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Abstract 

Linear alternators (LAs) are widely applied in many energy 

conversion systems based on pressure waves, to avoid linear 

to rotary conversion mechanisms. The control of the LA is the 

key element to maximize the system’s electric power and 

efficiency. However, the LA resonant frequency cannot be 

accurately controlled by mechanical design due to parameter 

tolerance. Furthermore, the operating frequency is generally 

not strictly constant in real-time, making maximum power 

point tracking (MPPT) hard to achieve. Two MPPT strategies 

are proposed in this paper to adjust the electronic stiffness 

amount in real-time. They are hereafter referred to as 

symmetrical signal injection method and electronic stiffness 

perturbation method. The latter one is selected and validated 

via simulation studies.  

1 Introduction  

LAs have been used in various applications such as Thermo-

Acoustic Engines (TAEs), Free-Piston Stirling Engines 

(FPSEs) and direct-drive wave energy converters (DD-

WECs). Existing control techniques dealing with control of 

LA are mainly focussing on DD-WECs [1-4]. Only a few LA 

control strategies are proposed for TAE and FPSE 

applications [5]. The LA resonant frequency needs to be 

accurately matched with the frequency of the driving force. 

However, in practical applications the operation frequency is 

prone to drift. Also, the LA resonant frequency is generally 

calculated by spring stiffness and mass. However,  parasitic 

effects such as the cogging force, change the resonance 

frequency, especially for moving-magnet topologies [6]. 

Furthermore, LAs usually need to be sealed in a vessel due to 

harsh working environment. The bounce space contributes to 

the overall stiffness. Therefore, overall stiffness composes of 

mechanical spring stiffness, bounce space stiffness and 

cogging force equivalent stiffness.  

The resonant frequency matching requirement cannot in 

general be met by relying only on mechanical design of the 

LA, but this can be achieved with the help of the power 

electronic interface. Several papers relevant to DD-WEC have 

addressed the electronic stiffness regulation by using VSI [1], 

[3, 4]. Several reaction force stiffness regulation schemes are 

proposed in [2-4] to achieve resonant tuning with phase and 

amplitude controllers for LA currents. A reactive current is 

injected by the inverter to create some “electronic stiffness” 

and adjust the overall stiffness. However, these controls are 

all based on accurate WEC system model and accurate 

knowledge of the system parameters [2].  

An MPPT control scheme is proposed in [1] to ensure the 

excitation force is in phase with the velocity. However, the 

velocity and acceleration information are required to estimate 

the wave period [1]. A MPPT technique is proposed in WEC 

[7] to avoid using position information. The strategy 

compares the current output power of WEC with the output 

power from the previous time interval to identify control 

direction. However, the time interval is hard to obtain 

accurately especially for the irregular period wave actuation 

source. To improve the control accuracy, zero crossing 

detection strategy is compulsory to use, which is generally 

sensitive to signal interference and DC bias. Finally, even if 

the existing techniques can to some extent achieve 

mechanical resonance conditions for the LA, they do not take 

into account the equivalent mechanical impedance of the 

source and then cannot guarantee the optimal impedance 

matching for the full system including the power source. 

Within existing MPPT strategies developed for LA, the signal 

injection method has not be employed yet. With small-signal 

injection, information can be extracted from either stroke or 

output power. The signal injection control schemes can be 

implemented without relying on accurate system model and 

measurement of the LA parameters. In this paper, two MPPT 

strategies are proposed to adjust the electronic stiffness in 

real-time, to automatically maximise the system power output 

without relying on knowledge of LA parameters. The first one 

is the symmetrical signal injection method. Two small current 

signal are injected into VSI with frequency set to be 

symmetrically above and below the operating frequency.  The 

corresponding stroke components are tracked to identify the 

resonance condition on the basis of the symmetry in their 

phase shifts. The second method is an electronic stiffness 

perturbation method. A small perturbation current signal is 

injected into the LA and extracted information from output dc 

power is used to control. The second method is easier to 

implement and is then validated with a simulation study.  

2 Background  

The LA-VSI layout is shown in Fig.1. A moving magnet LA 

is coupled to a back to back VSI power electronic interface. 

The left VSI is work in regenerative mode in order to control 

the LA. The DC output of the left VSI is stabilized with the 

help of the DC link capacitor and right side VSI. Also, the 

right side VSI will convert the DC to AC output which may 
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fit to the mains. The piston coupled to LA shaft is pushed by a 

reciprocating source force F(t).  

