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Computational fluid dynamics is used in the present work to analyze the conjugate heat transfer in the receiver tube of a solar thermal 
tower operated with a liquid metal. A circumferentially and longitudi-nally non-uniform heat flux, due to solar irradiation, is applied on 
half the external surface while the other one is considered as insulated. The heat transfer mechanism of liquid metals differs from that of 
ordinary fluids. As a consequence, the Reynolds analogy, which assumes a constant turbulent Prandtl number close to unity, cannot be 
applied to these fluid flows. Therefore two additional equations, namely one for the temperature variance and one for its dissipation rate 
are additionally solved, in order to determine the turbulent thermal diffusivity. The effects of the wall thickness ratio, the solid-to-fluid 
thermal conductivity ratio, the P�eclet number and the diameter-to-length ratio have been analyzed.

The calculated average Nusselt numbers closely agree with those evaluated with appropriate corre-lations for liquid metals, valid for 
uniformly distributed heat flux. Nonetheless these are not suited to evaluate the local Nusselt number and wall temperature distribution.

1. Introduction

Liquid metals are considered as efficient heat transfer media in
many processes with exceptionally high thermal loads. They have
been already proposed in the past as high temperature heat
transfer media in concentrating solar power systems. Indeed, dur-
ing the 80s, tests have been carried out on a demonstration plant
(Plataforma Solar de Almeria) operated with a liquid sodium-
cooled central receiver [1,2]. Unfortunately, the experiments have
been stopped after a fire, caused by a sodium leakage during
improper maintenance work. Recently, after a period of reduced
interest in that approach, several new efforts have been reported,
such as thermodynamic evaluation of candidate liquid alloys [3], as
well as corrosion and heat transfer tests [4]. Further works, as e.g.
those reported in Refs. [5e10] have recently highlighted the
attractive properties of liquid metals for Concentrated Solar Power
(CSP) applications. Presently a small concentrating solar power

system operated with lead-bismuth eutectic (Pr ¼ 0.025) is under
construction at the Karlsruhe Institute of Technology in Germany,
as discussed in Ref. [11].

In a solar tower plant, a field of sun-tracking mirrors, called
heliostats, concentrate the sunlight onto a tower-mounted, cen-
trally located receiver. The incident solar energy heats a fluid
which, in case of a liquid metal, subsequently transfers its energy to
the operating fluid of the power cycle. Compared to other tech-
nologies such as parabolic through, Fresnel and dish collectors,
solar tower thermal plants are expected to reach lower levelized
electricity costs [12,13]. The central receiver is a key component and
accounts for about 15% of the total investment costs [14]. One
typical arrangement for the receiver is based on arrays of parallel
tubes, which are cooled from the inside by a heat transfer fluid and
heated from the outside by the concentrated sunlight. In this
design, only half of the tubes' surface is exposed to solar irradiance,
resulting in a strongly non-uniform heat flux on the outer wall. This
can result in high thermal stresses in the tube walls, whose
magnitude depends on the cooling effect of the heat transfer fluid.
Thus, for a proper thermo-hydraulic, as well as mechanical design
of the receiver, good knowledge of the local wall temperatures and
convective heat transfer coefficients is required.

Liquid metals are characterized by a high molecular thermal
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Nomenclature

Roman letters
Cf Fanning friction factor (�)
cp specific heat capacity at constant pressure (J/kgK)
Cm, C1ε, C2ε constants in momentum turbulence model,

Table 1 (�)
Cq, Cd1, Cp1, Cp2, Prt∞ constants in heat turbulence model,

Table 2 (�)
Cd2 function in heat turbulence model, Eq. (32) (�)
D internal diameter D ¼ 2ri (m)
f1m; f2m; fε functions in momentum turbulence model,

Eqs. (16)e(18) (�)
f1q, f2q, f2aq, f2bq functions in heat turbulence model,

Eqs. (27) e (30) (�)
Gr Grashof number Gr ¼ gbq

00
D4=ðln2Þ (�)

I identity vector (�)
k turbulent kinetic energy (m2/s3)
kq variance of temperature fluctuations, Eq. (9) (K2)
L tube's length (m)
Nu Nusselt number (�)
P average static pressure (Pa)
Pq production term in heat turbulence model, Eq. (25)

(K2/s)
Pk turbulent kinetic energy production, Eq. (14) (m2/s3)
Pe P�eclet number Pe ¼ RePr (�)
Pr Prandtl number (�)
Prt turbulent Prandtl number Prt ¼ nt/at
~q

00
w non-dimensional wall heat flux (�)

q
00

heat flux (W/m2)
R ratio between thermal and dynamical characteristic

time R ¼ tq/tu, Eq. (31) (�)
Rd Kolmogorov Reynolds number, Eq. (20) (�)
Rt turbulent Reynolds number, Eq. (19) (�)
Re Reynolds number Re ¼ ubD/n (�)
Ri Richardson number Ri ¼ Gr/Re2 (�)
r tube radius (m)
r* outer-to-inner radius ratio r* ¼ ro/ri non-dimensional

radial coordinate r* ¼ r/ri (�)
rþ non-dimensional wall distance rþ ¼ utr/n (�)
S mean strain rate tensor (s�1)
T temperature (K)
T
0

temperature fluctuations (K)
Tþ non-dimensional temperature Tþ ¼ (Tw�T)/Tt (�)
Tt friction temperature Tt ¼ q

00
/rutcp (K)

Tb0 inlet bulk temperature (K)
t time (s)
u velocity vector (m/s)
u′ vector of mean velocity fluctuations (m/s)
u0r fluctuating radial velocity (m/s)
u0T 0 turbulent heat flux vector (mK/s)

ut friction velocity ut ¼ (tw/r)0.5 (m/s)

u0rT 0
þ

non-dimensional radial turbulent heat flux u0
rT 0

utTt
(�)

u05u0 Reynolds stress tensor (m2/s2)
Dx dimensional axial mesh spacing (m)
Dxþ non-dimensional axial mesh spacing Dxþ ¼ utDx/n (�)
~x non-dimensional axial coordinate ~x ¼ x=L (�)
yþ non-dimensional wall distance yþ ¼ utd/n (�)

