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Abstract— This paper introduces a novel Least Squares (LS)
observer for the state estimation in power system under static
conditions. The proposed state estimator takes into consideration
not only the measurement uncertainty but also the uncertainty
associated with all the network parameters used in the load
flow model of the power grid. A comparison with the classical
weighted LS method is reported.

Index Terms— Least squares (LS) methods, power system
monitoring, power system state estimation (SE), SE, uncertain
systems.

I. INTRODUCTION

ELECTRICAL power system observers for state estima-
tion (SE) play an important role for operating the energy

management system (EMS) in control centers [1]–[3]. The
SE is based on the availability of a redundant set of data
together with power system models that link the unknown state
variables with the available data [4]. Both data and models are
characterized by a certain degree of uncertainty that the state
observer must be capable to address properly, because it will
influence the subsequent EMS actions [5].

Usually, the data provided to state observers are gathered
from direct telemetered measurements and pseudomeasure-
ments (prior knowledge, e.g., information stemmed from sys-
tem forecasts); these two sources of information are affected
by uncertainty. For what concerns the power system models
typically just one is available, derived from a quasi-static
mathematical representation of the electrical power grid. The
power system model is uncertain as well because of uncer-
tainties affecting the network parameters, such as transmission
line and transformer longitudinal and transversal impedances,
transformer tap values, and circuit breaker positions; more-
over, further inaccuracies could result from unmodeled unbal-
anced operating conditions and system asymmetries, network
transients, nonlinear loads, and so on [6]–[10]. The models
available in the literature for the network parameters do not
specify the model uncertainty, also because the geographical
distribution of the electrical networks makes the statistical
multivariate correlation analysis quite complex.

The classical nonlinear Least Squares (LS) approach is the
most widespread technique employed for the SE in electrical
power systems, first proposed in [11]–[13] in the early 1970’s,
and known in the electrical power system literature as
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weighted LS (WLS) observer. The WLS framework assumes
a probabilistic description for the measurement uncertainty
and the availability of an exact (i.e., perfectly known and not
uncertain) static power system model.

The aforementioned assumption, which considers the power
system model not uncertain, is far to be true. As a matter of
fact, often network parameters are generally less accurate than
the measurement data [9]. The lack of the model uncertainty
contribution in the WLS algorithm has the advantage of a
simpler problem formulation but with the serious risk of
a significant bias upon the state estimates, together with a
noteworthy undervaluation of the uncertainty affecting the
state estimates [14], [15]. Besides, it is important to point
out that this risk increases with the improvement of the
measurement quality, being in this case more important the
network parameter uncertainty contribution.

This concern has led some investigators to propose effective
network parameter estimation (PE) methods [16]–[19]. Some
of these PE techniques are based on residual sensitivity
analysis [20], [21], while others require augmenting the state
vector either using the normal equation [22]–[24] or adopting
a Kalman filter [25]–[27].

Although the PE improves the SE performances, it does not
really address the problem of including the model uncertain
parameters as input data to the SE process. As a matter of fact,
the PE based on residual sensitivity analysis does not have any
effect on the state estimates, but it just detects and identifies
bad parameters by unexpected large residuals resulting from
the WLS algorithm. For what concerns the PE based on
augmenting the state vector instead, which estimates together
the state variable with some parameters, the assigned number
of measurement data limits the applicability of these meth-
ods, because increasing the number of estimated parameters
reduces the redundancy of the information provided by the
data, eventually leading to local or global observability limits.

This paper proposes a new perspective of the SE problem
that considers the power grid model as an uncertain system
because of the limited accuracy of the network parameters.
The proposed SE technique does not require any PE proce-
dure, because the network parameters and their uncertainty
are treated as input data to the estimator, which are known
a priori, exactly as the pseudomeasurements. If necessary
those parameters estimated in real time (a posteriori), using a
PE algorithm, may be handled as input data to the estimator
as well, exactly as the data resulting from real-time meters
(as power flows, voltage magnitudes, and phases).

In the following discussion, a probability-based approach to
uncertainty will be adopted, according to the recommendation

© 2016 IEEE. Personal use of this material is permitted. Permission from IEEE must be obtained for all other uses, in any current or future media, including 
reprinting/republishing this material for advertising or promotional purposes, creating new collective works, for resale or redistribution to servers or lists, or reuse 
of any copyrighted component of this work in other works. To access the final edited and published work see https://doi.org/10.1109/TIM.2016.2595999



provided by the ISO/IEC guides [28]–[30]. The mean and
variance–covariance matrix of the uncertain model parame-
ters and measurements can derive either from prior knowl-
edge (e.g., system design data and pseudomeasurements) or
a posteriori from PE algorithms and real-time meters. Other
authors have analyzed the SE problem with uncertain parame-
ters before, but uncertainty was not described by a covariance
matrix. For example, in [31], the measurement and parameter
uncertainties were modeled as bounded intervals.

