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Abstract 

In view of an extensive literature about guided waves based structural health monitoring of 

plate-like structures made of metallic and composite materials, a lack of information is 

pointed out regarding an effective and universally accepted approach for characterizing 

capability and reliability in detecting, localizing and sizing in-service damages. On the 

other hand, in the frame of traditional non-destructive testing systems, capability is 

typically expressed by means of suitable “Probability of Detection” curves based on 

                                                 
 



Berens’ model, where a linear relationship is established between probability of detection 

and flaw size. Although the uncertain factors are usually different between a non-

destructive inspection technique and a structural health monitoring approach, it seems a 

similar mathematical framework could be assumed. From this point of view, the present 

research investigates the feasibility of application of the very recent “Multi-Parameter” 

Probability of Detection approach, developed within the traditional non-destructive testing 

field, to guided waves based structural health-monitoring. In particular, numerical 

simulations as well as experimental responses from flawed aluminium alloy plates were 

combined to bring about a “Master” Probability of Detection curve. Once established, this 

curve can be used to study the intrinsic capability of the system in terms of Probability of 

Detection curves, overcoming the intrinsic limitation of a single predictor (like the crack 

size) and a statistical model typically based upon a linear behaviour between the predictor 

and the response. 
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Introduction 

In spite of the high level of reliability nowadays reached by non-destructive testing (NDT) 

techniques, maintenance and repairs of safety components and systems represent a 

considerable amount of operational costs; moreover, a significant amount of civil, 

aeronautical, power generation and military structures has, today, exceeded its design 

lifetime 1. Therefore, an increasing solution, proposed in the literature 2, is the application 

of Structural Health Monitoring (SHM) approaches which, in the aeronautical field, have 

shown the potentiality to significantly decrease 1 the overall costs of traditional NDT, since 

planned in-service interruptions can be substituted by condition-based maintenance. More 

importantly, SHM can prevent catastrophic disasters by identifying and monitoring 

developing defects before their degeneration into a failure, with significant improvements 

in reliability. Nowadays, the applied SHM techniques are, in general, based onto different 

physical phenomena 2,3: dynamic modal data, electro-mechanical impedance, static 

parameters (displacement field, strain gauges, optical fibres, etc.), acoustic emission (AE) 

and elastic waves. Those capitalizing on modal data are generally 3,4 less sensitive to 

damage until it reaches a threshold value able to influence the global dynamic response of 

the material/component, whereas electro-mechanical impedance and static parameters are 

relatively insensible 3,5,6 to damage developing far away from the transducers. AE is 



generated by developing damages in terms of elastic waves and it is an effective way of 

localization via triangulation and of evaluation of the failure behaviour 7. However, it is a 

passive technique, so it requires loaded components and it is prone to environmental noise 

contamination. Furthermore, most of the aforementioned techniques employ bulky 

transducers (AE), require point scanning 3,8,9 (strain gauges, optical Bragg fibres, electro-

mechanical impedance, etc.), are expensive 8,10 (optical Bragg fibres) or quite insensitive 

until a threshold value is reached 4 (dynamic modal data). 

Ultrasonic Lamb waves, which were firstly described by Lord Horace Lamb 11 for 

homogeneous isotropic materials, have been studied over the last few decades 12–16 as a 

very attractive SHM method. Compared to other SHM approaches, those capitalizing on 

Lamb waves can offer a faster and more cost-effective evaluation of various types of 

damage. Lamb waves, i.e. elastic thickness waves, can reach relatively long distances (a 

few meters), even within materials with high attenuation ratios, allowing to cover wide 

inspection areas using few transducers. Being susceptible to both surface and embedded 

structural damage, they were widely used to develop damage identification approaches for 

delaminations, holes, cracks/notches, corrosion, degradation of lap joints; an exhaustive 

review can be found in 3,17,18. However, because at least two fundamental modes are 

synchronously involved and overlap each other and because of their dispersive behaviour 3, 



a captured Lamb wave signal is often complex to be interpreted. Consequently, many 

efforts are available in the literature 3,19,20 to isolate “pure” single propagation modes: most 

of them rely on mutual interactions of an array of appropriately located piezoelectric 

transducers in order to enhance a specific wave mode while the others are minimized. This 

approach, as reported by Su et al. 3, is often termed “multi-sensor mode tuning technique”. 

Another difficulty in the application of Lamb waves consists in the fact that, propagating at 

fast velocities, wave packets reflected by structural boundaries21 and geometrical 

discontinuities22 can easily mask weaker damage-scattered wave packets. Lastly, Lamb 

waves are highly susceptible to environmental conditions that can alter both signal 

amplitudes and spectral components. Contamination mainly arises from temperature 

fluctuation23–25, inhomogeneity and anisotropy of materials26, high-frequency ambient noise 

and low-frequency structural vibration3. 