Greek letters
a molecular thermal diffusivity (m2/s)
at turbulent thermal diffusivity (m2/s)
d distance from the wall (m)
ε turbulent kinetic energy dissipation rate (m2/s3)
εq dissipation rate of temperature fluctuations, Eq. (9)

(K2/s)
qiw, qow, qb dimensionless inner Eq. (38), outer Eq. (39) and bulk

Eq. (40) temperature
l molecular thermal conductivity (W/mK)
l* solid-to-fluid thermal conductivity ratio l* ¼ ls/lf
n kinematic viscosity (m2/s)
nt turbulent kinematic viscosity (m2/s)
r density (kg/m3)
sk, sε constants in momentum turbulence model, Table 1
skq; sεq constants in heat turbulence model, Table 2
tw wall shear stress (N/m2)
tlq local thermal characteristic time, Eq. (26) (s)
tlu local dynamical characteristic time, Eq. (15) (s)
tq thermal turbulent characteristic time tq ¼ kq=εq (s)
tu dynamical turbulent characteristic time tu ¼ k=ε (s)

Operators

ð,Þ Reynolds-averaged values
〈,〉 circumferentially averaged value cross-section

averaged
〈,〉L circumferentially and longitudinally averaged value
(,) scalar product
V gradient
(,)T transposed matrix
(,)jw value at the wall
5 outer product

Subscripts
b bulk
f fluid
fd fully developed
i inner
o outer
s solid
iw inner wall
ow outer wall
conductivity and a low Prandtl number. This results in a heat
transfer mechanism different from that of fluids with medium-to-
high Pr numbers. Indeed, the thickness of the thermal viscous
sublayer is considerably greater than that of the hydrodynamic
viscous sublayer [15]. As a consequence, neither the Reynolds
analogy [16], which assumes a constant turbulent Prandtl number
close to unity, nor the well established Gnielinski or DittuseBoelter
correlations [17] can be applied to liquid metal flows. A recent re-
view of the available Nusselt number correlations appropriate for
fully developed forced convection to liquid metal flows in tubes can
be found in Ref. [18]. Moreover, the above mentioned circum-
ferentially non-uniform heat flux distribution of the concentrated
sunlight creates some doubt about the applicability of correlations
developed for uniformly heated tubes.



In the present work the computational fluid dynamics (CFD)
code FLUENT v.15 has been used to analyze the turbulent convec-
tive flow of a representative liquid metal inside a solar tower
receiver tube subject to circumferentially and longitudinally non-
uniform heat flux conditions on the outer wall surface, as shown
in Fig. 1.

Presently, according to the authors' knowledge, there are no in-
vestigations for liquid metal flows subject to these boundary condi-
tions. On the contrary there are some experimental and numerical
works for steam [19], water [20], two-phase water-steam mixture
[21] and molten salts [22,23]. Also the papers of [24] and [25] are
worth mentioning. Here the problem of a hydrodynamically and
thermally fully developed flow in a tube with a circumferentially
periodic boundary condition, e.g. a sinusoidal heat flux distribution
over the entire tube's wall, has been analytically solved, in principle
for all Pr numbers. Actually their approach is limited by the as-
sumptions made to evaluate the turbulent Prandtl number, Prt.

A recently proposed turbulence model by Manservisi and
Menghini [26] to directly compute the turbulent thermal diffusivity
of heat, at, in low-Pr number fluids has therefore been used in this
work. This necessitates the solution of two additional transport
equations, namely one for the temperature variance, kq, and one for
its dissipation, εq. These are not already implemented in the stan-
dard version of FLUENT v.15 and have been therefore separately
coded and coupled to the software through user-defined-functions
(UDF). In view of the considerations in Refs. [9,11], a fluid having
Pr ¼ 0.025 has been chosen, encompassing mercury, gallium-
indium-tin and especially lead-bismuth eutectic. Please note that
the first two are not considered for CSP applications but might be
used as model fluids for thermo-hydraulic experiments.
2. Governing equations

The numerical simulations have been performed for a steady
flow neglecting buoyancy forces, viscous dissipation and consid-
ering constant thermo-physical properties. The results refer then to
sufficiently low Richardson numbers, Ri ¼ Gr/Re2, such that natural
convection effects could be actually neglected. The time-averaged
governing equations for mass, momentum and energy can be
written as:

V$u ¼ 0 (1)

u$Vu ¼ V$

�
2nS � u05u0

�
� 1

r
VP (2)
Fig. 1. Non-uniform thermal boundary
u$VT ¼ V$

�
aVT � u0T 0

�
(3)

In the above equations, the mean strain rate tensor is defined as
S: ¼ 0.5(VuþVuT), while for the unknown Reynolds stress tensor,
u05u0, and turbulent heat flux vector, u0T 0, appropriate evolution
equations should be written for each of their components. Instead,
Algebraic Stress Models (ASM) for Reynolds stresses and Algebraic
Flux Models (AHF) for turbulent heat fluxes can be used. These are
deduced by starting from the corresponding full second order
transport equations and assuming the so called weak non-
equilibrium hypothesis, by which the time and space evolution of
the stress anisotropy tensor and of the turbulent thermal flux is
approximately zero. This results in implicit algebraic expressions
for u05u0 and u0T 0. For the former the remaining closure terms are
modeled with expressions containing the turbulent kinetic energy,
k, and its dissipation rate, ε, so that the resulting number of addi-
tional equations is 2. For the latter, considering buoyant flows and
Prandtl numbers different from unity, apart from k and ε also the
temperature variance, Eq. (21), and its dissipation rate, Eq. (22), are
needed, so that the equations become 2þ2. Algebraic models could
be attractive for flows with strong anisotropic momentum and heat
exchange and counter-gradient momentum and heat fluxes.
Nevertheless their intrinsic implicit character could lead to nu-
merical problems. Examples of these approaches, partially adapted
also to low Prandtl number fluids, can be found in the following
references [27e29].

