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DIFFERENTIABILITY OF THE DIRICHLET TO NEUMANN
MAP UNDER MOVEMENTS OF POLYGONAL INCLUSIONS
WITH AN APPLICATION TO SHAPE OPTIMIZATION

ELENA BERETTA, ELISA FRANCINI, AND SERGIO VESSELLA

ABSTRACT. In this paper we derive rigorously the derivative of the Dirichlet
to Neumann map and of the Neumann to Dirichlet map of the conductivity
equation with respect to movements of vertices of triangular conductivity in-
clusions. We apply this result to formulate an optimization problem based on
a shape derivative approach.

1. INTRODUCTION

This paper contains a rigorous proof of the formula for the derivative of the normal
derivative of the solution to the following boundary value problem

(1.1) { div (1 + (k = )xr)Vu) = 0in €,

uw = fondf,

with respect to affine movements of a triangular inclusion 7" C €.

More precisely, let us fix two functions f,g € H'/2(99Q). Let P := (Py, Py, P3) €
Q x Q x Q represent the vertices of T. Let F': Q x Q x Q — R denote the following
function

We prove that F' is differentiable and we derive rigorously an explicit formula of
the differential. Moreover, the quantitative proof of our main result allows us to
infer differentiability of the Dirichlet to Neumann map with respect to motions of
the vertices of the triangle T' (see Corollary .5]). An analogous result is established
for the Neumann to Dirichlet map.

We want to highlight that the derived formula can be cast in the framework of shape
derivatives, a tool, which has been widely used in optimization problems, (see [I],
2, 131, [, [B], [@9], [I1]). Surprisingly, to our knowledge, it does not exist in the
literature a rigorous proof in the case of polygonal inclusions. In fact, the formulas
for shape derivatives obtained in, for example [I], [I1], using a variational approach,
require at least C1'! regularity of the boundary of the inclusion. Hence, we think
it is important to present a rigorous proof of the formula for the derivative of F' in
the case of polygonal inclusions. We present the result in the case of a triangular
inclusion since this allows us to face the main difficulties of the problem without
burdening the presentation with excessive notation. (see Remark [23]).
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Our interest in the derivative of F' is motivated by the following inverse problem:
let {T;}_, be an unknown triangular mesh of  and let

N
o= E UjXTju
j=1

we would like to recover the mesh from Neumann boundary measurements of solu-
tions of

div (cVu) = 0inQ,
u = f ondf.

A similar inverse problem was considered in [8]. There, the authors considered the
Helmholtz equation at fixed low frequency in a bounded three-dimensional domain.
Assuming the wavespeed piecewise constant on an unknown regular tetrahedral
partition of {2 they established a quantitative of the Hausdorff distance between
partitions in terms of the norm of the difference of the corresponding Dirichlet
to Neumann maps. One of the main ingredients in it is differentiability of the
Dirichlet to Neumann map with respect to motions of the mesh. In order to extend
the stability result derived in [8] to the case of piecewise constant conductivities
in dimension two a crucial step concerns the differentiability of the Dirichlet to
Neumann map with respect to motions of vertices of the mesh {77 }é\/:l’ N > 2.
It is worthwhile to notice that this case compared to the Helmholtz equation is
much more difficult since solutions are less regular. In particular, the gradient of
solutions may blow up at vertices of the mesh.

The main tools to establish our result are energy estimates, fine elliptic regularity
results for solutions to transmission problems for elliptic systems and equations ob-
tained in [12], [13] and the study of the exact asymptotic behaviour of gradients of
solutions in a neighborhood of vertices (see [6]). As we mentioned above the result
is important in the context of shape optimization (see [I4], [I0]), since it general-
izes the computation of the shape derivative to a class of non smooth inclusions.
Furthermore, in Section Bl we describe how the result can be used to formulate a
reconstruction algorithm for the inverse problem of recovering a polygonal inclusion
from boundary measurements based on minimization of a suitable boundary func-
tional. A similar approach has been used in [I], [5] and [11] in the case of smooth
inclusions.

The plan of the paper is the following: in Section[Zlwe present our main assumptions
and the main results. In Section [3] we state some preliminary results concerning
the local behaviour of solutions to the conductivity equation at the interface of
the triangle. Based on these results we prove some energy estimates and some
pointwise estimates of the gradient of the difference between the solutions of the
conductivity equation corresponding to a fixed triangle 7" and a perturbation of
such a solution under a small motion of the vertices of the triangle T, T?. In
Section M we give the proof of our main result that we split in several steps: first
we derive the formula of the derivative under suitable movements that move only
one vertex of the triangle. Then, we extend the validity of the formula to arbitrary
movements of one vertex. Finally, we show the general result by superposition
of three displacements. As mentioned above, in the final Section we present an
application to shape optimization.



2. NOTATIONS, ASSUMPTIONS AND MAIN RESULT
Main Assumptions
Let Q be a bounded domain in R? and 9 € C%!
diamQ < L,
Let dy > 0 be such that
g, = {(z,y) € Q: dist((z,y),00) > do}

is a nonempty subset of . Let T denote an open triangle of vertices P =
(Py, Py, P3) where P belongs to the following subset of R? x R? x R?

