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Abstract

We consider a class of nonlocal viscous Cahn—Hilliard equations with Neu-
mann boundary conditions for the chemical potential. The double-well potential
is allowed to be singular (e.g. of logarithmic type), while the singularity of the
convolution kernel does not fall in any available existence theory under Neumann
boundary conditions. We prove well-posedness for the nonlocal equation in a suit-
able variational sense. Secondly, we show that the solutions to the nonlocal equation
converge to the corresponding solutions to the local equation, as the convolution
kernels approximate a Dirac delta. The asymptotic behaviour is analyzed by means
of monotone analysis and Gamma convergence results, both when the limiting local
Cahn—Hilliard equation is of viscous type and of pure type.
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118 E. DAVOLI ET AL.
1. Introduction

The aim of the present paper is to study the well-posedness and the asymptotic
behaviour as ¢ N\ 0 of a family of nonlocal viscous Cahn—Hilliard equations with
Neumann boundary conditions in the following form:

orug — Ape =0 in(0,7T) x 2, (1.1)

e = Tedstg + (Ke % Dutg — Ke s ug +W'(ue) —ge  in(0,T)xQ, (1.2
Onpte =0 on(0,7T) x 02, (1.3)

us(0) =upe in <, (1.4)

where € is a smooth bounded domain in R? d =2,3), T > 0is a fixed final
time, and W’ represents the derivative a double-well potential. Moreover, & > 0
is a fixed parameter, 7, > 0 is a positive viscosity coefficient, K, : 2 x 2 — R
is a suitable symmetric convolution kernel, and g, represents a distributed forcing
term. The variables u, and u are referred to as “order parameter” and “chemical
potential”, respectively.

The evolution problem (1.1)—(1.4) is related to the gradient flow (in the H -1
metric) associated to a nonlocal free energy functional of the form

1
58<<p>=1f / Ke<x,y>|<p(x>—¢<y>|2dxdy+/ W) dr.  (L5)
QJIQ Q

Indeed, the contributions (K * 1)u, — K %u, +W'(u,) in the definition of the chem-
ical potential are obtained exactly from the (sub)differentiation of the functional
(1.5). The extra term 7, 0;u, represents on the other side a viscosity regularization,
acting on the dissipation of the system.

The analysis of nonlocal models dates back to the early 90’s, when Giacomin
and Lebowitz investigated, in their seminal paper [36], a hydrodynamic limit of a
microscopic model for a d-dimensional lattice gas evolving via a Poisson nearest-
neighbor process. In that work, the authors derived a free energy functional in
nonlocal form (1.5), and proposed the corresponding gradient flow to model phase-
change in binary alloys. The viscous regularization in the definition of the chem-
ical potential was originally introduced in the context of the local Cahn—Hilliard
equation by Novick—Cohen in [50]. The mathematical literature on the nonlocal
Cahn-Hilliard equation is widely developed: we can mention, among many others,
the contributions [2,5,27,28,39] and the references therein.

The rapidly growing attention to the nonlocal Cahn—Hilliard equation is due
on the one hand to its microscopic justification, and on the other hand to its con-
nection with the corresponding local model. Indeed, at least in a formal way, the
nonlocal dynamics approach the local ones when the family of interaction kernels
(K¢)s concentrates around the origin. The main issue we assess in this paper is
the asymptotic convergence of solutions to the nonlocal system (1.1)—(1.4) to the
corresponding local one, as the data (g.). approximate a new source g and the
coefficients t, converge to a certain new viscosity parameter t. The local form of
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the limiting Cahn—Hilliard equation reads is

u—Ap=0 in(0,T)xQ, (1.6)
w=tdu—Au+¥'@wm)—g in7T)xQ, (1.7)
opu =0 and pu =0 on(0,7T) x 92, (1.8)

u(0) =ug in <2, (1.9)

where T = 0 is the limiting viscosity parameter, which is allowed to vanish. The

choices T > 0and t = 0 correspond to the viscous case and pure case, respectively.
As its nonlocal counterpart, the local Cahn—Hilliard equation is related to the

gradient flow in the H ! metric of the Ginzburg-Landau free energy functional

1
E(p) = 5/ |V<p<x)|2dx+/ W(p(o)) d, (1.10)
Q Q

in the sense that the contribution — Au+ W’ (&) results from the subdifferentiation of
£. Again, the viscosity term 7 d,u acts on the dissipation of the system: if t = 0, one
recovers the so-called pure Cahn—Hilliard equation, while if T > 0 one obtains the
viscous Cahn—Hilliard equation. In our analysis, the nonlocal viscosity coefficients
(t¢)e are assumed to be strictly positive, while the local coefficient t is allowed to
vanish.

The local Cahn-Hilliard equation was first proposed in [9] in relation to phase-
change in metallic alloys and to spinodal decomposition (see [44]). Nowadays, the
model is a widely used in various contexts such as diffuse interface modelling in
physics and biology, with several applications to tumor growth dynamics, image
processing, and population dynamics. From the mathematical point of view, the
local Cahn—Hilliard equation has been studied thoroughly in the last decades, also
in much more complex settings. We mention, among many others, the works [11-
13,15,16,18,37,43] on well-posedness also under more general dynamic boundary
conditions. Some studies on nonlinear viscosity contributions have been proposed
in[6,49,56]. We also recall the contributions [ 14, 19,20,23,40] dealing with optimal
control problems, as well as [17,22,38] on asymptotics. The local Cahn—Hilliard
equation has also been widely studied recently in connection to diffuse-interface
models for fluid-dynamics: we refer to [1,3,10,29,30] and the references therein.

As has already been mentioned, the behaviour of the nonlocal Cahn—Hilliard
equation “approaches” the one of the local equation when the family of convolution
kernels is sufficiently peaked around 0. The study of nonlocal-to-local convergence
of energy functionals in relation to Sobolev spaces theory had been carried out
originally by by Bourgain et al. [7,8], and by Mazy’a and Shaposhnikova [45,46].
This asymptotic analysis was also extended by Ponce [51,52], with studies on
Gamma convergence and nonlocal Poincaré-type inequalities. A first criterion for
the convergence of gradient flows from the Gamma-convergence of the respective
energies was given by Sandier and Serfaty [55] in a abstract setting and for smooth
energies, with applications to Ginzburg-Landau functionals (see also [42,53,57]
for further details in this direction).
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In particular, the above-mentioned results [51,52] provide the pointwise con-
vergence

: _ 1
511{1(1)55«0)—5(@ Vo e H ()

as soon as the convolution kernels (K,), are chosen as

Ke: QxQ—[0,400), Kg(x,y):= ,05|(|x —|§|)
x=y

, x,yeQ, (1.11)
where (p;)¢ is a suitable family of mollifiers converging to a Dirac delta.

Building upon these variational convergences, in a previous contribution of
ours [24] we rigorously derived some nonlocal-to-local asymptotics of solutions to
Cahn-Hilliard equations in the setting of periodic boundary conditions and with no
viscosity effects. The periodic setting adopted in [24] was fundamental to overcome
the singular behaviour of the convolution kernel (1.11). Indeed, kernels in the form
(1.11) do not possess any W ! regularity (see for example [21, Remark 1), which is
the usual minimum requirement in the whole literature on nonlocal Cahn—Hilliard
systems. This resulted in the impossibility of framing the nonlocal problem in any
available existence theory, and required an ad-hoc analysis. In this direction, the
arguments strongly relied on the assumption of periodic boundary conditions.

The results in [24] (see also [47] for a simpler case) are very satisfactory since
they provide a novel contribution in the direction of local asymptotics of Cahn—
Hilliard equations. Nevertheless, the most natural choice of boundary conditions in
phase-field modelling if of no-flux type. Consequently, it is crucial in this direction
to generalize the periodic framework to other settings more suited for applications.
The nonlocal-to-local convergence of pure Cahn—Hilliard equations with Neumann
boundary conditions was, to the authors’ knowledge, still an open problem. The
main novelty of the present paper is to finally extend some rigorous nonlocal-to-
local convergence results for Cahn—Hilliard equations to the case of homogeneous
Neumann boundary conditions.

Let us briefly describe now the main difficulties arising in the case of Neumann
boundary conditions. The first hurdle has been already anticipated and concerns the
regularity of the convolution kernel. Indeed, in the form (1.11) the kernel K is not
W1 andnoteven L' indimensiond = 2. This results in the necessity of rigorously
formulate the nonlocal problem without relying on any available existence theory.
The main idea here is that even if the convolution operator ¢ +— K, * ¢ may be
ill-defined under (1.11), the nonlocal operator B, : ¢ — (K; * D)o — (K; * ¢)
appearing in the equation (1.2) can be rigorously defined instead.

The second main problem consists in the (im)possibility of proving space regu-
larity for the solutions to the nonlocal equation (i.e. when ¢ > 0is fixed). If the con-
volution kernel is W ! this follows directly from the properties of the convolution,
i.e. formally shifting the gradient operator on the kernel as V(K¢ xug) = (VKg)*ue.
However, for singular kernels as in (1.11) this procedure fails. Under periodic
boundary conditions (i.e. working on the d-dimensional flat torus) the main idea
to overcome this problem was to use a certain integration-by-parts formula, which
hinges in turn on some compatibility conditions between the convolution operator
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and the Laplace operator. More specifically, in [24] the periodic setting allowed to
prove a (formal) relation in the form V(K; * u,) = K. * Vu,, from which one
could deduce H'-regularity of the nonlocal solutions. Nevertheless, under Neu-
mann boundary conditions (i.e. working on a bounded domain @ c R?), in order
to prove an analogous compatibility relation one is forced to extend the nonlocal so-
lution u, to 0 outside €. Clearly, H'-regularity in €2 does not imply H !-regularity
on the whole R? for such extension. This gives rise to several extra boundary
contribution terms which blow up as the approximating parameter vanishes.

