the constants related to the basic
inequalities above.
Actually the claim holds true even if strict inequality is replaced by weak inequality in (2.25)).
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Proof. Let v € H'(Q;RY) and y = x + hv. Since det Vy > 0 a.e., by polar decomposition
for a.e. x there exist a rotation Ry (x) and a symmetric positive definite matrix Up(x) such
that Vy(x) = Ry,(x)Up(x), hence Vy?Vy = U? so that for a.e. x

VyTVy — 12 = |UZ -7 = |(U, ~D)(Up + D > [U, — 1 =
— |[(Vy - R > dist’(Vy, SO(N)).

By (2.8),(3.5) and the Geometric Rigidity Inequality (3.3|) there exists a constant rotation R
such that

(3.5)

Fn(v) > ChQ/ VyIVy —1?dx — h 'L(y — x) >
Q

(3.6)

> 2 / IVy — R|*dx — h ™' L(y — x).

Ca 0
If
c:= Q! / (y —Rx)dx,
Q
then by Poincaré inequality (3.1))
ly = Rx —cllr2@) + Iy = Rx —cl12090) < Cr[[V(y —Rx)[l2 = Cp[[Vy —R|2,
and by and Young inequality we get, for every o > 0,
Ly —Rx—c) < Cp|Vy = Rz (Ifllz200) + l8llz2) <

1 Cp Cp 2
<o LYvy ~RIE + 0 L (If)2e + lelee)
—1 CP 2 2 2
< o vy ~RIE + aCr (16 + lgl).

By choosing o« = hCp Cq/C
Ly—x)=Ly—-Rx—c)+ LRx—x) <

4 C
(3.7) < o LTy R + aCp (IF3 + gl3) + LRx %) =
_ C/CG C'2
= W' =519y — Rl + e h (Il + lgll:) + LRx—x).

Exploiting the standard representation (2.2)) of the rotation R = I+ W sin® + (1 — cos ) W?
for suitable ¥ € R and W € MY XN with |W|2 = 2, by ([2.24),(2.25) we get

skew

(3.8) L(R-Dx) = (sin¥) L(Wx) + (1 —cos?) L(W?) < 0,
hence, by , and we conclude
(3.9)

Fn(v)

C/Cq , _ CE _
> == h 2/Q|Vy—R\2dx — C/gG (1132 + llgli72) — A 'L(R-D)x) >

_C3Cq
C

(I£]132 + llgll2) Vv € HY(Q;RY), Vh > 0. -
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Lemma 3.2. Let v, € HY(Q;RY) be a sequence such that E(v,) — T in L*(Q; MN*N).
Then there exists w € H'(;RYN) such that T = E(w). If in addition Vv, — G in L?(Q;RYN)
then there exists a constant matric W € MN*N such that Vw = G — W.

skew
Proof. Since E(v,) — T in L*(Q; MY *Y), we have E (v, —Pv;,) = E(v,) are equibounded in
L2(; MN*N) “then by Korn inequality v,, —Pv,, are equibounded in H'(€; RY), where P the
projection on the set R of infinitesimal rigid displacements. Therefore, up to subsequences,
we can assume that w, := v,, — Pv,, = w in H'(;R") and we get
(3.10) Vw, = E(wy,) + skewVw, = E(v,,) + skewVw, .

Hence there exists S € L?(Q; MY*N) such that skewVw, — S in L*(€; MY*Y) and by

skew

letting n — 400 into (3.10) we have T + S = Vw. Since S € LQ(Q;M?,Q;iV) it is readily

seen that E(w) = T and if in addition Vv,, — G in L2(Q; MY*N) then there exists a
constant W € MY*Y such that VPv,, — W in L2(Q; MN*N) actually converging in the

skew
finite dimensional space of constant skew symmetric matrices, thus proving the Lemma. =

Remark 3.3. It is worth noting that if E(v;) — T in L?(; MY*N) then by Lemma
there exists v € H'(Q;RY) such that T = E(v) and if T = E(w) for some w € H'(Q;R"Y),
then v — w is an infinitesimal rigid displacement in €2, i.e. E(v —w) = 0.

Next we show a preliminary convergence property: we compute a kind of Gamma limit of the
sequence of functional Fj, with respect to weak L? convergence of linearized strains.

