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CONCENTRATION OF CYLINDRICAL WIGNER MEASURES

MARCO FALCONI

ABSTRACT. In this note we aim to characterize the cylindrical Wigner mea-
sures associated to regular quantum states in the Weyl C*-algebra of canoni-
cal commutation relations. In particular, we provide conditions at the quan-
tum level sufficient to prove the concentration of all the corresponding cylin-
drical Wigner measures as Radon measures on suitable topological vector
spaces. The analysis is motivated by variational and dynamical problems in
the semiclassical study of bosonic quantum field theories.

1. INTRODUCTION

In this brief note, we discuss the concentration of cylindrical Wigner measures.
Cylindrical Wigner measures on a topological vector space V have been introduced
in [12] as the classical limit points, in a suitable topology, of regular quantum states
in the Weyl C*-algebra of canonical commutation relations Wy (V' o) — where
V' is the continuous dual of some topological vector space V. The dual V' is
endowed with a symplectic form, and it is interpreted as the classical phase space.
Any cylindrical measure on a (infinite dimensional) topological vector space V is a
Borel Radon measure on a “bigger” space V (see Section 3, or [21], for additional
details). However, the space V is usually too large, in the sense that it is not
manageable to study dynamical or variational problems in the semiclassical or
mean field analysis of bosonic many-particle systems and fields. In applications
[see e.g. 1, 2, 4-7, 11, 1820, and references thereof contained] the attention is
often restricted, due to the physical properties of the system, to quantum states
whose corresponding Wigner measures are concentrated as Radon measures on
some manageable (e.g. separable Hilbert) topological vector space. It is therefore
natural to ask for conditions on regular quantum states that are sufficient to yield

concentration, on some given space, of all the corresponding Wigner measures.
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In Section 3.1, we provide sufficient conditions to prove concentration in sepa-
rable complex Hilbert spaces (with inner product compatible with the symplectic
form o); in Section 3.2 we provide sufficient conditions to prove concentration
on continuous duals of nuclear spaces (with any locally convex topology between
the ultraweak and the Mackey topology); in Section 3.3 we provide sufficient con-
ditions to prove concentration in duals of Banach spaces, endowed with the ul-
traweak topology. For the Weyl C*-algebra W, (F5#,Im(:,-) ) — built on the
classical separable Hilbert phase space F.# associated to a complex Hilbert space
¢ — sufficient conditions on Fock-normal quantum states to prove concentration
on # (and on suitable Hilbert spaces included in ¢’) have been given in [3, 5].
Theorem 3.3 can be seen as a generalization of the aforementioned results, to more
general regular quantum states on arbitrary Weyl C*-algebras. Such generalization
is motivated by concrete problems in the variational and dynamical semiclassical
analysis of bosonic quantum field theories, as explained in Sections 1.1 and 3.4.
Our analysis is based on the “cylindrical” (finite-dimensional) pseudodifferential

calculus for bosonic quantum field theories, that is outlined in Section 2.

Remark. Theorems 3.3, 3.4, and 3.8 can be easily adapted to regular quantum
states in the tensor product of the C*-algebra of canonical commutation relations
W, (V' o) with another C*-algebra 2l describing additional degrees of freedom of
the physical system [see 12]. The only difference is that the Wigner measures are,
in this case, vector-valued and take values in the space 2/, of (positive) states

acting on 2.

1.1. Motivation. This technical note is motivated by some problems we encoun-
tered in the study of the semiclassical properties of bosonic quantum systems
[1, 11]. Let us discuss briefly a concrete case. Let d > 2, and consider a self-
adjoint and bounded from below operator H, on the symmetric Fock space
(PR =PrLi=CcP rre-e L.
~—_———

nelN nelN, n
Hj, is the quantization of some classical symbol &, and it is defined on the domain
D(dT'x(|k[)), where

n
23 (AT (EDYn), By kn) = 0> k[ n(kr, .. k) -
j=1
Throughout the paper, h € (0,1) denotes the semiclassical parameter. The second
quantized operator dI', (|k|) is the free energy of massless bosonic scalar fields, e.g.
radiation. Suppose now that we want to investigate the convergence, as h — 0, of
the ground state energy o(Hy). Let j € N, and ng) € D(dl'(|k])) be a vector
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in a normalized minimizing sequence of Hj. Since (w}(Lj )) he(o,1) is norm-bounded
uniformly with respect to h, its cluster points are cylindrical Wigner measures [see
12]. If all the cluster points concentrate as measures in the classical energy space

FH'?(RY) = L*(R?, |k|dk), we can use the information to prove the convergence

li Hp) = inf ;
lim o(Hp) ae{glm/zg(a)y

see [1] for a more detailed explanation of the strategy. It is well-known [3] that
(1) <50h,Nh50h>FS = <¢h,th(1)<ﬂh>Fs <K
is sufficient to prove concentration of the cluster points of (¢ )ne(0,1) in L?(R%).

However, for ( gj )

(2) (67 dTn(k), <K

)he(0,1) We have the sole information

In addition, since the symmetric difference L? & .# H'/? is not empty, there are
families of quantum states (¢n)ne(o,1) that converge to Wigner measures that are
Radon on .ZH'/? and concentrated outside of L2. Therefore it is not possible
to restrict the analysis to vectors that satisfy both (1) and (2); and in fact the
miminimizing sequence might not satisfy (1). As we will prove in Theorem 3.3,
bound (2) is sufficient to have concentration of all the corresponding cylindrical
Wigner measures in % H'2. Let us formulate here the result explicitly, and give
an outline of the proof. This would serve to explain the key idea behind the proof

of the more general Theorem 3.3.