VZ{PEQdO XQdO XQdO : |Pi—Pj| > ay,0; > ap, i,j=1,2,3}

where 6; denotes the width of the angle at the vertex P; and «g,a; are positive
given constants. Let, for 0 < k, k # 1

op=1+(k—1)xpr inf
Given f € HY? (092) we denote by up € H*(Q) the unique weak solution to
o (e
Define the Dirichlet to Neumann map
Agp s HY2(8Q) — HY/2 (0Q)
as follows: given f € H'Y/? (09),

8up

Ao (f) = r

where v is the unit outer normal to 9S.
For f,g € H'/?(99) let us define F': V — R as follows

F(P)=<A,.(f),g> VYPeV

where < -,- > is the duality pairing between H'/2(99Q) and its dual H~'/2(99).
Consider now P = (PP, PY PY) € V and the corresponding triangle denoted by
TO := TP’ Let V = (Vi,Vh, Vs) € R2 x R2 x R? be an arbitrary vector and let
@Y : R? — R? be the affine map such that

oV (PO =V;, i=1,2,3.
Consider now P* = P® 4+ tV = (P!, P}, Pi) for t sufficiently small (for example

lt| < do/(2|V])) and the triangle of vertices P* that we denote by T := T and
let

e H Y2 (6Q),

G(t) := F(P").
Then, let ug := upo the solution of (Z1]) corresponding to
00 :=0opo =1+ (k—1)x7o,
denote by vg the solution of

div (0pVvg) = 0in €,
vg = g on JN.

Finally, denote by u; := upt the solution of (Z1]) corresponding to
op:=o0pt =1+ (k—1)xrt
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and by v; the solution to

(22) { div (Utht) = 0in Q,
vy = g on J.

Let us define

ug = U0|Q\T07 vy = U0|Q\T0-
Fix an orthonormal system (7p,7n¢) in such a way that ng represents the outward
unit normal to 9T\ P?, the tangent unit vector 7g is oriented clockwise and denote
by My a 2 x 2 matrix valued function defined on T with eigenvalues 1 and % and
corresponding eigenvectors 7y and nyg.
Our main result is the following

Theorem 2.1. There exist two positive constants C' and o depending only on L,
do, ag, a1, k, such that

G(t) — G(0) — t(k— 1)/8T0(M0vug.wg)(q>g -ng) do

< O fll sz onyllgll w12 o0y

(2.3)

for [t] < do/(2[V]).
An obvious consequence of Theorem 2.1] is:

Corollary 2.2. For given f and g in H/?(0S), G is differentiable and

(2.4) G'(0) = (k — 1)/6T0(M0vug-vvg)(<bg -ng) do.

Remark 2.3. We want to point out that Theorem [2.1] extends to the case of a
polygonal inclusion. Let T be a polygon that, for simplicity, we assume it is convez,
of N wvertices, P* = (P},...,PY) ordered clockwise. Assume that

T° C Qqp,

there exists ag € (0,7/2) such that, denoting by 6; the interior angle at vertex P;,

ap <0, <m—ag, Vi=1,...,N.
Assume also there exists oy > 0 such that

|Pii1 — Bi| > a1, Vi=1,...,N,
where we set Pyt := 1?1. . . . .
Denote by Pt = P° +tV where V = (V1,...,Vn), V; €R? for alli=1,...,N and
t € R is sufficiently small. Let Tt be the polyon of vertices Pt and define

G(t) =<As,(f). 9>

where f,g € HY?(0Q) and A,, denotes the Dirichlet to Neumann map of the
operator
div(oyV+)
with
o =1+ (k — D)x7e.
We have that G is differentiable att = 0 and G'(0) can be expressed by the following
formula

G0) = (k—1) /BTO (MoVais - Vo) (@ - no)do,



where @V : 9T° = R? and

% - (Q-PB)) (P’ -P)) - = .
eV (Q) =V, + ( |P0) (_;01|2 )(Vi+1 —V;), for Q on the side P)P?,,.
i1 f

3. PRELIMINARY RESULTS

In this section we collect some preliminary results some of them concerning the
regularity of solutions to Problem (ZI)) and that are crucial to prove our main
theorem. Let up be the solution to Problem ([2.1) with P = (Py, P>, P3) € V. Let

u; = uP|Q\TP’ u1P = uP|TP'
Finally, let B(P;,d) denote the ball centered at P; and radius § > 0. Then, the

following estimates holds true

Proposition 3.1. There exist positive constants C' and v € (0,1/4) and &y de-
pending only on g, a1, k and dy, such that, for any 6 € (0,00) we have

,i C
(3.1) IVupller e, Bep.6) < WH“HL%Q)

e C
(3.2) IVubllov@aarowi, o) < g lullizae

The proposition is consequence of a more general regularity result for elliptic sys-
tems due to Li and Nirenberg and to Li and Vogelius for elliptic equations (cf. [12]
and [13]).