NDT capability is typically expressed, according to Berens’ model 27, by means of 

“Probability of Detection” (POD) curves, where the probability of detection is a monotonic 

function of the flaw size. As significant outputs, the lower confidence bound and the 

𝑎90/95 parameter (identifying the flaw size detectable with a probability of 90% and a 

confidence of 95%) define the system capability. Here, the typical variability sources, 

involved in the measured outcome, are human factors, flaw morphology, acousto-elastic 



properties of the medium and so on, as illustrated in Figure 1. Differently, SHM systems 

deal with a sensor network permanently installed on a host structure, their POD will be 

affected by material properties (piezo-elements, host structure), sensor location, crack 

growth initiation, length and orientation and their performance will be time-dependent due 

to ageing effects, environmental factors, etc. Moreover, the setup and installation of the 

sensors is, today, not a consistent (i.e. not standardized) procedure and thus subjected to 

other sources of variability. Thus, a complete POD curve, mainly based on experimental 

data, is an awesome task. More experimental trials cannot be a solution because each 

measurement reflects the uniqueness of the coupon in terms of i.e. sensor installation, 

damage pattern, etc. Taking advantage of reliable numerical models, Mueller and Aldrin 

28,29 proposed the implementation of Model-Assisted POD (MAPOD) approaches able of 

simulating the variability involved in a SHM approach, although numerical efforts and 

computational times can be prohibitive 30, as well. Alternatively, given the aforementioned 

source of variability, Chang 31 suggested a SHM quantification approach based on one 

representative component with full environment conditions for a hotspot monitoring 

application. 

Then, in parallel to practical challenges dealing with environmental conditions like 

temperature fluctuations and improvements by larger sensor spacing through Phased Array 



techniques, another fundamental task deals with statistical modelling of data for SHM 

reliability quantification. For instance, recently Schubert Kabban et al.32 proposed a linear 

mixed-effects statistical model to deal with dependent data, based on the MIL-HDBK-

1823A 33 POD procedure. However, as well as Berens’ original formulation 27, the model is 

limited to a single explanatory variable (like flaw size) and a linear prediction between the 

possibly transformed signal response (damage index) and the flaw characteristic. 

Nevertheless, many applications can benefit from more than one explanatory variable and 

the description by nonlinear functions, where appropriate 34–36.Currently, Janapati et al. 37 

performed an exhaustive experimental-numerical sensitivity study on flawed aluminium 

coupons concluding that the variation in sensor-actuator installation (adhesive thickness, 

transducer location) as well as damage propagation (damage size, crack growth orientation) 

are the main factors affecting SHM response variability. From this point of view, the 

present research investigates the feasibility of application of the very recent “Multi-

Parameter” Probability of Detection approach35, developed within the traditional NDT 

field, to guided waves based structural health-monitoring. As a first attempt, a relatively 

simple configuration is studied: a cost-effective PZT network is surface mounted on flat 

plates made of an isotropic EN AW 5754 aluminium alloy. Different key factors 

contributing to define the variability of the process are taken into account: the surface 



mounting process, piezo-electric constants, flaw morphology and defect orientation with 

respect to the PZT network. Instead, in-situ factors like temperature variation or ageing 

effects were not yet included. Hence, the intrinsic capability of the approach is here treated, 

before considering the effect of application parameters like environmental and ageing 

effects. In general, in SHM, the traditional Berens’ approach for quantifying the capability 

of a NDT inspection cannot be applied any longer since it requires, firstly, the linearity of 

responses and, secondly, against one independent variable. Therefore, since a minimum 

statistical sample size has to be guaranteed, several plates/coupons have to be prepared for 

each combination of key factors to be investigated. Here, instead, the optimal way of 

combing data by means of a MP-POD approach is followed, where experimental as well as 

numerical data are combined to establish a “Measured â vs. Modelled a” data plot 

summarizing all the influencing and uncertain factors. Finally, a “Master” POD curve can 

be established by means of which the dependence on any single factor can be recognized. It 

is worth remarking the present aim is not to reproduce a “real” actuation-reception strategy 

of the PZT network, but testing the adequacy of a MP-POD formulation in an ultrasonic 

Lamb Waves based SHM approach. 

 



Lamb Waves propagation and flaw interaction in aluminium 

plates 

To the aim of evaluating the suitability of a MP-POD approach in describing different 

actuation strategies and different reception modes for Lamb waves in plate-like structures, 

the experimental flaw scattered response from artificial notches was firstly characterized 

according to the scheme of Figure 2, in a similar way as proposed by Lu et al. 38. This 

particular configuration was chosen because it is a compact solution and it allows covering 

and monitoring, in an efficient way, the whole region of interest around a prospective flaw.  

Considering sensors mounting, the piezoelectric transducers dedicated to actuation and to 

reception of both flaw reflected (Pulse-Echo technique, “PE”) and flaw transmitted waves 

(Pitch-Catch technique, “PC”) are highlighted by the capital letters A, R and T, 

respectively.  