This paper will be set out as follows. Section II introduces
the notation and conventions adopted; Section III reviews
the WLS static SE approach, and Section IV generalizes
this approach to cope with parameter uncertainty; Section V
presents the new and more effective LS formulation for the
SE, which considers an uncertain power system model; finally,
in Section IV, the performance of the new SE algorithm
is discussed and exemplified by few test cases showing the
effects of parameter uncertainties.

II. DEFINITIONS AND NOTATION

The following notation conventions will be used. An upper-
case bold face letter denotes a matrix, while a lowercase bold
face letter denotes a vector. All the vectors are column vectors.
The notation of [32] is used here for matrix algebra and differ-
ential calculus. For easy reference, some rules and definitions
of matrix differential calculus are listed in Appendix A.

The measurement and pseudomeasurement data are orga-
nized in the M-vector y. It is related to the system static-state
N-vector x by the following relationship expressing the power
system model:

yT = f(xT ; πT , κT ) ∈ R
M×1 (1)

where the subscript T stands for true value.
In (1), the P-vector π gathers together the values of the

network parameters (transmission line resistances, reactances
and charging capacitances, transformer reactances and tap
values, and shunt capacitor/reactor values are the examples
of network parameters), while the K -vector κ represents the
network topology (breaker positions and so on.), with

πT ∈ R
P×1, κT ∈ Z

K×1. (2)

Since measurements, pseudomeasurements, and network
parameters and topology are affected by uncertainties due to
random errors �y in the measurements and �π and �κ in the
network parameters, if M > N , the system of equations (1)
does not have any solution x in general, i.e., it is inconsistent

y �= f(xT ; π, κ) (3)

where

y = yT + �y (4a)

π = πT + �π, κ = κT + �κ (4b)

are the available measurements and parameters while �y, �π ,
and �κ are the measurement and parameter errors.

The combination of the consistent model formulation (1)
with (4a) and (4b) yields the following equation relating the

available measurements and parameters to the unknown values
of the true state and measurement-parameter errors:

y − �y = f(xT ; π − �π, κ − �κ). (5)

In the following developments, only the effects of errors �π

affecting the network parameters will be considered, while
the case of errors �κ on the network topology vector will
not be considered in this paper. Therefore, the perfectly
known vector κ will be dropped from the arguments of the
measurement model f(·) for the sake of simplicity.

Linearization with a Taylor series expansion of (5) about
the available value of the network parameter vector π yields

y − �y ∼= f(xT ; π) − ∂f
∂πT

∣
∣
∣
∣
xT ,π

· �π . (6)

Introducing the data vector d, which includes all the mea-
surement and parameter data necessary for carry on the SE

d =
[

y
π

]

∈ R
(M+P)×1 (7)

equation (6) can be recasted in the more compact matrix form

r(xT ; d) ∼= A(xT ; π) · �d (8)

with r being the model-measurement misfit (residuals)

r(xT ; d) = y − f(xT ; π) (9)

�d being the data error

�d =
[

�y
�π

]

∈ R
(M+P)×1 (10)

and A is the matrix

A(x; π) =
[

IM − ∂f
∂πT

]

∈ R
M×(M+P). (11)

III. CLASSICAL WLS STATE ESTIMATION

The classical WLS approach assumes that only measure-
ments y are affected by errors, while the network parameter π

values are considered known exactly, i.e., the data error (10) is

�d =
[

�y
0P×1

]

∈ R
(M+P)×1 (12)

and consequently just the measurement errors concur to the
misfit (8)

r(xT ; d) = y − f(xT ; π) = �y. (13)

In this case, an estimate x̃ of the state vector and of the mea-
surement errors �ỹ is defined as those values, which minimize
the weighted squared norm of the residuals r constrained to
satisfy (13) [11]

[WLS] : arg min
{x,�y}

‖�y‖2
�y

s.t. �y = y − f(x; π) (14)

where s.t. stands for subject to.



The norm in (14) is defined as the Mahalanobis norm [33] 
weighted by the variance–covariance matrix �y of the ran-
dom measurement errors, representing the measurement (and 
pseudomeasurement) uncertainty, that is

g(x, d) = ‖�y‖2
�y

= rT · �−1
y · r. (15)

The unconstrained minimization of (15) with respect to x
leads to the solution of the constrained nonlinear LS prob-
lem (14), providing the estimation of the following quanti-
ties [1], [11].