Moreover, by a result of Bellout, Friedman and Isakov (cf. [6]) it is possible to
describe the exact behaviour of up in a neighborhood of the vertices of TF. In
particular, the following estimates hold true

Proposition 3.2. There exist a constant w > % and two positive constants dg and
C depending only on ag, a1, k and dy such that, for j =1,2,3
(3.3) [Vup(z,y)| < Cllullzzoy dist ((z,y), F;)* ™,

(3.4) [Vup(z,y)| < Cllullrzqoy dist ((z,y), Fy)*
for all (z,y) € B(P;,b0)\{F;}.
Remark 3.3. In all the results that we state and prove from now on, the estimates
depend linearly on the norms of the boundary data f and g. For this reason, for
sake of simplicity, we normalize functions f and g by taking

1 £l 2 00) = 9l 1200y = 1
in the proofs, while we explicitly write the dependence on the morms in the state-
ments.
We can prove the following energy estimates
Proposition 3.4. Let P° € V and ug be the solution of (Z1) corresponding to
the triangle T° of wvertices PO = (PP, P9 PY). Let u; be the solution of (21))
corresponding to the triangle T® of vertices P' = (P}, PL, PY) with P} = P? +tV;,
1=1,2,3 and V= (Vl.Vg, V3) a vector in R? x R? x R2. Then, there exist positive
constants C and 0 < 0 < % independent of t, such that

(3.5) e — ol 1 () < ClFl sz qanyt’s
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for [t] < do/(2|V)).
Proof. Consider w; = uy — ug. Then, w; solves

div(eyVw,) = div((og — 0)Vug) in Q,
w; = 0 on 0N.

Multiplying the above equation by wy, integrating over {2 and integrating by parts
we get

(3.6) / o¢ |V |* = / (00 — 0¢)Vug - Vwy
Q TtATO
and by
ot > min{1, k}
we get
k1|
. .
/Q|th| — min{l,k} Jpen |Vu0||th|
e — 1| </ 2>1/2 (/ , 1/2
_ Vug |Vw|
min{1, k} \ /7t a7o [Vuol Tt ATO
(] 2\ [ 17w v
—_ \Y \% .
min{1, k} TfAT0| ol sz' el
Hence,

2 (k-1 / 5
\Y%
/ V" < (mln{l k}) TtATO| ol

Let S5, = Ul_ B(P},d;) with d; > 0 to be chosen later. Using .I) and 3.2) we
obtain the following bounds

/ Vuol = / |w0|2+/ Vol
TtATO (Tt ATO)NSs, (T*ATONSs,
< / |Vugl> +  sup  |Vuol?|[T*AT?|
(Tt ATO)NSs, (T*ATONSs,
< / [Vuo|* + %
(T*ATO)NSs, 5, (v

Ct
< / [Vuol* + 55
(T*ATO)NSs, 57 %

Now, using [33)), for any j = 1,2, 3, we get

Vul < 0 f s, By

0; ¢ Ot
C/ / 2@V pdpdh < C/ P> hdp < C52.
o Jo 0

/TfATUOB(PJQ,Jt)

IN

In conclusion, we have

2 2w t
/'I'tATO |VUO| =C (5t + 53(V+1) )



Picking up 6; = t* with a = we derive

1
2(w+y+1)

/ |Vug|? < Cte1,
TtATO

Finally, by last inequality and by (3.6) we obtain

1/2 .
(/ |th|2> < Ot = Ot?
Q

with 0 < 6 < % which ends the proof.

We have also the following
Proposition 3.5. Let L = U§:1 (B(P,6,) U B(P!,68,)) with 6, = t°* and ) =

% and let uy and uo be defined as in Proposition [34 Then, there ezists a

positive constant C, independent of t, such that

(3.7) Vg — Vu§| L orn (rouc) + [IVus — Vbl L oriarone) < CllF Nz oo t™

and
(3.8) |Vu§ — Vu§|l L oro\(rrue) + | Vi — Vub | o oronag) < CllFIl a2 aa)t™,
for [t| < do/(2|V]).

Proof. Tt is sufficient to show the first inequality (30) since (3.8) follows similarly.
Let t <d < d—; and denote by

QY = {(z,y) € O(TTUTP) : dist((z,y), O(Q\(T* UTP))) > d}.

Observe that since V(u§ — u§) is harmonic in Q\(T* U TY), by the mean value
theorem we get

e e O
[Vui — Vugllpe oy < EHVUt — Vuol|z2()
Then, by (BE) we obtain
c
(3.9) [Vug = Vug| o) < Efe-

Let now (z,y) € 9T*\(T° U £) and let (z4,yq) be the closest point to (z,y) in QY.
Then, by Proposition [3.I] we have

e e d’y
|Vug (z,y) — Vug(za, ya)| < OF
and
€ € d’y
Vug(z,y) — Vug(za, ya)| < CF-

Combining last two inequalities with (9] we get

e e dy t@
IV (2, ) — V()| < C (F N E) |

0+B81(v+1)

By choosing d =t~ »+1  and é; = {TOED we obtain, for (z,y) € OT*\(T° U L),

2]
Vg (2, y) — Vug(z,y)| < CtTom
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so that .
gy __
[Vui = Vg Lo oo\ (roug)) < C120FD.
Let now (z,y) € (OT* N T°)\L and define the set
(T'NT%g = {(x,y) € T'NT : dist((x,y),0T" UIT) > d}
and let (zq,y4) € (T* NTY), be the closest point to (z,y). Since, V(ui — uf) is
harmonic in T* N T° we get, applying the mean value theorem and using (3.5)

i % c
||Vut — VUOHLO"((TtﬂTO)d) S Ete

and by BI) we get
; ; a0
Vi (z,y) — Va2, )] < <—5z“ +5)

. 0+B1(v+1) Oy .
and choosing d =t~ »*#T  and §; = t20+D we finally derive
. . 6
||Vu§ — VUBHLDO((aTtmTO)\L) < Ct2(’711)

which concludes the proof.