Given the two here-considered actuation-reception strategies, actuation paths are 

highlighted by black arrows, PE responses by red ones and PC responses by blue ones. In 

detail, the first actuation-reception modality (Figure 2 (a)) operates on a diagonal path 

between the actuator piezoelectric transducer and a pair of PE-PC receivers so that the 

angle of incidence 𝜃𝑖, reception 𝜃𝑟 and transmission 𝜃𝑡 are varying all together between 

each experimental measurement. The latter configuration (Figure 2 (b)) deals, instead, with 



a fixed actuation, perpendicular to the flaw, and a polar scattered echo reception, so to 

study the signal amplitude distribution of Lamb Waves around a crack-like artificial defect. 

Following the experimental campaign, Lamb Wave propagation and echo responses were 

modelled by means of finite element analyses to establish a linear relationship between 

empirical and numerical echo responses, allowing the investigation of the considered MP-

POD approach.  

Experiments 

Two nominally identical aluminium plates, whose dimensions are 500x500 mm2 with a 

thickness of 2 mm, were set-up with a network of circular 5 mm diameter and 1 mm thick 

PZT transducers (PIC-255 39 with wrapped electrodes) according to the layout highlighted 

in Figure 3 (a). PZT installation, Figure 3 (b), followed a well-established chemical-

mechanical procedure according to strain gauges practice: firstly, contaminants (foreign 

particles, oily substances, etc.) are removed from the surface by a solvent. Then, the surface 

is roughen by means of growing finer sandpapers (up to 600 grade) and residuals removed 

again by a solvent. Lastly, PZT are bonded using a single component, cold curing Z70 

cyanoacrylate adhesive 40. Particularly, the dimensions of the plates and the positions of the 

PZT network array were studied in order to avoid as much as possible unwanted 

reflections, from geometrical boundaries, able to mask valuable responses. Moreover, a 



modelling clay 21 was also applied at all the edges of the tested plates to damp as much as 

the same possible unwanted geometrical echoes.  

An artificial slot was realized by a blade cut, Figure 3 (b), as representative of a crack-like 

defect and its length was gradually increased up to 100 mm, with steps of 1, 2 and 10 mm 

within the intervals [0;10), [10;40) and [40;100] mm, respectively. Considering the location 

of transducers, the outer ring of Figure 3 (a)-(b) dealt with piezo-actuators, whereas the 

rings nearby the flawed area gave out PE and PC responses according to the different 

strategies of actuation and reception. Then, the well-known mode tuning effects due to the 

coupling between the host structure and PZT elements, described elsewhere by Giurgiutiu 

et al. 19, matched with an out-of-phase and an in-phase way of actuation 3,20, are combined 

in order to selectively enhance a specific wave mode 41. The best combination of central 

frequency of actuation were identified as 50 and 280 kHz for 𝐴0 and 𝑆0, respectively. These 

values also agree with an appropriate frequency regime, from Lamb Waves dispersion 

curves, in order to excite just the needed wave propagation modes. In Figure 4, the 

dispersion curves, obtained by a stable eigenvalue-eigenvector Semi Analytical Finite 

Element (SAFE) formulation 42, are reported, as phase velocity and group velocity, 

coherently with the specified experimental material properties given in Table 1. In detail, 

three quadratic 1-D finite elements allowed to describe the wave-guide cross-section and 



were judged to be sufficient to model the 2 mm thickness of the considered aluminium 

plates. This number of elements follows the convergence studies by Bartoli et al. 42 and the 

considerations that higher number of elements are needed for a better approximation of 

Lamb Waves mode shape at higher frequency-thickness ranges (𝑓 ∙ 𝑑 > 2 𝑀𝐻𝑧 ∙ 𝑚𝑚) 43. 

The effective elastic moduli of the considered aluminium alloy, i.e. Young Modulus 𝐸 and 

Poisson’s ratio 𝜐, were experimentally characterized by suitable tensile tests according to 

ASTM E8/E8M 44. Ultrasonic bulk velocities for both longitudinal (𝐶𝑙) and shear (𝐶𝑠) 

waves were obtained using a Gilardoni 4 MHz, 0° longitudinal and 60° shear wave contact 

probes arranged in a PE technique on a similar aluminium block. The anti-symmetrical 

modes are indicated by the continuous red lines, while symmetrical modes by the blue 

ones; for completeness, the results from the numerical solution of Rayleigh-Lamb equations 

3, as well as group velocity from experiments 45, are superimposed respectively with green 

circles and red and blue dots. As can be seen, numerical results by both SAFE and 

Rayleigh-Lamb analytical formulation are in close agreement with experimental evidence, 

thus justifying the choice of three finite elements through the thickness. 

The phase and group dispersion curves point out a “cut-off frequency”, 𝑓𝑐𝑢𝑡−𝑜𝑓𝑓, around 

800 kHz, i.e. the value of actuating frequency below which only the three fundamental 

Lamb wave propagation modes can exist: the symmetric one 𝑆0, the anti-symmetric one 𝐴0 



and the shear horizontal one 𝑆𝐻0. Moreover, below this frequency value, the dispersive 

behaviour of such fundamental modes is restrained, i.e. the velocity is almost constant, 

apart for the 𝐴0 mode close to the frequency origin. Thus, to avoid the simultaneous 

presence of more than three fundamental modes, an excitation frequency lower than 800 

kHz (50 and 280 kHz for 𝐴0 and 𝑆0 mode selection, respectively, as described above) is 

applied throughout the research work.  