The main consequence is that in the case of Neumann boundary conditions one
loses any H !-estimate on the nonlocal solutions. It follows that the natural varia-
tional setting to frame the nonlocal problem (1.1)—(1.4) is not the usual one given by
the triple (H'(2), L*(R2), H'(R2)*), but instead an abstract one (V,, L*(), V),
depending on &, where V, represents, roughly speaking, the domain of the nonlocal
energy contribution in (1.5). As the inclusion V, — LZ(SZ) is not compact, one
loses any reasonable compactness property on the approximated solutions in order
to pass to the limit in the nonlinearity. This issue is overcome by the introduction of
the viscosity term . 0;u,. Indeed, if . is strictly positive one can show “by hand” a
strong convergence in L?($2) for some regularized solutions, even without relying
on any H' estimates.

The third main problem concerns the boundary conditions of Neumann type for
u in the limiting local problem. Indeed, while the nonlocal system is of order 2 in
space, hence it only needs one boundary condition (for the chemical potential), the
limiting local equation is of order 4 in space and requires two boundary conditions
instead: one for  and one for u. One of the major point is to understand which is the
natural extra boundary condition for «, and how this one emerges when ¢ N\ 0. It is
clear that the Neumann boundary condition for the chemical potential is preserved
by the local asymptotics. On the other hand, the scenario for u# is more subtle: the
answer is implicitly given by studying the Gamma convergence of the nonlocal
energies. Indeed, in [52] Ponce proved a Gamma convergence result in the form

1

gl\f%zfgfglfa(x,y)kps(x)—wg(y)lzdxdy

_[3 o 1Veldx it Ve e L9,
+00 otherwise ,

whenever ¢, — ¢ in L?(2). Note that the limiting energy contribution on the right-
hand side is the potential associated to the negative Laplacian with homogeneous
Neumann boundary conditions. Hence, this implicitly reveals that the “correct”
choice of boundary condition arising for « in the local limit is of Neumann type.
Such idea is indeed proved rigorously performing the local asymptotics on the
variational formulation for the nonlocal problem (1.1)-(1.4). The advantage of
working using a variational approach is that the boundary conditions are implicitly
contained in the variational formulation itself, and they have not to be tracked
explicitly performing a pointwise analysis on the boundary.

We are now in a position to present the two main theorems that we prove in this

paper.
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The first main result is the well-posedness for the nonlocal system (1.1)—(1.4)
with Neumann boundary conditions when ¢ > 0 is fixed. Here, the viscosity co-
efficient 7, is assumed to be strictly positive, the convolution kernel is of the form
(1.11), and the double-well potential may be singular. In particular, we include in our
analysis all the typical examples of polynomial, logarithmic, and double-obstacle
potentials:

1
Wy (r) == Z(rz -1, reR,

s o
Woe (1) = 5 [(I+~)In(1+7r)+ A —=r)In(l —r)] — >
re(—1,1), 0<v <y,

c(1=r?) ifre[-1,1],

v ) c>0.
doub () +00 otherwise,

In view of this, the derivative of W is interpreted as a subdifferential in the sense of
convex analysis, and equation (1.2) becomes a differential inclusion. The proof
of well-posedness is based on a suitable approximation of the problem, given
by a Yosida-type regularization on the nonlinearity and an additional elliptic lo-
cal regularization in the chemical potential. A novel abstract variational setting
(Ve, L2(R), V") is introduced and uniform estimates on the approximated solu-
tions are obtained. Using the viscous contribution in the chemical potential, strong
compactness in L? is recovered even with no H '-estimates on the solutions. Strong
convergences are then proved and a passage to the limit provides solutions to the
original nonlocal problem.

The second main result of this paper is the asymptotic analysis of the nonlocal
system as ¢ \ 0. Here, we assume that the forcing terms (g ). converge to a certain
source g, and that the viscosity coefficients satisfy

limz, =71.
e\0

Here, the coefficient t is allowed to be nonnegative: when t > 0 we obtain then
nonlocal-to-local convergence of viscous Cahn—Hilliard equations, while if 7 =
0 we obtain the local asymptotics of nonlocal viscous Cahn—Hilliard equations
with vanishing viscosities. The proof is based on uniform estimates in & on the
nonlocal solutions. Here, the strong compactness in L? is obtained by proving an
ad-hoc compactness inequality involving the family on functional spaces (V;)¢~0.
The identification of the local limit —Au is obtained through the combination of
monotone analysis techniques and Gamma-convergence results for the nonlocal
energy functional (1.5).

We conclude by highlighting some possible applications of our results to phase-
field modelling. The relevance of nonlocal-to-local convergence of Cahn—Hilliard
equations with Neumann boundary conditions is significant: among many others,
we can mention here possible connections with optimal control of tumor growth
models. In the recent years, phase-field models have been widely used in tumor
growth dynamics, both in the local case (see [25,31-35] and the references therein)



Nonlocal-to-Local Convergence of Cahn—Hilliard Equations 123

and in the nonlocal case (see [26] and [48,54] for nonlocal Cahn—Hilliard equa-
tions with reaction terms). One of the main advantages of the nonlocal setting is
that regularity results on the solutions are usually easier to obtain, not needing to
rely on elliptic regularity properties. As a consequence, the availability of rigorous
nonlocal-to-local convergence results would give the opportunity to approximate
solutions to local phase-field systems with the solutions to the corresponding nonlo-
cal ones, which are indeed simpler to handle on the mathematical side. For example,
refined regularity on the solutions are fundamental when dealing with optimal con-
trol problems, in order to write first-order conditions for optimality. Hence, possible
outcomes of nonlocal-to-local asymptotics concern refined analysis of optimal con-
trol of phase-field systems, in terms of passing to the (local) limit within first-order
conditions for optimality for the nonlocal system.

The paper is structured in the following way: in Sect. 2 we state the assump-
tions, and we introduce the abstract variational settings. Section 3 is devoted to
present the two main results. Section 4 contains the proof of well-posedness of the
nonlocal system (1.1)—(1.4), while Sect. 5 focuses on the proof of nonlocal-to-local
asymptotics.

2. Mathematical Setting

2.1. Assumptions

Throughout the paper, €2 is a smooth bounded domain in Rd, withd = 2, 3,
and T > 0 is a fixed final time. We will use the notation Q; := (0, t) x Q for
every t € (0, T],and set Q := Qr,and ¥ := (0, T) x 9<2. Moreover, (p;)s~0 iS
a family of mollifiers with the following properties (see [51,52]):

pe :R—[0,400),  pe € Lj,(R),  pe(r)=pe(-r) VreR, Ve>0;

“+00
d—1 2
P (r)r dr=— Ve >0;
0 Cy
+o00
lim pe(rrétdr=0 V5§ >0,
eNO0 Js

where C; := f ga—1ler-o |2 dH9~1 (o). We define the family of convolution kernels
as

Ko :QxQ2—[0,400), Ke(x,y):= Ps|(|x _él)
A=y

forae. x,ye Q2,e>0. 2.1)

3

Throughout the paper, y : R — 2¥ is a maximal monotone graph with 0 € y (0) and
IT: R — Ris Cp-Lipschitz-continuous with IT(0) = 0. It follows in particular that
there exists a proper, convex, lower semicontinuous function y : R — [0, +00]
with p(0) = 0 and 9y = y in the sense of convex analysis. Similarly, we set
f[(s) = f(; [1(r) dr forevery s € R. With these notations, the double-well potential

W entering the system is represented by the sum y + .
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2.2. Variational Setting and Preliminaries
We introduce the functional spaces
H=1*Q), V:i=H(Q), W:= [(p € H2(Q) : 3p¢ = O ae. on asz] :

endowed with their natural norms, and we identify H with its dual space in the
usual way, so that

WV Hw Ve W

where all the inclusions are continuous, dense, and compact. The Laplace operator
with homogeneous Neumann conditions will be intended both as a bounded linear
operator

—A:V = V¥, (—Ago,;)vzzf Vo) -Vi(x)dx, ¢, €V,
Q

and as unbounded linear operator on H with domain W. For every ¢ € V*, we use
the notation ¢q = ﬁ (¢, 1)y for the mean value on 2. As a direct consequence
of the Poincaré-Wirtinger inequality it holds that

—A:{peV:ipq=0}— {peV":pqg=0}
is a linear isomorphism. We will denote its inverse by
Ni{lpeV ipq=0} = {pecV:pg=0}.

For every ¢ > 0, we set
Ve 1= {fp e LX(Q): / f Ke(x, lp() — o dxdy < +OO} ;
QJa
1
B = [ [ K low) - emPdxdy, pe v,
4 JalJa
Denoting by a. : Vi x V, — R the natural bilinear form associated to E,

1
a(¢. V) =3 /Q [Q Ke(x, ) () =)W (x) =¥ (y)dxdy, ¢, € Ve,

we also define

W= {w €Ver3feLQ): aclp. ) =/ F@)W(x) dx forall € vg},
Q

B:(p)(x) :=/ Ke(x, y)(p(x) —@(y))dy, forae.xeQ, ¢eW.
Q
Let us note that with such definitions the symmetry of K, yields

1
(Bo@), Y11 = 5/ / Ko (e, y)(o(x)
QJIQ

—p()W(x) — ¥ (y)) dxdy
=ag(p,¥) Yo,y eWe.
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We point out that E, : V., — [0, 400) is convex and B, : H — H is a linear
unbounded operator with domain W,. Additionally, we define the maps

I-llv, = Ve = [0, +00), |- llw, : We — [0, +00)

lelv, == /llel +2E(@),  lellw, = \/”‘P”%{ + B »

and the bilinear forms

as

vt Ve x Ve > [0,400), (9w, : We x We — [0, +00)
as
(o1, 92)v, == (91, 92)H
+%/Q/QKs(x,y)(<p1(X) — 1 (@2(x) — @2(y)) dxdy,

(o1, 2)w, = (@1, 92)H + (Be(91), Be(@2)) 1 -
We collect some properties in the next lemma.
Lemma 1. The following properties hold for every ¢ > 0:

(1) The spaces Ve and W, endowed with the norms || - ||y, and || - |w,, respectively,
are complete.