4. PROOF OF THE MAIN RESULT

In order to prove our main result we will first establish the validity of (23] for
particular choices of the vector V. Indeed, we first consider a special direction V=
(171 .0, 6) where V; is uzzz:g% or |5§:£§\ . The reason for this choice is that TOAT?,
that is the support of oy — 0y, is easier to describe. Then we consider V= (th, 6, 6)
where 9 is an arbitrary vector that we decompose as a linear combination of the

tors 2=20 and =20 Ty order t form this st d to show that
vectors m an m n oraer to perrorm 1S Step we nee O show a
the functional
D(t) := MVu§ - Voi (®) -iiy)do

aT?
is continuous at ¢ = 0. The last step is just based on linearity of the limit process.

o N o 0_ po 0_ 0
Lemma 4.1. Let V = (V1,0,0) where V; = ‘%7%‘, (@2,7;2@). Then

G(t) — G(0) — t(k — 1)/9T0(M0Vu8~Vv§)(¢X “ng) do

S C N Fll iz oo 91l /200

(4.1)

for |t] < do/2.

Proof. Without loss of generality let V= (%, 0, 6) and consider P* = PY +
2 1

tV. By Alessandrini’s identity

Gt)—GO) 1

1
; = ? < (At — Ao)f,g >= ? / (O't — UQ)VUt - Vg
Q

where Ay := Ay, and Ag := A, and u; is solution to Problem (2]) corresponding to
ot and vy the solution to Problem (2:2)) corresponding to og. We choose a coordinate
frame in such a way that PY = (0,0), PY = (—x2,0), 22 > 0, P) = (x3,y3) with

(4.2)
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y3 < 0. Then, V = (—&,,0,0) and Pt = ((—t,0), (—z2,0), (3, y3)). Assume t > 0
(the case t < 0 can be treated similarly) and consider the set

Cs, = T°\ (Tt U{(z,y): =0 <y <ys+ 5,5}) ,

where 6; will be chosen later. For every (z,y) € Cs, let (2(y),y) = (72y,y) be the

corresponding point on the side PY Py of T°. By Proposition B.1] applied to u¢ and
vy we get

(4.3) Vug(z,y) = Vui(a(y),y) + Ri(e,y)
Vog(a,y) = Vug(a(y),y) + Re(z,y)
where
z—x(y)|” .
|Ri(z,y)| < C%, 1=1,2.
o
Since
y—y
o= 2(0)| < ) — a(y)] < 01
where x1(y) = Iz—fy —t, we get
v ly—wysl .
4.4 Ri(z,y)| < C =19
(44) T
Using ([{2]) we can write
G(t) — G(0 1—-k . 1—k )
(4.5) 0-50_ Vug - Vg +—— Vug Vg =L+ 1,
t t Jes, t Jroaies,)

Let us first estimate I;. We use (B.3) and (B4]) and we split the integral over
Cs, = C(}t U Cgt in two parts

1 0 z(y) )

- / / Vug - Vg dz | dy

t -5, \Jai(y)

g /0 /O dx "
o\l T @ )
By the change of variables z = tX and y = tY we get
1 . t2w 0 0 Ix
_/ Vul - V| < C— / X N\
e tJ s \J1 (X +1)24Y2)=7 (X2+Y2) =

1
St
0 2w—1
ay 5
2w—1 2w—1 t 2w—1
< O / P < Ct (_t) < 065

1 .
; Vuf . V’Ué

1
Cét

and proceeding similarly one can see that

1 . C [ystoe z(y) d
_/ Vi Voo < _/ / 2 - = | W
t <3, t Jys z1(y) ((z —23)% + (y — y3)?)
y3+0¢
S C 2dy 2\1—
v ((@(y) —23)* + (y —y3)?)'
<

Y3+
o[ o
Y3 (y - y3) “
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Hence, alltogether we end up with

(46) L] < oo,
Let us now consider I and let B, = T°\(T? UCs,). Inserting (&3] into I3 leads to
1—-k . i
no= S vt - 9. dedy
Bt

+ [ (Balw) - Foifew) + Vi o) - Raliry) + (o) -Rzu,y))dxdy}
By

= I3+ 14
Let us evaluate I3. We know that
b= S5 [ Vi) V). dedy
— =8¢ )
= T vurtet) o) Vubet). ) elo) — 21(0) dy
—5; _
- a-nf V(e 0)- Vri(a(s).y) (%) dy
— 5 .
= (1 —k)/ Ny (Vu§(z(y),y) + p(y, ) - Voi(z(y), y) (%) dy
(p(y,t) = Vui(z(y),y) — Vug(z(y),y))
—0¢ ) _
= <1—k>{ / ., Vb)) Veie).y) (%)dw

