COMBINATORIAL IDENTITIES
FOR APPELL POLYNOMIALS

Emanuele Munarin:

Using the techniques of the modern umbral calculus, we derive several com-
binatorial identities involving s-Appell polynomials. In particular, we obtain
identities for classical polynomials, such as the Hermite, Laguerre, Bernoulli,
Euler, Norlund, hypergeometric Bernoulli, and Legendre polynomials. More-
over, we obtain a generalization of the Carlitz identity for Bernoulli numbers
and polynomials to arbitrary symmetric s-Appell polynomials.

1. INTRODUCTION

An s-Appell polynomial sequence, with s # 0, is a polynomial sequence
{pn(x)}nen generated by the formal exponential series
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where g(t) = > <0 9n % is an exponential series with go = 1. So, p,(z) is a
polynomial of degree n and
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When s = 1, we have the usual Appell polynomials [1] [27, p. 86] [28]. In the
literature, there are several classical sequences of this kind. Here below, we recall
some of them. Other examples can be found in [7].
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1. The ordinary powers x", with exponential generating series e®?.

2. The generalized Hermite polynomials Hff') (), [9, Vol. 2, p. 192], with ex-
ponential generating series
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For v =1, we have the ordinary Hermite polynomials H,(x). Moreover,
from [9, p. 250], it is easy to see that also the polynomials
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form a 2-Appell sequence, having generating exponential series
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3. The Laguerre polynomials Lgf‘_n)(x) . [9, Vol. 2, p. 189, Formula (19)], with
exponential generating series
tn
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exponential generating series
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and the polynomials , [9, Vol. 2, p. 189, Formula (18)], with
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where I'(z) is the Euler gamma function and
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is a Bessel function of the first kind [9, Vol. 2, p. 4]. Notice that here the
Laguerre polynomials are defined, as in [27, p. 108], by the exponential gen-
erating series
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4. The generalized Bernoulli polynomials B,ga)(x) and the generalized Fuler

polynomials E,(f)(x)7 [27, p. 93, p. 100] and [9, Vol. 3, p. 252], with expo-
nential generating series
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We have the generalized Bernoulli numbers B,Sf” = B,Sﬁ)(o) and the gener-

alized Fuler numbers ET(La) = 2"E7(La)(1/2) . For a =1 we have the ordinary
Bernoulli polynomials By (x) and the ordinary Euler polynomials E,(x) .

Bernoulli and Euler polynomials have been further generalized in several ways.
For instance, we have the Nérlund polynomials of order k, [21] [22, Chapter
6] [9, Vol. 3, p. 253] [4] [5], with exponential generating series
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with wy,...,wg # 0, and the hypergeometric Bernoulli polynomials [16] [14],
with exponential generating series
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In particular, the Bernoulli and Euler numbers of order k are defined by

B wy,...,wi] = BP0lws,...,wk)

EWMwy, ... ,wy] =2"E® (W‘wl, e ,wk)

and the hypergeometric Bernoulli numbers are defined by B,[lm] = BLm] (0).
. The polynomials ﬁy(f)(m) defined in [17], with exponential generating series
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. The modified Legendre polynomials, defined by
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where P,(z) is the Legendre polynomial of order n, [9, Vol. 3, p. 262], with
exponential generating series
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is a modified Bessel function of the first kind. Also the polynomials
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with exponential generating series
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form an Appell sequence.
. The modified Charlier polynomials [10] defined by
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where o™ = a(a+ 1)(a+2) - (a+m — 1) are the rising factorials, with
exponential generating series
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These polynomials are related to the Laguerre polynomials considered in the
second example. Moreover, we also have the following interesting case [10]
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For o =1, we have the Riordan polynomials (or rencontres polynomials)
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k=0
with exponential generating series [25]
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Riordan polynomials have a simple combinatorial interpretation in terms of
permutations (since d, is the number of permutations with no fixed points
of an n-set). This example can be generalized as follows. An F-enriched
partition of a finite set X is a partition m = {By,..., B} where each block
B; is endowed with a structure belonging to a combinatorial class F. If
P2 denotes the number of the F-enriched partitions with no singletons of an
n-set, then the polynomials
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form an Appell sequence having exponential generating series
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where f(t) is the exponential generating series of the class F . In the case of
Riordan polynomials, F is the class of permutations. See [3] for a different
generalization of these polynomials.