Lemma 3.4. (energy convergence) Assume that (2.24) holds true and let h; — 0 be a
decreasing sequence. Then

i) For every v;,v € HY(Q;RY) such that E(v;) — E(v) in L2(Q; MY *N) we have
lim inf 7, (v;) > F(v).

j—+oo

ii) For every v € HY(S;RY) there exists a sequence v; € HY(Q;RYN) such that E(v;) —
E(v) in L*(Q; MN*N) and

lim sup Fp, (v;) < F(v).

j—+oo

Proof. First we prove i). We set y; = x + h;v; and denote various positive constants by
¢, C",..,L',L". We may assume without restriction that Fj (v;) < C'; by taking into

account ([2.8) we get
Ch]2/Q |VY;ZﬂVyJ — I’QdX — E(VJ) < ]:hj(vj)
and by ([2.24))
hj_Q/QWijVyj —IPdx < C' + L(vj) = C'+ L(vj —Pvy),

where Pv; is the projection of v; onto the set of infinitesimal rigid displacements.
Hence by Korn inequality we have

1
2
(3.11) hﬁ/ IVy) Vy; —12dx < C" + C” (/ ]E(vj)|2dx) < o
Q Q
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Inequality (3.11) together with the Rigidity Lemma of [I8] and (3.5)) imply that for every h;
there exists a constant rotation R; € SO(N) and a constant C", dependent only on €, such
that

/Q Vy; — R;[>dx < C""'h}
that is
(3.12) /Q I+ h;Vv; — Rj|*dx < C"h3.

Due to the representation (2.2) of rotations, for every j € N there exist ¥; € (—m, x| and
W, e MOXN W ;|2 = 2 such that R;j = exp(9,; W) and

skew
(3.13) R; = exp(9;W;) = I + sind; W; + (1 —cost;) W3
hence by (3.12)
(3.14) /Q |hj Vv —sind;W; — (1 — cos ﬁj)W?P dx < C’””h? .
Since

sym(thvj —sin?;W; — (1 — cos 19j)WJ2-> = h;E(v;) — (1 — cos ﬁj)WJQ-
we get
/Q |E(v;) — (1 - cosﬂj)hj_lezlzdx <c".

By recalling that E(v;) — E(v) in L?(Q; M) and |VV]2|2 = 2 due to (2.3)), we deduce for
suitable L > 0

1
(3.15) |1 —cosd;| = 7 |(1- cosvﬂj)WJZ-} < Lh;
hence
(3.16) ‘Sin 19]‘ S 2Lh]‘.
By (1), (B15) we have
(3.17) /Qy\/hijj s W dx < (C" 4 2L|) by |

NxN

shew > Uhere exists a constant

hence, by compactness of the sequence h~/2sin W, in M
matrix W € MY*N guch that, up to subsequences,

skew
(3.18) VhjVv; — W strongly in L?(Q; MM*V)
and therefore
(3.19) thVJTVVj - WIw = —W? strongly in L!(€; MYV

By Lemma 4.2. of [I3] for every k& € N there exist an increasing sequence of Caratheodory
functions VJ]-C 1 Q% ./\/lﬁ,\Z%LN — [0, +00) and a measurable function ¥ : Q — (0, 4-00) such that

VJ]-‘:(X, -) is convex for a.e. x € ) and satisfies

(3.20) VE(x,D) < V(z,h;D)/h? YD e MYXN,
(3.21) Vix.D) = (1~ %) Vo, D) for Vo(x, D) < ph(x)/h2 .
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By setting D; := E(v;) + %thV]Tij, properties (3.19), (3.20) and 1) entail

(3.22) /Qth(:E,ij) de/ﬂV]’?(m,Dj)dx
and

- NxN
(3.23) Jim VH(x.D) = (1 k) Vo(x,D)  ae xe€Q, VD e MYx

respectively. Then by taking into account that
D; — E(v)—iW? in LYQ;MNN),
(3.22)) and Lemma 4.3 of [I3] yield

liminf [ V. (2, Vv;)dx > liminf V (z,Dj) dx
j—=+o Jq J=too Jq

> /9(1 —1/k)V, (x, E(v) — %WQ) dx VkeN.