A Hanning windowed 3.5 cycles tone burst, from an Agilent 33220A arbitrary waveform 

generator, is powered up to 100 𝑉𝑝𝑒𝑎𝑘−𝑝𝑒𝑎𝑘 by means of a WMA-300 High Voltage 

Amplifier; data were recorded at 20 MSa/s through an Agilent MSO-X 3014A oscilloscope. 

Since SHM relies on comparisons of different states, i.e. between a pristine and a damaged 

configuration, a baseline signal, immediately after the installation of the PZT network, was 

acquired as the reference condition for PE and PC responses as illustrated by the black solid 

lines shown in Figure 5 (a)-(d). All the recorded A-scans, i.e. baseline (black solid lines) 

and damaged conditions (red dashed lines), were suitably post-processed as follows: 

1. raw data were firstly elaborated using the discrete wavelet transform (DWT) for 

de-noising the signal. In particular, Figure 5 (e), the Daubechies 4th level “db4” 

wavelet 46 proved to be particularly effective; 



2. then, the signals were treated by the Hilbert transform, Figure 5 (e), so to draw 

them in the time domain and in terms of their energy content (envelope of the 

wave packet).  

Finally, in order to quantify and compare PE and PC responses obtained from artificial 

notches, showed in Figure 5 (a)-(d), two very simple Damage Indexes (DI) were defined by 

means of a reflection coefficient 𝑅 as:  

 

𝑅 =
𝑚𝑎𝑥 [𝐴𝑟𝑒𝑓𝑙𝑒𝑐𝑡𝑒𝑑(𝑡) − 𝐴𝑏𝑎𝑠𝑒𝑙𝑖𝑛𝑒(𝑡)]

max [𝐴𝑏𝑎𝑠𝑒𝑙𝑖𝑛𝑒(𝑡)]
 

                           (1) 

 

and a reflection coefficient 𝑇 as: 

𝑇 =
𝑚𝑎𝑥[𝐴𝑡𝑟𝑎𝑛𝑠𝑚𝑖𝑡𝑡𝑒𝑑(𝑡)]

𝑚𝑎𝑥  [𝐴𝑏𝑎𝑠𝑒𝑙𝑖𝑛𝑒(𝑡)]
 

                           (2) 

 

where 𝐴𝑟𝑒𝑓𝑙𝑒𝑐𝑡𝑒𝑑(𝑡), 𝐴𝑡𝑟𝑎𝑛𝑠𝑚𝑖𝑡𝑡𝑒𝑑(𝑡) and 𝐴𝑏𝑎𝑠𝑒𝑙𝑖𝑛𝑒(𝑡) stand for the envelope amplitude of 

the first captured damage-reflected, -transmitted and baseline wave components, 

respectively. Defining reflection and transmission coefficients with respect to the input 

incident signal (baseline), which was the same for all measurements, a normalization 

(scaling) of the data was performed without losing useful information about the amplitude 



ratios between all of the acquired responses. In particular, the captured signal falls within a 

specified range like (-1; +1) effectively avoiding data distortion and making different 

signals more easily managed and compared3; moreover, variations in material parameters, 

like sensor, structural and adhesive properties are cancelled out from DI responses 37. 

The defined post-processing procedure was applied to all the data recorded by both the 

“diagonal actuation-reception” strategy and the “normal incidence polar reception” way 

around. PE and PC results from the two different actuation-reception strategies, and dealing 

with the fundamental 𝐴0 and 𝑆0 modes, are summarized in Figure 6 and Figure 7. A 

detailed discussion on the obtained results is provided in a dedicated Section later on, but it 

is here worth noting the influence of experimental uncertainties on responses. In particular, 

both figures show, for each test configuration and with the same colours, the results 

obtained by the two nominally identical tested plates: as can be seen, the trends are 

qualitatively in close agreement, but the quantitative response values are generally 

different. This seems to suggest the importance of a statistical analysis of SHM results in 

order to define the capability of the approach. Therefore, for a hotspot monitoring 

application (where the approximate damage location and orientation are known), testing of 

multiple coupons may not be necessary in order to apply a traditional POD-based analysis, 

at least under the assumption of accurate sensor installation, appropriate compensation of 



the environmental and boundary conditions effects and compensation of aging effects. 

Numerical simulations, through calibrated numerical models, can help to minimize the 

number of components required for estimating POD for SHM systems. 

 

Finite Element Modelling 

3D finite element analyses were carried out using the explicit dynamic formulation of 

Abaqus CAE 6.13.1 47, a computationally efficient way for solving large 3D dynamic 

problems, like ultrasonic wave propagation 18. On the other hand, piezoelectric elements are 

not supported by Abaqus’ explicit solver and, consequently, the multi-physics behaviour 

due to electro-mechanical coupling effects of PZT and host structure had to be neglected. 