s-Appell sequences are particular Sheffer sequences [31] [27, 28]. Indeed, a
Sheffer polynomial sequence is a polynomial sequence {s,(x)}n,en generated by
the formal exponential series

(3) S su(e) %n' — (1) e=f®

n>0

where g(t) = ano In % is an exponential series with ¢(0) =go =1 and f(t) =
Y ns0fn tn—", is an exponential series with f(0) = fo =0 and f'(0) = f1 #0. In
particular, s,(0) = g,. A Sheffer sequence {s,(z)}nen can be represented by
its spectrum (g(t), f(t)) and is equivalent to the infinite lower triangular matrix
S = [Snkln.k>0 generated by the coefficients of the polynomials. In particular, an
s-Appell sequence has spectrum of the form (g(t), st).

The set .7 of all Sheffer sequences (or Sheffer matrices) has a group structure
with respect to the product defined by

(4) (91(2), f1(£))(92(1), f2(t)) = (g1 () g2(f1(1)), f2(f1(2)))

and equivalent to the ordinary matrix product. The neutral element is (1,t),
corresponding to the identity matrix, and the inverses are given by

(90, )" = (9(F) . 7))
where f(t) is the compositional inverse of f(¢).

The product in . defines the umbral composition of two Sheffer sequences.
Specifically, the umbral composition of two Sheffer sequences {p,(z)}nen and
{qn(®)}neny with spectrum (g1(t), f1(t)) and (g2(t), f2(t)), respectively, is the
Sheffer sequence {p,(x) ® g, (x)}nen with spectrum given by (4), i.e. with gener-

ating series
n
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The set % of Sheffer sequences can be endowed with another important
(partial) operation. The binomial convolution of two Sheffer sequences {p,(x)}nen
and {g,(x)}nen is defined as the polynomial sequence {p,(z)* ¢, (z)}nen, where

o) 00() = 3 () r(o)in-s(0)

k=0



If 3, oopn(@) L = gi(t)e™1® and Y o qn(z) & = g2(t) €2 | then the
exponential generating series for the binomial convolution is
tn
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So, the binomial convolution of two Sheffer sequences is a Sheffer sequence provided
that f1(0)+ f4(0) # 0. In this case, the binomial convolution, in terms of spectra,
is given by

(91(1), f1(1)) * (92(2), f2(t)) = (91(1)g2(2), f1(t) + f2(1)) .

The set o7* of all s-Appell polynomial sequences, with s € R, s#0,is a
subgroup of the Sheffer group .. Indeed, (1,t) € &*, (g1(t), s1t)(g2(t), s2t) =
(g1(t)g2(s1t), s182t) € &* and (g(t),st)~t = (ﬁ,t/s) € &* . In particular, the
umbral composition of an s1-Appell sequence with an so-Appell sequence is an sq So-
Appell sequence. Moreover, the binomial convolution of an s1-Appell sequence with
an sy-Appell sequence is an (s1 + s2)-Appell sequence, provided that s; 4+ s # 0.

The cross sequence of index A (with A € R) [27, p. 140] of an s-
Appell sequence {p,(z)},en with spectrum (g(t), st) is the s-Appell sequence
{pgf\)(x)}neN with spectrum (g(¢)*, st). For instance, the generalized Hermite,
Bernoulli and Euler polynomials are cross sequences. In particular, the binomial
convolution of two cross sequences of the same index A relative to an r-Appell
sequence and to an s-Appell sequence is a cross sequence of index A of a (r + s)-
Appell sequence, provided that r+ s # 0.

In this paper, we will obtain several identities involving s-Appell polynomials
by starting from combinatorial identities involving only ordinary powers. To obtain
this result, we will use the linear algebra techniques of the modern umbral calculus
due to G.-C. Rota [27, 28, 29].

Given an s-Appell polynomial sequence {p,(z)}nen, with s # 0, we define
a linear isomorphism ¢ : R[z] — R[z] by setting (z") = p,(z), for all n € N,
and by extending it by linearity. This isomorphism has the following fundamental
property.