Proposition. Let (¢n)ne(,1) C I‘S(LQ(Rd)), Suppose there exists K > 0 such
that

(ndTA(IRDon )y, < K

Then any Wigner measure that is a cluster point of (on)ne(o,1) 95 a Borel Radon
measure on .FHY?(RY).

Sketch of the proof. Let G C L? be a finite dimensional subspace with orthonor-
mal basis {g;};eq{o,...,n}; there is a canonical identification of the Fock-space cre-
ation and annihilation operators {ah#(gj)}je{o,...,n} with the standard creation and

annihilation operators associated to the Heisenberg group [see e.g. 3]
H(FG,Im(:,)2) = H(span]R(gl7 191y« -y Gns ign), Im (-, >2) )

Since we want to prove concentration of measures on a different space, namely
FH'Y? we need to make an alternative identification. This is the key step in the

proof, hence let us explain in detail how to make the identification.
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Let (¢)jen C 7 (R?) be an orthonormal basis of the Hilbert space .Z H/?(R%).
Then
Egr = spang{eg,e1,...,eg}, REN

is an increasing sequence of finite dimensional complex Hilbert spaces ordered by
inclusion, such that (Jzon Er = FH?, Equivalently, each Er can be seen as
a real symplectic space FEgR of dimension 2R with symplectic form og(-, -) =
Im (-, ) z1/2. Now let (gj)jen C -7 (R%) be defined by ¢;(k) = |k|*/%e;(k), and

Er = spanc{eo,€1,...,er}, og(+, ) =Im(-, - )a.

Clearly, (FER,op) and (FEg, o¢) are the same symplectic spaces under the identi-
fication e; — ¢; (or equivalently Er and Eg are the same complex Hilbert spaces).
Consider now the finite-dimensional Heisenberg group H(FER, 0g); since Er C

L?, the Heisenberg group has a unitary representation in I's(L?), given by
EWi(|-1M%e(4) , (e;t) € Er xR ;

where the Weyl operators are customarily defined by means of the usual creation

and annihilation operators
Wh(f) = ei(a;;(f)Jrah,(f)) ) vag S L2 [ah(f)v a;(g)] = h<f7 g>2

On the other hand, dT',(]k|) is the Wick quantization of | z|2 It follows that

FHY?2

ATy (|k|) = Zah gj)an(ej) = Ny,
jeN

where the modified creation and annihilation operators a#( -) are defined by

(an(F)n), (k1. kn) = V/R(n 1) / K2 £ () (ko)

(a5 (F)vn), (kiv- o kn \/h/nZUcP/?f Vnn1(kr, ks k) 5

where k means that the variable is missing. The restriction of Hz||é:lﬁp/2 to Egr

R / 2
> [ 20

and therefore its Wick quantization is

takes the form

R
dT'n (k] r Za gj)an(ej) =Np g .
7=0
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In addition, by means of the modified creation and annihilation operators it is

possible to write the Weyl operators Wy (| - |/2¢(-)), e € Eg, as

Wi(|- |1/2e(.)) — oi@n(e)tan(e))

Therefore {ah# (e)}jeqo....,ry are identified with the usual creation and annihilation
operators on the finite-dimensional Fock representation I'y(C#*+1), and CF+! = Ep
as complex Hilbert spaces.

Let us remark again that the identifications above are the key ingredient that
allows us to use the standard tools of pseudodifferential calculus associated to
the Heisenberg group H(FEg,og). The result is then proved combining such
finite-dimensional pseudodifferential techniques with a Prokhorov-type tightness
argument on the projective family of cylindrical measures, exploiting the fact that
Ugren Er = FH'Y?. The details can be found in the proof of Theorem 3.3. =

Other applications of Theorem 3.3 that are important for the semiclassical
analysis of physical problems in bosonic quantum field theory will be given in
Section 3.4.

2. CYLINDRICAL SEMICLASSICAL ANALYSIS

Let V be a real locally convex space. A cylindrical measure on V' is a projective
family M = (ps)secp(v) of finite Borel Radon measures on V/®, where F'(V) is
the set of closed subspaces of V' with finite codimension. To every ® € F(V),
there corresponds the finite dimensional polar (orthogonal) ®° C V', where V' is

the continuous dual of V.

Definition 2.1 (Cylindrical symbol). A function f : V. — C is a cylindrical
symbol with base ® € F(V) iff there exists a function fo : V/® — C such that

YoeV, flv) = fo([v]e) .

Let f be a cylindrical symbol, fg the corresponding finite dimensional function.
If fs is measurable, it is possible to define its cylindrical integral with respect to
any cylindrical measure u:

(eyD)
(3) f)dM(v) = fo(w)dps (w) .

v V/®
If we denote by ps : V. — V/® the canonical projection onto the equivalence
classes, 'pgp : (V/®) — ®° is an isomorphism. It follows that for any fe €
LY(V/®),

(eyl) R .
(4) , f0)dM(v) = fo(w)dpe (w) = o fo(§)M(2m§)dLae(€) -

V/®
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Here M is the Fourier transform® of M, and Lgo the Lebesgue measure on ®°.
Now let us suppose that the continuous dual V’ is endowed with a symplectic
form o : V! x V' — R, i.e. an antisymmetric, non degenerate, and bilinear
form. Then it is possible to construct in a unique fashion the Weyl C*-algebra
of canonical commutation relations W (V' o). Let us remark that we consider
the Weyl C*-algebra to depend on a semiclassical parameter h, appearing in the

so-called Weyl’s relations among the generators {W(£), £ € V'} of the algebra:
(5) VECEV, WEOW(Q) = e MO (E+().