Hence, actuation is here modelled, similarly to Mustapha and Ye48, applying in-plane radial 

displacements on the peripheral nodes corresponding to the PZT diameter, as described in 

Figure 8 (a), even if this approach is somehow an approximation with respect to multi-

physics. Moreover, in-plane displacements directly prescribed on the nodes of the PZT 

elements, instead of shear/concentrated forces38,49, reduce computational time. 

The employed structured mesh in Figure 8 (b) uses eight nodes linear elements with 

reduced integration (C3D8R), with a plane dimension of 2 mm and an aspect ratio of two, 

allowing two elements along the thickness. In this way, regarding the here investigated 



frequency ranges equal to 50 𝑘𝐻𝑧 for 𝐴0 and 280 𝑘𝐻𝑧 for 𝑆0, 10 elements per wavelength 

𝜆 are roughly employed, thus satisfying the usual 18 minimum requirement of eight 

elements per wavelength, when using linear elements. In addition, two linear elements per 

thickness was sufficiently accurate to describe Lamb Wave mode shapes within this 

frequency range 18; more elements along the thickness should be used at higher frequency 

due to higher complex patterns 43.  

Lastly, since the explicit scheme is conditionally stable, a rough stability upper limit 47 was 

determined as: 

 

∆𝑡 <
∆𝑥

𝐶𝑙
 

(3) 

 

where ∆𝑡 is the integration time step, ∆𝑥 the smallest element size and 𝐶𝑙 the dilatational 

wave speed, equal to 6300 m/s for an aluminum alloy. A compromise 50 between accuracy 

and computational times was found using 20 points per cycle of the highest frequency 

component. A stable time integration step was, then, here set to 5e-8 s, corresponding to a 

sampling rate of 20 MSa/s. The linear and quadratic bulk viscosity coefficients 47, 

introduced by default by Abaqus’ explicit solver to control high frequency oscillations 

(“ringing”) and to prevent collapsing of elements due to high velocity gradients from shock 

wave propagations, respectively, were set to zero.  



An artificial crack-like flaw was introduced (Fig. 8 (c)) removing the finite elements 

associated to the width of the blade cut. Thus, with an overall of 127142 brick elements and 

576885 degree of freedoms, each explicit dynamic simulation took 156 s on a 16GB RAM, 

Intel Core i5-4670 CPU personal computer. 

An example of FEM output is reported in Figure 9, where the scattered response from a 20 

mm long artificial defect, interacting with orthogonal and 45°incident A0 and S0 modes, is 

highlighted by means of magnitude displacement contour plots. For the previously stated 

reason, a direct comparison of the data (mV from experiments and displacement amplitudes 

from FEM) was impossible. Hence, from similar frames and different notch sizes, the nodal 

out-of-plane displacement 𝑈3 for 𝐴0 mode and the magnitude of in-plane components 

𝑈1, 𝑈2 for 𝑆0 mode were adopted as the A-scan flaw scattering response. As well as done 

for experimental data, also numerical results were scaled with respect to their incident 

incoming wave and the previously described signal post-processing procedure was applied.  

 

Discussion on experimental and numerical results 

Pulse Echo Response 

Experimental flaw scattering responses from 1 mm to 100 mm long notches under varying 

incidence 𝜃𝑖-reception 𝜃𝑟 paths are illustrated in Figure 10 for 𝐴0 (50𝑘𝐻𝑧) and 



𝑆0 (280𝑘𝐻𝑧) interrogation modes. Starting from the reflected components, three 

peculiarities can be highlighted. Firstly, it is worth noting that, contrarily to what generally 

expected and apart from saturation effects, in the case of normal incidence and reception 

path, the wave scattered amplitude is differently increasing, with flaw size, with respect to a 

simple linear monotonic trend. In particular, the response showed a linear trend up to 

approximately 60 mm notch length, in agreement with a high frequency approximation, and 

then it started to oscillate. This peculiar behaviour, observed by Lu et al.51 under oblique–

incident Lamb waves interaction, it is attributed in the literature52 to the superposition of 

directly scattered and crack tip diffracted waves. A similar oscillating behaviour was also 

observed in a study carried out by Peng et al.53 dealing with delamination on a carbon fibre 

composite laminate. Secondly, a reasonable and stable echo response is recorded only 

above 10 mm notch length, a length that corresponds to half the wavelength of both the 50 

kHz 𝐴0 mode and the 280 kHz 𝑆0 one. This is in agreement with the general rule of thumb 

54 for which a discontinuity must be larger than one-half the wavelength to stand a 

reasonable chance of being detected. Thirdly, the reflection coefficient decreases 

significantly with increasing the angle of incidence-reception. This is directly related to the 

here-chosen experimental set-up and will be explained in detail in a following Section. 