Theorem 1. Let {p,(z)}nen be an s-Appell polynomial sequence, with s # 0,
and let o be an indeterminate. For every n € N, we have the identity

(5) e((x+a)") =pnlz+afs).
Proof. By generating series (1), we have the equations
p(a;t) = g(t)e" T = p(a + a/s;t)

from which we obtain the identity



Then, by the linearity of ¢, we have
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Then, we have

Theorem 2. Let {p,(z)}nen be an s-Appell polynomial sequence, with s # 0,
and let o and (B be two indeterminates. If we have the identity

(6) Zan,k(x—i—a)k = anyk(x—i—ﬁ)k,
k=0 k=0

then we also have the identity

(7) Zan,kpk(x—i—a/s) = an’kpk(x—kﬁ/s).
k=0 k=0

Proof. Apply ¢ to the first identity, and then use Theorem 1. O

Theorem 2 permits to extend an elementary identity involving only ordinary
powers to identities involving arbitrary Appell polynomials. In different words, we
can say that (6) is an umbral identity from which we can derive all Appell identities
(7), by means of the umbral map .

In next section, we obtain a symmetric binomial identity and then we use
it to generalize the Carlitz identity for Bernoulli numbers and for Bernoulli poly-
nomials to arbitrary symmetric s-Appell polynomials. In particular, we obtain a
Carlitz-like identity for the generalized Hermite polynomials, for the modified Leg-
endre polynomials, for the generalized Bernoulli and Euler polynomials and for the
Norlund polynomials.

Finally, in Section 2.2, we exemplify the application of Theorem 2 in the
case of several umbral identities involving classical combinatorial numbers, such
as the binomial coefficients, the Stirling numbers of the first and second kind, the
Fibonacci and harmonic numbers.

2. CARLITZ-LIKE IDENTITIES

2.1 A symmetric binomial identity

Theorem 3. Let {p,(z)}nen be an s-Appell polynomial sequence, with s # 0,
and let o and [ be two indeterminates. For every m,n € N, we have the
symmetric identity

0 ; (1) =7 pmssto+a/s) =3 (1) (@ = " Fpmssto + /5.

k=0



Proof. From the two equivalent expansions
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So, by applying ¢ to this identity, and then by using the linearity of ¢ and
Theorem 1, we obtain identity (8). O

Examples

1. For the generalized Hermite polynomials, with s = 2, identity (8) becomes

> () -t s a2 =3 (7 )@= ot a e+ 572).
k=0 k=0

2. For the Laguerre polynomials, with s = —1, identity (8) becomes

> (1) @-artrr - =3 ()@=t e ).

k=0 k=0

3. For the generalized Bernoulli and Euler polynomials, with s = 1, identity
(8) becomes

S (1) oyt Bate ) =3 ()0 rt B+ ).

k=0 k=0
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2.2 Symmetric Appell polynomials

We say that the s-Appell polynomials p,(z) are a-symmetric when

po(a—x) = (=1)"pp(2).

This means that the polynomials p,(z) are symmetric with respect to the vertical

line z = § when n is even, and are symmetric with respect to the point (%,0)
when n is odd. These polynomials are characterized as follows.



Theorem 4. The s-Appell polynomials p,(x), with spectrum (g(t),st), are a-
symmetric if and only if

(9) M = %ot

Proof. The relations p,(a —x) = (—1)"p,(z) are equivalent to the identity
g(t) es(a—m)t — g(—t) st
which, in turn, is equivalent to (9). O

The binomial convolution and the umbral composition of symmetric Appell
sequences are still symmetric, as proved in next Theorem.

Theorem 5. Let p,(x) be a-symmetric r-Appell polynomials, with r # 0, and let
gn(x) be B-symmetric s-Appell polynomials, with s #0. If a = and r+s+#0,
then the binomial convolutions pp(x)* q,(x) form an a-symmetric (r + s)-Appell
sequence. If r = s, then the binomial convolutions p,(x)*q,(x) form an (a+ B)-
symmetric s-Appell sequence. The umbral compositions pp(z) ® qn(z) always
form an (a + sB)-symmetric r-Appell sequence. The cross sequence formed by the

polynomials pgl)‘)(x) , with A #£ 0, is a (Aa)-symmetric r-Appell sequence.

Proof. Let (g1(t),rt) be the spectrum for the polynomials p,(z) and let
(g2(t), st) be the spectrum for the polynomials ¢, (z). Then, by Theorem 4, we

have 9;1(7(;;) =e™ and % = e*8t . So, the sequence of binomial convolutions

Pn(x) * gn(z) has spectrum (g1 (¢)ga2(t), (r + s)t) and
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while the sequence of umbral convolutions p,, (z)®q¢,(x) hasspectrum (g1 (t)g2(rt), rst)
and
gl(it)g2(7’rt) _ gl(it) 92(771) _ eratersﬁt — er(a+sﬁ)t )
91(t)ga(rt) g1(t)  ga(rt)
(M)

Finally, the cross sequence formed by the polynomials p;’(2) has spectrum
(g1()*,rt) and

gl(it))\ _ gl(it) A _ (rat\N _ riat
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Now, the claims follows at once by Theorem 4.