 
Fig.1: Moving-magnet LA coupled with back to back VSI 

 

The equivalent circuit for LA-VSI is shown in Fig.2. The 

mass of LA moving carriage, equivalent stiffness and 

damping are expressed in m, k and c. The source force is 

described in phasor  𝐹̅ . An electromagnetic force 𝐹𝑒̅  is 

produced onto the moving carriage. An emf  𝐸̅ is induced on 

the coil and the back emf constant is expressed in  𝑘𝑒 . 

Parameters L, R refer to the coil inductance and resistance. 

The linear alternator is fed by VSI with a fast current control 

loop. The actual stator current tracks the reference current 

value provided by the controller. The control of the second 

VSI is well documented in literature and is not the main task 

for this study, so it is replaced by a dc voltage source 𝑉𝑑𝑐.  

 

 

 

 

 

   

 
Fig.2: Equivalent circuit for LA-VSI system 

 

The steady-state operation frequency of the source force is 

expressed as 𝜔𝑜.  The stroke of the linear alternator is denoted 

by x. The steady-state relations can be described in terms of 

phasors by  
2( )o o em j c k x F k I       (1) 

o eE j k x   (2) 

oV E RI j LI     (3) 

 

Corresponding to (1)-(3), the phasor diagram for the 

maximum power extraction condition is shown in fig.3.  

 

 

 

 

 

 

 

 
 
 

Fig.3: Phasor diagram of the LA with VSI being proper controlled (maximum 

power condition) 
 

For the reference frame dq: the d-axis is parallel to the stroke 

phasor 𝑥̅  and the q-axis is in quadrature to the stroke. In 

resonant condition, the equivalent stiffness force term 𝑘𝑥 and 

inertia term −𝜔𝑜
2𝑚𝑥 should cancel each other. By controlling 

armature current in quadrature with stroke, the resonant 

frequency of the LA can be adjusted to match with the 

operating frequency. The resonant frequency of the LA is 

 

/n k m   (4) 

 

Since the q-axis current is response for the active power 

conversion, the maximum power is obtained in this condition. 

And the generated active power is calculated as 

 

e qP k xI  (5) 

 

In order to understand the effort of the electronic stiffness, 

two phasor diagrams are presented in Fig.4 to identify the 

difference between two conditions: without electronic 

stiffness (left) and with electronic stiffness (right).  

 

 

 

 

 

 

 

 

 

 

 
Fig.4: Phasor diagram for the LA with VSI being proper controlled (a) no     

electronic stiffness (b) with electronic stiffness  

 

For the comparison, the amplitude and frequency of the 

source force is assumed to remain the same. The q-axis 

current is maintained constant at the same value in the two 

conditions, in order to preserve the in-quadrature component 

of the electromagnetic force (active component). In Fig.4 (a), 

insufficient spring stiffness leads to a mismatch between 

system frequency and LA resonant frequency which then 

reduces the stroke below the rated value. The emf as well as 

extracted power are reduced with the decrease of the stroke. 

In second case, the armature current phasor is split into two 

components: d-axis current 𝐼𝑑̅  parallel to 𝑥̅ and q-axis current 

𝐼𝑞̅  in perpendicular to 𝑥̅. The in-phase current 𝐼𝑑̅ is regulated 

to produce a stiffness force bringing additional electronic 

stiffness 𝑘𝑣 

 

/v e dk k I x  (6) 

 

Generally, the in-quadrature current 𝐼𝑞̅  is reduced with 

increasing of the 𝐼𝑑̅ due to the maximum current constraint.  

 

2 2 2 2( / )q d v eI I I I k x k     
(7) 

 

Based on (6), the equation (1) is rewritten into 
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2( )o o v e qm j c k k x F jk I        (8) 

 

It is discussed in [8] that the additional d-axis current will 

require an oversized power electronic design. However, in 

this study, the impact of electronic stiffness control strategy 

on the rating of power electronic interface and LA design will 

not being considered. Conversely, it will be assumed that the 

LA has a proper design to allow bigger current capability.  