1) The static-state vector x̃, by the following iterative
equation:

x̃k+1 = x̃k −
[(

∂2g

∂x2

)−1 (
∂g

∂xT

)T
]

x̃k ,y

. (16)

2) The variance–covariance matrix �x̃ of the state
estimate as

�x̃ = 2

(
∂2g

∂x2

)−1

x̃,y
. (17)

3) The measurement errors �ỹ as

�ỹ = y − f (̃x; π). (18)

4) The variance–covariance matrix ��ỹ of the measure-
ment errors as

��ỹ = �y +
[

∂f
∂xT

�x̃

(
∂f

∂xT

)T
]

x̃k ,y

+

−
[

∂f
∂xT

�x̃,y

]T

x̃k ,y
−

[
∂f

∂xT
�x̃,y

]

x̃k ,y
. (19)

When the network parameters uncertainty is far to be neg-
ligible, the estimates (16) are biased and the uncertainty (17)
is underestimated. In other words, the assumption that there is
no error in the system model does not hold anymore because
of the uncertainty of the network parameters.

IV. NEW GENERALIZATION OF WLS

In this section, a new generalization of the WLS approach
will be introduced. The uncertainty of the network parameters
can be handled using the linearized expression (6) yielding to
the following expression of the measurement misfit that can
be thought totally due to an artificially increased measurement
error �y′ [14], [16], [21]:

�y′ = y − f(xT ,π) ∼= �y − ∂f
∂πT

∣
∣
∣
∣
xT ,π

�π . (20)

It is important to underline that (20), which is an input
information to the LS estimator, cannot be used in practice,
because it relies on the unknown true value xT of the state.
If x0 represents an initial guess of the state vector x, (20) can
be rewritten as

�y′ ∼= �y − ∂f
∂πT

∣
∣
∣
∣
x0,π

�π − ∂

∂xT

(
∂f

∂πT
�π

)

x0,π

�x0.

(21)

The random augmented measurements errors (21) leads
to the following expression of the variance–covariance
matrix �y′ (for analytical details see Appendix C):

�y′ = �y +
(

∂f
∂πT

)

x0,π

�π

(
∂f

∂πT

)T

x0,π

+
(

∂2f
∂πT ∂xT

)

x0,π

(

�x0 ⊗ �π

)
(

∂2f
∂πT ∂xT

)T

x0,π

(22)

evaluated considering uncorrelated the errors related to the
measurements, the parameters, and the state initial guess.
If some network parameters are estimated online from the
measurement data the parameters/measurements uncorrelation
hypothesis in (22) does not hold anymore. This case can
be easily handled considering the generalized law for the
propagation of uncertainty presented in [34] for the evaluation
of the variance matrix (22).

The WLS estimation problem (14) can be redefined corre-
spondingly as

[GWLS] : arg min
{x,�y}

‖�y‖2
�y′

s.t. �y = y − f(x; π) (23)

whose solution can be attained minimizing the function

g(x, d) = ‖�y‖2
�y′ = rT · �−1

y′ · r. (24)

The solution of the generalized WLS (GWLS) problem is
expressed by (16) and (17) with �y′ in place of �y.

If the state vector initial guess x0 is accurate enough, the
GWLS approach (23) has the advantage of providing better
estimates for the static-state vector.

A major limitation of the GWLS estimator is the inability
to identify single and multiple measurement and parameters
outliers, since the uncertainties of the measured data, the para-
meters, and the initial state guess are mixed together by (21),
and the error estimate cannot separate the three contributions.

Due to the fact that: 1) parameter uncertainties can
badly affect both the WLS and GWLS state estimates and
2) the identification of bad parameter and measurement data
is unfeasible, a new method to the SE will be introduced next.

V. PROPOSED EXTENSION OF THE WLS ALGORITHM

An extension of the SE algorithm is based on the solution of
a new optimization problem, named extended WLS (EWLS),
which minimizes the whole data error vector �d rather than
the misfit r only, like in the WLS and GWLS algorithms.
In the EWLS problem, the estimates of the state vector x̃ and
of the data errors �d̃ are defined as the values, which minimize
the weighted squared norm of the data error �d, constrained
to satisfy (8)

[EWLS] : arg min
{x,�d}

‖�d‖2
�d

s.t. r = A(x; π) · �d. (25)

Although not strictly necessary, in the following, we will
assume that the measurement and parameter errors are



uncorrelated, as for the GWLS algorithm, i.e., the variance–
covariance matrix of the data vector is the following block-
diagonal matrix:

�d =
[

�y 0M×P

0P×M �π

]

∈ R
(M+P)×(M+P). (26)

The constrained problem (25), in the unknown �d, is a
classical overdetermined linear least norm problem, whose
solution is [35]

�d = �dAT [A�dAT ]−1r. (27)

It is important to highlight that (27) expresses the data
error �d as a function of x; therefore, the EWLS estimate of x
results from the minimization of the nonlinear function g(x),
which expresses the weighted squared norm of (27)

g(x, d) = ‖�d‖2
�d

= rT [A�dAT ]−1r. (28)

Considering now the definition (11) of the matrix A and
the expression (26) of the data variance–covariance matrix, it
is simple to verify that, if the matrix A(x; π) is evaluated at
the initial guess x0 of the state vector, the function (28) is the
same as (24), which defines the GWLS problem.