Examples

1. The generalized Hermite polynomials H,(La)(x) are 0-symmetric.



2. The modified Legendre polynomials Py(z) and Q}(z) are O-symmetric.

3. The generalized Bernoulli and Euler polynomials form two a-symmetric 1-
Appell sequences, and the Nérlund polynomials of order k form two (w; +
-+ + wg)-symmetric 1-Appell sequences.

4. The polynomials U (x) are (—2a)-symmetric.

Bernoulli and Euler polynomials are related by the identity [27, p. 105]

on+l z+1 x
Bu(a) = —— [Bn+1<2> —Bn+1(2>} .

This suggests to consider the following transformation. Given an s-Appell sequence
{pn(z)}nen and a real number a # 0, consider the polynomials

(10) () = i {Pn+1<x+1> _p"“(x)] '

n+1 a a
These polynomials form an s-Appell sequence. Indeed, if the polynomials p,(z)
have exponential generating series (1), then
+1
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By this remark and by Theorem 5, we have at once

Theorem 6. If {p,(x)}nen is an a-symmetric s-Appell sequence, with s # 0,
then also the sequence {gn(x)}nen defined by polynomials (10) is an a-symmetric
s-Appell sequence.

In 1971, Carlitz obtained [6] the following symmetric identity

m

03 (1) B = 07 S () B

k=0 k=0

for the Bernoulli numbers. This identity has been reproved and generalized in
several ways by several authors [10, 15, 20, 23, 24, 34]. In next theorem, we
generalized such an identity to symmetric Appell polynomials.

Theorem 7. If {p,(z)}nen is an a-symmetric s-Appell sequence, with s # 0,
then we have the Carlitz-like identities

1) (03 () pmee) (07 = -0 S ()t =) ()"

k=0 k=0
In particular, for x =0 and y = a, we have the symmetric identity
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Proof. By Theorem 3, with o« =0 and [ = sy, we obtain the identity

5= () s =3 () o assto )
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Then, by using the a-symmetry on the right-hand side and by simplifying, we
obtain identity (11). O

Examples

1. Since the generalized Hermite polynomials Hﬁa)(az) form a 0-symmetric
2-Appell sequence, identity (11) becomes

(13) (=" <k>H£:ik( )@y = (D)"Y ( k)Hi‘Qk( —y)(2y)" "

k=0 k=0
Let 4, be the number of involutions on an n-set [33, A000085]. Since
S0 in b = et+t*/2 we have i, = HS /% (1/2). So, by setting a = —1/2,
x=1/2 and y = —1, identity (13) becomes

kz: <Z)( Dk = kio (ZZ) (=1)F2m ki, .

Let now ¢, Zk 0 ( )zkzn L be the binomial convolution of the numbers

in [33, A00089S]. Since Y ., ik L = 2+t we have i, = HS V(1). So,
by setting a =—1, =1 and y = —2, identity (13) becomes

> () = 3 (1) 0 i

k=0
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Finally, let i) =>";'_o (7)ix be the binomial cumulative sums of the num-

bers i, [33, A005425]. Since >, ..i; &= 2H/2 e have i =
Hffl/Q)(l). So, by setting a = —1/2, x =1 and y = —2, identity (13)
becomes

Z() Jran it = fj(ﬁj)( Lfamrit

k=0 k=0

Notice that the numbers 4 and i satisfy the same symmetric relation.
2. The modified Legendre polynomials P}(z) and Q(x) form 0-symmetric
1-Appell sequences. So, for these polynomials, identity (11) becomes

03 () Preato = 0 3 () Prata =

k=0 k=0

<—1>”i(2)%+k< )yt = mi}( ) rn(—z =y



3. The generalized Bernoulli and Euler polynomials are a-symmetric 1-Appell
sequences. So, identity (11) becomes

nn a n— 'mm n a m—
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In particular, identity (12) becomes

03 () B = o ()i

k=0 k=0

Identities of this kind hold also for the Norlund polynomials of order k.