From time to time, to avoid confusion, the dependence on h of W (V' o) will be
made explicit.
The regular states on W, (V’, o) play an important role to study its semiclas-

sical behavior h — 0; their definition is recalled below.

Definition 2.2 (Regular states). A positive element w € W(V' o) of the con-
tinuous dual of the Weyl C*-algebra is a regular state iff the R-action

t— w(W(tg))
is continuous for any £ € V'. A regular state is normalized zﬁw(W(O)) =1.

Given any w € W(V’,a)’, let us denote by (H,,, 7, () the corresponding GNS
representation of W (V' o). Let us recall that H, is a Hilbert space,

o WV o) — B(H,)

a *-homomorphism, and Q,, € H,, the canonical cyclic vector of the representation.
If w is regular, it is possible to define — by Stone’s theorem — the self-adjoint
generator of the unitary group m, (W (RE)) for any £ € V’. Let us denote such

generator by

©) pule) = M)

For any finite dimensional symplectic subspace? ®° C V', the operators ¢,,(®°)
share a common dense set of analytic vectors [10, Lemma 5.2.12]. In order to
introduce the well-known creation and annihilation operators o (®°) and a,(®°),
it is useful to see the symplectic ®° as a complex finite dimensional inner product

space. Let us denote by J, : ®° — ®°, J2 = —1, a linear complex structure on ®°

We define the Fourier transform of a distribution both as an isometry on L? and an algebra
homomorphism on L!, i.e. fA(ﬁ) =/ e 2m& f(x)dz. On the contrary we define, following
common practice, the Fourier transform of a measure by /i(¢) = [ e*(®)dpu(z).

2If V is locally convex, F C V' is a subspace of finite dimension iff there exists ® € F(V) such
that F' = ®°. Therefore we adopt directly the notation ®° for finite dimensional subspaces of
\ %4
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such that
(7) 0’(.]0-,.]”-)20'(-,-).

Then ®° (of real dimension 2n, n € IN) can be seen as a complex vector space (of

complex dimension n) defining
(a + )€ = al + bJ,E ;

and it is an inner product space by means of the Hermitian form
o(+,Jo-)+io(-, ).

The space ®° is the polar of some ® € F(V), and therefore

t

1o , ‘pe
V/o = (V/®) = &° .
The isomorphism 2, is chosen in a way such that for any £ € °, and w € V/®,

(&, Js 'pa 0 15(w)) = "pg(§)(w) .

The creation and annihilation operators are then defined for any £ € ®° by

N a4(6) = 5 (pul€) — ipui6))
@ul€) = 5 (0u(6) +iuli€))

They are closed, and adjoint of each other when defined on D ((pw (f)) ﬂD(g@w (zg))
The self-adjoint number operator is a combination of the creation and annihilation
operators along a (complex) orthonormal basis of ®°. Let {(;}7_; be an o.n.b. of
®°, then the number operator associated to ® € F (V) is defined by

() New =D al(G)auls)

Finally, let us define the scale of Hilbert spaces (H, 3@)5@1{ associated to the number
operator. For any § € R™, waI> = D(N£7¢) endowed with the norm

(Nw,#)° -l 5

H; ‘fb is the completion of H,, with respect to the norm
(N2 I, -

Here (-) stands for (|- |2+ 1)2. The scale of spaces (H37®)5€1R satisfies

Vo<§, H) o CH o .
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Let us denote by ., ¢ the nuclear space
(10) Fod = m Hi}q; )

SN
and by .7 4 its continuous dual
(11) Le=UHow

seEN

The definitions above are natural to study the pseudodifferential calculus for

cylindrical symbols on V' (with base ® € F(V) of codimension 2n), for it reduces
to the standard finite-dimensional pseudodifferential calculus. In fact, the Weyl
operators 7, (W(®°)), and the creation and annihilation operators af (®°) are
equivalent to their counterparts on the Schrédinger or Bargmann-Fock representa-
tion of the finite dimensional Weyl C*-algebra W (®°, ¢); while .#, ¢ plays the role
of the Schwartz space #(R"), and ., 5 of the tempered distributions #”(R").
We assume that the reader is familiar with the techniques and results of pseudo-
differential calculus and semiclassical analysis in finite dimensions [13, 16, 17, 24,
are just a few of the monographs on the subject]. As a reference, in the remaining
of this section we formulate, in the cylindrical setting, the results that we will use

the most.

Definition 2.3 (Weyl quantization of a cylindrical symbol). Let f be a cylindri-
cal symbol on V with base & € F(V), such that fy € L'(®°). Then the Weyl
quantization Op% (f) e W(V' o) of f is defined by the Bochner integral

OPy(f) = | Ja(©Wn(2m€)dLas(s) .

On any regular representation (Hy, 7y, Qw) of W(V' o), and for any fo €
S (V/®), the Weyl quantization (Op% (f)) is a continuous map from 4, o to
.o defined by

Vwﬂﬂ € yw,q) ) <w77TW(Op%L(f))<p>HW = (f<1>7 <waﬂ-w(Wh(2ﬂ-'))¢>Hw )ylxy .