(2) The bilinear forms (-, -)y, and (-, -)w, are scalar products on V; and Wy in-
ducing the norms || - ||y, and || - |lw,, respectively. In particular, Vi and Wy are
Hilbert spaces.

(3) For every o € (0, 1] we have C%°(Q) — W, continuously, and there exists
Ce.o > 0 such that

Be(p) € L2(Q), 1Be(@)lire) = Ceollgllcong VYo e " (Q).
(4) The following inclusions are continuous and dense:
We > Ve — H.

Moreover, B, : D(B,) C H — H, with D(B;) = W,, is maximal monotone
on H.

(5) The unbounded linear operator B, : H — H extends to a bounded linear
operator Bg 1 Vo — V', and it holds that

IBe@)llvy < llellv, Yo € Ve.

Moreover, such extension coincides with the linear operator Ay : Vo — Vf
associated to the bilinear form a., defined as

Ae(@) ==ac(p,), @€V,
(6) The map E, : Vo — [0, +00) is of class C' and DE, = B, : V, — V.
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Proof. STEP 1: properties (1)—(2). Itis clear that || - ||y, and || - ||w, are norms on V;
and W, respectively. Let now (y;,), be a Cauchy sequence in V;: then in particular
it is a Cauchy sequence in H, so there exists y € H such that y, — y in H. By
lower semicontinuity it follows that y € V, as well, and that y, — y in V.. A
similar argument shows that W, is complete as well. A direct computation shows
that (-, )y, and (-, -)w, are scalar products inducing the norms above.

STEP 2: property (3). For every ¢ € C% (), we have

pe(lx —yI)

lo(x) — ()|
Q lx —yP>°

lx — y|?

I

|Be(p(0)] < fg pellx = v dy < gl cor @

where

/ pe(lx —2y|)dy :/ ps(zlzl)dZ §/ pg(zlzl)dZ 2/ pg(2|z|)dZ
Q lx —yl=° Q-x l2I°79 1 o <y 1z177°
+/ psgi)dz
flzl=1y Izl

1
§maxpg(r)/ ?dZ‘l‘/ IOE(|Z|)dZ
ri<1 (z1<ny 12l (21> 1)

The first term on the right-hand side is finite since 2 — o < d, while the second
term can be written as

+o00
R / pe(r)r® ™! dr < +o00
1

by the assumptions on (p.).. The thesis follows by the arbitrariness of x € €.

STEP 3: property (4). First of all the fact that the inclusion V; < H is continuous
is trivial by the definition of || - ||y, . Second, for ¢ € W;, a direct computation shows
that

1
Ee(p) = Z/Q/QKS(x,y)mx)—w(y)lzdxdy

1
=3 f Be (g () (x) dx
Q

A

1
F1Be@)lmllls .

so that W, — V, continuously. The density of V; in H follows from the density
of C%°(Q) in H and the fact that C%(Q) Cc W, C V..

The monotonicity of B is a direct consequence of its definition. We proceed
by showing that it is maximal monotone. Let ¢ € H. For every A, § > 0 the elliptic
problem

AA2 5B =¢ inQ,
{903)\-1- @51 + 8Be(@s3) = ¢ in 2.2)

On@sn = dnAgs; =0 on %2,
admits a unique weak solution ¢;; € W — CO1/4(Q) < W,, in the sense that

(@53, V) + A(Agsy, AV g +8(Be(9s:.), Vg = (0, ¥)g Yy eW.
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Taking arbitrary v € CZ°(2) in this variational formulation, we infer that
A2gs;. € H in the sense of distributions. Consequently, the classical elliptic regu-
larity theory yields also that ¢5; € H 4(Q), with 9, Ags, = 0 almost everywhere
on 9Q2. Fix now § > 0. Testing (2.2) by ¢, and using the monotonicity of B, and
the Young inequality, it follows that

1 1
s ll3y + Al A@s |1 + 28 Ee(9s1) < Euwuﬁ, + Enmui, Vi>0.

Thus, there exists a positive constant M such that we have
lesilly, + Al Agslly <M Yi>0.

Noting that for all { € V, by the symmetry of the kernel K, and the Holder
inequality we have

(Be(983), Oy = %/Q/QKs(x, Y)(@sr(x) — @sn () (C(x) = £(y)) dxdy
= 2lesallv. gy,
the estimates just proved ensure also that
I1Be(ws)llvs < M.

We infer that there exist ¢s € V; and s € V such that, as A N\ 0, Ags), — 0
in W, @s) — s in Vg, and B (@s)) — ns in VE*. It follows that

(s, O +8Ms, C)vrv, = (@, 8)m Ve eVe.

Now, for all ¢ € V,, by the symmetry of B, and the bilinearity of a, if holds
that

ns, §)vr v, = ){LH%)(BE((PM)’ Ou = kli_rﬂ)as((ﬂa;\, $) = ae(ps, ¢) .
This shows that

8a6((p8’§)=(¢_¢5a§)H V§€V€’
so we conclude that g5 € W, and ns = B.(¢s). Hence,
¢s +8B:(ps) =¢ V§>0. (2.3)

This proves that B, is a maximal monotone operator on H (see [4, Thm. 2.2]).
Testing now (2.3) by ¢s and using Young inequality it is immediate to see that

1 1
Enwsn%, + 8as (@5, 5) < ol . (2.4)
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Let us note that since we have just proved that g5 € W,, in particular we have
that B (¢s) € H. Hence, if additionally ¢ € V,, testing (2.3) by B:(¢s) and using
Holder and Young inequalities yields

2E:(¢s) + 81| Be(@5) 13 = ae (@5, 95) + 81| Be (@) 13 = (Be(gs), @)1
1
=3 fQ /Q Ke(x, ) (@05(x) — 05O (@(x) — p(»)) dx dy
< 2VE:(0)VE:(95) < Eclps) + Ee(9) . (2.5)

We deduce that, as § \( 0, § B (¢s) — 01in H. Hence, by (2.3), ¢s — ¢ in H. By
combining (2.4) and (2.5), we obtain that ||¢s|lv, < |l¢]|lv, for every § > 0. As V,
is uniformly convex, this implies that 95 — ¢ in V,, so that W, < V, densely.

STEP 4: property (5). For every ¢ € W, and { € V,, by the Holder inequality
we have

1
(Be(9), Op E/Q/QKs(x,y)(ﬁo(X)—w(y))(é“(X)—{(y))dxdy

2VE(Q)VE).

This implies that for every ¢ € Wy, the operator

A

¢ (Be(9). O §€Ve,

is linear and continuous on V;, and such that

IE = (Be(@), Onllve = llellv,. Yo e We.

Since W, — V, is dense, we deduce that B, extends to a bounded linear operator
from V, to V, and the thesis follows.

STEP 5: property (6). We observe that E, : V, — [0, +00) is convex and lower
semicontinuous. A direct computation also shows that DE,; = B, in the sense of
Gateaux: since B, : V; — V/ is linear and continuous, the thesis follows. O

The next lemma shows some boundedness properties of the family (B;),, uni-
formly in e.

Lemma 2. The following inclusion is continuous:
V1V,
and there exists a constant C, independent of e, such that

lellv, < Cllollv Yo e V.

For every ¢, ¢ €V, if holds that

1
lim E.(¢) = —/ IV (x)|2dx (Be (1), ©2) v, =/ Vo1 (x)-Vea(x)dx .
£\0 2 Ja Q

(2.6)

lim
e\
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Finally, for every ¢ € H and for every sequence (¢g)e=0 C H with ¢, — ¢ in H,
we have

S JoIVePdx ifpeV,
+o0 ifpe H\'V.

li?\igf Ec(ps) 2 E(p) ==
In other words, (E¢)c~q I'-converges to E with respect to the norm-topology of H.
Proof. By [52], there is a constant C > 0 independent of ¢ such that
Ec(p) SClIVoly VeeV,

from which the first part of the thesis follows directly. The first limit in (2.6) is also
a direct consequence of [52], the second limit in (2.6) can be proved by choosing
¢ = @1 £ @7 in the first limit.

Finally, by the I"-convergence result in [51, Thm. 8], we know that

liminf £ (pc) >sc—E(p),

where sc —E is the lower semicontinuous envelope of

I [ IVe)Pdx ifg e CH(Q),

E:H— 0, +o0], E =
[ ] 2 {—i—oo otherwise ,

sc —E(p) = inf {liminf E@): 0y — ¢ in H} .
n—00

It is a standard matter to check that sc —E = E , so that the thesis follows. 0O

The last result of this section is a compactness criterion involving the family
of operators (E;).. The following lemma is fundamental as we do not have any
compactness properties for the inclusions of the spaces V, and W,. For the proof
we refer to [24, Lemma. 4].

Lemma 3. For every § > 0 there exist two constants Cs > 0 and ¢s > 0 such that,
for every sequence (¢¢)ee(0,e5) C Ve if holds that

Iger — @es 3y < 8 (Eey (9e)) + Eey (05,)) + Csllge, — @, I3+ Ve, e2 € (0, &5) .

3. Main Results

Before stating our main results, we recall that the local Cahn—Hilliard equation
is well-posed in the following sense:
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Theorem 3.1. Let T = 0 and
wpe V. Pug) e L'(Q). (uo)g €IntD(y). (3.1
geL*0,T;H), geH'(0,T:H) ift=0. (3.2)
Then, there exists a triple (u, i, &) such that
ue H'(O,T; V)NL®O,T; V)NL*O0,T;: W), tueHY0,T;H),

(3.3)
wel*0,T;V), tuel*0,T;W), (3.4)
£e€L>0,T;H), &tecyu) aeinQ, (3.5)
hu—Anu=0 inV*, aein(,T), (3.6)
u=thu—Au—+&+TIlu)—g aeinQ, 3.7
u0) =ug a.e in2. (3.8)

Moreover, the solution component u is unique, and the solution components |1 and
& are unique if y is single-valued.