Up to subsequences v; — Pv; — w in H'(;RY), moreover E(v) = E(w). Then by (2.24) for
every k € N we obtain
lim inf 7, (v;) > / (1 - —)VO(X,E(V) — IW?)dx — L(w) =
Q

j—+oo

Taking the supremum as k£ — oo we deduce

(3.24) lim inf 3 (v;) / Vo(x,E(v) — iW?)dx — L(v) > F(v)

Jj—+oo
which proves 7).

We are left to prove claim ii). To this aim, we set for every v € H'(Q; RV):

skew

(3.25) W, € argmin {/ Vo (x, E(v) — %WQ) dx: W e MNXN}
Q

Without relabeling, v denotes also a fixed compactly supported extension in H I(RN ‘RN ) of
the given v (such extension exists since {2 is Lipschitz due to (2.1)).
We may define a recovery sequence w; € CH(; RYN) for every j, as follows. Set

~1/2

(3.26) wi=h; " Wyx+v*p;

where @;(x) = sj_Ncp
in such a way that hjsj_?’ — 0 holds true. Sobolev embedding entails v € LS(RN;RY), since
v € H'(RV;RY) and N = 2,3; then by Young Theorem and since 0 < £ < 1 we have

—N/6—1 -3/2

(x/¢;) is a mollifier supported in B, (0) and the sequence ¢; is chosen

(3:27) [[V(vr@j)llze < vllzslVejllpers <e; IVl zossllvll s -

IVl LorsllvliLe < €5
By Vw; = h; W+ V(vxp;) and WI = —-W, we get
E(w;) = E(v) *¢j,

thW?ij = -W2 + hiV(vxp))T V(vxp;) + hjl-/2(V(v*<pj)TWv — W, V(v*yj)),
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hence, by taking into account (3.27)) and hj5;3 — 0, we get
(3.28) E(w;) + 5h; VW] Vw; = E(v) — W2 in L*(Q,RY),

(3.29) hj (E(wj) + %hijijWj) 0 in L®(Q,RN).
Therefore Taylor’s expansion of V entails

(3.30) lim Vi, (x,E(w;) + $h; VWl Vw;) =V (x,E(v) — §W2)  forae x€Q,
J—+0o0o

and taking into account (2.14)), (2.15)), (2.16)), (3.29) we have

(3.31) Vi, (%, E(wj) + 5h;VwlVw;) < v|E(w;) + $h;Vw! Vw,|?,
hence the Lebesgue dominated convergence theorem yields
Fh,(wj) — Werj\l/llrjixjv/ Vo (x,E(v) — $W2) dx — L(v),
thus proving ii). ]

Remark 3.5. If W is a convex function of FT F—1I then (3.24) is a straightforward consequence
of weak L(Q; MN*N) convergence of B; and the construction of V]’»C can be avoided in the

proof. Hence the restriction to decreasing sequences h; (needed in order to apply Lemmas 4.2
and 4.3 of [13]) can be removed in the assumptions of Lemma [3.4]if W is convex.

Lemma entails existence of minimizing sequences for the sequence of functionals Fp. Next
tecnical lemma shows a (very weak) relative compactness property of these sequences: if
v; is a minimizing sequence then E(v;) is equibounded in L?. The key idea of the proof
consists in showing that ||E(v;)||,2 — 400 entails the contradiction E(v;)/||E(vj)||pz — 0
strongly in L?, by a careful analysis of all possible cases related to different balance of involved
parameters

Lemma 3.6. (Compactness of minimizing sequences) Assume that (2.24)), hold
true, h; — 04 is a sequence of strictly positive real numbers and the sequence of displacements
v; € HY O RY) fulfil (Fn,(vj) —inf Fp,) — 0, namely v; is a minimizing sequence for Fy,.
Then there exists M > 0 such that |[E(v;)||2 < M.

Proof. By Lemma [3.1] there exists ¢ such that
(3.32) —o0 < ¢ < infFy, < Fi,(0) =0,

Assume by contradiction that ¢; :=|| E(v;) ||,2— +oo and set w; = tj_lvj. By Lemma
there exist w € H'(€; RY) and a subsequence such that without relabeling E(w;) — E(w) in
L2(Q; MN*N) . By we can assume up to subsequences that Fp;(v;) < 1.