In Definition 2.3, we stressed the dependence on the semiclassical parameter h
of the Weyl quantizations (through the Weyl operators W}, (27¢€)). The semiclas-
sical behavior of regular quantum states is obtained studying the corresponding
generating functional. The generating functional of a state w is defined for any
£eV as

Gul©) = w(W(9)) -

The generating functional defines uniquely regular states, i.e. there is a bijection
between regular states and functions G : V/ — C that are continuous when re-

stricted to any finite dimensional subspace of V', and that are “almost” of positive
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type:

D G& —&)eE Bz >0,

i,jEF
for any finite index set F', complex numbers {\; }icr, and {& }icr C V' [22]. On
the other hand, there is a bijection (the Fourier transform) between cylindrical
measures on V and functions I : V/ — C that are continuous when restricted to

any finite dimensional subspace of V', and of positive type:

> T )N = 0.

i,jeF
Therefore the topology of simple convergence on CV" induces a topology ¥ on the
disjoint union of the sets of regular quantum states on Wy (V' ), h > 0, together
with the cylindrical measures on V' [see 12]. The Wigner or semiclassical measures
associated to a generalized sequence (wh,)sep of regular states with no loss of
mass are its T-cluster points as hg — 0 (more precisely, they are the PV T-cluster
points, where P8 is the topology induced by the ultraweak convergence of the finite
dimensional measures, and P V ¥ is the upper bound topology). The “no loss
of mass condition” is automatically satisfied if we assume either Hypothesis 3.2
or 3.6.

Proposition 2.4 ([12]). Let (wn,)ec, hy — 0, be a uniformly bounded net of reg-

ular states on (W, (V, O'))ﬂeB with no loss of mass. Then the set W (wn.,,v € C)

of its T-cluster points is not empty, and each cluster point is a cylindrical measure

on 'V, called a Wigner measure. Conversely, for any cylindrical measure M on V
(M

there is at least one net (wh7 ))vec of reqular quantum states on (th (v, O')),yec

that T-converges to it.

For any ® € F(V), we can define the topologies B¢ and T¢ on the restrictions
to W(®° o) of regular quantum states on W (V' o), together with the Radon
measures on V/®. We then have the following characterization of semiclassical

measures.

Lemma 2.5.
hn,—0
Whn(q>070') — m@ /,Lq;.

iff for any cylindrical symbol on V' with fe € C(V/®)

Wh

n

lim wy, (Op™(f)) = fo(w)dpe (w) .
n—o00 2 V/®

If in addition there is no loss of mass, then

hn,—0

Wh Whn (<I>°,o’) — PaVZisp /4”‘13' .

n
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On any regular representation (H,, 7, ), it is possible to extend the only if
part of Lemma 2.5 to polynomially bounded symbols. Let us denote by &% (H),
1 < p < oo, the cone of positive continuous operators on the Hilbert space H
that belong to the Schatten ideal of order p; and by Se((w)5,gs), s € R, the

Hormander class of symbols on V/®, with the metric go to be either |dw|3 or
ldw|3
(w3 -

Proposition 2.6. Let ®° C V' be a symplectic subspace. In addition, let (wp. )yec
be a net of reqular states on (WhW(V’, 0)) and o, € 64 (H,) for any v € C,

such that for some § € R™

yeC’

Tr(<Nw,<I>>(SQhW)Hw <(Cs <o0.
Then
on, =3 = (pw)werv)
implies that for any cylindrical f on V with base ® and fg € S¢(<w>57g@),

lim Tr(m, (0P} () on,) = | falw)dpa(w).
~YE 2 V/®

3. CONCENTRATION OF WIGNER MEASURES

As explained in Section 2, to any bounded sequence (wp.,)yec, hy — 0, of
regular states on (th (v’, O')),Y co there corresponds a nonempty set of cylindrical
measures on V, called Wigner measures. In applications, it is desirable to have
sufficient conditions on (ws. ) ec such that each corresponding Wigner measure
is concentrated as a true Radon measure on some given topological vector space
W (that may or may not differ from V). The main purpose of this note is to
provide such sufficient conditions, exploiting cylindrical semiclassical analysis. Any
cylindrical measure M = (114 )scp(v) on a locally convex space V' is a Borel Radon
measure on the space

v- 11 7.
PeF(V)
product of Cech compactifications of the finite dimensional quotients, endowed
with the product topology. The cylindrical measure M € M,,q(V) concentrates
as the Borel Radon measure p € M,,q4(X) on the real topological vector space X

iff there exists an injection ¢ : X — V,
M(V ~ goX) =0,

and M(b) = u(p~'b) for any Borel set b € B(V) N pX. If X is a complex
topological vector space, the injection is ¢ : FX — V, where F is the forgetful
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functor from the category of complex vector spaces to the category of real vector

spaces. The rest of the definition is modified accordingly.

3.1. Separable Hilbert spaces. Let X be a complex vector space, and
t: XxX—>C

a sesquilinear form on X. Let

q(z) = t(z,z)

be the corresponding quadratic form. Then ¢ factors through X/ kerg, i.e. there
is a sesquilinear form t, : (X/kerq) x (X/kerq) — C such that

ta([lg, [yle) = t(z,y) -

With an abuse of notation, let us still denote ¢, by t. The completion X, of
X/ ker g with respect to the norm /g is a complex Hilbert space with inner product
t. Throughout this section, we suppose that X, is separable. The results of this
section can be easily adapted to real vector spaces.