4. Since the polynomials (7,(16“)(:0) form a (—2a)-symmetric 1-Appell sequence,
identity (11) becomes

03 () Pttt = 07 3 () Ot 2e e -
k=0 =0

In particular, for the numbers U = (77(LO‘)(0)7 we have the symmetric

identity

i( ) 5 (2a)" R0, :Zm: (Z‘)( 1)k (20)™*0Y, .
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3. SPECIAL IDENTITIES

In all Propositions of this section, we always consider an s-Appell sequence
{pn(x)}nen, with s # 0. In Lemmas we give umbral identities and in Propositions
we give the corresponding identities for Appell polynomials (by applying Theorem
2). All these identities are exemplified only on generalized Hermite, Laguerre, and
Bernoulli polynomials.

3.3 Identities involving binomial coefficients. 1

Proposition 8. For every n € N, we have the identity

(14) i(:)(n— i( ) n—kPr(z +1/5).

k=0 k=0



In particular, we have the identities
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Proof. Apply Theorem 2 to identity (2), replacing « by x + 1.

Proposition 9. For every n € N, we have the identity

n

(15) 5 (1) (=108 0l fs) = i = 1),
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In particular, we have the identities
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Proof. Apply Theorem 2 to the Abel identity [11, Formula (1.117), p. 15]

i() P+ )+ k) =@ -1)".

Lemma 10. For every m,n € N, we have the identities

(16) En: (Z) Frspz® = f: (Z) Fryon—i(z — 1)

k=0 k=0
(17) i (n> Lo yrz® = i <n) Linson—k(z —1)*
o \k = \k

where the F,,’s are the Fibonacci numbers and the L, ’s are the Lucas numbers.



Proof. From the equation (1+ ax)” = (14 a+ a(z —1))™, we have the identity

Z <Z) aFah = Z <Z) (14 )" F(x —1)F.

k=0 k=0

Since F,, = % and L, = ¢" 4+ @", where ¢ = % and @ = 1_2‘/5, by
replacing « by ¢ (or by @), we can obtain identity (16) (or identity (17)).

Proposition 11. For every m,n € N, we have the identities

(18) é <Z> Fpirpr(z) = ki_o (Z) Frton—kpr(z —1/s)
(19) kz: (Z) Linykpr(z) = 1:0 (Z) Lnson—kpr(z —1/s)

In particular, we have the identities
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Proof. Apply Theorem 2 to identities (16) and (17).

Lemma 12. For every n € N, we have the identity

n

(20) Z (Z) Hya® = Hy(x +1)" — Z % (z+1)" "
k=0

k=1

where the H, =1+ % +--- 4+ % are the harmonic numbers.

Proof. Consider the polynomials Hy(z) = Y., (3)Hra® giving the left-hand
side of identity (20). Since, the generating series of the harmonic numbers is

1 1
£) = W= —— In——
H(t) Z%H 1—t "1-¢

we have H(z;t) = ZHn(I) = 1it H(
n>0

xt 1 1-—t
= n
1—t¢ 1—t—uat 1—t—at’

that is
1 1

— In .
1-(1+a2)t 11—t
This identity is equivalent to identity (20).

H(z;t) = H((1 + z)t)



Identity (20) also appears in [19, Formula (20)], where it has been proved in
a slightly different way in the context of Riordan matrices.

Proposition 13. For every n € N, we have the identity

n n

e X () (o) = Hamla 41/ =30 1

k=0 k=1

+1/s).

w\»—‘

In particular, we have the identities

n
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k=0

% w(w+1/2)
k=1
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k)RR K
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1
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Proof. Apply Theorem 2 to identity (20).

)(x+1)

3.4 Identities involving binomial coefficients. II

Lemma 14. For every n € N, we have the identities

e B S E e
(23) > <Z) (n f k) (—1)kah = é (Z) <02fk k) (—1)k (@ + 1)k,

FEquivalently, we have the identities
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Proof. The ordinary series

F(z,yit) = (1+at)* (1 +yt)? =) li ( > ( >zzy"k] "

can also be expanded as

F(x,y;t) = (1 + (x —y)t +yt)*(1 +yt)’ = (1 + (f " yzt>" (1 +yt)oth

=D (=g Ayt = [Z (Z) (a:f;k) (x—y>ky"k] e

k>0 n>0 Lk=0

Comparing the coefficient of ¢ in both the expansions of F(x,y;t) and setting
y = 1, we obtain identity (22). Replacing = by —z, we obtain identity (23).