The EWLS algorithm instead recursively evaluates the
matrix A at each iteration using the kth state estimate x̃k .
The state estimate provided by this algorithm will be more
accurate than the GWLS, because the approximation (21) of
the augmented measurement error is replaced by the iterative
expression

�y′ ∼= �y − ∂f
∂πT

∣
∣
∣
∣
x̃k ,π

�π − ∂

∂xT

(
∂f

∂πT
�π

)

x̃k,π

�xk

(29)

which is more accurate since �xk → 0 as k → +∞.

A. State Estimate

The solution of the EWLS problem is attained iteratively
by the unconstrained minimization of (28) by the Newton
method [36] leading to the same WLS formula (16), but with
g previously defined by (28). The expressions of the Jacobian
and Hessian of g to be used in (16) for the EWLS estimate
are reported in Appendix B.

B. State-Estimate Variance–Covariance Matrix

The covariance matrix of the estimated state is obtained,
with similar considerations made in [37], [38], from the
observation that the state-estimate perturbation �x, due to a
data error �d, is given by

�x = dx
ddT

�d. (30)

In order to obtain an expression for the derivative in (30),
let us consider the following implicit system of N functions:

φ(x, d) = ∂g

∂x
= 0N×1 (31)

obtained taking into account that when the function g is at
minimum its first derivative (B.6) vanishes. If the system of
functions (31) is differentiable at (x, d), it can be solved for x

as a function of d: x = x(d), and its derivative can be found
by differentiating (31) [39]

∂φ

∂dT
+ ∂φ

∂xT

dx
ddT

= 0 ⇒ dx
ddT

= −
(

∂φ

∂xT

)−1 ∂φ

∂dT
. (32)

The partial derivatives in (32) can be expressed considering
the definitions of φ just given in (31)

dx
ddT

= −
(

∂2g

∂x2

)−1
∂2g

∂x∂dT
(33)

with (B.10) as the Hessian of g and (B.15) as the mixed second
derivative of g.

From (30), the expression of the state-estimate covariance
matrix can be easily derived from the data covariance matrix
by the relation

�x = dx
ddT

�d

(
dx

ddT

)T

=
(

∂2g

∂x2

)−1
∂2g

∂x∂dT
�d

∂2g

∂d∂xT

(
∂2g

∂x2

)−1

. (34)

Since according to (B.15) and (B.10)

∂2g

∂x∂dT
�d

∂2g

∂d∂xT
= 2

∂2g

∂x2 (35)

equation (34) simplifies to the same expression of the WLS
state-estimate covariance matrix expression (17), but consid-
ering the EWLS expression for g previously defined in (28)
and the Hessian expression derived in Appendix B.

C. Data Error Estimate

A significant advantage of the EWLS algorithm compared
with the WLS and GWLS state estimators is that it is allows
to estimate both the measurement and the parameter errors,
while the classical WLS approach deals with measurement
error only. This characteristic of the EWLS opens the way
to identify and detect gross errors in both measured data
and network parameters. For the reasons of brevity, it is
not possible to develop in this paper the identifiability and
detectability process of the EWLS algorithm, but an expression
for the data errors estimate and its covariance matrix will be
given.

The expression of the data error estimate �d̃ is attained
replacing in (27) the estimate of the state vector. The substi-
tution of the derivative (B.13) into (27) provides the following
expression for the data error estimate:

�d̃ = 1

2
�d

(
∂g

∂dT

)T

x̃
. (36)

The definition of the above derivative ∂g/∂dT is reported
in Appendix B.

D. Data Error Variance–Covariance Matrix

The variance–covariance matrix of the estimated data errors
can be evaluated deftly considering that the data error (36)
expresses the data misfit as a function of the state estimate x̃
and the data d

�d̃ = �d(̃x, d).



According to the generalized law of propagation of uncer-
tainty [34], the data error estimate variance–covariance matrix 
is the following function of x̃ and d, and the respective data-
state covariance matrices:

��d̃ =
[

∂�d̃
∂dT

�d

(
∂�d̃
∂dT

)T
]

x̃

+
[

∂�d̃
∂xT �x̃

(
∂�d̃
∂xT

)T
]

x̃

+
[

∂�d̃
∂xT

�x̃,d

(
∂�d̃
∂dT

)T

+ ∂�d̃
∂dT

�d,̃x

(
∂�d̃
∂xT

)T
]

x̃

.