3 Symmetrical Signal Injection Method 

The symmetrical signal injection algorithm is shown in Fig.5, 

to implement the MPPT. A stroke sensor such as linear 

variable differential transformer (LVDT) will measure the 

stroke. A phase-lock loop (PLL) control system receives this 

stroke signal and track for the main harmonic. The PLL either 

generates an output signal whose phase is tracked with the 

phase of the input stroke signal or provides an accurate 

measurement for the main harmonic frequency. The output 

unit sinusoidal signal is used to produce reference current 

signals in-phase and in-quadrature to the stroke signal. The 

required reference d-axis current 𝐼𝑑
∗  is controlled by MPPT 

algorithm to adjust the electronic stiffness in real-time. The q-

axis reference current is set to a fixed value. The error 

between overall reference current 𝐼𝐿𝐴
∗  and actual current of 

LA is used by a fast hysteresis comparator to produce PWM 

signal, which is then used to control the VSI switches. Two 

small current signals are injected into the LA by the VSI. 

Their frequency will be set to be symmetrically below or 

above the operation frequency which is controlled by PLL. 

These two small current signals will produce a reactive force 

producing corresponding harmonic components in the stroke 

and velocity. PLL will not respond to these small signals as 

their amplitude is far away from the main harmonic. 

Therefore, the electronic stiffness is only acting on the main 

stroke harmonic component.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 

 
Fig.5: Symmetrical signal injection MPPT system schematic 

      

Based on (1), the resulted stroke when the small signal is 

injected is expressed as 

2( )

injected

injected

injected injected

F
x

k m j c 


 
 

(9) 

 

The damping ratio is defined as ratio of actual damping and 

critical damping. It expressed as 

 

/ / 2cri nc c c m    (10) 

 

From (4), (9) and (10), the phase of the stroke is  

 

2

2

arg( ) arctan( )

1 ( )

injected

n

injected

n

x
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






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

 
 

 

(11) 

 

It can be found that when the frequency ratio is within a 

narrow range near unity, the relationship between phase and 

frequency ratio can be approximated as linear. Therefore, the 

frequency ratio for two symmetrically injected signals needs 

to be kept reasonably near unity. Two phasor diagrams are 

presented in Fig. 6 with frequency equal to 𝜔1 = 𝜔𝑜 − ∆ω 

and 𝜔2 = 𝜔𝑜 + ∆ω separately.  

 

 

 

 

 

 

 

 

 

 

 
Fig.6: Phasor diagram for small symmetrical injected signals 

 

In theory, at resonance 𝛽1  and 𝛽2  should be equal to each 

other. The phase and amplitude of the corresponding small 

signal harmonic components are used to calculate the angle. 

The error between this two angle signals is used to identify 

the control direction of the d-axis current. However, this 

method is found to be hard to implement. First, the frequency 

of injected signal is calculated based on the accurate 

measurement of the main harmonic frequency. However, the 

operation frequency of the system is usually not fixed in the 

real-time. Additional filters are required. Several PLLs, band 

pass filters are required for the angle detection procedure, 

making practical signal processing highly complicated. 

4 Electronic Stiffness Perturbation Method 

The electronic stiffness perturbation algorithm is shown in 

Fig.7. It is based on the low frequency modulation of the d-

axis current amplitude. This has a noticeable impact in the 

stroke signal as well as generated power. By using a band 

pass filter (BPF) in the dc-side, the resulting small 
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perturbation envelope in dc-current can be extracted and 

multiplied by the perturbation signal. The result is integrated 

to produce a correction signal, which corrects the electronic 

stiffness and meet the maximum power condition.  

 
 

Fig.7: electronic stiffness perturbation method schematic 

 

Calling Iper the low-frequency perturbation amplitude in the d-

axis current magnitude, the full d-axis current is expressed by   
   

1( ) ( sin )sind d per oI t I I t t    (12) 

 

The presence of Iper0 causes a perturbation in the stiffness 

which produces a stiffness force term in time domain by 

 

1 1( )sin( )perturbation vF k x t t  (13) 

 

Where 𝜔1 is defined as frequency of the perturbation signal 

and the 𝑘𝑣1 is the equivalent perturbation stiffness. According 

to (8), the time domain equation with perturbation signal 

injected are rewritten by 

 

1 1( ) ( ) ( sin( )) ( )

cos( ) cos( )

v v

o e q o

mx t cx t k k k t x t

F t k I t



  

     

 
 

(14) 

 

From (14), the perturbation terms rendering the system non-

autonomous is confirmed to be very small. This kind of the 

system is termed as weakly non-autonomous system. The 

rigorous mathematical analysis result is developed here. A 

heuristic explanation is presented, based on the assumption 

that the low-frequency modulation of the d-axis current 

amplitude translates into a modulation of the stroke 

amplitude. Three relevant cases are analysed: operation below 

resonance (insufficient d-axis current main amplitude), 

resonance conditions, and operation above resonance 

(excessive d-axis current main amplitude). Table 1 shows the 

parameters of the system is used in the analysis.  