Proof. We refer to [18] for a proof in a more general setting. 0O

The first result of this paper is the well-posedness of the nonlocal viscous Cahn—
Hilliard equation complemented by Neumann boundary conditions for the chemical
potential.

Theorem 3.2. Let ¢ > 0 and t. > 0 be fixed. Then for every (uo.¢, g¢) with

uoe € Ve,  Pluoe) € L'(Q),  (uo)e € IntD(y), (3.9)
ge € L*(0,T: H), (3.10)
there exists a triple (ug, Ls, &) such that
ug € H'(0, T; HYNL>®(0,T; Vo) N L*(0, T; W), (3.11)
we € L20,T; W), (3.12)
£, € L*0,T; H), & €y(us) aeinQ, (3.13)
oy — Ape =0 ace in Q, (3.14)
Me = TeOstte + Be(ue) + & + M(ue) — g ae.in Q, (3.15)
ug(0) =upe ae inQ. (3.16)

Furthermore, there exists a positive constant M such that, for every sets of data
(g . g}) and (uf . g2) satisfying (3.9)~(3.10), with (uj o = (u§ ), and for
every respective solutions (ué, /,Lé, Egl) and (ug, ug, 582) satisfying (3.11)—(3.16), it
holds

1 202 1 202 1 2
”ug - us ”CO([O,T];V*) + TS””@ - ug ”CO([O,T];H) + ”Es(ug - ug)”Ll(O’T)

1 2 2 1 2 2 1 212
g M&‘ (”u(),g - MO’EHV* + 7”8””0,5 - u(),g”H + ”gg - gg ”LZ(O,T;V*)) .

In particular, the solution component u. is unique, and the solution components
We and &; are unique if y is single-valued.



Nonlocal-to-Local Convergence of Cahn—Hilliard Equations 131

Our second contribution concerns the nonlocal-to-local convergence. In partic-
ular, we show that, under suitable assumptions on the initial data (u¢ ), and on the
forcing terms (g.)e, if the viscosities (t¢). converge to a coefficient T = 0, then
the solutions to the respective viscous nonlocal Cahn—Hilliard equations converge,
in suitable topologies, to the solutions to the limiting local Cahn-Hilliard equa-
tion with viscosity parameter T = 0. Note that the viscosities (1), are required
to be strictly positive for all ¢ > 0, whereas the limiting viscosity parameter T
is also allowed to vanish. Hence, such result has a duplex formulation. Indeed, if
7 > 0 this shows the asymptotic convergence of the nonlocal viscous equation to
the corresponding local viscous equation, while if t = 0 this proves the approx-
imability of solutions to the local pure equation by solutions to nonlocal equations
with vanishing viscosities.

Theorem 3.3. Assume that

720, (te)e>0 C (0, +00), limr, =71.
e\0

Let the data (ug, g) satisfy (3.1)—(3.2), and let the family (u¢ ¢, g¢)e>0 satisfy (3.9)—
(3.10) for all ¢ > 0. Assume also that there exists o > 0 such that

sup (Iluo.e 1}, + 17 wo.)liey ) < +00, (3.17)

e€(0,&0)

(8)ec(0.00) C H'(0. T3 H) and 6:(312 : IIgeIIil(o,T;H) <+oo ift =0,
»€0

(3.18)
3[ao, bol CInt D(y) : ao = (uoe)o =bo Ve €(0,8), (3.19)
uoe —~uo inH ase 0, g —g inL*0,T;H) ase 0. (3.20)

Let (ug, [Le, &¢)ee(0,50) e afamily of solutions to (3.11)—(3.16) corresponding to the
data (ug ¢, g ) and viscosity t., where u is uniquely determined. Then, there exists
a solution (u, u, &) to (3.3)—(3.8) corresponding to the data (ug, g) and viscosity
T, where u is uniquely determined, such that, as € \ 0,

u, —>u inC%0, T H),
due — du  in L*(0,T; V¥,
due — du  inL*©0,T; H) ift >0,
T, — 0 inL*0,T; H) ift =0,
pe =@ inL*0,T; V),
e = inL*(0,T; W) ift >0,
g, —~ & inL*0,T; H).

4. Proof of Theorem 3.2

This section is devoted to the proof of well-posedness of the nonlocal viscous
Cahn-Hilliard equation. Throughout the section, ¢ > 0 and 7, > 0 are fixed.
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4.1. Approximation

For every A > 0, let y, : R — R be the Yosida approximation of y, having
Lipschitz constant 1/A, and set p; (s) := fg y,.(r) dr for every s € R. We consider
the approximated problem

dul —Aut=0 inQ, (&)

A A A A A A .
We = Tediuy — AAug + Be(uy) + ya(ug) + Muy) —ge inQ,  (42)
dul =daut =0 inX, (4.3)
up(0)=uj, ingQ, (4.4)

where the initial datum ué‘ . satisfies

uG. €V, uf,—uoe inH ase N0, 4.5)
sup (Ml oI} + 17 D1 ) < oo (4.6)
1€(0,20)

for a certain A9 > 0 (possibly depending on ¢). The existence of an approximating
sequence (ué’ o) satisfying (4.5)—(4.6) is guaranteed by assumption (3.1): for ex-
ample, one can check that the classical elliptic regularization given by the unique
solution to the problem

“3,5 — )»Auéyg =up, Iin,
A _ .
anuo’s =0 ino,

is a possible choice. The existence of a unique approximated solution (ué‘, ,ué) for
every A > 0 relies on a fixed-point argument, as in [24, Section 3.1]. For every

v e LZ(O, T; W),since W — CO’% (5) by the Sobolev embeddings, thanks to the
properties of B, proved in Lemma 1 we have that B.(v) € L2(0, T; H). Hence,
by the classical literature on the local viscous Cahn—Hilliard equation (see again
[18]), the map

r:c%0,T1; H)NL*0,T; W) — H' (0, T; H)NL®(0,T; V)
NL*(0, T; W), T*: v v},
is well-defined, where (vi:, wi‘) is the unique solution to the local viscous Cahn—
Hilliard equation
vt —Awr=0 inQ,
wi = Te0v; — AAV; + 9. (0)) + TT()) — (g — Be(v))  in Q,
Il = put =0 inX,
vi(0) =uj, inQ.
Now, arguing as in [24, Section 3.1], exploiting the Lipschitz-continuity of y;,
the Sobolev embeddings, and the properties of B, contained in Lemma 1, we



Nonlocal-to-Local Convergence of Cahn—Hilliard Equations 133
deduce that there exist constants Lé > 0 and o > O such that, for every vy, vy €
CcO([0, T1; H) N L?(0, T; W), we have

||Fé(vl) - Fé(vz)||c0([0,T];H)mL2(0,T;W) < LQTU lvg — U2||L2(0,T;W) .

It follows that one can choose Ty € (0, T'] sufficiently small so that 1“3 is a con-
traction on the respective functional spaces defined in (0, 7p). Performing then a
classical patching argument (we refer again to [24, Section 3.1] for details), we
infer that Fé‘ has a unique fixed point on the whole interval [0, T']. This proves that
the approximated system (4.1)—(4.4) has a unique solution

ub € H'(O,T; H)NL®O,T; V)NL*O,T; W), u>eL*O0,T;W).

4.2. Uniform Estimates

We prove here some uniform estimates independently of A and ¢. In what follows
we will always assume that A € [0, 1]. Moreover, ¢ > 0 and 7, > 0 are still fixed.

We start by fixing ¢ € [0, T1, testing (4.1) with u?, (4.2) with 8,u’, taking the
difference, and integrating the resulting equation on (0, 7). We obtain

/|w§(s,x)|2dxds+rgf 9,1’ (s, x)|* dx ds

O

A .
+§f Va1, x) > dx + E¢(ul (1, -))+/(m+n)(u§(r,x))dx
Q Q
A .
= /Q \Vug (0> dx + Ee(ug,) + /Q (P2 + T (ug o (x)) dx
+/ |ge (s, x)||0:u(s, x)|dx ds.
0
From the fact that

/)?,\(MS’S(x))dx§/ ﬁ(ué’s(x))dx for every A > 0,
Q Q

using the uniform bound (4.6) as well as the Young inequality, we get
/ IVl (s, )2 dx ds + %"3/ |91 (s, x) |2 dx ds
O (0

A
+ Eg(ué‘(t, ) + E/ |Vué‘(t, x)|2dx
Q

1 T
< CS+E/ |a,u§(t,x)|2dxdt+—/ / lge (¢, x)|* dx dt 4.7
4 Qr Te 0 Q

for every t € [0, T'], where C, > 0 is a constant independent of A and depending
only on the initial datum uq .
From the arbitrariness of ¢ € [0, T'] we deduce that, for every A € (0, 1),

||VM§||L2(0,T;H) S Ce, (4.8)

lulll oo, 7:v0) + Mkl g1 .7 1y + A2 IVUb N Lo 0,751y S Ce (4.9)
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hence, in addition by comparison in (4.1),
IARE 20,71 S Ce - (4.10)

Furthermore, noting that (u})q = (uf o = (uo.c)e, we test (4.1) by N (u} —
(no.¢)q), (4.2) by uﬁ — (uo,¢)q, and sum: we obtain, for almost every ¢ € (0, T),

(@eul (1), N (1) — (u0,6)@)) v + Te (dul (1), ul (1) — (uo.e)a)v
+A/ |Vul (1, x)2dx
Q
+ / Be(ub)(t, x)ul(t, x)dx + / Ya(ua(t, X)) (Ul (t, x) — (uo.¢)q) dx
Q Q

= /Q (8°(t, x) — TI(ud)(t, x)) k(. x) — (uo,e)e) dx,

where we have used that fQ B, (ué‘(t, x))dx = 0 by the symmetry of the kernel
K. A classical argument shows that since (u¢)q € Int D(y), then there are two
constants ¢, c,, only depending on the position of (19 ). such that

Iy it Dy < ce /Q yaus (2, ) i (1, x) — (uo,e)e) dx + ¢,
fora.e.t € (0, 7).