Let us denote by F the forgetful functor from the category of complex vector
spaces to the category of real vector spaces. Therefore FX, is a real Hilbert space
with inner product Ret, and a symplectic space with symplectic form Im¢. In
addition, if {z1,...,&x, ...} is a complex orthonormal basis of the space X, then
{Fz1,F(iz1),... ,Fa,,F(izy,),... } is a real orthonormal basis of the space FX,,.
We make the following assumption of compatibility between the inner product
of X and the symplectic form o of V', dual to a locally convex space V as in

Section 2.

Hypothesis 3.1. FX CV'. In addition:

e The complex structure J : FX — FX, defined by JFx = F(ix), is such
that
U(J,J) :g(.’ ) .

o There exists a linear map m : X — X such that for any z,y € X,
t(z,y) = o(Fm(z), Fm(iy)) + ioc(Fm(z), Fm(y)) .

Now let
{len]q;n € N} C X/kergq

be an orthonormal basis of X,. In addition, let

{en =Fm(e,);n e N} C V' .
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Let us consider any finite-dimensional subspace of X of the form
Er = spang{eo,e1,...,er}, ReEN.

The complex Hilbert space Eg is isomorphic to prX,, where

R
PrR = ZP([ej]q)

is the sum of rank one orthogonal projections. We define the symplectic subspace
g, C V' as
®%, = spang{co, Jeo,...,ER, JER} -
As in Section 2, we remark that ®% - can be seen as a complex inner product space
with inner product
b(-, )=o0o(-,J)+ic(-, ).

By construction,

2
( OERab) = (ERat) )
as complex Hilbert spaces. Now let (H,, 7, 2,) be the GNS representation of
W (V' o) corresponding to a regular state w. We define the m-creation and anni-

hilation operators as follows. For any x € X,

1
(@) = = pu (Fm(x)) —ip, (Fm(izx ,
- al,(z) = 5 (v (Fm(@)) — ip (Fm(iz))

a,(r) = %(gpw (Fm(z)) + ipw (Fm(m))) .

The corresponding m-number operator on ®%  is the generalization of the number

operator to m-creation and annihilation:
R
(13) Nor =y _al(m(e;))as(m(e;)) .
j=1

For any § > 0, the sequence (Nf}’ Rr)Ren is a monotonically increasing sequence
of positive self adjoint operators. If we denote by (nf)’ r)Ren the sequence of

corresponding quadratic forms, then

5 o 5
n, . =supn,p
REN

is a closed positive quadratic form on H,, (not necessarily densely defined), with
domain of definition
D) = {we () D(nl ), sup nl p() < 0} .
REN REN

Now let (n., )yec, hy — 0, be a net of vectors in H,, . for any v € C, and denote
by # (Yn.,,v € C) the set of Wigner cylindrical measures on V' associated to it
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— any vector in H, has an associated rank-one orthogonal projection that is a
regular state on W (V' o). The aim is to prove that the following condition is
sufficient to prove that any M € # (¢, € C) concentrates as a (finite) Borel

Radon measure p on the Hilbert space X,.

Hypothesis 3.2. Let (Y, )ec be a net of vectors on reqular GNS representations
of Wy (V' o), with

sup|liin, 5, < oo
~yeC Y

There exists 6 > 0 such that ¢, € D(nf” Oo) for any v € C, and there exists
Lry7
K > 0 such that uniformly in v € C,

ng},oo(why) <K.

First of all, any M € # (¢n,,7 € C) is a cylindrical measure on V. Therefore

M = (po)ocr(v)- Now let us consider (1o, )ren C (He)ocr(v), where @r = @57
is the polar of ®3, . ®r belongs to F'(V), and satisfies

[e]e)o)

o __ o
R — *Er — Egr >

via the bipolar theorem [9]. Therefore by means of the isomorphisms (see Section 2)

t
D

1o p it
VIR 2 (V/®r) = &%= Eg,

it is possible to identify each V/® g with Eg, i.e. with a complex finite dimensional

Hilbert subspace of X,. Using the aforementioned identification, it follows that

VREN, V/®r CV/®ri1; |J V/®r=X,.
ReEN

Finally, for any j € IN the orthogonal projections
PrR+j,R: Eryj — ER
coincide with the projections
Pogy,on  V/Pry; = V/Pr

relative to the projective family M = (u¢)per(vy. Therefore (ugy)ren is a pro-
jective subfamily of M. As proved in [23], M is concentrated as a Borel Radon

measure g on X, iff
(14) VREN, lim po,({f€V/®r,q(f) 27}) =0,

where ¢ is the Euclidean norm on V/®g (seen as a complex space), that coincides
with the Hilbert norm of X,. In fact, if we denote by

- t
HER = Ut x Pdr xlo x Udg
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the pushforward image of ue,, (14) is equivalent to

(15) dim g, ({f € Ear s a(f) 2 7}) =0.

Suppose now that we have proved that M concentrates as a Radon measure p on

Xg4. In addition, let the following condition be satisfied:

(16) 36>0,3K>0, / q(f)’du(f) <K .

X‘I
Equation (16) implies that i : X; — C is continuous. Let 0 < § < 1, and let
91,92 € Xg4. Then for some 5 > 0

ligr) — filg2)] < /X | Ret(a=92) _ 1| du(f) < Ky /X 491 — g2, )] duf)

< Ksalor — 92)° / A(FYPdu(f) < KoK qlor — g2)° -

Xq

If 6 > 1, then

/ a(F)du(f) = / Loy (Hal)du(f) + / Laroy (Ha(H)du(f)
X X4 Xq

q

S M(Xq)+IC7

and therefore the result above for § = 1 applies with constant p(X,) + K.