The closure problem can be further simplified by using the
Boussinesq assumption of a turbulent diffusivity of momentum and
heat (Single Gradient Diffusion Hypothesis) so that u05u0 and u0T 0
can be written as follows:

u05u0 ¼ �2ntS þ 2
3
kI (4)

u0T 0 ¼ �atVT (5)

The turbulent thermal diffusivity in Eq. (5) can be expressed in
terms of the turbulent momentum diffusivity by defining a tur-
bulent Prandtl number:

Prt ¼ nt

at
(6)

In engineering practice the turbulent viscosity is calculated by
solving appropriate evolution equations for some quantities used to
characterize the time and length scale of turbulence, but the tur-
bulent Prandtl number is typically specified as a constant value.
While this hypothesis, also known as Reynolds analogy, may be
conditions for the CFD simulations.



approximately valid for medium-to-high Prandtl number fluids, it
cannot be applied to low-Pr number fluids as e.g. shown by the
direct numerical simulations (DNS) in a channel flow [30e33], or in
the work presented in Refs. [34e36], where it fails to reproduce the
available heat transfer correlations in various geometries. The main
reason is the very high thermal conductivity of liquid metals, which
causes the instantaneous temperature field to be much smoother
than the velocity field [37]. Indeed, the smallest temperature scales
are much larger than the respective velocity scales. The conductive
viscous sublayer is thus thicker than the hydrodynamic one, so that
the conductive heat flux plays a prominent role in the heat transfer
process [38]. Some correlations for Prt have been proposed, but
independently of whether they depend on global parameters, like
the flow Reynolds number, or local ones, like nt, their validity is
mostly restricted to the geometries they have been developed for. A
good overview of several correlations and their assessment to
liquid metal flows can be found in Refs. [35e37].
3. k� ε� kq � εq turbulence model

Recently, a four-equation turbulence model considering the
thermal turbulence effects and the dissimilarities between the
thermal and dynamical turbulence fields has been proposed in Ref.
[26]. Here, nt is expressed as follows:

nt ¼ Cmktlu (7)

where the local dynamical characteristic time of turbulence, tlu, is
determined from the solution of a transport equation for the tur-
bulent kinetic energy, k, and one for its dissipation rate ε.

The turbulent thermal diffusivity at, and thus the turbulent
Prandtl number, is expressed as follows:

at ¼ Cqktlq (8)

where the local thermal characteristic time of turbulence, tlq, is
evaluated from the above mentioned k and ε fields and from the
solution of two additional equations, namely one for the variance of
the temperature fluctuations, kq, and one for its dissipation rate, εq:

kq ¼ 1
2
T 02; εq ¼ n

Pr

���VT 0���2 (9)

For a thorough description of the model and its derivation, the
interested reader is referred to [26,36] and references therein.

In the following paragraphs the steady-state equations for
the momentum and heat turbulence for an incompressible
newtonian fluid are reported, together with their correspond-
ing constants, damping functions and definition of the various
parameters.
Table 1
Constants for the momentum turbulence model.

Cm sk sε C1ε C2ε

0.09 1.4 1.4 1.5 1.9
3.1. Momentum turbulence equations

The formulation for the turbulent k� εmodel used, and listed in
what follows, is the same as the one proposed by Abe et al. [39] and
will be denoted as AKN.

u$Vk ¼ V$

��
nþ nt

sk

�
Vk
�
þ Pk � ε (10)

u$Vε ¼ V$

��
nþ nt

sε

�
Vε

�
þ C1ε

ε

k
Pk � C2ε

ε
2

k
fε (11)

The following boundary conditions apply at the walls:
dk
dd

����
u

¼ 2k
d

(12)

εju ¼ n
2k
d2

(13)

The production of turbulent kinetic energy, Pk, in Eqs. (10) and
(11) and the local dynamical characteristic time of turbulence in
Eq. (7) are expressed as:

Pk ¼
nt

2

���Vuþ VuT
���2 (14)

tlu ¼ k
ε

f1m þ f2m
5

R3=4t

!
(15)

The definitions for the different parameters and damping
functions are listed below:

f1m ¼ ð1� expð�0:0714RdÞÞ2 (16)

f2m ¼ f1mexp
�
� 2:5� 10�5R2t

�
(17)

fε ¼ ð1� expð � 0:3226RdÞÞ2
�
1� 0:3expð � 0:0237R2t

�
(18)

Rt ¼ k2

nε
(19)

Rd ¼ dðεnÞ1=4
n

(20)

In Eq. (20), d is the distance from the wall. The constants
appearing in Eq. (7) and in Eqs. (10) e (20) are listed in Table 1.
3.2. Heat turbulence equations

u$Vkq ¼ V$

��
aþ at

skq

�
Vkq

�
þ Pq � εq (21)

u$Vεq ¼ V$

��
aþ at

s
εq

�
Vεq

�
þ εq

kq

	
Cp1Pq � Cd1εq


þ εq

k
	
Cp2Pk

� Cd2ε



(22)

The following boundary conditions apply at the walls:

kqju ¼ 0 (23)

εqju ¼ a
2kq
d2

(24)

The production term, Pq, in Eqs. (21) and (22) and the local
thermal characteristic time of turbulence in Eq. (8) are expressed
as:



Table 2
Constants for the heat turbulence model.

Cq skq sεq Cp1 Cd1 Cp2 Prt∞ Cg

0.1 1.4 1.4 0.925 1.0 0.9 0.9 0.3
Pq ¼ at

���VT���2 (25)

tlq ¼
k
ε

ðf1qPrt∞ þ f2qÞ (26)

The definitions for the different parameters and damping
functions are listed below:

f1q ¼ Bigð1� expð � 0:0526
ffiffiffiffiffi
Pr

p
RdÞBigÞð1� expð � 0:0714RdÞ

(27)

f2q ¼ f2aq
2R

Rþ Cg
þ f2bq

ffiffiffiffiffiffi
2R
Pr

r
1:3ffiffiffiffiffi
Pr

p
R3=4t

(28)

f2aq ¼ f1qexp
�
� 4� 10�6R2t

�
(29)

f2bq ¼ f1qexp
�
� 2:5� 10�5R2t

�
(30)

R ¼ ε

εq

kq
k

(31)