Arguing as in [24, Subsection 3.2], the estimates above and (4.8)—(4.9) yield then
a control on || ¥y (u)ll12(0,7. 11 ())- In particular, by comparison in (4.2) we get an
estimate on (u’;)g in LZ(O, T). Taking (4.8) and (4.10) into account, we deduce
then that

H“‘é”Lz(O,T;W) <Ce. 4.11)
By comparison in (4.2) we infer that
| = AAuz + Be ) + i)l 20,7, < Ce -

Testing —)»Aug + B, (ug) + 1 (uﬁ) by ya (uﬁ) and noting that, by monotonicity of
Vi

/ (—AAUL(t, x) + Be(ub)(t, X)) ys (ul)(t, x) dx
Q
=A/ i) |Vl (t, x)|* dx
Q
1
+5 /Q /Q Ko, ) (v (g (6, x)) = ya (g (1, ) (g (1, 0) = ui (1, y)) dedy 2 0,

by the estimate above and the Young inequality we also deduce that

I = 2Au} + Be@d)ll 20,7 1) + 172 @D 200,711 S Ce - (4.12)



Nonlocal-to-Local Convergence of Cahn—Hilliard Equations 135

4.3. Passage to the Limit as » \( 0

In this section we analyze the passage to the limit as A Y\, 0, with ¢ > 0 and
7. > 0 still fixed. In view of the uniform bounds (4.8)—(4.12) and the Aubin-Lions
lemma, up to the extraction of (not relabeled) subsequences we have the following
convergences:

uh — ug inC°([0, T; V*),  (4.13)

w5, in L0, T; Vo)NH' (0, T: H)y,  (4.14)

rul =0 in L0, T;V), (4.15)

AR in L?(0, T; W), (4.16)

yalul) —~ & inL2(0,T; H),  (4.17)

M) —~ g, inL2(0,T; H),  (4.18)

— AUk + Be(ul) — 1, in L?(0, T; H), (4.19)

for some

ue € H'(0, T; HYNL>®(0,T; Ve), e € L*(0,T; W),
£ € L*(0,T; H), E.€L*0,T;H), n.€L*0,T;H).

From (4.14) and the fact that B, € £ (V,, V), it is readily seen that
Be(u}) = Bo(u,)  in L0, T: V¥).
Moreover, from (4.15) and (4.19), it follows by comparison that
Bo(ul) =~ n. inL*0,T; V).
We deduce in particular that B;(u,) = n. € L2(O, T; H), so that also u, €
L%0, T; W,). The strong convergence (4.13) implies also that u.(0) = ug .

Passing to the limit in (4.1)-(4.4) in the weak topology of L?(0,T; H), we
obtain

dus — Ape =0 in L>0,T; H), (4.20)

e = Tedstte + Be(ue) + & + B¢ — ge in L2(0, T; H), (4.21)
dnite =0 in L*(X), (4.22)

e (0) = ug, inH. (4.23)

We proceed now providing an identification of the nonlinear terms &, and E,:
we adapt an argument performed in [22, Subsection 3.6]. To this end, since IT is
Lipschitz-continuous, there exists o > 0 such that the operator

y+H+ar€Id:R—>2R
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is maximal monotone. For example, one can choose o := % [ TT'|| Loo () (recall that
7. > 0 is fixed). Multiplying (4.2) by e~*!, we obtain
el = T, (e uf) — 2A(e ul) + Bele *ul) + e (ra(up)
+I(u}) + ateu} — ge).

—at A

Thus, testing the previous equation by e~ %'/ and integrating in time yields

lim sup/ efzas(yx(ué(s, x)) + H(ui‘(s, x)) + ottsué(s, x))ui‘(s, x)dxds
r—0 (0]

< lim sup |:/ —2as )‘(s x)u)‘(s x)dxds — / 6_2(“|Vué(s, x)|? dx ds
r—0 ] [¢)
Te

T,
-= e—Z“T|u§<T,x>|2dx+—£f |ufy , (x)]* dx
2 Jo 2 Jg 7

T
-2 / e E (ul(s, ) ds
0
+/ ezwgg(s,x)ué(s,x)dxds]
0]
On the one hand, owing to (4.13) and (4.16),

lim | e 2% (,ué‘(s, X) + ge (s, x))ué‘ (s, x)dxds
r—0 0

= / €72 (g (5, X) + 8o (5, X))ue (s, x) dx ds .
0

On the other hand, by the weak lower semicontinuity of the norms, the convergence
(4.14), and the assumption (4.5), we have

lim sup |:—X/ e_z’“|Vui‘(s,x)|2dx ds
r—0 [0}
Te

T,
-5 [ TR e+ [ o s
2 Ja 2 Je 7

T
-2 / e 2 B (u (s, -))ds]
0

< —%liminf/ 20T 2 (2, x))? dx + —hmsup/ lug o ()] dx
Q

r—0

T
— 21iminf/ e 2 E (ul(s, ) ds
A—=0 Jo

T,

-= / 2T 4 (T, x) 2 dx + = / | ¢ (x)|* dx
Q 2 Ja

A

2

T
—2/ e 2 E (g (s, ) ds .
0
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Hence, we deduce that

lim sup/ efzw(y;h(uﬁ(s, x)) + H(ué‘(s, x)) + argué(s, x))ué‘(s, x)dx ds
r—0 0]

< / €72 (e (s, X) + ge (s, X))us (s, x) dx ds
0

T T,
-2 e*Z“T|u8<T,x>|2dx+—S/ g, (x)]* dx
2 Ja 2 Ja
T
-2 f e 2" E, (ug(s, -)) ds . (4.24)
0

Testing (4.21) by e 2*'u, and integrating in time, the right-hand side of (4.24)
rewrites as

lim sup/ efza"(yk(ui‘(s, x)) + H(ué(s, x)) + atgui‘(s, x))ué(s, x)dx ds
A—0 ]

t
< / / €295 (£,(s, X) + Ep(s, X) + aTottp (s, X))ug(s, x) dx ds .
0 JQ
Since the bilinear form

(vl,vsz 2%y (5, X)ua(s, x) dds . w1, vz € LX(Q),
0

is an equivalent scalar product on L?(Q), by the maximal monotonicity of y 4 IT+
a1, Id we conclude that

&+ Ee+ateug € (y + MM+ ot 1d)(u,) ae.in Q. 4.25)
This allows us to show the further strong convergences

WHt) > ug(t) inH V1el0,T], u—u, inL20,T;V,). (4.26)

ot

Indeed, taking the difference between (4.2) and (4.21), multiplying again by e~ %',
and testing by e~ (u? — u,), we get

Te

5 e\ (ud — ue)(t, x)|* dx + x/ e 25|Vl (s, x)| dx ds
Q

t

T
12 f 2 B (i — 1) (5, 1) ds
0
+/ e (ya(up) + TIh) + ateul — (G + Be + ateus)) (s, X) Uk — up)(s, x) dx ds
Te A 2 —as A
=5 /Q |4y e (x) = uo,¢ (x)|” dx +/ e — (s, X) (uy — ue)(s, x) dx ds

o

—A/ efz"‘"Aué(s,x)us(s,x) dx ds .
t

We use now the notation J{ = (Id + )Ly)’l : R — R for the resolvent of y.
Summing and subtracting JAV (ué) in the last term on the left-hand side, rearranging
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the terms, and recalling that u* — J) (u?) = Ays(u}), we infer that, for every
1€[0,T],
Te

T
5 2k — ) (1, x) P dx + 2/ ¢ 2% B ((uk — ug)(s, x)) ds
Q 0

+ / 7 (i )+ @)
tate ) (ué)—(ss+sg+ar€u5)) (5, ) (5. (up) —ug) (s, x) dx ds

< %/ |uég(x)—uo,g(x)|2dx+/ 729 (1 — 1) (s, x) (1 — ug)(s, x) dx ds
o,

t

— / e 208 Bg(ué(s, X)Nue(s, x) dx ds

t

_|_/ e_z‘”(—)LAué‘(s,x) + Bg(ué”(S,X)))Ms(sax)dde

+/ o205 (H(]AV(M;\(S,x)))—l'[(ué(s,x))
tate(J] () —ul) s, x)> (J5.(ug) —ue)(s. x) dx ds

- )‘/ e—Zas <)’)»(ué) + l_[(ué) + Ol'fsué — e+ Ee+ afs”s))

t

(s, x)y)»(ué(s, x))dxds.

Recalling that y; (r) € y(J { (r)) for every r € R, by (4.25) and the monotonicity
of the operator y + IT 4 a7, 1d, the third term on the left-hand side is nonnegative.
Let us show that the right-hand side converges to 0, analyzing each term separately.
The first two terms on the right-hand side converge to O thanks to (4.5), (4.13) and
(4.16). Moreover, thanks to (4.14), (4.19), and the fact that u, € L2(0, T; W,), we
have

_ / e 2 B (ul (s, x))ue(s, x)dxds — — [ €72 Be(ue(s, x))ue(s, x) dx ds
, 0

and

/ e_zas(—)\Aué(S, x) + BS(MQ(S, X))u(s, x)dxds

t

— 2% B, (ug (s, x))ug (s, x)dx ds .
o

Finally, since (y; (ué‘));\ is bounded in L2(0, T'; H) by (4.12), using the Lipschitz-
continuity of Pi, the last two terms on the right-hand side can be handled by
Mya@ 2 0,7:m) (19 WO 20.7:0) + el 20,7 )|

Hlya@?) + Tup) + et} — (e + B +ateue)ll20,7:1)) S Ceh = 0.
Since ¢ € [0, T] is arbitrary, the strong convergences (4.26) follows. In particular,

this readily implies that E, = I1(u.) and &; € y (u.) almost everywhere in Q by
the Lipschitz-continuity of IT and by the maximal monotonicity of y, respectively.
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It is then clear that (u,, e, &) is a solution to the nonlocal viscous Cahn—
Hilliard equation in the sense of (3.11)—(3.16). This completes the proof of the first
assertion of Theorem 3.2.