- /m; p(y,t) - Vi (z(y),y) (%) dy}
- -k { / V(). ) - Vb(al).v) <u> dy -

Y3

e 1 y—Uuy
-/ Vus (). y) - Vei (), y) <—> dy +
[—6¢,0]U[ys+0¢,y3]

+ /ysja p(y: 1) - Vg (a(y),y) (%) dy} :

Observe now that

e @ y—y
/ Vuite)) - V(e (L2 ) ay
[—6¢,0]U[y3+0¢,y3] —Y3
</ V2 (0), )V (o). ) .
[—0¢,0]U[ys+6¢,ys]

From Proposition B2l and using the fact that w > 1/2, we get

Vug(z(y), y)|[Vog(x(y), y)ldy < C —
‘/[_5“0 | O( ( ) )|| O( ( ) )| (=6.,0] (y2+(x(y))2)1 w
< C 4y gt

(50 [P0



11

For f[y3+6t v VUi (@(y), y)||Vvi(x(y),y)|dy we can proceed similary getting

/ IVus (@), ) [Vob (). o) |dy < O824,
lys+6¢.y3]

Hence, we have

I = (1-k) { / Vg (a().0) - Ve (v ) <u) dy +

Y3 —Ys3

+ /y_ét py,t) - Vg (a(y). y) (w> dy+0(5?”1)}-

3+30¢ —Ys3

Note that the following estimate holds

wn [ )] " a
4.7/ Voi(z(y),y)ldy < / i T
y3+6¢ 0 y3+0¢ (ﬂﬁ(y) - IB)Q + (y —Ys — 5t)2)T
_6t
+/ —dy <C.
ys/2 (w(y)? +y) 2

Applying Proposition 3.5 for §; = t#* with 3 = 304 We have

+1
lp(y. 1)] < Otﬁl.
By last inequality and by (7)) we derive
_5t
i Y—Us
/ p(y,t) - Vg (x(y),y) (—) dy
y

340 —Y3

< Cth.

Eventually, we get

0 —
49 =08 [ Vi) o) (50 ) d+ o)

where 82 = min{f1, (2w — 1)1 }.
Finally, let us evaluate I4.

Using the estimates (33), (34), B1), @E3) and [@Z) and choosing §; = t#* with

b1 = 4T +1) as in Proposition 3.5l we can estimate I in the following way
—d¢ m(y) Y _
|I4|§g/ dy/ {j+1y Y3
t Jysts, e1(y) L0} LE
2y
} dx

(|Vug (=(y), y) |+

2

i y—y
+ Vg (2(y), y)I) + 26D ==
t

Ys

C —0¢ tY . i t2fy
<7/ et -nw) e (V)0 [0 + oty
—5; + . ) + 2
<o L (Tuitam )l + Vet dy+ 0 7+1) .
y3+0¢ 515 1)

Finally, using the fact that, by Proposition
Vug (2(y), y)| < [Vug(z(y), y)| + Ct™
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. . .. . 5, .
and noting that, proceeding similarly as in (£7]), we have fy3+6t [Vu§(z(y),y)| < C
we get
(4.9) Iy < CtO= 27 (1 4 40 4 (0-2)),

Inserting ([&6]),([@8) and (£9) into (EH) we get

G(t) - G(0 O . i y—y
COZC0 -1 [ Vuslatw).n) - Vebtato)) (L2 ) dy -+
t vs —Ys3
where |r(t)] < Ct# where 83 = min(B1, B2, (1 — £)v). Finally, observing that
By - iy = \/% on the side PYP) and ®} -y = 0 on the other sides of T° we
can write
G(t) - G0)

; = (k- 1)/ Vug - Vvi(q)g -Tig)do + r(t).
oT°

Finally, using the transmission conditions we have
Vvl = MoVu§ a.e. on 9T
and we get

G(t) - G(O)

" = (k- 1)/ Vug - M()Vve(fbé7 - fig)do + r(t)
oT°

= (k=1) | MoVug Vo(®Y - fig)do + r(t)
oTo

from which the claim follows.

Remark 4.2. Observe that an analogous formula can be derived similarly choos-
= [N = 0 po 0 po _, N _,
ing V. = (0,V5,0) where Vo = 3—12 (‘P'* 7 ‘) or V.= (0,0,V3) where V3 =

3 2
=T \TP=Ff

0 0 0 0

PI_P3 P2_P'§

Pr=rg \TPE=PiT )

Remark 4.3. We note that the formula ({-1) applies also to the case where V s

not a unit vector. In fact, using the linearity of the map ®V an easy computation
gives

BN

G'(0) - ng)do

(k— )|V / (MY - Vu5) (@]
oTo

(k—l)/ (MoVug - VoE) (@Y - no)do
oTo

Let now V indicate an arbitrary vector of R x R? x R? and let T° be a triangle of
vertices P* € V. Let P* = P° +tW for t sufficiently small and with W = (i, 0, 0)
and let T be the triangle of vertices P. Consider

D)= [  M,VuS Voi(®Y - ny)do
oT?

where u; and vy are respectively the solutions of (21 and (22 corresponding to
o and n; is the unit outer normal to OT. Then, we have the following
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Lemma 4.4. There exists constants 8 € (0,1) and C > 0 independent on t such
that

ID(t) = D(0)| < CIlfll /200 9l /206t
for [t] < do/(2|V]).