Theorem 3.3. Let V be a locally convex space with dual (V',0) endowed with a
symplectic form. In addition, let X be a compler vector space with a sesquilinear
form t such that the compatibility condition 3.1 with o holds.

For a cylindrical measure M € W (in.,,v € C) to be concentrated as a Borel
Radon measure 1 on the separable Hilbert space X, it is sufficient that Hypothesis
3.2 is satisfied. The Fourier transform [i is furthermore continuous on Xy; and if
6 >0 and K > 0 are the values for which 3.2 holds, then

/ a(f)Pdu(f) < K.
X,

q

Proof. Hypothesis 3.2 is sufficient to have no loss of mass (and hence convergence
of the generating functional) when the state is restricted to each ®%. We have
to prove that Hypothesis 3.2 also implies both (14) and (16). First of all, let us
prove (14). As discussed in Section 1.1, the m-creation and annihilation operators
establish a correspondence with the standard pseudodifferential calculus associated
to the Heisenberg group H(@%R,J), and that is assured by the compatibility
condition 3.1. Then (14) is proved using the argument introduced in [3, Theorem

6.2]. Let (¢n,)yec be a net of vectors in regular GNS representations, and let
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%, be defined as above for some R € N. Then Hypothesis 3.2 yields that
5 .
(17) Wn,s Ny, m¥n)p, <K

uniformly in v for some 6 > 0. By means of the link between Wick and Weyl

quantization, it is well-known that
1+ 48 + Ny, r = 0P (1+4())
where ¢ : V/®r — R™ is the euclidean squared norm of the finite dimensional
(complex) Hilbert space V/®r = Egr, and Op% is the Weyl quantization procedure
defined in Section 2, but with each Wy (Fx), € X, replaced by Wj,(Fm(z)). The
operator
Op’ (1 +4())
is fully elliptic [see e.g. 15]. Therefore for any s € R,
(18) (L4 22+ No, )" = OB ((1+¢())" +O(0)) |
where the function h~*O(h) is uniformly bounded in the Hérmander class
s—2 ldw|g
SR (<’LU>¢.R27 (w)?:: ) .

For any h, < R™!, (17) implies there exists l@g > 0 such that

(n,, (1457 + Nwh,v,R)6¢h~,>H <K;s.

“hy
Now let » > 1, and Cg C C such that for any v € Cg, h, < R~!'. Using standard
pseudodifferential techniques in V/®pg [see 3], it is possible to prove that for any
~v € Crand § > 0, there exists a K > 0 such that the following operator inequality
holds on H,, :

Op" (x(r2 ) < (L+7) (14 2Khy) Oy (1 +4()) /%) .

Here x(:) € C*°(V/®p) is non-negative and such that y = 0 in a neighbourhood
of {f € V/®Pr, /q(f) < 1}. In addition, (18) yields there exists K’ > 0 such that

oy ((1+a() ) " (1+ B 4+ N, <K'hy+1.

’l
W s, )

Therefore for any v € Cjy and r > 1, there exists ~g > 0 such that

(¢n.,, Op? (x(r—2 '))%QH% <Kz(1+7)"°.

Now let M € # (¢n,,v € C), and (¢n,)yec the subnet of (¢n, ) ec, whose

restrictions to (th(éj’%, U)) R € NN, converge to pg, with respect to the

YECM’
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%o, topology. Then by Proposition 2.6,

(¥n,, 0P (X~ ))n,), = / X% F)dpian(f) -
2 V/®r

lim
vel Whey

Hence it follows that
pon((F € V/Br, gD =) < [ X0 H)dnag(f)

V/or

= lim (Y, OPY (x( ™% ))dn, )y < K(1+7)7"

Whey

It remains to prove (16) for § and K. Let 1 € C5°(V/®g) be a smooth indicator
function of a neighbourhood of 0. The following inequality, for any § > 0 and
r > 1, and some Kr > 0, is again a consequence of standard pseudodifferential
techniques:

(Nu,,r)* 2 0P (¢()"Lo(r™" ) = Krh (Nu,,r)°
Reasoning as above, and using the fact that by (14) M concentrates as a Radon

measure p on X,, we obtain

/ o(du(f) < K.
Er

Now since the bound is uniform with respect to R € IN, we can take the limit

R — oo using dominated convergence. -

3.2. Duals of nuclear spaces. Now, let us suppose that V' O .4, where ./ is a
nuclear barrelled space. Then concentration of Wigner measures on .4, endowed
with any topology R between o( A", 4") and the Mackey topology (A", A),
admits an easy characterization.

It is well-known that a cylindrical measure M on V is concentrated as a Radon
measure £ on Ay iff (Le)ocr(. #y,) can be identified with a projective subfamily of
M and the restriction of M to .4 is continuous [see e.g. 8]. Continuity properties
of the Fourier transform of M are inherited by continuity properties of the family

of generating functionals of regular states wy,_ , v € C. In particular, equicontinuity
of

(19) Gp = {Gw;w v VE C}

is sufficient to guarantee the continuity of its cluster points (in the topology of
simple convergence), as h, — 0. This is in turn sufficient to prove that any

M € W (wh.,,v € C) is concentrated as a Radon measure on .4g.
Theorem 3.4. Let (wh, ) ec be a net of reqular states on Wy_(V', o) such that

sup wi, (W, (0)) < oo
yeC
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If there exists a nuclear barrelled space N such that A C V', and (V/<I>)¢€F(JV9%)
is identified with a projective subfamily of (V/®)ser(v), then equicontinuity of the
family Gp defined in (19) implies that any M € # (wn.,y € C) is concentrated

as a Borel Radon measure j1 on Ny.