Regarding experimental wave scattered components under a normal incidence actuation, 

data in terms of reflection coefficient are summarized in Figure 11, as a function of flaw 

size, for both A0 and S0 modes. Comments similar to those just reported for the previous 

case can be done, but it is generally evident that significantly higher reflected echo 

amplitudes are recorded with respect to those collected under variable incidence-reception 

angles, where sensors were exactly aligned along the propagation path of incident waves.  

Comparing numerical and experimental PE results, from a qualitative point of view, the 

trends are in good agreement: the same continuous non-monotonic functions against the 

flaw size are highlighted. Particularly, numerical values match perfectly to experimental 

ones regarding the 𝑆0 mode, while a rather good agreement is found for 𝐴0 mode. Given 

the fact that nodal displacements and output voltage of a PZT are proportional to each 

other, the observed differences can be attributed to the discrepancies between the FE model 

and the real host structure, i.e. to damping, electro-mechanical coupling, residual mode 

excited by dual actuators in experiment, crack shapes (Figure 8 (c)), etc. Anyway, 

considering the final aim of establishing a MP-POD formulation, a linear correlation 

between measured and modelled amplitudes must be found in order to apply Berens’ 

statistical framework and, consequently, to establish a “Master” POD curve. Only if huge 

deviations from a linear behaviour are observed, the model is not taking into account the 



physics of the problem and, thus, has to be re-formulated. On the other hand, if a linear 

trend is found and modelled data are only rigidly translated either lower or higher than the 

expected behaviour, it means a constant calibration factor is missing. 

 

Pitch Catch Response 

Regarding experimental PC responses, the transmitted components according to 

transmission coefficients are recapped in Figures 12 and 13. Starting from diagonal 

actuation-reception paths, an increase of the transmission coefficient with respect to 𝜃𝑖 is 

pointed out, together with a decrease with the flaw size, as it could be expected to the 

presence of a shadow zone51. A peculiarity, instead, is highlighted at 90° for the 

𝐴0 (50 𝑘𝐻𝑧) mode, where the transmission coefficient initially starts from a value of 1.0 to 

end up with an increase of transmitted amplitude with flaw size. As stated by Y. Lu et al. 51, 

this behaviour is mostly attributable to the destructive or constructive interference resulting 

from the superposition of incident and diffracted Lamb waves from crack tips 52, leading to 

an enhancement or weakening of the collected response far away from the crack. In the 

present case, diffraction effects enhanced the recorded response allowing the transmission 

coefficient to exceed unity.  



Differently, flaw scattered responses collected under normal incidence are characterized by 

strong fluctuations both for low and high reception angles (Fig. 13) as a superposition of 

directly scattered and crack tip diffracted waves.  

As well as in the PE reception mode, also in this case numerical flaw scattered responses 

are in good agreement with experimental evidence: the general behaviour as well as 

fluctuations in transmitted echo amplitudes are well captured by the proposed FE analysis. 

In particular, the agreement is somewhat better, especially for some reception angles, with 

respect to PE. This can be explained by the fact that defining a transmission coefficient, and 

thus identifying its corresponding wave component, it is easier than dealing with reflected 

wave components where at least two fundamental modes plus the shear horizontal one 𝑆𝐻0 

can coexist. Even though the mode tuning effect coupled with an out-of-phase/in-phase 

actuation of a pair of PZT was applied, unwanted wave modes can be only minimized and 

not completely cancelled out as in FE simulations. 

 

Prospective effectiveness of “diagonal” and “normal incidence” techniques 

A final comment deals with what would happen to the R and T coefficients if crack size 

went on growing. Generally speaking, a saturated response is expected when crack grows 

to a dimension larger than the region monitored by the experimental set-up.  



Figure 10 seems to suggest the diagonal actuation-reception technique would tend to 

saturate at R=1 for angles up to 30°, while for higher angles it would remain rather low and 

close to R=0. At the same time, Figure 12 shows the T coefficient always tends to T=0 with 

crack growth. These conclusions are also supported by the intuition a big (saturated) 

reflector reflects the entire sound energy so that no transmission takes place and the 

reflected direction is, according to Snell’s Law51, symmetrical to the incident one with 

respect to the line perpendicular to the notch. In these terms, an effective reception would 

be achieved positioning PE sensors mirrored with respect to the configuration chosen for 

the present research. 

Considering the normal incidence with polar reception technique, Figure 11 suggests a 

saturation at R=1 for angles up to about 90°, while at exactly 90° it would remain rather 

low and close to R=0. At the same time, Figure 13 shows the T coefficient always tends to 

T=0 with crack growth for angles up to about 90°, while at 90° it would remain very high at 

T=1. The rationale behind this behaviour is the same about big reflectors and Snell’s Law 

already described for the diagonal actuation-reflection technique. 

All these observations suggest the arrangement of the PZT network is definitely critical for 

defect detection. For the here-considered set-ups, the best performance is obtained by the 

normal incidence with polar reception technique, which, on the other hand, is more 



expensive than the diagonal actuation-reception because requires a higher number of 

sensors. Nevertheless, it must be remembered that the position, size and orientation of flaws 

could be rarely known in advance in real applications and so the best experimental set-up is 

an unknown of the problem. From this point of view, a capability study of the SHM 

network would effectively benefit from a MP-POD approach, expressing its capability 

against the influencing factors. 