4.4. Continuous Dependence

Let (uf) ., g2) and (uf ., g7) satisfy the assumptions (3.9)~(3.10) with (uf , )o =
(u%yg)g, and let (u;, ,u;, égl) and (ug, y,g, 562) be any corresponding solutions to
(3.11)—(3.16).

We observe that their difference solves

hul —up) = Ay —pd) =0 inQ,
i — i =tedi () —ul) + Be(ul —ul) + & — 2 + M(u)) — M) — (g} —¢) inQ.
(i —pz) =0 inX%,
(uh —u2)(0)=0 nQ.
By the assumption on the initial data, we have that (u é — ug)g = 0. Therefore,

we can test the first equation by N (u)! — u?), the second by u! — u?, and take the
difference: by performing classical computations we get

1 T !
EM@—ume*+§m@—wbawi+2ﬂ;&w;—dxnw
1 g2 1.2
+/Q(Eg ENs, x)(u, —ug)(s, x)dxds
1 1 ) Te 1 2 2
= Sl =45 DI+ 5 g, = ug iy

+/(£—£—nwb+mﬁﬂmmwbwbmm.

t

The last term on the left-hand side is nonnegative by the monotonicity of y.
Hence, the continuous-dependence property stated in Theorem 3.2 follows from
the Lipschitz-continuity of IT and the Gronwall lemma.

5. Proof of Theorem 3.3

This section is devoted to study the asymptotic behavior of solutions to the
nonlocal viscous Cahn—Hilliard equation as ¢ \ 0. Let us recall that the family
of data (ug ¢, g¢)e>0 are assumed to satisfy (3.17)—(3.20), while (ug, i, &) is a
corresponding solution to (3.11)—(3.16).

5.1. The Caset > 0

We consider here the case T > 0, so that 7, — t > 0. As a major consequence,
this implies that it is not restrictive to assume that

7, >0: .21 YVee(0,g). (5.1)
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We test (3.14) by ue, (3.15) by 0;u,, take the difference, and integrate on Q;:
recalling (3.18) and using the Young inequality, we deduce that

/ |V e (s, )1 dx ds + / |0sue (s, x)[* dx ds + Ee(uc(t, )
O: o

+/(ﬁ+ﬁ><ua(r,x))dx
Q

Te

< Ee(uoe) + /Q (7 4 T (o ¢ (x)) dx + >

f |0sug (s, )c)|2 dx ds

o

1
+— | lge(s, x)[>dxds.
Te O

Note that % < % by (5.1). Hence, rearranging the terms and using (3.17) we infer
that there exists a constant C > 0, independent of ¢, such that

IViell 20 7.1y + el gro,7: mynreo.7:v) = C

hence also, by comparison in (3.14),

||AM5||L2(0,T;H) =C.

Now, we can proceed as in the previous Sect. 4.2. Since (i) = (10.c)q, We can
test (3.14) by N'(ue — (up.6)q), (3.15) by ug — (19.¢)g, and sum: we obtain, for
almost every ¢t € (0, T),

(Orug (1), N(ue(t) - (MO,S)Q)>V + Te(0rue (1), ug(t) — (MO,S)Q>V +2E: (ug(t, x))

+/Q$a(t,X)(ue(t,X) — (uo,e)) dx
Z/Q(gs(LX)—H(us)(t,x)) (ue(, x) — (uo,e)0) dx.

Again, by the estimates already performed, all the terms are bounded in L>(0, T')
except

/Qéé‘(tvx)(us(ta x) — (ug,e)g) dx .

Thanks to assumption (3.19), there are two constants ¢, ¢’ > 0, independent of ¢,
such that

”Ss(ta )”LI(Q) § C\/st(t’ )(us(t, x) - (uO,S)Q) dx + C/ .
Hence, we deduce that

11l L20,7:01 ) = C s

which implies, by comparison in (3.15), that

(1) ||L2(0,T) =C.
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We deduce that
liell20,7:w) = C-
Thus, by comparison in (3.15) and by monotonicity of y, we obtain that

I Be )l 20,7: 1) + €ell L20,7:1) = C -

By the Aubin-Lions compactness theorem we infer that, up to the extraction of (not
relabeled) subsequences, as € N\ 0,

ug — u  inC°0, T]; V¥), (5.2)
ug —u inHY0,T; H), (5.3)
Be(ug) —n inL*0,T; H), (5.4)
e =@ inL*0,T; W), (5.5)
£ —& inL*(0,T: H) (5.6)

for some
ue H'(O,T; H), welLl?>0,T;W), &nel?0,T;H).
We proceed by showing the strong convergence
ue —u in C°([0, T1; H) . (5.7)

To this end, we show that the sequence (i), is Cauchy in ([0, T1; H). For any
arbitrary o > 0, we apply Lemma 3 with the choice § := j7, where C > 0 is the
constant obtained in the estimates above. We deduce that there exists £ = &, and
C, > 0 such that

(e, — ue,) ()13 < % (Ee, (s, (1)) + Esy (e, (1)) + Co | (tts, — tte, ) (1) ||+

for every €1,e2 € (0, &), for every t € [0, T']. Thanks to (5.2), there exists
&, € (0, &) such that

o ~
”MS[ - Mé‘z”%‘O([O’T];V*) § f VSl, & € (Oa 80) .
o

Hence, taking the supremum in time and using the estimates above we infer that

2
||u€1 - usz ”CO([O,T];H)
<

=
=ac

<2 (CHO) +Crrm =
= 4C 72C,

||E81 (usl)”LOO(O,T) + ”ESZ (u82)|lL°°(0,T)) + CU ”ual — Ug, ”%‘0([0’7‘];‘/*)

o

for every g1, &2 € (0, &;). Since o > 0 is arbitrary, we obtain the strong conver-
gence (5.7).
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Now, from (5.7) and the Lipschitz continuity of IT, it follows that
M(ue) - M)  inC°([0,T1; H),

while the strong-weak closure of y readily ensures that & € y (u.) almost every-
where in Q.

To conclude the proof of the theorem, it remains to prove additional spatial
regularity for u and to provide an identification of 5. First of all, note that since
(ug)e is bounded in L°°(0, T; V,), by the Ponce criterion [51, Theorem 1.2] we
have that u € L°°(0, T; V).

Let us identify now the term 1. We first observe that by Lemma 1 there holds
DE, = B as operators on V. Thus, by Lemma 2, and by the continuous inclusion
of V into V., we deduce

Ec(z1) + (B:(21). 22 — 21)vev, = Ee(22) Vzi,220€ V.

Hence, for all z € L2(0, T; V) we deduce that
T T
/ Ee(ue(t,-))dt +/ / Be(ue(t, x))(z(1, x) — ue(t, x)) dx dt
0 0 Q

T
< / Ec(z(t, ) dt. (5.8)
0

Owing to Lemma 2, and to the dominated convergence theorem, we have

T 1 T
/ Ec(z(t,-))dt — —/ / |VZ(x,l‘)|2dxdt.
0 2Jo Ja

On the one hand, (5.4) and (5.7) yield
T
/ / Be(ue(t, x))(z(t, x) — ug(t, x))dx dt
0 Q

T
—>/ /n(I,X)(z(t,x)—u(t,x))dxdt.
o Ja

On the other hand, by the Gamma-convergence result in Lemma 2 and by Fatou’s
Lemma,

e—0

T
1
liminf/ Eo(ug(t,))dt 2 —/ |Vu(t,x)|2 dx dr.
0 2Jo
Lettinge — 0in (5.8) and recalling thatu € L°°(0, T; V'), we obtain the inequality

1/ |Vu(t,x)|2dxdt+f n(t,x)(z(t,x)—u(t,x))dxdtgl/ |Vz(z, x)|* dx dr
2Jo 0 2Jo

5.9)
for every z € L2(0, T; V), which in turn implies that —Au = n € LZ(O, T; H).
Since u € L>®(0,T; V) and Au € L%(0, T; H) in the sense of distributions for
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example, by [41, Thm. 2.27] the normal derivative dpu € L2(0, T; H~'/2(3Q)) is
well defined. We infer that, for almost every ¢t € (0, T') and for every ¢ € V,

/Vu(t,x)-Vw(x)dX=/ n(t, x)e(x)dx,

Q Q

from which it follows that

- /Q Au(t, x)p(x) dx + (Onu(t, ), 19Q) H-1200), H2(3Q) = /Q’I(ta X)p(x) .

As —Au =nin L2(0, T; H), we infer that
(Onu(t, -), o) g-112030). #2009 =0 Voo € H'2(Q),
(92) (92)

hence dyu = 0 almost everywhere in 2. Now, since we have that Au € L? 0,T; H)
and dau = 0 € L2(0, T; H'/2(3Q)), by the elliptic regularity result [41, Thm. 3.2]
we infer that u € LZ(O, T; W). Eventually, letting ¢ N\ O in the equations (3.14)—
(3.15) we obtain

du—Apn=0 inL*©,T; H)
and
w=tdhu—Au+E+Tu)—g inL*>O0,T;H).

This implies that u is a solution to the local Cahn—Hilliard equation according to
conditions (3.3)—(3.8), in the viscous case T > 0. This concludes the proof of
Theorem 3.3 in the case T > 0.