Proof. Let £ = \Ji_; (B(P?,8,) UB(P!,6,)) with 6, = 7 with $; defined as in
Lemma £l Let us consider

D(t) — D(0) = Mg - Vol (BY - ny)do — MoVug - Vos (8 - no)do
AT\L aTONL

(4.10) + M,Vus - Vo (Y - ny)do — / MoVug - Vo (Y - ng)do
oTtNL oToNL

=Ji—Jo+J3—Jy

We assume without loss of generality that ¢ > 0. Let us start estimating J3 and Jy.
We accomplish this proceeding with similar calculations as in the estimation of Iy
in Lemma A1l In fact, we have

(4.11) |Js, | Ja] < C627Y < cpeo=1br,

Let us now estimate

Ji— J :/ M,Vug - Vol (BY - ny)do —/ MoV - Vo (dY - no)do.
OTH\L

aToNL
From this last difference we just consider and estimate

/ M, Vs - Ve (Y -nt)da—/ MoVug - Voe (Y - no)do
PYPINL POPO\L

since the terms on P{PY and on PYPY can be treated similarly. Let us evaluate,
then,

/ M NVug - va(fl)y -ng)do — / MoVug - va(q)g - ng)do

PIPI\L PPPI\L

= / M Vug - Vo (@, -ny)do — / M NVug - va(q),? -ng)do
PIPI\L PPPP\L

+ / M Vug - Vg (@) - ny)do — / MoVug - va(fl)g -ng)do
PPPI\L PPP\L

= A1 —|—A2
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We have

Ay = / {MtVuf Vi (®) - ng)do — MyVu§ - va(fl)g . no)} do
POPO\L

/ {(Mt — Mo)Vaus - Vol (@Y - ny)+
PPPI\L

+ Mo(Vug - va(fl)f -ng) — Vug - va(q)g . no))} do

= / (My — M)Vl - Voe (@Y - ny)do
PYPO\L

+/ My(Vus - Voi )(®) - ny — @g -np)do
PYPI\L

+/ Mo(Vu - Vi — Vus - Vi) (®Y - ng)do.
POPO\L

Using now the following estimates
\M, — Mol,|®Y ny — @Y no| < Ct,
(412) 0] (@) = @] (Q2)], |9 (1) — @ (Q2)] < ClQ1— Qo
Mo, [0 - nol, [®] - < C

where C' is independent on ¢, and the fact that |Vu§|,|Vo§| € L' and {4), we
obtain

42| < Ct/ IVug| Vg + C (Vu§ - Vof — Vg - Vof)
PP PYPY\L
< Cf/ (IVug| + t91) (| Vs | + t71)
POPO\L
+ C POPO\£(|R1||VU8(x(y)ay)| + |Ro||Vu§(z(y), y)| + | R1l|Rz2])

£ 7\
< C f—l—F‘F(F) .

Finally, recalling the definition of §; we have
|Ay| < C0-2),

Let us now consider

|A1| =

/ Mg - Vo (BY - ny)do — / M,Vug - Vol (BY - ny)do| .
PIPO\L POPO\L

Let us set
Fy = MyVug - Vog(®) - ny).

Then, assuming without loss of generality that PP = (0,0) and Py = (—z2,0) with
xo > 0, we can write, for a suitable positive ¢ and ¢y,

St

[ Fdo= [ B )0 )Py
PIPI\L xz24L
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and we consequently obtain

Al = [ P ) VG G P
- [, mo0d+ [ Fo
zo+-L Is,

where Is5, = [—‘2—;, —‘S—Ct] U [z + S—i, 2 + 5—;] Note now, that by Proposition Bl and

estimates ({.12)), we have
|Fi(xe(n),y:(n)) — Fi(n, 0)] < Lt'y < cp(1-9)
t\Tt\1), Yt\n (M, < 62(74»1) <
t
and also by using Proposition B2 we have

< Céthfl < Ct61(2w_1).

/ Fy(n,0)dn

Is,

In conclusion, we derive an estimate for J; — J

(4.13) |y — Jo| < CtP
where 8 = min(B1, 81 (2w — 1),7(1 — £)). Insertion of (ZI3) and @II) into (@I0)
concludes the proof. O

We are now ready to prove our main result.