By setting y; = x 4+ hjv; = x + h;tjw;, arguing as at the beginning of Lemma proof
and exploiting Korn inequality , we obtain that for every j € N there exists a constant
rotation R; € SO(N) such that

/Q Vy; —Ry2dx < 12 + Cre(|fll 200 + ol s2e) b5 B2
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that is, by setting C' = Ck (|| fllz2(00) + ll9/lL2(2));
(3.33) /le+ hit;Vw; — Ry[Pdx < W3 (14 C't)).

Possibly up to further subsequence extraction, one among these three alternatives take place:
a) hjt; = A >0, b) hjt; =0, c) hjt; = +oo.

If condition a) holds true we have

J
R-1

(3.34) Vwj = =

strongly in L2(Q; MYN*N) for a suitable constant matrix R € SO(N) and by Lemma (3.2 we
get Vw € K+ MYV,

skew

If condition b) holds true, then by using formulee (3.13) and (3.33) there exist ¥, € (—, 7]
and a constant matrix W; € MY*N with |[W ;|2 = \W2]2 = 2 such that

skew

2 1 C’
dX S 72 + )
t]- tj

R, -1

VWj — hjtj

hence, up to subsequences,

(3.35) /Q ’hjthWj - sinﬁthj — (1 — COSﬁj)W?‘Q dx < h? (1 + Cltj) .

Since W; and WJ2 are respectively skew-symmetric and symmetric, (3.35]) yields

(3.36) / E(w;) — (1~ cosdy)
Q hjt;
and bearing in mind that [, [E(w;)[*dx = 1 we get
(1 —cosy) — cos¥;)
’ hit; Ve ‘ hjt;

2
2
Wj

—2 /-1
dx < ;7 + C't;

(3.37) <o’

hence

(3.38) |sindy, | < 1/2(1 —costy;) < \/2C"hjt;

Estimate (3.35) together with t; — 400 yields

2
_ sind; (1-— COS’l9j) 9

By (3.37) we know that 1 — cos?; = 0(\/h tj), hence entail the existence of a

constant matrix W € MYXN such that, up to Subsequences, \/h jt;Vw; — W strongly in

skew

L2(Q; MN>*N) . Moreover by (2.8) and Korn inequality
tJQ/Q |E(Wj) + %hjthW]TVWjP dx < CIV + ﬁ(Wj)

= OV + L(w; — Pw;)

(] \IE(vvm%lx)é ,

IA
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hence
/ |E(w;) + %hjthijVwﬂQ dx — 0.
Q
On the other hand, by Fatou Lemma,
lim inf / 2E(w;) + hjt; Vw] Vw;|* dx > / 12E(w) — W?| dx,
J—too Jo Q

we get 2E(w) = W2 which implies Vw = skewVw + 1W?2, hence skew(Vw) is a gradient
field, then there is a constant skew-symmetric matrix Z such that SkeW(VW) = 7. By setting
1
Roo1+ w2 Viw
2 2
and by applying formula (3.13) we get R € SO(N) that is Vw — (R — I) € MY*N which

skew
implies Vw € K + M?,Q:Ifjv whenever condition b) holds true.

Eventually if condition ¢) holds true, by (3.33) we get

R, - I A C’
(340) / J dx < ™) + —,
and by taking into account that h;t; — +oo and |R; — I| is bounded, by (3.33) we get
Vwy, — 0 strongly in L2(Q; MN*N) hence Vw € K + MY XY still by Lemma (3.2

skew

VW]‘ —

By summarizing, in all three cases if ¢; :=[| E(v;) [p2— +oco and Fp,(t;w;) < C then
V(tj_lvj) = Vw,; — Vw strongly in L2(Q; MY*V) and Vw € K + M.
Therefore E(w;) — E(w) strongly in L2(Q; MNXN) .
Since w; := w; — Pw; are equibounded in H L(; RY), every subsequence of w; has a weakly
convergent subsequence and if w is one of the limits we get E(w) = E(w) hence by (2.24)
L(w) = L(w). Therefore every subsequence of £(w;) has a subsequence which converges to
L(w) that is the whole sequence £(w;) converges to £L(w), hence
(3.41) — L(w) = —limsup £L(w;) = —limsup L(w;) < liminftj_l}"hj(vj).