Cd2 ¼
�
1:9
�
1� 0:3exp

�
� 0:0237R2t

��
� 1

�
� ð1� expð�0:1754RdÞÞ2 (32)

In the above equations, Rd and Rt are defined in Eqs. (19) and (20)
respectively, while the constants appearing in Eq. (8) and in Eqs.
(21) e (32) are listed in Table 2. Moreover, R ¼ tq/tu, defined in Eq.
(31), is the ratio between the thermal turbulent characteristic time,
tq ¼ kq=εq and the dynamical turbulent characteristic time,
tu ¼ k=ε.
4. Problem description and numerical setup

The present work aims at analyzing the local temperatures on
the inner and the outer tube wall as well as the local Nusselt
number distribution in a solar tower receiver. Since the latter is
composed of many parallel single tubes, only one of them can be
taken into account.
Fig. 2. Schematic representation of the prob
4.1. Problem description

The heat flux, and thus the wall temperature, on the tubes of a
solar receiver is typically varying along the axis and the circum-
ference, causing high wall thermal stresses when, for example, only
one half of the tube's circumference is exposed to the solar irradi-
ation. Therefore, knowledge of the local wall temperatures and
convective heat transfer coefficients is very important for a proper
design of this crucial component. Another important issue for the
design of an asymmetrically heated liquid metal receiver regards
the applicability of mean Nusselt number correlations developed
for a constant heat flux over the whole surface. The work of [20] for
water and of [22] for molten salts have shown that, for these fluids,
the available heat transfer correlations for a uniformly heated
tube's surface can be sufficiently well applied also to the case with
circumferentially non-uniform surface heating. The same analysis
has not yet been done for liquid metals heat transfer.

In this work, a representative condition has been analyzed,
which mimics the effective boundary conditions a receiver's tube is
subjected to. Let us then consider a hydrodynamically turbulent
fully developed flow in a tube of length L, with inner radius ri, outer
radius ro and with thermally insulated end sections, as shown in
Fig. 2. Half of the outer wall's surface is heatedwith a cosinusoidally
and longitudinally varying heat flux, expressed as follows:

q
00
owð~x;4Þ ¼ q

00
ow;max$cos4$f ð~xÞ (33)

In the above equation ~x ¼ x=L is the non-dimensional axial co-
ordinate, q

00
ow;max is the maximum heat flux value over the entire

outer tube, while the normalized longitudinal heat flux distribu-
tion, f ð~xÞ, assumes the following form:

f ð~xÞ ¼ exp

"
� 1
2

�
~xL� m

s

�2
#

m ¼ L=2; s ¼ L=5 (34)

Eq. (34) is plotted in Fig. 3 versus the non-dimensional axial
distance. It always keeps the same form independently from the
length of the tube and the values at both ends are always 5% of the
maximum at the center. This flux distribution can be considered as
a good approximation of the real one, as shown in Refs. [40,41]. The
resulting heat flux on the outer's wall surface is shown in Fig. 4.
4.2. Numerical setup

The turbulence models and their respective boundary condi-
tions described in Sections 3.1 and 3.2 have been implemented
through User-Defined-Functions (UDFs) [42] and coupled to the
CFD code. Steady-state flow has been assumed and the predictor-
corrector SIMPLE algorithm [43] has been used for the
lem and applied boundary conditions.



Fig. 3. Normalized longitudinally heat flux distribution along the outer wall of the
receiver's tube.

Fig. 4. 3D non-dimensional heat flux distribution on the outer tube's wall.

Fig. 5. Hexahedral mesh of a tube's section perpendicular to the flow direction.

Table 3
Discretization errors using the GCI method. The results refer to the simulations of
Section 5.3 with Pe ¼ 2510, l* ¼ 1.4, r* ¼ 1.5, L/D ¼ 30

〈Nu〉L Cf

N1, N2, N3 267628, 579908, 1274400
f1 21.3128 4.6720$10�3

f2 21.2984 4.6697$10�3

f3 21.2929 4.6691$10�3

p 3.53 5.73
f21
ext

21.322 4.669$10�3

e21ext 0.44% 0.011%

GCI21fine 0.055% 0.004%

Fig. 6. Non-dimensional mean temperature profiles in a uniformly heated pipe flow at
Re ¼ 105 and Pr ¼ 0.025 with Prt ¼ 0.85 (dot-dashed line), Prt from Eq. (35) (dashed
line), Prt from Eq. (36) (thin solid line), k� ε� kq � εq (thick solid line) and tempera-
ture correlation of [53] (B).
pressureevelocity coupling. The diffusion terms have been dis-
cretized with a central-difference scheme while a second-order
upwind scheme is used for the convective terms [44,45]. The gra-
dients at the cell center, necessary for the computation of the scalar
values at the cell faces, have been computed with the so-called
least-squares method [44]. The pressure values at cell faces have
been evaluated according to the method of Rhie and Chow [46] and
described in Ref. [44]. Buoyancy forces have been neglected and
constant thermophysical properties have been considered, result-
ing in Pr ¼ 0.025. This allows to decouple the energy equation from
the momentum equations. Therefore, first the latter, together with
the turbulence equations of Section 3.1, has been numerically
solved. Once a converged solution has been reached, the energy
equation, together with the heat turbulence equations of Section
3.2, has been separately solved, keeping the velocity field, k and ε

“frozen”. The Reynolds number has been varied, resulting in a
P�eclet number ranging between 1$103�5$103, which can be
considered as appropriate for liquid metals applications.