 

Multi-Parameter POD assessment 

A Multi-Parameter POD approach allows for the description of the probability of detection 

of a system against different relevant factors like flaw size (typical POD linear 

characteristic in Berens’ model), orientation, position, etc. The mathematical procedure 

relies on applying Berens’ algorithm to the measured amplitude, �̂�, as a function of a 

modelled one, 𝑎, providing an optimal combination of all intrinsic influencing parameters. 

Then, a “Master” POD curve is obtained as a function of modelled data. Since the model 

itself gives the relationship between the signal response and the influencing parameters, it is 

then possible to calculate a POD curve as a function of the single involved parameters. In 

particular, the following uniqueness are addressed. Firstly, differently to the traditional 

model, in which the linearity between the signal and the influencing parameter is assumed 



just by observing the measured data set or from suitable transformation of the data (𝑙𝑜𝑔 −

𝑙𝑜𝑔, 𝑑2, …), the relationship in the multi-parameter model comes from the simulation 

representing our understanding of the underlying physics of the process. Thus, a first 

assessment of the goodness of the model can be defined. Then, as a natural consequence, 

non-linear responses, as those considered here, can be linearized through the “Measured â 

vs. Modelled a” diagram, and thus it is possible to get back to the conventional Berens’ 

statistical framework. On the subject, a parametric physics based model has always to be 

preferred and is usually more efficient requiring the minimum number of parameters to 

describe the response. Furthermore, as stated by C. Annis et al. 55, it: “produces a more 

believable description of the underlying reality and does not tempt the unwary into trying 

to explain group differences that are only illusory”. The here considered deterministic 

factors are flaw size, 𝑎, orientation with respect to the PZT network, 𝜃𝑖 − 𝜃𝑟 and the Lamb 

mode, 𝐴0 − 𝑆0, whereas the surface installation, piezo-electric properties, cabling, etc. are 

included within random factors. The former factors give the slope and intercept of the 

regression between experimental and numerical amplitudes, while the latter give the overall 

variability (dispersion) around the mean value. The MP-POD formulation is reported in 

Figure 14 for the PE flaw scattered responses: Figure 14 (a)-(b) deal with the “Measured â 

vs Modelled a” diagrams and Figure 14 (c)-(d) with the related Master POD curves for 𝐴0 



and 𝑆0 modes, respectively. With black and red dots, the response from diagonal actuation-

reception paths and normal incidence-polar reception paths is characterized. 

In an ideal case, where all the influencing parameters are included in the model, “Measured 

â vs. Modelled a” data should lie on a 45° line. This behaviour is clear for the fundamental 

𝑆0 mode, where the magnitude of in-plane displacements were used as the numerical flaw 

scattered response. On the contrary, the anti-symmetrical 𝐴0 mode is characterized by an 

excellent agreement between experimental and numerical responses for all the here 

investigated actuation-reception strategies, the latter aspect pointed out by the clear linear 

trend, even though the numerical flaw scattered response, based on the out-of-plane 

displacement, is somewhat underestimated. Bearing in mind that for the MP-POD 

formulation, more than following the ideal 45° line, the linear behaviour is a necessary and 

sufficient condition to establish a Master POD curve, amplitudes differ of a model factor, 

roughly 12.5%, to calibrate the modelled data to the experimental ones. Then, the estimate 

of the linear regression parameters is established by the well-known Maximum Likelihood 

Estimation (MLE) able of taking into account for censored data. The latter are the data 

either below the level of noise or above the saturation level of the chain-measurement 

setup; in our case, the mean level of noise was expressed in terms of a reflection factor, 

coherently to the defined DI, and established as 5% of the screen amplitude. Due to the 



linearity of response, the homoscedasticity and the normality of residuals, it is possible to 

formulate a “Master” POD curve, as showed in Figure 14, as a function of the numerical 

reflection coefficient. The latter, taking into account different combinations of parameters, 

allows splitting the “Master” POD curve into the individual factors, as showed in the 

following subsections. The decision threshold for the definition of the POD curve was here 

simply set equal to three times the maximum noise amplitude; discussion about threshold 

level definition for an effective decision-making procedure can be found in 56. It’s worth 

noting that the same concepts and formulation can be extended, but here neglected for the 

sake of brevity, to transmitted amplitudes, as long as a linearity between experimental and a 

physics based numerical response is highlighted. 

 

MP-POD curves for diagonal actuation-reception paths 

Dealing with the diagonal actuation-reception configuration of Figure 2 (a), where the 

angle of incidence and reception is ranging from 0° to 90°, from the Master POD curves for 

𝐴0 and 𝑆0 modes reported in Figure 14 (c)-(d), it is possible to derive POD curves as a 

function of the flaw size and actuation-reception angles as showed in Figure 15. 