All other identities are equivalent to (22) and (23), due to the fact that
(_O;C_l) = (—l)k(azk) . So, replacing @ by —a—1 and 8 by —8—1, we have
(24) and (25). Replacing only a by —a — 1, we have (26) and (27). Replacing
only 8 by —p8 — 1, we have (28) and (29). O

Remark 15. Identity (22), with « replaced by x + 1, admits a simple
bijective proof (extending the bijective proof for the Vandermonde identity). Given
an a-set A and a b-set B, consider the family

VIABI={(5,X,Y) : SCX, XCA, YCB, [X|[+]Y|=n}.

By defining the weight of an element (S, X,Y) of V[A4,B] as w(S,X,Y) = z!5!,
the weight of the entire family V[A, B] is

w(V[A, B]) = Z w(S, X,Y) Z Z Z 2% = Z <k> <nbk> (m—l—l)k.
(S,X,Y)€EVI[A,B] XCAYCBSCX k=0

Now, assuming A and B disjoint, consider the family
WIA,B|={(T,2) : TCA, ZCAUB, TNZ=2,|T|+|Z] =n}.

By defining the weight of an element (T,Z) of W[A, B] as w(T,Z) = "l the
weight of the entire family W[A, B] is

SR TS s ol ] Gty 3

(T,Z)GW[A,B] TCA ZC(AUB)\T k=0

The map v : V[A, B] = W[A, B], defined by ¥(S5,X,Y) = (S,(XUY)\S),is a
bijection preserving the weight. So w(V[A, B]) = w(W[A, B]), which is essentially
identity (22).



Remark 16. We can obtain several other interesting identities by specializ-
ing (22), ..., (29). For instance, for o = = n, we have

o 2 (-5 (e

(o -0
G (T e
eSOy

)5S

k=0

(
o Y (
(52 (
@ >
o >
o SO RO

0

x>
Il

These identities are not new. For instance, identity (30) appears in [11, Formula
(3.65), p. 30], and identity (35) is Simons’s identity [32] (see also [18]).

Proposition 17. For every n € N, we have the identities

@ X (0, o= (31 -

k=0 k=0
6 () (W) = (3) ("7 ).

In particular, we have the identities

O R I e e
2 (0) (2 )= ;:0 ("2



S () m = () (1 et

k=0 P
n . n . )
> () (e @=2 () ("0 Jevaay,
k=0 =
Proof. Apply ¢ to identities (22) and (23). O

These identities can be specialized as in the previous Remark. We consider
just a couple of them in the next two propositions.

Proposition 18. For every n € N, we have the identity

o B (e OE e

k=0 =

In particular, we have the identities
LN " /n\ (2n —k
> (3) @ =3 (1) () -are)

n n 2 i n n m— k .
(k) L (2) = (k)<n_k>L§f )z +1)
k=0 k=0

£ (@aro-5 (0 e

k=
Proof. Apply Theorem 2 to identities (30).

Proposition 19. For every n € N, we have the identity

(39) Z:( )<n+k>pk :zn:( >(n+k>(—1)n_kpk(l‘+1/8).

In particular, we have the identities

(Z) (” : ’“) B =3 (Z) (" N ’“) (—1)FHO (4 1/2)
0 O

M- M-

k

k_LO Cz) (n ; k) B ) = I:O (Z) (n . k) ()" Bz +1).

Proof. Apply Theorem 2 to Simons’s identity (35).

3



The proof of identity (22) given in Remark 15 can be generalized as follows.

Lemma 20. For every n,k € N, we have the identity

zn: <Ciy11>m(?:>(n—i1_6..._ik)(z+1)k

i1,ee0yip=0

(40) n . :
. - il ik n—i1—~-~—ik '
11,00 =0

Proof. Let A; be a set of size a;, for j = 1,...,k, and let B be a
set of size b. Let V[Ay,..., A, B] be the family consisting of the elements
(S1,X1,..., 8, Xk, Y), where S; C X; C A; for j=1,...,k, Y C B and
| X1 |+ - -+|Xk|+|Y| = n. Then define the weight of an element of V[Ay,..., A, B]
as w(S1, X1,...,Sk, Xp,Y) = glStl++I8kl

Now, assuming A, ..., Ay and B disjoint, let W[A4,..., Ag, B] be the
family consisting of the elements (71,...,Ty, Z), where T; C A; for j=1,...,k,
ZCAU---UA,UB and |Th|+---+|Tk| + |Z| = n. Then, define the weight of
an element of W[Ay,..., A, B] as w(Ty,..., Ty, Z) = ol Trl++ITkl

Finally, let v : V[Aq,..., Ak, B] = W[A1,..., Ak, B] be the map defined by

¢(51,X1,...,Sk,Xk7Y):(51,...,Sk,(X1U'-'UXkUY)\(S1U"'Usk)).