In the subsequently described simulations a convergent solution
has been assumed when all the following conditions are satisfied:
(a) constant average drag coefficient on the walls; (b) constant
average convective heat transfer coefficient on the walls; (c) scaled
residuals [47] of continuity, momentum and turbulence parameters
below 10�6. Due to symmetry reasons, only half of the domain has
been simulated. It has been discretized using block-structured non-
uniform hexahedral elements, as for example shown in Fig. 5. It
must be emphasized that with the mesh used, the solutions for all
Re numbers, and thus Pe numbers, considered in the present work
have at least two points within a non-dimensional wall distance,
yþ, less than one, five points within yþ � 5 and ten points within
yþ � 30, as required by the turbulence model of Section 3 and in
order to properly resolve the hydro-dynamical and thermal
boundary layers. For the simulations of Section 5.3 the flow has
been considered as fully developed and thus cyclic boundary con-
ditions have been imposed for the velocity, k and ε at the inlet and
outlet domain's sections [44,48], while for the temperature, kq and
εq a uniform value has been specified at the inlet section and a zero
gradient condition at the outlet. A longitudinally constant mesh



Table 4
Percentage error between the Nusselt numbers calculated with Skupinski's corre-
lation [18] and those obtained with the k� ε� kq � εq model and the AKN model
together with different Prt models.

k� ε� kq � εq Eq. (35), [51] Eq. (36), [35] Prt ¼ 0.85

�3.4% þ13% �30% þ37%

Fig. 8. Models of nt/n and Prt compared to RANS simulations; left y-axis: nt/n used in
Ref. [24] (solid line) and calculated with AKN model (dot-dashed line); right y-axis: Prt
calculated with k� ε� kq � εq model at q ¼ 0� (,), q ¼ 90� (>), q ¼ 180� (B) and Eq.
(35) (dashed line).
spacing of Dxþ ¼ 950 and Dxþ ¼ 650 has been used for the medium
and fine grid, respectively, assuring a mesh-independent solution
(Table 3). For the simulations of Sections 5.1 and 5.2 both flow and
temperature have been considered as being fully developed and
thus cyclic boundary conditions have been used for all computed
variables. Here, the invariance of the solution along the axial co-
ordinate has allowed to use a much larger axial mesh spacing for
the simulations. For all simulations the mass flowrate has been
imposed in order to obtain the specified Reynolds number.

The Grid Convergence Index method [49] has been used to
quantify the numerical discretization errors. Accordingly, the so-
lution has been computed for three different grids with a refine-
ment ratio of approximately 1.3. Two characteristic variables,
namely the circumferentially and longitudinally averaged Nusselt
number and the friction factor have been selected as representative
for the problem under consideration. The resulting values are
summarized in Table 3. The quantity fi refers to the calculated
variable value, while the index i ¼ 1,2,3 refers to the fine, medium
and coarse grid respectively. The apparent order of the discretiza-
tion method is denoted by p. The quantities f21

ext and e21ext indicate
the extrapolated values of the calculated variable from the medium
and fine grids and the error, respectively. Both 〈Nu〉L and Cf show
monotonic convergence. The numerical uncertainty in the fine-grid
solution is given by the GCI21fine values and is therefore very small.
5. Results

5.1. Longitudinally and circumferentially uniform heat flux

The implemented turbulence model has been first validated, for
a fully developed turbulent convective flow through a uniformly
heated channel and pipe, by comparison with the results obtained
by the model's authors [26] and with the DNS data of [31] and [50].
Moreover, simulations at Re ¼ 105 and Pr ¼ 0.025 have been per-
formed for the pipe flow geometry, in order to compare the results
Fig. 7. Comparison between RANS simulations and analytical results for longitudinally
constant and cosinusoidal heat flux over the whole tube's circumference at Re ¼ 105

and Pr ¼ 0.03; k� ε� kq � εq model (solid line), “Reynolds” (,),G€artner et al. [25] (B),
AKN with Prt from Eq. (35) (>), AKN with Prt ¼ 0.85 (dashed line).
obtained using the k� ε� kq � εq model with those achieved by
using the AKN model together with the Reynolds analogy with
Prt ¼ 0.85 as well as with two correlations for Prt:

Prt ¼ 0:85þ 0:7
Pr nt

n

(35)

Prt ¼ 0:01Pe�
0:018Pe0:8 � ð7:0� AÞ1:25 (36)

A ¼
8<
:

4:5 Pe � 1000
5:4� 9$10�4Pe 1000 � Pe � 2000
3:6 Pe � 2000

Eq. (35) is an empirical correlation proposed by Kays [51]. It is a
fit of the analytical solution for Prt by [52] that presumably covers
all Prandtl numbers. Eq. (35) only depends on local quantities
through nt and according to the recent analysis of [37], among three
Fig. 9. Nusselt numbers for longitudinally constant heat flux and both uniform heat
flux (�) and cosinusoidally varying heat flux over half surface (>); dashed lines refer
to ±10% from the correlation.



Table 5
Governing parameters used for the parametric study.

r* l* L/D Pe

1/1.2/1.5 0.88/1.4/5.5 10/30/50 1255/2510/3766/5021
well established correlations for Prt, it shows the best agreement
with DNS data of a uniformly heated channel flow. Actually, also a
modified version of Eq. (35), where the value 0.7 is substituted with
2.0, is proposed in Ref. [51]. This seems to better fit some available
experimental data for liquid metals. However, the same author
does not exclude possible consistent experimental errors, also
because of the large data scatter for these fluids.

Eq. (36) depends on the global P�eclet number and has been
proposed by Cheng and Tak [35]. It is based on experimental data
and CFD calculations of thermally and hydrodynamically fully
developed turbulent convection to fluids with Pr z 0.025 in tube
geometries with constant heat flux.

As can be seen from Fig. 6, the radial temperature profiles for the
Fig. 10. Profiles of qow (solid line), qiw (dashed line) and qb (dashed-dot line) for L/D ¼ 30 an
r* ¼ 1 (+), r* ¼ 1.2 (>), r* ¼ 1.5 (,) c)r* ¼ 1.5, l* ¼ 1.4; Pe ¼ 1255 (+), Pe ¼ 2510 (>), Pe ¼ 3
(,), 4 ¼ 135+ (*), 4 ¼ 180+ (△).
pipe flow case at Re ¼ 105, calculated with the above mentioned
different approaches for Prt, vary significantly. In the same plot also
the temperature profile obtained with the correlation of Kader [53]
is shown. Best agreement with the latter is achieved with the
k� ε� kq � εq model and with the Prt model of Eq. (35). Table 4
summarizes the error between the computed Nusselt numbers
and the correlation of Skupisnki, which according to [18] has been
chosen as the reference one. The k� ε� kq � εq model shows very
good agreement with the correlation's value, while none of the
results obtained using any of the other Prt correlations are within
±10%.
5.2. Longitudinally constant and circumferentially non uniform
heat flux