As observed in the experimental scattered response, when incident Lamb waves are tilted 

with respect to the crack surface normal vector, the amplitude of the reflected waves 



received by the sensor is considerably lower. The effect of an off-axis orientation, with 

respect to flaw position, is well reflected by the POD of Figure 15 (a)-(b) where it states a 

detectable 𝑎90/95 flaw size equal to 13.8 mm, for 𝐴0 and 17 mm, for 𝑆0; hence, the 

fundamental 𝐴0 mode is somewhat 20% more performant than 𝑆0 one. These values are 

achievable and can be defined only for a normal incidence reception path: incidence-

reception paths also slightly away from the normal condition will lead to severely right 

hand shifted POD, where a 𝑎90/95 parameter cannot be defined any longer. This is a 

valuable information that cannot be pointed out by a simple observation of the experimental 

data, as in Figure 10 through Figure 13. It is worth noting that, except from actuation and 

reception angle of 0°, POD curves significantly differ from a traditional monotonic trend, 

but minima and maxima can be highlighted leading to regions of better or worse 

detectability. 

MP-POD curves for normal incidence with polar reception paths 

The same previously discussed mathematical framework is now applied for the second 

considered configuration of normal incidence and polar reception paths as shown in Figure 

2 (b). So, experimental data were firstly represented in �̂� 𝑣𝑠. 𝑎 plot against modelled ones, 

as shown in Figure 14. Subsequently, once verified the implicit statistical assumptions in 

regression analysis, a “Master” POD curve can be built and, finally, a POD against flaw 



size and different reception paths (i.e. orientation angle of PZT with respect to the normal 

defining crack position) expressed as in Figure 16 (a)-(b). Once again, POD curves are 

defined with respect to a decision threshold equal to three times the noise level. Regarding 

the 𝐴0 mode, the classical monotonic S-Shape function is outlined for reception angle of 0°, 

whereas for off-axis angle POD curves they are affected by strong oscillations, and is some 

cases, 𝜃𝑟 = 60°, 𝜃𝑟 = 90°, they will never converge to one, in agreement with the physical 

behaviour underlined by FEM and experiments. Particularly, dealing with 𝜃𝑟 = 30° and 

starting from 10 mm notch length, POD grows up to 1 and then immediately drops down in 

a negative trend to 0.6; only above 40 mm notch length, the classical trend is re-established. 

The aforementioned trends are less evident working with the S0 mode, even if it’s worth 

pointing out that as well as the general behaviour states POD generally lower, for all 

reception angles and small crack sizes, as increasing the crack length the POD will reach 

the same performance of the 𝐴0 mode. Hence, concerning the 𝑎90/95 parameter, 

substantially there is no significant difference choosing a particular fundamental mode 

regarding a through passing crack as long as the incidence and reception paths are normal 

to the crack surface. For higher off-axis reception angles, the 𝐴0 mode seems to be more 

sensitive, especially at smaller crack sizes as showed in Figure 17. Finally, it is interesting 

to point out that a POD value greater than 0 can be found for defect sizes starting from 10 



mm. Again, this is an overall tendency related to well-known rule of thumb that the 

wavelength, roughly equal to 10 mm both for 𝐴0 at 50 kHz and S0 at 280 kHz, has to be 

less than two times the crack size. 

 

Concluding remarks 

The authors investigated the feasibility of a Multi-Parameter POD approach, developed 

within the NDT field, combining experimental and numerical results for a SHM Lamb 

Waves based approach. Although as a preliminary study and not concerning all sources of 

variability, the approach and results seem encouraging. Particularly, its formulation allows 

the application of the conventional statistical framework used in the field of NDT 

capability, taking advantage of describing the influence of various factors by only one 

explanatory variable. Consequently, useful characteristic can be extracted especially when a 

refinement of Lamb Waves sensitivity is needed. It is advantageous when highly nonlinear 

response concurs defining the overall response, as well, and every time a parametric model 

can be of difficult application and/or without any physical meaning.  

Once established the “Master” POD curve of the system, it can be split into the single 

influencing factors like crack size, orientation, etc. Concerning the experimental setup, it is 

underlined that the POD curve can be a non-monotonic function of crack size, but 



oscillations are present compatibly to the physical behaviour highlighted by both numerical 

simulations and experimental data. Then, it is pointed out that a low frequency diagnostic 

wave, mainly concentrated in the A0 mode, can carry the same amount of sensitivity of a 

passing through crack, with respect to higher ones using S0 mode. Such a conclusion is 

consistent with the fact that the wavelength of the two fundamental modes is approximately 

the same. Lastly, it is worth noting that, under strict assumptions, multiple coupons may not 

be necessary for hotspot monitoring applications and calibrated numerical models could be 

used for estimating the POD. In this light, calibration and adequacy of numerical models 

can be decided by a linear relationship within MP-POD “Measured â vs. Modelled a” data 

plot, while the intrinsic variability is defined by experimental data and not fictitiously by 

simulations. 
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