This map is a bijection preserving the weight. So, we have w(V[Ay,..., A, B]) =

w(WI[A1,..., Ak, B]). This is identity (40) with a3, ..., ar and 8 non-negative
integers. Since it holds for infinite values, it can be extended to an identity where
ai, ..., ap and (8 are abstract symbols. O

Proposition 21. For every n,k € N, we have the identity

> () () 2 e

01,0050 =0

(41) )
(¢35} Qg al+ - tag+B—ip— - — g
= Z i N : | (e
01,00 =0 n Uk n—11 —- - — 1

Proof. Apply Theorem 2 to identity (40).

3.5 Identities involving Stirling numbers

Lemma 22. For every n € N, we have the identity

(42) Zn: {Z}kz!mk - zn: {Z i i}(—l)"‘kk:!(x 1)k,

k=0 k=0



Proof. Recalling that
n|t" 1 & n+11¢" 1 , k
(43) Z{k}n!k!(e —1)* and Z{k+l}mme(e — 1),
n>k n>k
we have

3 [; {Z}k'xk] g - #@—1) _

n>0

et " (n+1 -
Tt (@t —1) 2 lz{k—kl}(_l) Rl + 1)t

n>0 Lk=0

n
|

Taking the coefficient of tn—n, in the first and in the last expression, we obtain
identity (42).

Proposition 23. For every n € N, we have the identity

2 {ijenen Z{Zﬁ} D" hipi(e +1/5).

k=0

In particular, we have the identities

k=0 k=0
é{Z}k'L’(j—k)( ):kZ_O{ZH}( L @ - 1)
SRR

Proof. Apply Theorem 2 to identity (42).

Lemma 24. For every n € N, we have the identity

a Y -yt - ; R

k=0
Proof. If « = f, identity (44) is trivially true. Suppose « # . Recalling that

n

- n n o n-+1
. Z[k]x’“ and  (z+1) Z{kﬂ]x’“
k=0

k=0

where 2" =x(z +1)---(x +n —1) is a rising factorial power, then we have

i [Z} (a—B)" *(z+a) = (a—B)" (:v—i—a)n )

k=0 a—p
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Proposition 25. For every n € N, we have the identity

@) Y [f@-srmr = k}_j (R e

k=0
For (a, ) =(1,0) and for («,B) = (0,1), we have the identities

(46) ZHpMH/s = Ziﬂpk(x)
=0 k=0
and
= = 1] ,
an X e t@ =X et ).
k=0 k=0
In particular, we have the identities
3 Z (0= B)" *H ™ (z 4+ a/2) = Z{Ziﬂ a—B)"RH (z + B/2)
k=0 - -
S|t @ —a) =3 [Zi ﬂ (=B *Li ™ (@~ B)
k=0 - k=0
> [ie- om0 =3 [T - o5 ).
k=0 - - k=0

Proof. Apply Theorem 2 to identity (44).

Lemma 26. For every n € N, we have the identities

(48) zn: (Z) (n— k)"z* = Zn: (Z) {n " k}(n — k)l(x + 1)*

k=0 k=0
(49) kzn:_o (Z) (n—k+1)"ak kz_% (Z) {nﬁ:i 1}(n—k)!(a:+ 1)

Proof. To obtain the first identity, replace y by e’ — 1 in the obvious identity
— (n k -k _ — (n k, n—k
> (1) wrrt =3 (e sty

and then extract the coefficient of % To obtain the second 1dent1ty7 replace y
by e! —1 in the previous identity, then multiply both members by e' and finally
extract the coefficient of % . O



Proposition 27. For every n € N, we have the identities

0 3 (pm-wrn =3 (), fo - o s

k=0 0

(51) zn: <Z> (n—k +1)"pu(x) = zn: <Z> {n ﬁ:i 1}(n k)i 4 1/s).

k=0 k=0

In particular, we have the identities

{n ! k}(” — k) Hy (2 +1/2)

k=0 k=0
Z(Z (n—k+1)"Hy(z) = ntl }(n—k)!Hk(a:+1/2)
k=0

k}(n — ML (@ - 1)

(n—k+ 1)L (z) = f: (Z { ntl }(n NP (@ — 1)

[
Y
> 3
N———
)
|

>
_l’_
=
3
&
O
&
Il

[
7N\
> 3
—N
S

I3
> +
+ =
—

——
3
|

=
&
O
)
+
=

Lemma 28. For every n € N, we have the identity

n

o BRI e BRI

k=0

Proof. Taking the coefficient of % from the series on both sides of the obvious
equation

(" =™ elat 1)t _ ef (e — )™

ewt
m! m!

b

we have the identity

> ({nfe =m0

Then, replacing n by 2n and m by n, we obtain identity (52).