The same set of data for the longitudinally and circumferentially
uniform heat flux over the whole tube's perimeter are not available
for the case of non-uniform applied heat flux. Moreover, although
the circular tube is a very common geometry, there is only a limited
d a)Pe ¼ 2510, r* ¼ 1.5; l* ¼ 0.88 (+), l* ¼ 1.4 (>), l* ¼ 5.5 (,) b)Pe ¼ 2510, l* ¼ 1.4;
766 (,), Pe ¼ 5021 (*) d)Pe ¼ 2510, r* ¼ 1.5, l* ¼ 1.4; 4 ¼ 0+ (+), 4 ¼ 45+ (>), 4 ¼ 90+



number of experimental investigations for this boundary condition,
probably because of the difficulties in the experimental setup. The
most comprehensive work the authors are aware of is still the old
one of [54] for air. Two others recently appeared for molten salts
[22,23] are not as complete in the description of the experimental
loop and test conditions as well as in the presented experimental
results. Nonetheless, an analytical solution for a longitudinally
constant and cosinusoidally varying heat flux distribution over the
whole tube's periphery, and in principle valid for all Prandtl
numbers, has been first given by Reynolds [24] and successively
refined by G€artner et al. [25]. Therefore, the numerically computed
non-dimensional temperature profile obtained with the
k� ε� kq � εq turbulence model is compared in Fig. 7 with the
analytical results for Re ¼ 105 and Pr ¼ 0.03. A thin wall with
negligible thickness and a non-dimensional heat flux of
~q

00
w ¼ ð1þ 0:5cos4Þ have been considered in the simulations.
It should be noted that in the paper of Reynolds [24] also for

low-Pr number fluids the Nusselt number correlation of Gnielinski
[17] has been used to evaluate the wall temperature functions for
themean harmonic. Moreover, the choice of the constant Prt used is
Fig. 11. Profiles of Prt for l* ¼ 1.4, r* ¼ 1.5 plotted vs.; a)rþ for Pe¼ 2510, L/D ¼ 30, ~x ¼ 0:5 and
Pe ¼ 1255 (solid line), Pe ¼ 2510 (dashed line), Pe ¼ 3766 (dashed-dot), Pe ¼ 5021 (dotted lin
dot), Prt for fully developed flowwith longitudinally constant and circumferentially non-unif
line), Kays [51] Eq. (35) (dashed line), Cheng and Tak [35] Eq. (36) (dotted line).
highly questionable and most likely very inaccurate. Therefore, the
results in Fig. 7 denoted as “Reynolds” are the analytical ones we
obtained using the same nt/n profile of [24] but using the Nusselt
number correlation of Skupinski, as suggested in Refs. [18], together
with Prt from Eq. (35).

The non-dimensional temperature profile obtained with the
present turbulence model differs markedly from that of the above
cited references. The differences aremore pronounced in the region
of higher heat flux, i.e. 0� � q � 90�. As shown in Fig. 8, the dif-
ference in the radial profile of nt/n adopted by [24] and that
resulting from the simulation cannot account for the discrepancy in
the values of the non-dimensional temperature profile. Indeed, the
results of the simulations with the AKN turbulence model and Prt
evaluated from Eq. (35) are very close to the “Reynolds”ones. For
the sake of completeness, also the simulation results obtained us-
ing a constant Prt ¼ 0.85 are shown and their overall deviation is
larger. Therefore, the main source of discrepancy resides in the
different values between the turbulent Prandtl number calculated
with the k� ε� kq � εq turbulence model from those evaluated
with Eq. (35). Their profiles are plotted versus the radial coordinate
4 ¼ 0+ (�), 4 ¼ 45+ (A), 4 ¼ 90+ (-), 4 ¼ 135+ (*), 4 ¼ 180+ (:) b)~x for L/D ¼ 30 and
e) c)~x for Pe ¼ 2510 and L/D ¼ 10 (solid line), L/D ¼ 30 (dashed line), L/D ¼ 50 (dashed-
orm heat flux (dotted line) d)rþ for Pe¼ 2510, L/D¼ 30, ~x ¼ 0:5 and k� ε� kq � εq (solid



Fig. 12. Comparison of temperature and Nusselt number along ~x at l* ¼ 1.4, r* ¼ 1.5, L/
D ¼ 30, Pe ¼ 2510 using different approaches to compute Prt: a)qow (solid line), qiw
(dashed line), qb (dashed-dot line); k� ε� kq � εq (+), Kays [51] Eq. (35) (>),Cheng and
Tak [35] Eq. (36) (,) b)k� ε� kq � εq (solid line), Kays [51] Eq. (35) (dashed line),
Cheng and Tak [35] Eq. (36) (dashed-dot line).

Fig. 13. Profiles of 〈Nu〉 at l* ¼ 1.4, r* ¼ 1.5 for a)L/D ¼ 30 and Pe ¼ 1255 (solid line),
Pe ¼ 2510 (dashed line), Pe ¼ 3766 (dashed-dot), Pe ¼ 5021 (dotted line) b)Pe ¼ 2510
and L/D ¼ 10 (solid line), L/D ¼ 30 (dashed line), L/D ¼ 50 (dashed-dot line); Nusselt
number for fully developed flow evaluated with Skupinski's correlation [18] (dotted
line).
in Fig. 8. The values of Prt from Eq. (35) tend to infinity when
approaching the wall, because nt/n tends to zero. Due to the thicker
thermal viscous sublayer of liquid metals compared to medium-to-
high Pr number fluids, these high Prt values might not be an issue
since they imply small values of at in a region where molecular
conduction effectively dominates. Moreover, even though the
profiles of kq and εq vary with the radial coordinate for different
angular coordinates, 4, the turbulent Prandtl number profiles only
show a radial dependency.