(37)

The derivatives of (36) in the previous relationship have the
following expressions:

∂�d̃
∂dT

= 1

2
�d

∂2g

∂d2 ,
∂�d̃
∂xT

= 1

2
�d

∂2g

∂d∂xT
. (38)

The data-state covariance matrix can be derived directly
from the data covariance matrix as [34]

�x̃,d =
(

dx
ddT

)

x̃
�d (39)

with the first derivative of the state with respect to the data
given by (33).

Replacing (17), (38), (39) into (37) the following expression
of the data errors covariance matrix is achived (see the
derivative definitions listed in Appendix B):

��d̃ = �d(V − W)�d

with

V = 1

4

[
∂2g

∂d2 �d
∂2g

∂d2

]

x̃
(40a)

W = 1

2

[

∂2g

∂d∂xT

(
∂2g

∂x2

)−1
∂2g

∂x∂dT

]

x̃

. (40b)

VI. CASE STUDIES

The simple ac circuit shown in Fig. 1 is used to exemplify
the behavior of the proposed SE and the data detection/
identification approaches in the case of parameter uncertainty
and outliers.

Let Sbase = 100 MVA and Vbase = 100 kV be the base
power and the voltage of the power system, while let y1 denote
the measurement of bus 1 voltage magnitude, and y2, y3, y4,
and y5 denote the measurements of the active and reactive
power injections at buses 1 and 2, respectively.

The state variables x1 and x2 are the voltage magnitudes at
buses 1 and 2, while the state variable x3 is the phase of the
voltage at bus 2 (bus 1 is considered as the slack bus). The
state is assumed to have the exact (unknown) value

xT = [x1 x2 x3]T = [4 3.97 − 0.2]T p.u. (41)

Fig. 1. AC circuit used as a simple test case.

The measurements error are assumed uncorrelated and
normally distributed, with the following standard uncertainty
(1 % of the base quantities):

u(y1) = u(y2) = u(y3) = u(y4) = u(y5) = 0.01 p.u. (42)

For what concerns the network parameters, they have the
following nominal values:

π1 = R12 = 3 � (0.03 p.u.)

π2 = X12 = 40 � (0.40 p.u.)

π3 = B10 = 150 μS (0.015 p.u.)

π3 = B20 = 200 μS (0.020 p.u.). (43)

When the parameters (43) are considered uncertain, they
will be affected by independent Gaussian errors with 10 %
relative standard uncertainty u(πi ), that is

u(π1) = 0.3 � (0.003 p.u.), u(π2) = 4 � (0.04 p.u.)

u(π3) = 15 μS (0.0015 p.u.), u(π4) = 20 μS (0.0020 p.u.).

(44)

This level of uncertainty was simply assumed on the bases of
the transmission system operator confidence on the network
parameters.

In order to characterize statistically the algorithm behavior,
the test case circuit was repeatedly analyzed n = 10 000 times
with the following state vector initial guess:

x0 = [4 4 0]T p.u. (45)

For all the test cases analyzed, but the classical WLS
without parameter uncertainty, the statistical distributions of
the state estimate failed to pass the normality tests [40]. For
this reason, in order to test, if the state estimates are unbiased,
the multivariate generalization of the sign test proposed in [41]
was executed (see Appendix D). According to (D.8), the
critical value for all the upcoming test cases, at significance
level α = 5 %, was

n R̃2
α = Q−1

N (1 − α) = 7.8. (46)

For what concerns the state estimates, the sampling
mean �x̃ and the sampling standard deviation s�x̃ of the state
error together with the standard deviation σ x̃ = (diag(�x̃))

1/2

of the estimates, computed analytically using (17) for
the 10 000th sample data, are reported together with the n R̃2

0.05
statistic.

A. WLS Test Cases

The WLS algorithm has been tested for two cases:

1) with perfectly known parameters (certain parameters);
2) with parameters affected by uncertainty.



TABLE I

STATISTICS OF THE WLS OBSERVER TEST CASES

The results of the analysis are shown briefly in Table I.
For the first test case, the WLS problem (14) is linear, and

the solution could be attained analytically but, for consistency
with the analysis of the other test cases, it was obtained
statistically. The results confirm that the estimates are unbiased
and the consistency between the sample statistics and the
analytical formula (17).

In the second test case, with uncertain parameters, according
to the multivariate sign test (D.6), the state estimate is biased
(at 5 % significance level). The standard deviations σ̃x of the
state estimate evaluated analytically are about 10 ÷ 20 times
smaller than the actual statistical determination. As mentioned
before, the WLS, in the case of uncertain model parameters,
largely underestimates the estimate uncertainty.