5.2. The caset =0

We consider here the case T = 0, so that 7, — 0.
We perform the first estimate as in the previous section: we test (3.14) by ¢,
(3.15) by 0,u,, take the difference, and integrate on Q;: we obtain

f |m(s,x)|2dxds+rsf |9e (5, x)|* dx ds + Ee(ue(t, -))+
(o} (o}

f (7 + D (ue(t, x)) dx

Q

= E¢(uo,¢) +/()? + 1) (ug. (x)) dx +/ 8e(s, x)0sue(s, x)dxds .
Q

t
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Using now the additional assumption (3.18) in the case T = 0, we can integrate by
parts with respect to time in the last term on the right-hand side and use the Young
inequality as

/ ge (s, x)0ue (s, x) dx ds
t
= _/ afge(sfx)”s(s»x)ddeJr/ gs(t,X)ue(t,X)dx—/ 8¢(0, x)ug ¢ (x) dx
O Q Q
1 1 1
= §||g5 ”%{1(0,T;H) + E/Q[ lug (5, x)|* dx ds +U/Q lug (1, x)|? dx + Enge(,, .)”31

1 2 1 2
+ 5||M(),s||H + 5”85(07 1

for every o > 0. Moreover, note that by the generalized Poincaré inequality con-
tained in [51, Theorem 1.1], there exist constants C > 0 and & € (0, &), indepen-
dent of ¢ and of ¢, such that

/ lue(t, x) — (ue(t, Nal> dx £ CE(ue(t,)) Ve € (0,8).
Q

Since (ug)o = (uo,c)q, rearranging the terms and choosing o > 0 sufficiently
small (independently of ¢), we infer that

/ IV e (s, x)|% dx ds + u;/ |9pue (s, x)|% dx ds + Ee(ue(t, -)) + llue(t, )%

t

<cC (Ee(uo,e) + lluo.elly + fg (7 + ) (o, (x)) dx + ||gg||i,l(O,T;H)>
+/ g (s, x)|% dx ds

foracertain C > 0 independent of ¢. Recalling then the assumptions (3.17)—(3.18),
the Gronwall lemma yields

IV pell 20,72y + el mv0) + 7218l 20,72y < C s

hence also, by comparison in (3.14),
9sttell 2007, v%) = C .

At this point, we proceed exactly as in the previous Sect. 5.1, and infer that
1€l 2200,7:12) = C

which implies, by comparison in (3.15), that
||(,U«5)S2||L2((),T) =C.

We deduce then that

luellz20,7;v) = Cs
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and again, by comparison with (3.15) and by the monotonicity of y, that

| Be el L20,7: 11y + €l 200.7:1) = C -

The Aubin-Lions theorems ensure then that, up to not relabeled subsequence, as

e\ 0,

ug — u  in C°([0, T); V*), (5.10)

ug —~u  in H'(0, T; V)N L=, T; H), (5.11)
Tue — 0 in H'(0,T; H), (5.12)
Be(ug) =7 inL*0,T; H), (5.13)
we — @ inL*(0,T; V), (5.14)

g —~ & inL*0,T; H) (5.15)

for some
ue HYO,T; VHY)NL®O,T; H), wel?0,T;V), &nel*0,T;H).

Arguing as in the previous Sect. 5.1 thanks to the Lemma 3, the convergence (5.10)
and the boundedness of (E¢(u.)), in L°°(0, T) imply the strong convergence

u —>u inC°%0,T); H).
Hence, by the Lipschitz continuity of IT we have
Mue) — @) in €0, T]: H),

while the strong-weak closure of y yields & € y(u.) almost everywhere in Q.
Moreover, still arguing as in the previous section we obtain thatu € L*°(0, T'; V),
n = —Au,and u € L>(0, T; W) by elliptic regularity.

Passing to the weak limit in (3.14)—(3.15) we obtain then

du—Ap=0 inL*0,T; V¥
and
nw=—Au+&+T@u)—g inL*0,T; H).

This concludes the proof of Theorem 3.3 also in the case T = 0.
Acknowledgements. E.D and L.T. have been supported by the Austrian Science Fund (FWF)
project F 65. E.D. has been funded by the Austrian Science Fund (FWF) project V 662
N32. The research of E.D. has been additionally supported from the Austrian Science Fund
(FWF) through the grant I 4052 N32, and from BMBWF through the OeAD-WTZ project
CZ04/2019.L.S. has been funded by Vienna Science and Technology Fund (WWTF) through

Project MA14-009 and by the Austrian Science Fund (FWF) through project M 2876. The
authors are thankful to the anonymous Referee for the careful reading of the paper.

Funding Open access funding provided by Austrian Science Fund (FWF).



146 E. DAVOLI ET AL.

Open Access This article is licensed under a Creative Commons Attribution 4.0 Interna-
tional License, which permits use, sharing, adaptation, distribution and reproduction in any
medium or format, as long as you give appropriate credit to the original author(s) and the
source, provide a link to the Creative Commons licence, and indicate if changes were made.
The images or other third party material in this article are included in the article’s Creative
Commons licence, unless indicated otherwise in a credit line to the material. If material is not
included in the article’s Creative Commons licence and your intended use is not permitted by
statutory regulation or exceeds the permitted use, you will need to obtain permission directly
from the copyright holder. To view a copy of this licence, visit http://creativecommons.org/
licenses/by/4.0/.

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in
published maps and institutional affiliations.

References

1. ABELS, H.: On a diffuse interface model for two-phase flows of viscous, incompressible
fluids with matched densities. Arch. Ration. Mech. Anal. 194(2), 463-506, 2009
2. ABELS, H., Bosia, S., GrRasSELLI, M.: Cahn—Hilliard equation with nonlocal singular
free energies. Ann. Mat. Pura Appl. (4) 194(4), 1071-1106, 2015
3. ABELS, H., GARCKE, H., GRUN, G.: Thermodynamically consistent, frame indifferent
diffuse interface models for incompressible two-phase flows with different densities.
Math. Models Methods Appl. Sci., 22(3):1150013, 40 (2012)
4. BARBU, V.: Nonlinear Differential Equations of Monotone types in Banach Spaces.
Springer Monographs in MathematicsSpringer, New York 2010
5. BatEs, PW., HaN, J.: The Neumann boundary problem for a nonlocal Cahn—Hilliard
equation. J. Differ. Equ. 212(2), 235-277, 2005
6. BONETTL E., CoLLL P., SCARPA, L., TOMASSETTI, G.: A doubly nonlinear Cahn—Hilliard
system with nonlinear viscosity. Commun. Pure Appl. Anal. 17(3), 1001-1022, 2018
7. BOURGAIN, J., BREZIS, H., MIRONESCU, P.: Another look at Sobolev spaces. In Optimal
control and partial differential equations, pages 439-455. 10S, Amsterdam, 2001
8. BOURGAIN, J., BREzIs, H., MIRONESCU, P.: Limiting embedding theorems for W*:#
when s 1 1 and applications. J. Anal. Math., 87:77-101. Dedicated to the memory of
Thomas H. Wolff (2002)
9. CaHN, J., HILLIARD, J.: Free energy of a nonuniform system. I. Interfacial free energy.
J. Chem. Phys. 28(2), 258-267, 1958
10. CANcEs, C., MATTHES, D., NABET, F.: A two-phase two-fluxes degenerate Cahn—Hilliard
model as constrained Wasserstein gradient flow. Arch. Ration. Mech. Anal. 233(2), 837-
866, 2019
11. CHERFILS, L., GATTI, S., MIRANVILLE, A.: A variational approach to a Cahn-Hilliard
model in a domain with nonpermeable walls. J. Math. Sci. (N.Y.), 189(4):604—636.
Problems in mathematical analysis. No. 69 (2013)
12. CHERFILS, L., MIRANVILLE, A., ZELIK, S.: The Cahn-Hilliard equation with logarithmic
potentials. Milan J. Math. 79(2), 561-596, 2011
13. CHERFILS, L., PETCU, M.: A numerical analysis of the Cahn—Hilliard equation with
non-permeable walls. Numer. Math. 128(3), 517-549, 2014
14. Covrii, P, FARSHBAF-SHAKER, M.H., GILARDI, G., SPREKELS, J.: Optimal boundary
control of a viscous Cahn—Hilliard system with dynamic boundary condition and double
obstacle potentials. SIAM J. Control Optim. 53(4), 2696-2721, 2015
15. Cotvl, P, Fukao, T.: Cahn—Hilliard equation with dynamic boundary conditions and
mass constraint on the boundary. J. Math. Anal. Appl. 429(2), 1190-1213, 2015
16. Cotvl, P, Fukao, T.: Equation and dynamic boundary condition of Cahn—Hilliard type
with singular potentials. Nonlinear Anal. 127, 413-433, 2015


http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

Nonlocal-to-Local Convergence of Cahn—Hilliard Equations 147

Cotil, P, Fukao, T.: Nonlinear diffusion equations as asymptotic limits of Cahn-
Hilliard systems. J. Differ. Equ. 260(9), 6930-6959, 2016

CoLvl, P, GILARDI, G., SPREKELS, J.: On the Cahn-Hilliard equation with dynamic
boundary conditions and a dominating boundary potential. J. Math. Anal. Appl. 419(2),
972-994, 2014

CoLLl, P, GILARDI, G., SPREKELS, J.: A boundary control problem for the pure Cahn—
Hilliard equation with dynamic boundary conditions. Adv. Nonlinear Anal. 4(4), 311-
325, 2015

Cotvl, P, GILARDI, G., SPREKELS, J.: A boundary control problem for the viscous
Cahn-Hilliard equation with dynamic boundary conditions. Appl. Math. Optim. 73(2),
195-225, 2016