Thewall temperature predicted with the k� ε� kq � εq model is
higher than the other ones in the region of high heat flux,
0� � q � 90�, and is slightly lower where the non-dimensional
temperature assumes negative values, i.e. where the low applied
heat flux implies a wall temperature lower than the bulk one. The
reason can be found again in the higher predicted Prt, as shown in
Fig. 8, and therefore in a lower turbulent thermal diffusivity. The
latter causes a reduced energy mixing and consequently higher
differences between wall and bulk temperatures. Quite surpris-
ingly, the analytical results fromRef. [25] showpoor agreement, not
only with those obtained with the complete turbulence model of
Section 3 but also with the ones evaluated with the AKN model
with Prt from Eq. (35). The authors used for their calculations a
separate expression for the radial and for the tangential turbulent
Prandtl number, accounting then also for the anisotropy of the heat
flux. Nonetheless, it can be argued that, at least for liquid metal
flows, these correlations seem not appropriate.

Fig. 9 shows the circumferentially averaged Nusselt number,
defined in Eq. (37), for both a constant and a cosinusoidally varying
heat flux over half the wall's perimeter, the other one being
adiabatic.

�
Nu
� ¼

�
q

00
iw

��
Tw
�� Tb

2ri
lf

(37)

The values collapse together at all P�eclet numbers and are
within a ±10% range from the Skupinski's correlation valid for fully



developed flow with uniform applied surface heat flux. Therefore,
as already shown for medium-to-high Prandtl number fluids
[20,22], also for liquid metals the Nusselt number correlations for
fully developed flow in uniformly heated tubes can be applied to
non-uniformly heated cases.
Fig. 14. a) Axial profiles of Nusselt number for l* ¼ 1.4, r* ¼ 1.5, L/D ¼ 30 evaluated
with the k� ε� kq � εq model (solid line) and with the correlation of Ching-Jen and
Chiou [56], Eq. (41) (dashed line) using Skupinski's correlation for Nufdb) Longitudi-
nally and circumferentially averaged Nusselt number evaluated with the k� ε� kq � εq

model at different P�eclet numbers (C); Ching-Jen and Chiou [56], Eq. (42) using
Skupinski's correlation for Nufd (solid line); dashed lines refer to a deviation of ±10%
from the previous correlation.
5.3. Longitudinally and circumferentially non-uniform heat flux

From the results of the previous sections it emerges that the
k� ε� kq � εq model is appropriate to simulate convective heat
transfer to liquid metal flows in tubes. Therefore it has been adopted
to study the conjugate turbulent forced convection of a liquid metal
flowing in a tube with circumferentially and longitudinally varying
heat flux. A parametric study has been done for different combina-
tions of the governing parameters listed in Table 5. According to the
authors' experience, these last can be considered as appropriate for
engineering problems related to solar thermal receivers.

In Fig. 10a the downstream variation of the dimensionless inner,
outer and bulk fluid temperatures, respectively defined in Eqs. (38)
e (40), is shown for different solid-to-fluid thermal conductivity
ratio, l*, while in Fig. 10b the same temperatures are plotted at
different outer-to-inner radius ratio, r*.

qiw ¼ ðhTiwi � Tb0Þlf
ri
D
q00
iw

E
L

(38)

qow ¼ ðhTowi � Tb0Þlf
ri
D
q00
iw

E
L

(39)

qb ¼ ðTb � Tb0Þlf
ri
D
q00
iw

E
L

(40)

It can be seen that, at least for the specified range of l* and r*

here investigated neither qiw nor qb depend on l* or r*. Indeed, the
wall thermal resistance has a damping effect on the heat flux dis-
tribution on the inner tube's surface. Conversely, qow decreases by
decreasing the wall thermal resistance, i.e by an increase of l* or a
decrease of r*. The bulk fluid temperature always increases along
the length of the duct but not linearly, due to the longitudinally
varying heat flux.

The temperatures decrease with increasing P�eclet numbers, as
shown in Fig. 10c, is more pronounced at low Pe and it tends to an
asymptotic value with increasing Pe.

Finally, Fig. 10d shows the profiles of qiw and qow along the
tube's axis at different angular positions. Note that in this case
the local values of Tiw and Tow are used instead of the circum-
ferentially averaged ones of Eqs. (38) and (39). The maximum
temperature values can be seen for 4 ¼ 180+, i.e. where also the
heat flux has its peak value, as shown in Fig. 2. Due to the
decrease of the longitudinal applied heat flux, the temperatures
also decrease starting from a certain axial position, with the
exception of the profiles at 4 ¼ 0+ and 4 ¼ 45+. Here, where the
outer wall is adiabatic, the temperatures always slightly in-
crease due to the circumferential conduction in the wall and in
the fluid.

From Fig.11a, which shows the profiles of Prt at different angular
coordinates on a section along the tube's axis, it can be noted how
the values calculated with the k� ε� kq � εq model are almost
independent from the angular position.

Fig. 11b shows the variation of the cross-section averaged Prt
along the axial coordinate at different P�eclet numbers. As expected,
Prt decreases with increasing Pe because of the increased turbulent
mixing. Moreover, except for the lowest value of Pe, Prt almost at-
tains a constant value over the tube's length and seems to tend to a
common value with increasing Pe.

Fig.11c illustrates the profiles of the circumferentially averaged Prt
versus the axial coordinate for different length-over-diameter ratios.
The values decrease with increasing L/D. The decrease is more
accentuated for low L/D. The values remain always higher than those
for the fully developedcase, i.e. for a longitudinallyconstant heatflux,
except close to the outlet section, where, for high L/D ratios, they can
go slightly beyond the fully developed ones.

Fig.11d shows a comparison between the calculated values of Prt
using the k� ε� kq � εq model and Eqs. (35) and (36). The corre-
lation of Eq. (36) strongly overestimates the value of the turbulent
Prandtl number with respect to the other two.

As shown in sub Fig. 12a and b respectively, the temperature
profiles and the circumferentially averaged Nusselt numbers
calculated with the different approaches for Prt are quite similar,
while in the case of fully developed flow they were markedly



different. The reason is the developing thermal boundary layer in
the case of longitudinally varying heat flux and therefore the higher
temperature gradients with respect to the fully developed case.
These compensate the differences in the turbulent Prandtl number,
shown in Fig. 11d, and thus in the turbulent thermal diffusivity,
enhancing then the energy mixing.