B. GWLS Test Cases

The GWLS algorithm has been tested with parameters
affected by uncertainty, and assuming the state x0 in (45)
affected by uncertainty, whose magnitude is defined by the
following covariance matrix:

�x0 =
⎡

⎣

1 × 10−10 0 0
0 0.022 0
0 0 0.22

⎤

⎦ p.u. (47)

The results of the analysis are shown briefly in the first line
of Table II, with the data organized as in Table I.

According to the condition (D.6), the state estimate is biased
(at 5 % significance level). The calculated variance–covariance
matrix of the state estimate, computed analytically using (17)
(with the 10 000th estimate), is not consistent with the actual
statistical computation as shown by the discrepancy between
the standard deviations reported in Table II. Anyhow, the
approximation in this case is better than the WLS results
with uncertain parameters. The values of the actual standard
deviations are less than twice the values evaluated with equa-
tion (17), for what concerns the magnitude of the bus voltages.
The standard deviation of the bus voltage phase is instead
much higher than the theoretical value.

C. EWLS Test Cases

The EWLS algorithm has been tested under the same
conditions of the GWLS test case. The results of the analysis
are shown briefly in the second line of Table II.

According to the condition (D.4), the state estimate is
unbiased (at 5 % significance level). Unlike the GWLS results,

TABLE II

STATISTICS OF THE GWLS AND EWLS OBSERVER TEST CASES

Fig. 2. Comparison of the marginal pdf for each state estimate (the dashed
line represents the true value of each state variable).

the calculated variance–covariance matrix of the state estimate,
computed analytically using (17) with the 10 000th sample
data, is consistent with the actual statistical computation.

D. Analysis of the Results

Fig. 2 shows the comparison of the estimator performances
when the parameters are affected by uncertainties in terms
of the empirical probability density functions (pdf’s) evalu-
ated form the statistical estimates ensemble. The plots obvi-
ously confirm the results of the test cases summarized in
Tables I and II, but with the advantage to display clearly the
relative dispersion of the estimation errors for each estimator.
Fig. 2 reveals the shape of the estimate distributions; in par-
ticular, the WLS and the GWLS results are far to be normally
distributed. It is also evident the greater relative efficiency of
the EWLS estimator.

Figs. 3 and 4 show the scatter plots of the WLS and
GWLS results for x1 and x2 (bus voltage magnitudes) and
the empirical and theoretical pdf of x3 (bus voltages relative
phase). The scatter plot of the voltage magnitudes shows also
the ellipsoids determined from the analytical expression (17)
of the state estimate covariance matrix �x̃ applied to the
10 000th sample together with the actual ellipsoid computed
from the sample covariance matrix. Both the ellipsoids are
assigned defining a 95 % confident region. The plot showing
the pdf of the estimated phase compares the theoretical normal
pdf with variance taken from �x̃ with the empirical pdf derived
from the state estimate samples. Figs. 3 and 4 show distinctly



Fig. 3. Scatter plot of the WLS estimate of x1 and x2 (left) and the pdf of
the estimate x3 (right).

Fig. 4. Scatter plot of the GWLS estimate of x1 and x2 (left) and the pdf
of the estimate x3 (right).

how the WLS and GWLS algorithms may underestimate the
uncertainty of their results.

Finally, Fig. 5 shows for the EWLS estimator the scatter plot
of x1 and x2, and the pdf of x3. In this case, the analytical
and the statistical determination of the 95 % confident region
ellipsoids and the phase pdf are practically coincident.

Furthermore Fig. 6 shows the pdf of the data error estimates,
obtained statistically using 10 000 samples. The distributions
are well approximated by Gaussian pdf with mean (36)
and covariance matrix (37) (applied to the 10 000th sample
in Fig. 6).

Although the WLS, the GWLS, and the EWLS estimation
algorithms were not implemented with the aim to investigate
the computational burdens, it may be interesting to report
the mean time required by each estimator: TWLS = 587 μs,
TGWLS = 716 μs, and TEWLS = 990 μs (simulations done
using MATLAB R2016a Prerelease, on a MacBook Pro
computer 2,9 GHz Intel Core i7, OS X 10.11.4).

VII. CONCLUSION

This paper, after the introduction of a generalization of the
WLS static-state estimator capable to cope with network para-
meter and the initial state guess uncertainties, presents a new
approach to the LS SE problem, named the EWLS method.

Fig. 5. Scatter plot of the EWLS estimate of x1 and x2 (left) and the pdf of
the estimate x3 (right). The theoretical and the statistical ellipsoids and pdf’s
overlap nearly perfectly in the pictures.

Fig. 6. Marginal pdf of the data error estimates. Black lines: statistical
computation using 10 000 samples. Gray dashed lines: analytical evaluation
from the 10 000th sample.