i J—+oo

Jj—+oo Jj—+oo

Since (3.32)) entails limsuptjlfhj (v;) <0, by (3.41) we get L(w) > 0.
By taking into account that Vw € K + MY >N then, either Vw € MY*N or

skew skew

w(x) =7(R—-I)x + Ax +c, forsome 7 >0, R€ SO(N), R#I, Ac MY*N ¢ccRY,

skew

The second case cannot occur since in such case by (2.2)) there would exist ¥ € R with cos ¥ < 1
and W € MYXN W =£ 0 such that R = I+ (1 — cos¥)W? + (sin))W € SO(N) hence

sym

(2.24)), (2.25) would entail the contradiction below
L(w) —7'/ f-(R—I)XdHN_l—i—T/g-(R—I)x—
o0 Q

3.42
(342) = 7(1 —cosﬁ)/ f WaxdHY 1+ 7(1 —cosz?)/ g - W2x < 0.
o0 Q

Hence Vw € M?,Q:g that is E(w) = 0 which is again a contradiction since ||[E(w;)||z2 = 1

and E(w;) — E(w) in L2(Q; MN*N), ]
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Proof of Theorem - First we notice that minimizing sequences for JFj,; do exist for every

sequence of positive real numbers h; converging to 0, thanks to Lemma

Fix a sequence of real numbers h; > 0 converging to 0 and a minimizing sequence v; for Fp,.

Up to a preliminary extraction of a subsequence we can assume that h; is decreasing.

Since —oo < inf Fj,; < 0 there exists C' > 0 such that Fj,(v;) < C hence by Lemma
[E(vj)ll2 <C

and by Lemma there exists vo € H(Q;RY) such that, up to subsequences, E(v;) — E(vo)

in L2(Q; MNY*N) thus proving (2.26). By Lemma we get

lim inf 75, (v;) = F(vo) -

Still by Lemma for every v € H(Q;RY) there exists v; € H*(Q;RY) such that E(v;) —

E(v) in L2(Q; MY¥*N) and
lim sup F;(vp,) < F(v),
j—+oo
hence
(3.43) F(vo) < lim inf F;(vy,) < liminf(inf F, +o(1)) < lirﬁiip Ty (Vi) < F(v)

and ([2.28) is proven. Therefore ([2.27)) follows by (3.18]).
Eventually we notice that (2.27)) follows by labeling with Wy the skew symmetric matrix W

in the convergence relationship (3.18)) obtained in the proof of claim 4) in Lemma .
So we have only to prove ([2.29)): to this aim,by arguing as in the proof of claim ) in Lemma

we have (3.24)), hence we get
F(vg) = ljin_&nf Fn;(vj) > / Vo(x,E(vo) — AW2) dx > F(vy)
j—too Q

thus proving (2.29)). [ |

4. LIMIT PROBLEM AND LINEAR ELASTICITY

We denote by € : H'(Q;RY) — R the energy functional of classical linear elasticity
(4.1) E(v) = / Vo(x,E(v))dx — L(v).
Q

Notice that (1.6]) is just a particular model case of (4.1]) corresponding to (|1.4)).

As it was already emphasized, the inequality F < £ always holds true. Moreover the two
functionals cannot coincide: indeed F(v) < £(v) whenever v(x) = 1 W?2x with W € ./\/li\,[ﬁ;iv .
However we can show that the two functionals F and &, notwithstanding their differences,
have the same minimum and same set of minimizers when the loads are equilibrated and
compatible, that is they fulfil both (2.24) and (2.25).

Next results clarify the relationship between the minimizers of classical linear elasticity func-
tional £ and the minimizers of functional F defined in , and coincident with the Gamma limit

of nonlinear energies Fj, in the sense stated in Theorem 2.2

Theorem 4.1. Assume that (2.24) and (2.25) hold true. Then

(4.2) min  F(v) = min  E(w).
vEH(QRN) weH(Q;RN)
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and
(4.3) argmingc g (o:ry) F = argmingegiqrn) &.