Proof of Theorem [2.11 We proceed in two steps. First we prove the claim
for V.= (V4,0,0) where V; = (v1,v3). Assume without loss of generality that
P = (0,0) and PY = (—z2,0) with 22 > 0 and PY = (x3,y3) with y3 < 0. Let
T? be the triangle of vertices Pt = PY + tV and let ﬁi denote the intersection of
the side P}P{ with the side P)PY axis. Assume without loss of generality ¢ > 0.
We now decompose the displacement from 79 to T? as the superposition of the
dispalcement from T° to T' of vertices P' = (Fi, PJ, PY) and the one from T' to
Tt. By LemmaEdlapplied in the direction of P' — P = (it 0,0) where @ = —\;é;

and \; = v f};‘:zg — v1 and Remark 3.3 we get

F(P') = F(P°) = (k — 1)tA, [ MoV V(@YY - ng)do + o (1)

where W0 = (—&,0,0) and o1 (t) = o(t) as t — 0. Hence, also
4.14)  F(P)—F(P%) = (k- Dtro | MoVus- Vos(@Y - ng)do + (1)
o170

i — 3 _
with )\0 = V2 vs V1.
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To compute F(P!) — F (ﬁt) we now apply Lemma [l in the direction
Wi =P — P! = (&},0,0). Then, again by Lemma FI] we can write

t

F(P") - F(P)

t

F(P' + W) - F(P

)—/M L pP 4 gy
= , dn nway)an

/M P gty — LB it ) d
. n nwsy dn nWa)in=0 ) an

d _—t -
+'utd_77F(P + 1W3)ln=o0
and, by Lemma [£4]

—t - —t d _ —t -
F(P' + 1 73) = P(P') = g PP+ i)l < O] < 0741

— 2
where p; = |Pt — Pt = t|vs] (Lt”l) + 1 and we get

Y3 —tv2

415)  F(PY—F(PY) = (k- Dtpo | MoVl - Ve (@Y - no)do + r(t)
oTo

- m_311 55
where [r(£)] < C1O%, o = ooy /2 + 1 and WP = 2 [ 5260

[vz] 2 0
!
Y3

Finally, putting ([£I4) and ([£I5) together, we end up with the following formula

F(PYY—F(P°) = (k—1)t {/\0 MoVus - VoE (@01 - ng)do+
oTo
WO
+ po MoVug - Vug(®y 2 - no)do ¢ + r(t)
oTo
= k-1t [ MoVug- Vog(@ VW e +or(t)
aTo

and since
WO 4 W2 = 7
the statement of step 1 follows.

Now we are left with the general case where we consider an arbitrary vector V=
(T, Ta,T3). Let Pt = P° +tV; we consider now the displacement form 7° to T

as superposition of three displacements. The first one for T° to T' of vertices
P = (P + tiy, PP, PY), the second one from T' to Tt of vertices Pt = (PP +
tvy, P9 + t¥,, PY) and the third one from T to T®. We then split

F(P')—F(P°) = F(P")— F(P")+ F(P')— F(P')+ F(P') -~ F(P°) = Dy + Dy +Ds

The last term D3 can be estimated using the result obtained in the first step of the
proof. Indeed,

Ds= k-1t [ MyVug-Vog(®) -no)do + r(t)
aTo

where V; = (vh, 0, 6) For Dy we proceed similarly as in step 1 decomposing the
displacement from T to Tt as superposition of the displacements along the sides
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obtaining

Do=(k—1)t [ MyVug-Voe(®2 -no)do + r(t)
aTo

where V5 = (6, Ua, 6) and analogously

Di=(k—1t | MyVus-VeS(®r -no)do + r(t)
oTo

where 173 = (6, 0, ¥3). Finally, summing up D1, D2 and D3 we eventually get

F(PY)—F(P°) = (k—1)t | MyVug- Vo§(®Y - no)do + r(t)
aTo

thus ending the proof.

Corollary 4.5. The map P — A, is differentiable.
Proof. If we define the linear operator
L: HY2(0Q) — HY2(09)
by
SEPg>= E=1) [ 0T T (@] o) do

we can state (23] as
(4.16) 1Aor, = Aop = tLI| cerr1r200), 1172 (00)) < O

Since L is linear in V and by continuity of L with respect to P (see Lemma [£4)),
we actually obtained the differentiability of the map P — A,,..

A similar result can be derived when considering, instead of the Dirichlet to Neu-
mann map, the Neumann to Dirichlet map with suitable normalization conditions.
In fact, consider the spaces

260) = {f € H'2(09) : / f= o}
o0
and
HY2(00) = {g e HV?(09) :< g,1 >=0}.

It is well known that the Dirichlet to Neumann map maps onto H, L/ 2(89) and

when restricted to Ha/* (09) it is injective and has bounded inverse. So, we can

define the Neumann to Dirichlet map as the inverse of the Dirichlet to Neumann
map restricted to HY? (09) i.e.

Ny, o Hy Y2 (09) — HY? (09)
with
Nop = Nopl 12 (50) 7"
For f,g € H§1/2(8Q) we can define F: V — R as follows
F(P)=<g,N,.(f)> VPeV.
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Consider now PV = (PP, PY, PY) € V and the corresponding triangle denoted by 7.
Let V = (Vi,Va, Vs) € R2 x R? x R? be an arbitrary vector and let ®Y : R? — R2
be the affine map that gives

oV (P =V;, i=1,2,3.

Consider now P* = P? 4+ ¢V = (P!, P, Pj}) for t € [0,1] and the triangle of vertices

P* that we denote by T and denote by G(t) = F(P?).
Let 09 = 1+ (k — 1)x70 and let ug € H*(Q) the unique weak solution to

div (6oVug) = 0in Q,
(4.17) Guw = fonoQ,
Joguo = 0.