 
Excitation force 𝐹=600 N Spring stiffness k=216539 N/m 

LA plunger mass m=2.194 kg EMF constant 𝐾𝑒=90 Vs/m 

Armature inductance L=0.268H Armature resistance R=3.58 Ω 

q-axis current 𝐼𝑞=4A DC-side voltage 𝑉𝑑𝑐=1000V 

Table 1: System parameters 

 

Fig.8 presents the perturbation d-axis current amplitude and 

stroke envelope waveforms when insufficient d-axis current is 

applied. The 𝐼𝑝𝑒𝑟  is divided by 100 to improve the readability 

of the plot. The operation frequency of the excitation force is 

set to 55Hz with initial d-axis current set as zero. The 

equivalent perturbation stiffness is set as 10% of the spring 

mechanical stiffness in order to magnify the dynamic. 𝜔1 is 

0.5 Hz. As seen from fig.8, the stroke envelope of x is in 

phase with perturbation d-axis current signal.  

 
Fig.8: Stroke envelope and perturbation signals when insufficient d-axis 

current is applied 

 

In theory, generated active power should have the similar 

envelope with the stroke from equation (5). As the dc-voltage 

is fixed, the envelope extracted from the moving average of 

the dc-current should be in phase with the perturbation signal. 

This results in a mean positive value for the stiffness 

correction signal 𝑐1, expressed as 

 
2

1 1 1 1 1

0

sin( )sin( ) / 2per perc A I t t A I



    
(15) 

 

Where 𝐴1  is the amplitude of the extracted dc-current 

envelope. In Fig.9, the operation frequency is set to be 50Hz 

which leads to resonance conditions for the system. As can be 

seen from Fig.9, the frequency of the stroke envelope is now 

two times the frequency perturbation signal. This second 

harmonic will appear in the envelope of the dc-current 

moving average as well as in the generated active power, 

which then leads to a zero correction signal 𝑐2. 

 
2

2 2 1 1 1

0

sin(2 )sin( ) 0perc A I t t



      
(16) 

 

Where 𝜃1 is the shifted phase produced because of BPF. 

 
Fig.9: Stroke envelope and perturbation signals when system is in resonance 

 

Fig.10 presents the stroke and perturbation envelopes when 

excessive Id magnitude is applied. The frequency of the 

excitation force is set to 45 Hz. The envelope of the stroke is 

out of phase with the perturbation signal. The extracted 

envelope signal from the dc current will be out of phase with 

the perturbation signal as well.  
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Fig.10: Stroke and perturbation signals when excessive Id is applied 

 

The stiffness correction signal 𝑐3 for excessive Id is  
2

3 3 1 1 3

0

sin( )sin( ) / 2per perc A I t t A I



      (17) 

 

The perturbation signal used in this method is independent of 

the system operation frequency. This method is a direct 

control strategy as it uses the power information instead of 

position information to identify the control direction. Also, 

the signal detection stage is simple to implement as it only 

requires a band pass filter. Therefore, this strategy is chosen 

for the simulation. 

5 Simulation Results 

The Id perturbation MPPT method is simulated by using 

Simulink with parameters in table 1. The Iper needs to be 

carefully selected. An excessive amplitude will result in high 

stroke and power distortion. Conversely, a too small signal 

will make the signal processing challenging. For this reason, 

the equivalent perturbation stiffness is chosen as 5% of the 

mechanical stiffness. The 𝜔1 is set as 0.5Hz. The Id is set to 

zero initially within all simulations. The system operation 

frequency is modified to obtain required system. 𝐼𝑝𝑒𝑟  is 

divided by 100 for comparison. A BPF is designed to extract 

a moving average from dc-current output. The BPF is 

designed to allow unity amplitude magnification with 𝜔1 and 

2𝜔1 signals with dc and high frequency harmonic eliminated, 

from fig.11. The phase shift for the 𝜔1 signal is almost zero. 