The formulation of Theorem 3.4 seems quite natural, however it may be difficult
to apply it in concrete situations, for the equicontinuity of Gp may be hard to

prove without a detailed knowledge of the generating functional.

3.3. Duals of Banach spaces. In this section we consider concentration in dual
spaces X', where X is a Banach space. There is no loss of generality in considering
X to be real, and all the results extend to complex Banach spaces. It should also
be possible to formulate a similar result for duals of locally convex spaces, using
the Bourbaki-Alaoglu variant of the Banach-Alaoglu’s Theorem.

The idea is to adapt the procedure used in Section 3.1 to prove tightness in X’ of
a suitable projective subfamily of M € # (¢, ,v € C). However, we will only be
able to prove the concentration of M as a Borel Radon measure p on X’ endowed
with the ultraweak dual topology. To avoid confusion, let us denote by X the
space X’ endowed with the o(X’, X) topology. Let us recall that (X)) = X.

Lemma 3.5 (Tightness). A cylindrical measure (py)wer(p) s concentrated as
a Borel Radon measure p on X, if for any € > 0, there exists a § > 0 such that
for any U € F(X]) of codimension 2n, n € N,

(20) (X0 /0 < pu({a € X, al3 < 6)) <.

Proof. By Banach-Alaoglu’s theorem the ball {x € X" ||z||%, < &} is compact
in X. In addition, the projective family of measures indexed by spaces of even
codimension is a projective subfamily of (y1y)pecr () With cofinal index set. By
a theorem of Prokhorov [21, Theorem I1.21], (20) is then sufficient to prove that u

is concentrated as a Radon measure on X7,. B

The sufficient condition on quantum states is similar to the one given for sepa-

rable Hilbert spaces.
Hypothesis 3.6. Let (Y. ) ec be a net of vectors on reqular GNS representations
of Wi (X,0), with

sup [n, [, < oo
yeC el

There exists 6 > 0 and K > 0 such that uniformly in v € C,

5
sup  (Yn,, NG, w¥n,) < K.
VEF(X]) v
dim X/ /¥=2n



18 MARCO FALCONI

The strategy is the same as the one used to prove (14) in Theorem 3.3. Let
K = {z € X,||z||% < 1}. The key point is to identify, for any ¥ with even
codimension, K N ¥° with pg(K°)°. It is well-known that

K°={¢e |lglz <1}

In addition, K N ¥° is a closed bounded absorbing absolutely convex neighbour-
hood of zero, and therefore a closed ball centered in zero (in the locally compact
topology of the finite dimensional real vector space ¥°). It is possible to make
the identification X, /¥ 2 (XL /¥) in a way such that for any & € (X, /¥) and
[z] € AL /¥

(21) 77N - el = €&([]) = € - y([a]) -

t

Lemma 3.7. Let (X /U) 2 ye e the homeomorphism that yields, for any
x € X, and £ € (X, /P),

(22) ([z]) = "pu(é)(z) .
Then

Proof. By definition,
po(K°)° = {€ € (X)) Vo e K° lg(la))| <1} .
Applying the isomorphism, it follows by (22) that
pu(pu(K°)°) = {tm(g) € "pu((Xy/9)), Vo € K |['pu(€)(z)] < 1}
- {CG\IIO,V:UGKOK(:UM < 1}:K°°m1/°:Km1/°.
In the last equality we have used the bipolar theorem for locally convex spaces in

duality [see e.g. 9, I1.49 Corollaire 3]. -

From Lemma 3.7 it follows that 5! ( tp;l(K N \IIO)) is a closed ball centered in
zero of X, /W. Hence the tightness property (20) of Lemma 3.5 is satisfied iff

. o 2 1 / 2 _
(23)  lim pge({C €W, [(]* > 7}) = lim po({z € XL/9, 2] >7}) =0,

where | -| denotes the norm on finite dimensional vector spaces, and the measure
pwe = *py x4 py is the pushforward of py. Equation (23) is analogous to the
equivalence among (15) and (14), and therefore it is true for an M € # (¢n,v €
(), provided there exist 6 > 0 and C' > 0 such that

(24) (W, NS, wtn,) <K,
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as explained in the proof of Theorem 3.3. Obviously (24) is implied, for any
U € F(X.) of even codimension, by Hypothesis 3.6. Therefore we have proved

the following result.
Theorem 3.8. Let X be a Banach space. For a cylindrical measure
M e W(wh-w'y € C)
to be concentrated as a Borel Radon measure u on XL, it is sufficient that 3.6 is

satisfied.

Remark 3.9. We are not aware of explicit examples of vectors (¢ ) ec that
satisfy 3.6 when X is not a (separable) Hilbert space. On the contrary, there
are many explicit examples of V, X, ¢(-,-), and (¢n. )yec such that Theorem 3.3
holds. It would be interesting to find explicit examples where Theorem 3.8 can be

applied and X is e.g. a separable reflexive Banach space.