Denote by vy the solution of

div (6pVvg) = 0in €,
% = g on 09,
Joqro = 0.

Finally, denote by u; := upt the solution of ([@I7) corresponding to oz =1+ (k —
1)xr+ and by v; the solution to

div (o4Vvy) = 0in €,
% = g on 09,
faﬂ v = 0.

Let
ug = U0|Q\T07 vy = U0|Q\T0-
We have the following:

Theorem 4.6. There exits two positive constants C' and o depending only on L,
do, a1, ag, k, such that

Gt) — G(0) — t(k—1) /8 MoV T5) (@] o) o

< C’tH‘"||f||Hfl/2(aQ)||9||H*1/2(¢9Q)7

for |t| < do/(2|V|), that implies

G'(0) = (k- 1) /a (MY T5) (@] - o)

The proof of Theorem can be derived similarly as the one of Theorem 2]
observing that all the preliminary results of Section 2 continue to hold also for
solutions to the Neumann problem and that

COZEO 2 < 0N = A6)() 5= 1 [ (00— o) T Vg
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5. A SHAPE DERIVATIVE APPROACH TO AN OPTIMIZATION PROBLEM

We now want to see some interesting consequences of Theorem
Let up € HY(Q) be the unique weak solution to

div (cpVup) = 0in Q,
due = fon 09,
Joque =0

corresponding to conductivity op = 1+ (k — 1)xgr and let ulog = Umeas. It is
well known by the results obtained in [7] that under suitable choice of f the datum
Umeas Uniquely determines the triangle TF C Q.

Let T° of vertices P° be an initial guess close enough to the exact solution 77, Let
o, = 1+ (k — 1)x7+ where T* has vertices P = P° 4+ ¢V = (P!, P! P!) and uy is
the solution to [@IT) for o = 1+ (k — 1)x7.

Consider the following boundary functional

1
j(Tt) = 5 /é?Q(Ut - umea5)2

and consider the optimization problem of minimizing the functional with respect
to all possible affine motions of the triangle T9. It is well known that in order
to solve this minimization problem we might use an iterative procedure like for
example Newton’s method which involves the computation of shape derivative of
the functional J (1) (see [3], [5], [10] and [14]).
We now will derive a formula for the shape derivative of the functional [J(T%)
defined as \ o
DT 7] = tim LL) =TT

t—0 t

For, we will show the following preliminary result.

Lemma 5.1. There exists positive constants C' and 8 > 0 such that
(5.1) llwr — ol L2 (o) < CHT7,
for [t] < do/(2[V]).

Proof. Let w; be the solution to the problem

div (coVw,) = 0in Q,
% = wu; — ug on 0X,
IBQ Wt = 0

From Theorem we have
<g, N =No)(f) > = <g,ur—uo>

(5.2) T /6 MoV T) (@] - no)dr + (1)

for any g € H=1/2(9Q) and where
(5.3) r(t)| < Ct'*P

with 8 = min(B1, 81 (2w — 1),7(1 — £)). Choosing g = u; — ug and since u; — ug €
L?(092) we can rewrite last relation in the form

—up)? = (k — ué - Vwe)(®Y - no)do + r(t).
6 [ = =0t [ Vi Tup) (@] oo +r0)
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We now estimate the first term on the right hand side of (54). Observe that by
the energy estimates

llwel 1) < Cllue — uoll 200y < Cllus — uol g1y < CF?

and arguing similary as in Proposition we get

(5.5) ||th||Loo(8T0\£) < Ccth
We split
|0t v @] e~ [ o (Vo V) @] oo

+/ (MoVug - wa)(q)g - ng)do.
oToNL

By (5.5) and by the fact that |[Vu§| € L' we have

/ (MoVug - wa)(q)g - ng)do
OTO\L

< C”th”L"O(@T“\ﬁ)/ [Vug| < Ctr.
aTO\L

On the other hand proceeding as in Lemma [£.4] we have that

< Ot = ot (2D,

/ (MoVug - Vs ) (Y - no)do
oToNL

Hence, we have

‘t/ (MoVug - wa)(fl)g ‘ng)do| < Ot tmin(B1,51(2w-1))
o1

and inserting last inequality and (B.3]) into (5.4]) we get (G.1I).

Let
div (Uovwo) = 0in Q,
(5.6) % = UQ — Umeas ON O,
f(r)Q wo = 0.

We are now ready to prove
Proposition 5.2.
DIV = (k=1) [ MoV Vug)(@] o)
oT°
where ug denotes the solution to [{.17) corresponding to oro and wqy the solution
to (2.0]).

Proof. Let us consider

1 1
I =31 = 5 [ = =5 [ (0= e

[ =t =)+ 3 [ =

o0
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Then, by Lemma 5.1l and by (52) applied for g = up — Umeas We get

TT) — (10 = /8 (0= )0 = ) + 00

(k—1)t /6T0 (MoVug - VvS)(fbg -ng)do + o(t).

Finally, dividing last expression by ¢ and passing to the limit as ¢ — 0 the thesis
follows.
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