Proposition 29. For every n € N, we have the identity

- 2n n+k - 2n n+k+1
53 n— 1) = n— .
(53) ;(n+k){ e ) kz(n+k){ e )

In particular, we have the identities

n

2n n+k ) - 2n n+k+1 )
H 1/2) = H
S (e ) k_o<n+’f){ N T

k=0

- 2n n+k)\ ;(a—ntk) _ 2n n+k+1)  (a—ntk)

k=0 k=0
- 2n n+k\ ) - 2n n+k+1 (a)

B 1) = B .
kz—o<”+k>{ n } n-k(@+1) kz_o<n+k>{ n+1 } n—k(7)

Lemma 30. For every n,r € N, we have the identities

0 EQertermrrene EQ e

k=0
(55) kZ: (Z) (—1)*(z — k)™ = nla™ ;;) (ZI;) {” Z k}(_l)kaw—k .

In particular, for r =0, we have the identities

(56) Zn: (Z) (=1)"*(z + ka)" = nla™
k=0
(57) kz: (:) (—1)*(z — k)™ = nla™.

Proof. Let A = E — I be the finite difference operator, i.e. the linear operator
defined by Af(x) = f(z+ 1) — f(z). Then, for every m € N, we have

m T - m m— T T - m m— T et =™
A et—z<k>(—l) kel +k)t—etz<k>(—1) kekt:m!eti( m!) .
k=0

k=0

So, by comparing the coefficient of % in the first and in the last member, we have

. /n k
m,n __ ! n—k
A" =m)! kém (k){ }az .

Replacing n by n+r and m by n, we obtain

n+r
Anxn+r —nl Z (n:::;> {n + k}xn+r—k ;
n n
k

=n



that is

5 (1)t i $ (1) s

k=0

Finally, replacing = by x/a, we obtain identity (54).

Notice that identity (57) also appears in [30].

Proposition 31. For every n,r € N, we have the identities

(B8) > <Z> (=1)" *prir(z + ka/s) = nla™ ;O <Z i_ ;) {n j; k}akprk(ac)

k=0
(59) Z <Z> (=D fprir(z — ka/s) =nla” Z <Z jr‘ ;) {n :; k} (=D a*p, r(z).
k=0 k=0
For r =0, we have the identities
(60) kzzj (Z) (=1)"*pp(z + ka/s) = nla
(61) Z (Z) (=1)*pn(z — ka/s) = nla
k=0

In particular, we have the identities

En: <Z>( "R HY, (@ + ka/2) —nla"zr: (ZI;) {nzk}akHﬁi)k(m)
z": (Z)( PR L @ — ka) = n!a"z;) (Zi;) {”Zk}akLgu_—kv-Jrk)(x)
i(Z)( 1)"*B%) (& + ka) = nla” Z(Zii) {”;’f}mmm.

k=0
Proof. Apply Theorem 2 to identity (54).

Lemma 32. For every m,n € N, we have the identity

R > (] T

where the coefficients {Z}m are the m-Stirling numbers of the second kind.

Proof. By the first of identities (43), we have

(1+az(e —1))™ = zn: (Z) kv(efgi'l)k =2 [i (7;:) {Z}k'xk] "%



On the other hand, recalling [2, 8] that the exponential generating series for the
m-Stirling numbers of the second kind is

nl t" 1y k
Z{k} e H(e - 1",
lek m
we also have

14z —1)" =e™ (14 (z — e (e —1))™

" (m et — 1)k " /m\ (n "
_ (m—k)t ( _ _1\k| “
Z<k>k!e ooy Z(k;){k} M-t o
k=0 n>0 Lk=0 m
By comparing the coefficients of % in both the expressions, we obtain (62).
Proposition 33. For every m,n € N, we have the identity

k! k! —1/s).
@ (0 e = (), e

=0 k=0 m

In particular, we have the identities

o S e i(zm}m e
™ O L, e
(66) g:

) ereo-£ ), e
)

Proof. Apply Theorem 2 to identity (62).
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