CoLii, P, GiLarDpl, G., SPREKELS, J.: Distributed optimal control of a nonstandard
nonlocal phase field system with double obstacle potential. Evol. Equ. Control Theory
6(1), 35-58, 2017

CorLl, P, Scarpa, L.: From the viscous Cahn—Hilliard equation to a regularized
forward-backward parabolic equation. Asymptot. Anal. 99(3—4), 183-205, 2016
CoLul, P, SPREKELS, J.: Optimal boundary control of a nonstandard Cahn-Hilliard sys-
tem with dynamic boundary condition and double obstacle inclusions. In Solvability,
regularity, and optimal control of boundary value problems for PDEs, volume 22 of
Springer INAAM Ser., pp. 151-182. Springer, Cham (2017)

DavoLl, E., RANETBAUER, H., SCARPA, L., TRUSSARDI, L.: Degenerate nonlocal Cahn—
Hilliard equations: well-posedness, regularity and local asymptotics. Ann. Inst. H.
Poincaré Anal. Non Linéaire 37, 627-651, 2020

EBENBECK, M., KNOPF, P.: Optimal medication for tumors modeled by a Cahn—Hilliard—
Brinkman equation. Calc. Var. Partial Differential Equations, 58(4) (2019)

FrIGER], S., LAM, K.FE., Rocca, E.: On a diffuse interface model for tumour growth with
non-local interactions and degenerate mobilities. In Solvability, regularity, and optimal
control of boundary value problems for PDEs, volume 22 of Springer INAAM Ser., pp.
217-254. Springer, Cham (2017)

GaAL, C.G., GIORGINI, A., GRASSELLI, M.: The nonlocal Cahn—-Hilliard equation with
singular potential: well-posedness, regularity and strict separation property. J. Differ.
Equ. 263(9), 5253-5297, 2017

GaAL, C.G., GRASSELLI, M.: Longtime behavior of nonlocal Cahn—Hilliard equations.
Discrete Contin. Dyn. Syst. 34(1), 145-179, 2014

GaAL, C. G., GRASSELLI, M., MIRANVILLE, A.: Cahn-Hilliard-Navier-Stokes systems
with moving contact lines. Calc. Var. Partial Differ. Equ., 55(3):Art. 50, 47 (2016)
GAL, C.G., GRASSELLI, M., Wu, H.: Global weak solutions to a diffuse interface model
for incompressible two-phase flows with moving contact lines and different densities.
Arch. Ration. Mech. Anal. 234(1), 1-56, 2019

GARCKE, H., LAam, K.F.: Analysis of a Cahn-Hilliard system with non-zero Dirichlet
conditions modeling tumor growth with chemotaxis. Discrete Contin. Dyn. Syst. 37(8),
4277-4308, 2017

GARCKE, H., Lam, K.F.: Well-posedness of a Cahn—Hilliard system modelling tumour
growth with chemotaxis and active transport. Eur. J. Appl. Math. 28(2), 284-316, 2017
GARCKE, H., Lam, K.F., NURNBERG, R., SITKA, E.: A multiphase Cahn—Hilliard-Darcy
model for tumour growth with necrosis. Math. Models Methods Appl. Sci. 28(3), 525—
577,2018

GARCKE, H., LaMm, K. F,, Rocca, E.: Optimal control of treatment time in a diffuse
interface model of tumor growth. Appl. Math. Optim. (2017)

GARCKE, H., LAaMm, K.F., SITKA, E., STYLES, V.: A Cahn-Hilliard-Darcy model for tumour
growth with chemotaxis and active transport. Math. Models Methods in Appl. Sci. 26(06),
1095-1148, 2016

GIACOMIN, G., LEBow1Tz, J.: Phase segregation dynamics in particle systems with long
range interactions. I. Macrosc. Limits. J. Stat. Phys. 87(1), 37-61, 1997



148

37.

38.

39.

40.

41.

42.

43.

44,

45.

46.

47.

48.

49.

50.

51.

52.

53.

54.

55.

56.

57.

E. DAVOLI ET AL.

GILARDI, G., MIRANVILLE, A., SCHIMPERNA, G.: On the Cahn-Hilliard equation with
irregular potentials and dynamic boundary conditions. Commun. Pure Appl. Anal. 8(3),
881-912, 2009

GILARDI, G., MIRANVILLE, A., SCHIMPERNA, G.: Long time behavior of the Cahn—
Hilliard equation with irregular potentials and dynamic boundary conditions. Chin.
Ann. Math. Ser. B 31(5), 679-712, 2010

HAN, J.: The Cauchy problem and steady state solutions for a nonlocal Cahn—Hilliard
equation. Electron. J. Differ. Equ., pp. 113, 9 (2004)

HINTERMULLER, M., WEGNER, D.: Distributed optimal control of the Cahn-Hilliard
system including the case of a double-obstacle homogeneous free energy density. SIAM
J. Control Optim. 50(1), 388-418, 2012

KARDESTUNCER, H., NORRIE, D.H. (eds.): Chapters 1-3 in Finite Element Handbook.
McGraw-Hill Book Co., New York 1987

LiN, FH.: Some dynamical properties of Ginzburg—Landau vortices. Commun. Pure
Appl. Math. 49(4), 323-359, 1996

Liu, C., Wu, H.: An energetic variational approach for the Cahn—eilliard Equation with
dynamic boundary condition: model derivation and mathematical analysis. Arch. Ration.
Mech. Anal. 233(1), 167-247, 2019

MAIER-PAAPE, S., WANNER, T.: Spinodal decomposition for the Cahn—Hilliard equation
in higher dimensions: nonlinear dynamics. Arch. Ration. Mech. Anal. 151(3), 187-219,
2000

MAZ’ YA, V., SHAPOSHNIKOVA, T.: On the Bourgain, Brezis, and Mironescu theorem con-
cerning limiting embeddings of fractional Sobolev spaces. J. Funct. Anal., 195(2):230-
238 (2002)

MAZ’ YA, V., SHAPOSHNIKOVA, T.: Erratum to: “On the Bourgain, Brezis and Mironescu
theorem concerning limiting embeddings of fractional Sobolev spaces” [J. Funct. Anal.
195 (2002), no. 2, 230-238; MR1940355 (2003j:46051)]. J. Funct. Anal., 201(1):298—
300 (2003)

MELCHIONNA, S., RANETBAUER, H., SCARPA, L., TRUSSARDI, L.: From nonlocal to local
Cahn-Hilliard equation. Adv. Math. Sci. Appl. 28(1), 197-211, 2019

MELCHIONNA, S., Rocca, E.: On a nonlocal Cahn—Hilliard equation with a reaction
term. Adv. Math. Sci. Appl. 24(2), 461-497, 2014

MIRANVILLE, A., SCHIMPERNA, G.: On a doubly nonlinear Cahn—Hilliard-Gurtin system.
Discrete Contin. Dyn. Syst. Ser. B 14(2), 675-697, 2010

Novick-CoHEN, A.: On the viscous Cahn-Hilliard equation. In Material instabilities
in continuum mechanics (Edinburgh, 1985—-1986), Oxford Sci. Publ., pages 329-342.
Oxford Univ. Press, New York (1988)

PonNcE, A.C.: An estimate in the spirit of Poincaré’s inequality. J. Eur. Math. Soc. 6(1),
1-15, 2004

PoncE, A.C.: A new approach to Sobolev spaces and connections to I'-convergence.
Calc. Var. Partial Differ. Equ. 19(3), 229-255, 2004

SANDIER, E., SERFATY, S.: Limiting vorticities for the Ginzburg-Landau equations.
Duke Math. J. 117(3), 403-446, 2003

PortA, E.D., GrRASSELLI, M.: Convective nonlocal Cahn—Hilliard equations with reac-
tion terms. Discrete Contin. Dyn. Syst. Ser: B 20(5), 1529-1553, 2015

SANDIER, E., SERFATY, S.: Gamma-convergence of gradient flows with applications to
Ginzburg-Landau. Commun. Pure Appl. Math. 57(12), 1627-1672, 2004

ScaRrpa, L.: Existence and uniqueness of solutions to singular Cahn—Hilliard equations
with nonlinear viscosity terms and dynamic boundary conditions. J. Math. Anal. Appl.
469(2), 730-764, 2019

SERFATY, S.: Stable configurations in superconductivity: uniqueness, multiplicity, and
vortex-nucleation. Arch. Ration. Mech. Anal. 149(4), 329-365, 1999



Nonlocal-to-Local Convergence of Cahn—Hilliard Equations 149

Luca ScArRPA & LARA TRUSSARDI
Institut fiir Mathematik,
University of Vienna,
Oskar-Morgenstern-Platz 1,
1090 Vienna
Austria.
e-mail: luca.scarpa@univie.ac.at
URL: https://mat.univie.ac.at/~scarpa/
e-mail: lara.trussardi@univie.ac.at
URL: https://www.mat.univie.ac.at/~trussardi/

and

ELisA DAVOLI
Institute of Analysis and Scientific Computing,
TU Wien,
Wiedner Hauptstrasse 8-10,
1040 Vienna
Austria.
e-mail: elisa.davoli@tuwien.ac.at
URL: https://www.asc.tuwien.ac.at/~edavoli/

(Received August 2, 2019 / Accepted September 14, 2020)
Published online October 4, 2020
© The Author(s) (2020)



	Nonlocal-to-Local Convergence of Cahn–Hilliard Equations: Neumann Boundary Conditions and Viscosity Terms
	Abstract
	1 Introduction
	2 Mathematical Setting
	2.1 Assumptions
	2.2 Variational Setting and Preliminaries

	3 Main Results
	4 Proof of Theorem 3.2
	4.1 Approximation
	4.2 Uniform Estimates
	4.3 Passage to the Limit as λ0
	4.4 Continuous Dependence

	5 Proof of Theorem 3.3
	5.1 The Case τ>0
	5.2 The case τ=0

	Acknowledgements.
	References