The novelty of the proposed estimator is twofold. First,
it allows to deal with the uncertainties of the network parame-
ters with higher accuracy than the GWLS. Second, the EWLS
formulation provides the estimation of the measurement and
parameter errors and the associated covariance matrix, which
are not feasible with the WLS and its generalization and are of
paramount importance for the successful detection and identifi-
cation of single and multiple gross errors in measurements and
parameters.

For the reasons of brevity, the subject of error identification,
computational complexity, and algorithm implementation is
not treated in this paper, but will be dealt with in the future
works.

APPENDIX A
SOME MATRIX DIFFERENTIAL CALCULUS

DEFINITIONS AND PROPERTIES

If A is an M × N matrix and B is a T × U matrix, the
Kronecker product A ⊗ B is a MT × NU matrix defined



TABLE III

USEFUL PROPERTIES OF MATRIX KRONECKER PRODUCTS

as [32], [42]

A ⊗ B =
⎡

⎢
⎣

a11B . . . a1sB
...

. . .
...

ar1B . . . arsB

⎤

⎥
⎦. (A.1)

The vec(·) operator transforms a matrix into a vector
by stacking the columns of the matrix one underneath the
other [32]. Suppose A is an M × N matrix specified in terms
of its column as

A = [a1 . . . aN ] ∈ R
M×N (A.2)

with ai ∈ R
M×1. Then, vec(A) is the M N × 1 vector

vec (A) = [

aT
1 . . . aT

N

]T ∈ R
M N×1. (A.3)

For convenience, in Table III, are reported some properties
of the Kronecker product and the vec(·) operator [32].

The derivative of a vector or matrix function with respect
to a vector or matrix can be defined in several ways [32],
[42]–[47]. The notation of [32] will be adopted, and the matrix
derivative is defined as

dA
dB

= d

dB
⊗ A. (A.8)

The derivative of vectors and scalars with respect to a vector
can be derived from definition (A.8). Table IV displays the
derivatives of general expressions involving vectors and matri-
ces. The derivative of any order n can be defined accordingly
as the derivative of the matrix obtained as the derivative of
order n − 1.

APPENDIX B
SOME USEFUL EXPRESSIONS OF THE

FUNCTION g(x) DERIVATIVES

The EWLS algorithm proposed in this paper requires to
evaluate the expression of the first and second derivatives of
the function

g(x, d) = ‖�d‖2
�d

= rT · [A�dAT ]−1 · r (B.1)

with

r(x, d) = y − f(x; π). (B.2)

This operation is far to be simple and requires the appli-
cation of the matrix derivative rules provided in Appendix A.
The necessary operations and the relevant results are collected
in the following.

TABLE IV

MATRIX DERIVATIVES OF GENERAL EXPRESSIONS

The expression of the first and second derivatives with
respect to x are given by

∂g

∂xT
= 2rT

[

A�dAT
]−1 ∂r

∂xT
(B.6)

+
���������������(

rT ⊗ rT
) ∂

∂xT
vec

([

A�dAT
]−1

)

∂2g

∂x2 = ∂2g

∂x∂xT
= ∂

∂xT

(
∂g

∂xT

)T

= ∂

∂xT

(

2
∂rT

∂x

[

A�dAT
]−1

r
)

=
����������������

∂

∂xT

(

2
∂rT

∂x

[

A�dAT
]−1

)

(IN ⊗ r)

+ 2
∂rT

∂x

[

A�dAT
]−1 ∂r

∂xT
(B.7)

with

∂r
∂xT

= − ∂f
∂xT

. (B.8)

Neglecting the second-order term (rT ⊗ rT ) in (B.6) and
the first-order term (IN ⊗ r) in (B.7), since r ≈ 0M×1,
the approximate expressions of the first and the second-order
derivatives with respect to x of the function g are

∂g

∂xT
≈ −2rT [A�dAT ]−1 ∂f

∂xT
(B.9)

∂2g

∂x2 ≈ 2
∂fT

∂x
[A�dAT ]−1 ∂f

∂xT
. (B.10)

The expression of the first derivative with respect to d is
given by

∂g

∂dT
= 2rT [A�dAT ]−1 ∂r

∂dT
(B.11)

+
��������������
(rT ⊗ rT )

∂

∂dT
vec([A�dAT ]−1)

with [see definitions (9) and (11)]

∂r
∂dT

=
[

∂r
∂yT

∂r
∂πT

]

=
[

IM − ∂f
∂πT

]

= A. (B.12)

The resulting approximate expressions of the first and the
second-order derivatives with respect to d of the function g



are
∂g

∂dT
≈ 2rT [A�dAT ]−1A (B.13)