For 2𝜔1 signal, the phase shift will not affect the correction 

signal result as it always equal to zero. 

 
Fig.11: The bode plot of the band pass filter 

 

Fig.12 presents steady state waveforms when Id is not high 

enough. Subplots show perturbation, stroke, dc-current signal 

after filter 𝐼𝑑𝑐−𝑓𝑖𝑙𝑡𝑒𝑟𝑒𝑑  and correction signal 𝐼𝑑−𝑐𝑜𝑟𝑟𝑒𝑐𝑡𝑖𝑜𝑛. The 

operation frequency is 55Hz. The main harmonic of the stroke 

is measured as 0.0071m without 𝐼𝑑. The 𝐼𝑝𝑒𝑟  is 0.85 A. The 

stroke is in phase with the perturbation signal as well as with 

the filtered dc-current signal. A positive correction for Id 

follows. Waveforms in Fig.13 refer to steady state waveforms 

when system is in resonance. The main harmonic of the 

stroke is equal to 0.01273m without Id. The 𝐼𝑝𝑒𝑟  is calculated 

as 1.5314A. Low-frequency second-harmonic signal appears 

in the dc-current extracted signal (moving average): this 

results in a zero correction for Id. Steady state waveforms 

when Id is too high are shown in Fig.14. The system 

frequency is 45Hz. The main harmonic of the stroke is 

0.00814m without Id. 𝐼𝑝𝑒𝑟 is 0.979A. The stroke and filtered 

dc-current signal are out of phase with perturbation current 

signal. This leads to a negative correction for Id.  

 
Fig.12: Stroke, perturbation signal, dc-current filtered signal and Id 

correction signal at system 55Hz condition.  

 
Fig.13: Stroke, perturbation signal, dc-current filtered signal and Id 
correction signal at system 50 Hz condition.  
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A closed loop result is provided in Fig.15 to validate the 

control performance. Subplots comprise perturbation signal, 

stroke, current signal after BPF and stiffness correction 

signal. The system frequency is 55Hz and the LA resonant 

frequency is 50Hz, so the system is initially out of resonance. 

The measured stroke would be 0.0118 m when system is in 

resonance at 55Hz. The required additional stiffness would be 

45473 N/m and from (6) the corresponding required Id* is 

5.96A. In Fig 7, an integrator is used for integrate the 

correction signal to build the reference Id value. The 

integrator is start to be applied after 50 from the beginning of 

the simulation. The time coefficient T for the integrator is 

selected based on different scenarios. For instance, the wave 

input for WEC applications usually modified frequently, this 

require a more quick response for MPPT loop. A small T is 

compulsory. Conversely, the frequency of the input pressure 

wave changes in a slow manner in TAE-LA applications. In 

this condition, a big T could be enough. The T is selected as 

0.004s in simulation. The Id* reference takes about 150 

seconds to change from 0 to 5.94 A. This matched with the 

required Id* amount. The stroke is increased from 0.00707 m 

to 0.0118 m until system is in resonance. By using (5), the 

generated active power is proved to increase by 40%.  

Fig.15: Stroke, perturbation signal, dc-current filtered signal and Id 
correction signal at system 55 Hz condition (closed loop) 

 

6 Conclusion 

The goal of this paper is to propose novel LA MPPT 

strategies by using a signal injection approach. Two methods 

have been proposed. The first one is based on the injection of 

two d-axis current signals at frequencies symmetrically 

shifted with respect to the operating frequency of the system. 

In principle, the analysis of the phase shifts in the 

corresponding harmonics in the stroke allows the resonance 

condition to be detected. The signal processing however 

appears to be extremely challenging. The second method is 

based on the low-frequency perturbation of the electronic 

stiffness, which is practically obtained by modulating at low 

frequency the amplitude of the main d-axis current. The low 

frequency harmonic appearing in the stroke envelope allows 

in- and out-of-resonance conditions to be detected and the 

reactive current amplitude to be corrected accordingly. The 

preliminary simulation results confirm that this is a viable 

method, but a full analysis needs to be developed, particularly 

for the design of the adaptation mechanism.  
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