As shown in Fig.13, the Nusselt number increaseswith increasing
Pe because of the enhanced turbulence intensity. Conversely, it de-
creases with increasing L/D for the same Pe number because of the
lower temperature gradients at the same ~x due to the increased
developing length. This effect is more accentuated at low L/D, while
the curves tend to collapse together at higher length-to-diameter
ratios. It should also be noted that, due to the shape of the applied
heat flux, theNu numbers can become also lower than those for fully
developed flow, as already found for example by [55] for a sinusoi-
dally heat flux distribution along a cylindrical fuel element.

The circumferentially averaged and global Nusselt number
values, these last calculated at different P�eclet numbers, have been
compared in Fig. 14 with the predicted ones using the following
correlations proposed in Ref. [56] for the local, Eq. (41), and the
mean Nusselt number, Eq. (42), respectively:

〈Nu〉
Nufd

¼ 1þ 2:4
x=2ri

� 1

ðx=2riÞ2
(41)

〈Nu〉L
Nufd

¼ 1þ 7:0
x=2ri

þ 2:8
x=2ri

ln
�
x=2ri
10

�
(42)

The above equations hold for a uniformly heated duct at
Pr < 0.03, Pe > 500 and x/2ri > 2. The fully developed Nusselt
number, Nufd, has been evaluated with the correlation of Skupinski
[18] instead of using the one proposed by [56]. As shown in Fig. 14a,
even though the local Nu values differ substantially from those
evaluated with Eq. (41), the global ones in Fig. 14b are within the
range of ±10% of the correlation. This is only due to the averaging
procedure that flattens the local differences. Moreover, the error
between the computed values of 〈Nu〉 and 〈Nu〉L and those from
Eqs. (41) and (42), respectively, increases with increasing Pe num-
ber and also with increasing L/D ratio.

Finally, Fig. 15 shows the non-dimensional radial heat flux for
Pe¼ 2510 at three different axial positions and at two circumferential
angles, namely at the maximum local heat flux, 4 ¼ 0+, and at
Fig. 15. Non-dimensional radial turbulent heat flux u0rT 0
þ

vs. rþ for Pe ¼ 2510 at
~x ¼ 0:25 (+), ~x ¼ 0:5 (>), ~x ¼ 0:75 (,) and 4 ¼ 0+ (solid line), 4 ¼ 45+ (dashed-dot
line). The values for the uniformly heated surface are also shown (thick solid line).
4 ¼ 45+. The peak values shift to higher rþwith increasing ~x and their
magnitude also raises because of the higher temperature gradients
away from the wall. It can be also noted that the profiles at different
angles collapse at the same axial position. Both the shape and the
magnitudeofu0rT 0þ are similar to those for a uniformlyheated surface.

6. Conclusions

The conjugate heat transfer in the receiver tube of a solar thermal
tower operated with a liquid metal having a representative Prandtl
number of 0.025 has been numerically analyzed. A circumferentially
and longitudinally non-uniform heat flux has been applied on half the
outerwall surface,while the otherhalf has been considered as adiabatic.
According to the author's knowledge, there are presently no in-
vestigations for liquid metal flows subjected to these boundary condi-
tions. This analysis has beenmotivated by the recently renewed interest
in using liquid metals as heat transfer fluids for CSP applications.

Since the Reynolds analogy, that assumes a constant turbulent
Prandtl number close to unity, does not apply to liquid metals, a
four-equations k� ε� kq � εq eddy-viscosity turbulence models
has been used. Besides the equations for the turbulent kinetic en-
ergy and its dissipation rate, two additional ones, namely for the
temperature variance and its dissipation rate, have been solved, in
order to locally calculate the turbulent thermal diffusivity. For the
turbulent convection in a pipe with uniformly distributed heat flux
on the wall, this model has shown to better perform compared to
the results obtained using correlations especially developed to
compute Prt in liquid metal flows.

Simulations with the k� ε� kq � εq model, and also using cor-
relations for Prt, have been performed for the case of a longitudi-
nally uniform and circumferentially cosinusoidal heat flux. The
k� ε� kq � εq model showsmarkedly different results compared to
available semi-analytical solutions and those obtained using the
above cited correlations. This is attributed to the differences in the
computed Prt. Nonetheless, the values of the circumferentially
averaged Nusselt number agree with those for a uniformly
distributed heat flux and are within a ±10% range from a Nusselt
number correlation valid for fully developed flow with uniform
applied surface heat flux. Therefore, as already shown in literature
for medium-to-high Prandtl number fluids, also for liquid metals
Nusselt number correlations for fully developed flow in uniformly
heated tubes can be applied to non-uniformly heated cases. How-
ever, it must be emphasized that these correlations are not suited to
evaluate the local wall temperatures and Nusselt numbers, that
indeed have a quite uneven circumferential profile.

The conjugate heat transfer for a longitudinally and circum-
ferentially varying heat flux has been analyzed for different values
of the governing parameters, i.e. the solid-to-fluid thermal con-
ductivity, the wall thickness ratio, the P�eclet number and the
diameter-to-length ratio. The values have been chosen such as to be
appropriate for engineering applications. Detailed results for the
inner, outer, fluid bulk temperature, Prt and Nusselt number have
been reported. Contrarily to the case of thermally fully developed
flow, the temperature profiles and the circumferentially averaged
Nusselt numbers calculated bothwith the k� ε� kq � εq model and
the correlations for Prt are quite similar. The reason lies in the
developing thermal boundary layer and consequently in the higher
temperature gradients that dampen the differences in Prt and
enhance the energy mixing. The circumferentially averaged Nusselt
numbers along the tube's axis and the circumferentially and
longitudinally averaged ones have been compared to those ob-
tained with a correlation valid for fully developed flow within a
uniformly heated pipe. Although the first differ substantially from
the correlation's ones, the second are within a ±10% range. This is,
however, only due to the averaging procedure that cancels out the



local differences. The values of the non-dimensional radial turbu-
lent heat flux increase along the tube's axis but its shape and
magnitude are similar to those for a uniformly heated surface.
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