Remark 3.10. If X = L71(R%), 1 < p < oo, then ||- ||, is a Borel measurable
function in X, = L?, where L? is L? with the o(L?, Lﬁ) topology.

3.4. Applications of Theorem 3.3. In this section, let us discuss some other
concrete situations in which the concentration of Wigner measures on “interesting”

spaces plays an important role.

3.4.1. Massless fields and homogeneous Sobolev spaces, revisited.
e X =.7(R%)

HF.g) = fral K FR)g ()R, s <

V =FL*(RY), o(-, ) = Im(-, )2

m(f(k)) = [k[*f (k)

(Yn)he(o,1) C Ts (LQ(Rd))h (Fock representation)

e 36 >0,3K >0, (¢n,dTs(|k|>*)¢p)r, <K

These definitions provide the link between the motivating problem of Section 1.1,
and Theorem 3.3. In fact, from the definitions it follows that

X, = 2(BY, kP dk) = ZH°(RY) ;

and
n) () = (-, dTh(k**)° ), ,
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where dI';, (|k|?*) is the second quantization of the multiplication operator |k|** on
L?*(R%). Therefore by Theorem 3.3,

M € W (vn, h € (0,1)) = M is concentrated as p € Mraa (ﬁHS(Rd)) ;

/ AN e du(f) < K
FHs

The above result, with s = % and d > 2, can be used to solve the question of

convergence of the ground state energy in both the classical and quasi-classical
limit, for massless Nelson-type models; these questions were left open respectively
in [1] and [11].

If in addition, (v'n)ne(0,1) satisfies also

<1/1h,th(1)81/)h>rS <K,

then any M € V/(wh, h € (0, 1)) is concentrated as a Radon measure p that is a
Borel measure on both L?(R%) and . H*(R%). Furthermore, the measure of the

symmetric difference is zero:
(LR o FHY(RY) =0.

Finally, let us remark that — for time-evolved states in massless dynamical

quantum theories (such as the Pauli-Fierz model) — the condition

(¥n(t), AT (K] )on (t))r, < K(F)

is much easier to prove, provided it holds at time zero, than

(Wn (), dTR (1)n (8))r. < K(2) -

3.4.2. Non-homogeneous Sobolev spaces with negative indez.

e X = L*(R%)

tf,9) = [ra(1 = A)?" f(2)g(x)dz, r <0
V=FL*R?),o(-,-)=Im(-, )2

o m(f(2)) = (1-A)"f(x)

o (Yn)he(o1) C Ts(L2(RY)),

e 30>0,3K > 0, (. dly (1 — A7) gy)p. < K

In this case, X, = H"(R%) > L?(R%), the non-homogeneous Sobolev space. In
studying the thermodynamic properties of bosonic quantum fields, and their classi-

cal counterparts, one has to deal with quantum states whose corresponding Wigner
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measures are concentrated outside of the classical phase space. The Gibbs states
provide a very interesting example [14, 19].

By means of Theorem 3.3, we know that

M e W(wh, h e (0, 1)) = M is concentrated as u € //lmd(HT(IRd)) :

[ 1fdutn <.

Let us provide an explicit example of a sequence of vectors in the Fock space whose
corresponding Wigner measure is concentrated on H” ~ L2, Let Q € Ty (L2 (IRd))
be the Fock vacuum vector; and consider a family (¢n)ne(0,1) of squeezed coherent
vectors of the form

oy = en (@ (Fa)=a(fn)) ,
fn € L2(R%). Then the associated generating functional takes the form

Gy, () = el Bel )2 e=5lnlls
and it satisfies
(n, AT (1 = A n)r, = IfallFrr » @ns AR (D)on)r, = |1 f2ll5 -
If the sequence (fn)ne(0,1) satisfies:

fh—>Hrf€HT\L2, sup HthHr:]C<OO,
he(0,1)

then any M € W(wh, h € (0, 1)) is concentrated as a measure p on H”", but we
may have p(L?) = 0. In fact, if

[fall3 =01, 0<e<1;

then # (¢n,h € (0,1)) = {My}, where M, concentrates as the atomic measure
§fpon f e H"~\ L% for any ¢ € HI"l

lim Gy, () = ¢ #0707 / Ry @@z 5 (g)

T

3.4.3. Free quantum evolution and pushforward measure. Recover the setting of
Section 3.4.1. Let us now discuss how a (free) dynamical group acting on quan-
tum states transforms the corresponding Wigner measures accordingly, follow-
ing the classical dynamics. Let w(k) be any self-adjoint multiplication opera-
tor on L?(R? dk), and (e®“(®)),cr the associated strongly continuous unitary
group. Then (e““’(k))teR extends to a strongly continuous unitary group on
L?(R%, |k|?*dk). The associated second quantized unitary operator T'j(e®) =
e (@) commutes with dT',(|k[?%), and therefore (¢, dTx(|k[2*)%¢n)r, < K iff

Vi e R , <wh, e—z’tdF;L(w)drh(|k,|2$)6e—itd1“h(w),¢h>rs < K.
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It follows that any M; € W(e“drh(“’)z/)h, h € (0, 1)) is concentrated as a Radon
measure j; on .ZH*(R?), for any t € R. As showed in [12, Proposition 6.1],

M,

= e, My, the pushforward image by e € B(L?) of the cylindrical measure

M. Now since e’ € B(.Z H*) as well, it follows that

(10]

(11]

(12]

Mt = et Ho -
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