∂2g

∂d2 ≈ 2AT [A�dAT ]−1A. (B.14)

For what concerns the mixed second derivative of g,
it results by partially differentiating (B.9) with respect to d
and considering that the vector (rT ⊗rT ) is negligible because
r ≈ 0 together with (B.12)

∂2g

∂xT ∂d
≈ −2

∂fT

∂x
[A�dAT ]−1A. (B.15)

APPENDIX C
ANALYSIS OF THE INITIAL STATE ERROR CONTRIBUTION

TO THE MEASUREMENT UNCERTAINTY

In Section IV, the expression (21) of the augmented mea-
surement error was introduced. In particular, the term repre-
senting the initial state error contribution using (A.10) can be
written as

∂

∂xT

(
∂f

∂πT
�π

)

x0,π

�x0

=
(

∂2f
∂xT ∂πT

)

x0,π

(IN ⊗ �π)�x0 =
(

∂2f
∂xT ∂πT

)

x0,π

�ε

(C.1)

with [see (A.7)]

�ε = (IN ⊗ �π)�x0 = (IN ⊗ �π)vec(�x0)

= vec
(

�π · �xT
0

) = �x0 ⊗ �π . (C.2)

The covariance matrix representing the contribution of the
initial state error is defined by the following expectation [34]:

E

{(
∂2f

∂xT ∂πT

)

x0,π

�ε · �εT
(

∂2f
∂xT ∂πT

)T

x0,π

}

=
(

∂2f
∂xT ∂πT

)

x0,π

E{�ε�εT }
(

∂2f
∂xT ∂πT

)T

x0,π

. (C.3)

Since according to (A.4)

�ε · �εT = (�x0 ⊗ �π) · (�xT
0 ⊗ �πT )

= (

�x0�xT
0 ⊗ �π�πT )

(C.4)

if the parameters errors and the initial state errors are uncor-
related from (C.3), the covariance contribution of the initial
state errors to the augmented measurement error is:

�ε =
(

∂2f
∂xT ∂πT

)

x0,π

�x0 ⊗ �π

(
∂2f

∂xT ∂πT

)T

x0,π

. (C.5)

APPENDIX D
MULTIVARIATE HOTELLING’S T 2 TEST STATISTIC

The Hotelling’s T-squared distribution [48] is the multivari-
ate generalization of Student’s t-distribution. It is utilized to
decide about the value of a population mean vector μ. Given a
plausible value μ0 for the population mean, the decision is the
result of a proper statistical hypothesis testing problem [49]
with the following two competing hypothesis.

1) H0 : μ = μ0 (null hypothesis).
2) H1 : μ �= μ0.

Harold Hotelling [48] proved that, if x̄ is the sampling
mean vector and S is the sampling variance–covariance matrix
obtained from a random sample of size n drawn from a
p-variate Gaussian population with mean μ0, the random
quadratic residual

T 2 = n(x̄ − μ0)
T S−1(x̄ − μ0) (D.1)

has the following cumulative distribution function:
n − p

p(n − 1)
T 2 ∼ Fp,n−p (D.2)

with Fp,n−p representing the Fisher’s F-distribution with p
degrees of freedom for the numerator and n − p for the
denominator. The random variable T 2 is called the Hotelling’s
T-squared statistic.

Thus, if μ values were specified to be μ0, this could be
tested by taking a single p-variate sample of size n, then
computing T 2, and comparing it with the critical value

T
2
α = p(n − 1)

n − p
F−1

p,n−p(1 − α) (D.3)

for a suitably chosen level of significance α. At significance
level α, we reject the null hypothesis if the Hotelling’s T 2

statistic exceed the critical value T
2
α

T 2 > T
2
α. (D.4)

If the random sample is drawn from a nonnormal p-variate
distribution, the Hotelling’s T 2 statistics fails to satisfy the
Fisher’s distribution (D.2). In [41], a generalization of this
test is presented valid under much weaker condition of the
random sample distribution. The μ0 = 0 hypothesis is tested
substituting the original p-variate random sample x of size n
by the following random sample:

z = sign(x) (D.5)

and considering the statistic

n R̃2 = nz
(

Sz

n

)−1

zT (D.6)

where z̄ is the sampling mean vector, and Sz is the sampling
variance–covariance matrix of the random variable z. The sta-
tistic n R̃2 is a multivariate generalization of the sign test [50],
which is distributed according to the chi-squared distribution
with p degrees of freedom [41]

n R̃2 ∼ χp. (D.7)

For the statistic n R̃2, at significant level α, the upper-tail
one-sided test critical value is

n R̃2
α = Q−1

p (1 − α) (D.8)

where Q p is the chi-square cumulative distribution function
with p degrees of freedom.
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