Proof. Both functionals F, £ do have minimizers under conditions (2.24)), (2.25), thanks to
Theorem Taking into account that F(v) < &£(v) for every v € H'(Q;RY), and setting
zw (x) := s W2x for every W € MY*N “we get E(zw) = sW? and

skew

min  &E(v) > min  F(v) =

veH(RN) veH(RN)
veHlP(iél;RN) {ng?{:g {/Q Vol Ev) - %WZ) e £(V)}} B
(4.4) Wer,r\l,ilifizg {veHrlnglRN {/ Volox, E(v W2)dx_ E(V)}} N
Wen/\l/ilijg {vqulglRN {/ Vo(x, E(v —zw))dx — L(v —zw) — ﬁ(zw)}} =
sertien) S 7 g CEW) =

skew

where last inequality follows by L£(zw) < 0, due to (2.25) and £(0). Therefore (4.2)) is proved
and we are left to show (4.3)).
First assume v € argminy ¢ g1 (q.rny) F and let

skew

(4.5) W, € argmin {/ Vo (X, E(v) — %W2> dx: W e MNXN} '
Q

If W, # 0 then, by setting zw, = %W%X we get E(zw,) = Vazw, = %Wg, and, by
compatibility (2.25) we obtain

(46) min F = F(v) = /QVO (x, E(v — zwv)> dx — L(v —zw,) — L(zw,) =

E(v—zw,) — L(zw,) > min & — L(zw,) > min &,
say a contradiction. Therefore Wy = 0, zw_, = 0, and all the inequalities in turn out
to be equalities, hence we get F(v) = £(v) = min€ = min F, say v € argming .~y € and
argming orvy F C argming qrn) €.
In order to show the opposite inclusion, we assume v € argmin, ¢ g1 orn) € and still referring
to the choice we set zw, = %W% x. Then

(4.7) F(v) = /QVO (x, E(v — zwv)) dx — L(v —zw,) — L(zw,) =

= &(v—zw,)— L(zw,) > F(v—2zw,) — L(zw,) .

This leads to the contradiction F(v) > F(v — zw,) if zw, # 0, due to (2.25); therefore
zw, = 0 and we have equalities in place of inequalities in (4.7)): therefore £(v) = F(v) and
Vv € argming opv) F. [
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Corollary 4.2. Assume that the standard structural assumptions hold true together with
(2.24)), , and Wy € Mé\li;;f}v is the matriz whose existence is warranted by in Theo-
rem [Z.2

Then Wy = 0.

Proof. Let vg be in argmin F, Wy be the skew symmetric matrix in the claim of Theorem
and assume by contradiction that Wy # 0. By (4.2) and (4.3)) we get

[ Vol Bvo) — W) ix = [ ol Elvo))dx
and by taking into account that Vy is a quadratic form
/QVO(X, TW2)dx — ;/QDV()(X,E(V[)))-W% dx = 0.
Since by v € argmin &, the Euler-Lagrange equation yields
/QDVO(X,E(V())) -Widx = L(Wix),

hence, by (2.25),
1
0< / Vo(x, 3W2) dx = §£(W8x) <0
Q

which is a contradiction.
Hence Wy = 0. [ |

If strong inequality in ([2.25)) is replaced by a weak inequality, then Theorem cannot hold
true, as it is shown by the following general result.

Proposition 4.3. If the structural assumptions together with (2.24) are fulfilled, but (2.25))
s replaced by

(4.8) LW2x) <0 YW e MPN
then argmin F s still nonempty and

(4.9) min 7 =min &,

but the coincidence of minimizers sets is replaced by the inclusion

(4.10) argmin £ C argmin F .
If [@.8) holds true and there exists U € MYX*N U #£ 0 such that L(U?x) = 0, then F admits

skew
infinitely many minimizers which are not minimizers of £, precisely

(4.11) argmin £ ; argmin & + {U2x s Ue MYV £(U%x) = 0} C argminF,

skew

where the last inclusion is an equality in 2D:

(4.12) argmin £ ; argmin€ + {—tx : ¢t >0} = argminF, if N=2.
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Proof. The set argmin £ is nonempty by classical arguments. Fix v, € argmin&. Then for
every v € H'(Q;RY) and for every W € MY*N 'y setting zw = %sz, we get

skew

F(ve) <E(vy) <E(V—2zw) = /QV()(.%',E(V) — IW?)dx — L(v — zw) <
(4.13)
< / Vo(z,E(v) — %W2) dx — L(v)

hence for every v € H1(€; RY)

WeMN XN

skew

(4.14) F(v)<  min / Volz, E(v) — \W?) dx — L(v) = F(v)

thus proving that argmin F is nonempty and (4.10)).
Moreover by setting

skew

(4.15) W, € argmin {/ Vo(z,E(v) — $W?)dx: W € MNXN} : v veH (QRY)
Q

condition (4.8)) entails for every v, € argmin &

(4.16) F(vi) = /QVO (z,E(vs — zw,,)) dx — L(vy) = E(vi —zw,, ) — L(zw,,) > E(V4)

hence ([4.9)) follows by F < £.
If (4.8) holds true, £(zy) = 0 for some 0 # U € MY*N and v* € argmin € then, by comparing

skew

the finite dimensional minimization over W with evaluation at W = U and exploiting (4.9)),
we get

F(ve+zy) = min/ Vo(z,E(vs) + 302 — AW?) dx — L(v, + zy) <
W Ja
(4.17)
< / Vo(x,E(vy))de — L(vy) = E(vs) = min€ = min F,
Q

that is v, + zy € argmin F . Since V) is strictly convex we get argmin€ = {v,+z:z € R}
hence £(v, + zy) > £(v,) thus proving the strict inclusion in (4.11]).

Concerning last claim, if (4.8)) holds true, £(zy) = 0 for some 0 # U € Mi\,fc;]uv , v¥ €argmin F
and N = 2, then M2kew is a 1D space, therefore we can assume U = (e; ® €3 — €2 ® e1),

U? = 1, M2X2 =span U and Wy, = AU for some A € R, and by (4.9)

skew —

min€ = minF = F(vx*) = /VO(E(V*) - %Wg*)dx—ﬁ(v*) =
Q

)\2
= / Vo (E(vy) — ?UQ) dx — L(Ve —2z)\p) = E(Ve — 2)U)
Q
that is (vi—2z)y) € argmin & for every v, € argmin F, therefore we get
argmin F — {zyy : A € R} Cargmin€, argminF C argmin€ + {z\uy : A € R},
hence by zyu = /\;sz = —’\2—2x we obtain the equality in place of the last inclusion in (4.11)),

hence (4.12)).

Next example depicts the above Proposition in a simple explicit case.
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Example 4.4. Let Q = (-1/2,1/2)% g=0, f = (15, — 1s_)ea + (17, — 17_)e; where Sy
denote respectively the right and the left side, and T+ the upper and the lower side of the
square. A straightforward computation gives, for suitable A € R,

(4.18) /f‘WQXdHNl——AQ/ f-xdiV'=0 VWeMY2,
o0N o0

Then, since (2.24) and (4.8) are fulfilled, by (4.12)) in Proposition we have the whole

description of the set argmin F: for every choice of )y satisfying the standard structural
hypotheses, F has infinitely many minimizers v which are not minimizers of £, explicitly they
are of the kind

v = (v* —tx) € argmin F \ argmin £ if v € argmin&, ¢t > 0.
It is quite natural to ask whether condition (2.25)), which is essential in the proof of Theorem
may be dropped in order to obtain at least existence of min F: the answer is negative.

Actually next remark shows that, when inequality in compatibility condition ([2.25)) is reversed
for at least one choice of the skew-symmetric matrix W, then F is unbounded from below.

Remark 4.5. If

1
(4.19) IW, e MO L(zw,) >0, where zw, = §fo,
then
(4.20) inf  F(v) = —oo.
veHL(;RN)

Indeed, by arguing as in (4.4]) and replacing ming: with inf g1, we get

: : 1,
(4.21) Hl(lg)l;%N)f = HlI(Igl)l;%N)E _Wes/\li(%xNE(ZW) where zw = §W X.

skew
Hence
inf F < min & — 7L(zw,) V7 >0,

H1(Q;RN) H(QRN)
which entails (4.20)).

Next example shows that in case of uniform compression along the whole boundary functional
F is unbounded from below.

Example 4.6. Assume Q C R” is a Lipschitz, connected open set, N =2,3, g=0, f = —n,
where n denotes the outer unit normal vector to 9f2.

Then (4.19) holds true hence, by Remark , infycp1omyy F(v) = —o0.

Indeed, for every W € Mi\,}c;iv such that [W|? = 2 we obtain

/ fW2xdHV ! = —/ nW2xdHV "1 = —/ div(W2x)dx = — |Q|TrW?2 = 2|Q| > 0.
o0 o0 Q

This means that any Lipschitz open set turns out to be always unstable when uniformly
compressed in the direction of the inward normal vector along its boundary: therefore the
linearized model proves inadequate for such case even for small load.
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