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ABSTRACT
Automobiles are becoming more and more complex as multiple control systems are
integrated into the vehicle platform. This paper investigates the coordination of
active rear steering (RWS) and torque vectoring (TV) - which is enabled by in-
dependent electric motors at the rear axle - in controlling vehicle lateral dynamics.
Specifically, the proposed controller aims at enhancing vehicle handling performance
and stability while cornering. The coordination of the two control systems is achieved
by weighting their contribution based on their impact on vehicle dynamics according
to the working condition. The impact of each control system is assessed by means
of phase portraits. These plots are in fact a very powerful tool for analyzing vehi-
cle nonlinear dynamics as they readily display vehicle stability properties and map
equilibrium point locations and movement to changing parameters and control in-
puts. Based on phase portrait analysis, a performance index is thus proposed, which
weights more the control action (TV or RWS) capable of leading the vehicle at the
nearest equilibrium point with the fastest rate. The controller performance is as-
sessed through numerical simulations carried out using a nonlinear 14 dofs vehicle
model. Results are compared with ones of the two controllers alone (RWS and TV)
in different cornering maneuvers and considering different adherence conditions.

KEYWORDS
torque vectoring, rear wheel steering, yaw rate control, sideslip control, electric
motors, MIMO systems

1. Introduction

There is an increasing demand for enhancement of stability and handling performance
in the automotive field. The presence of multiple actuators (such as active steering,
active suspension, differential braking, etc.) increases the possibility of achieving this
goal. Moreover, the shift from ICE (Internal Combustion Engine) to electric vehicles
opens to additional control opportunities such as torque vectoring, which is enabled
by independent electric motors ([1–18]).

Lateral dynamics controls systems typically consist of a yaw rate reference follower
or sideslip angle limiter; a feedback controller generates as outputs the required yaw
moment or steer angle. Early papers on active rear steering have focused on reducing
the vehicle sideslip angle, whereas more recent ones concentrate their attention on the
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yaw motion control [19] [16]. Canale et al. reported that it is necessary to control the
sideslip angle along with the yaw motion to maintain the stability of a vehicle. A con-
siderable amount of research has been conducted on the control of vehicle dynamics
using yaw rate control, sideslip control, or a combination of the two [20]. In order to
generate higher tire slip angles (i.e. higher lateral tire forces) some controllers cause
higher vehicle sideslip angles, thus, yaw rate control and sideslip control should be
considered together when designing a electronic stability controller [21] [22] [2]. In the
lateral dynamics control two main aspects have to be considered: the vehicle stability
and the maneuverability. Tchamna et al. [22] reported that the yaw rate control ob-
jective primarily concerns to the improvement of steering feel, while sideslip control is
more related to vehicle stability and it is important near the limit of vehicle handling.
The studies have moved along the implementation of multi-actuator systems, keeping
in mind pros and cons of different control actuators [23–26]. In [27], [13], [14], [28]
and [3] some PI based controls are proposed. Marino et al. [27], use a decentralized PI
control to follow a first order non-linear model reference driven by the driver input.
This control structure allows them to set arbitrary steady state values for lateral speed
and yaw rate at any longitudinal speed.

The increasing complexity of vehicles - due to multiple actuators/controllers – calls
for new tools helping system engineers to assess the impact of the additional control
systems on vehicle safety and performance, as well as their integration with the existing
ones. Phase portraits are proven to be a very effective tool for evaluating the impact
of control actions on enhancing vehicle handling performance and stability [3]. These
plots in fact provide a graphical illustration of vehicle nonlinear dynamics, which
is particularly useful in systems, which are described by two dominant states, such
as vehicles running a turn on a planar surface. As a matter of fact, while ground
vehicles have many degrees of freedom, the fundamental planar instabilities critical
to control problems such as yaw rate control or stabilizing a drifting vehicle arise
from the yaw and sideslip dynamics ([18,29–31]). In these cases, plotting the phase
portraits allows to map equilibrium points locations and types and the range of possible
trajectories in response to constrained or nonlinear control inputs. Phase portrait
analysis is particularly informative when it is crucial accounting for nonlinear dynamics
and it is difficult to display state trajectories from the equations of motion alone.

The present paper, in particular, proposes the use of phase portraits to integrate
and coordinate the control actions of two different active systems: torque vectoring
(TV), enabled by two independent electric motors placed at the rear axle, and rear
wheel steering (RWS). Specifically, phase portraits are used study the impact of the
two controllers on vehicle turning dynamics. Based on this analysis, a performance
index is defined to assign a weight to each control action, according to the working
condition. The largest weight is assigned to the controller showing the the highest
capability of leading the vehicle at a stable equilibrium point. Other authors explored
the stability of vehicle planar motion using phase plane portraits: Pacejka ([29]) states
that ”...For motions with constant steer angle (possibly after a step change), the
system is autonomous and the phase-plane representation may be used to find the
solution...” and continues with ”...The isocline method turns out to be straightforward
and simple to employ. The pattern of the trajectories is strongly influenced by the so-
called singular points. In these points the motion finds an equilibrium. In the singular
points the motion is stationary and consequently, the differentials of the state variables
vanish...”. In [32] Bobier showed the used of phase portrait for studying the vehicle
dynamics for the design of active control systems. In [31] the phase plane is used to
study the coupling between vehicle and driver. In [18] the phase plane is instead used
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to study the effect of torque vectoring in controlling vehicle drift equilibria.
This way seems to be the most promising since other methods suffer of different

problems.
PIDs, for example, are the most used controllers. Goggia et al. [14] propose a control

based on PID control structures with complex multiparametric gain scheduling. Xiong
et al. [33] propose a gain scheduling approach to deal with the non-linearity of vehicle
dynamics mainly derived from tyre/road adhesion characteristics. PIDs were born for
dealing with linear systems and in fact the vehicle model adopted in these controllers
is usually linearised about an equilibrium point. This makes it difficult to predict the
behavior of the controller far from the equilibrium point; in particular when it moves
due to system non-linearity.

Other authors used fuzzy logic to coordinate the two actuators. They defined mem-
bership functions that classify the system output as ‘small’ or ‘large’ and generate
inputs accordingly. Fuzzy coordination is also very natural in the case where input
sub-system controllers are themselves fuzzy systems; in this case the inputs may re-
main fuzzy variables, in the form of aggregated fuzzy sets; the coordinator can then
performs additional aggregation, and defuzzification is only applied at the final step
before actuation [25]. Fuzzy logic control is a knowledge-based control approach which
can mimic human experience in controlling complex systems. Li ([24]) and Zaho ([34])
present fuzzy controllers applied to vehicle lateral dynamics. The problems of this
type of controller is the correct definition of the fuzzy rules together with their tuning
and the tuning of the important parameters of the system. This duty is, in general,
demanded to the designer experience and his knowledge of the problem.

Another possibility, is to design integrated controllers via a full-vehicle reference
model. Model Predictive Control (MPC) is most spreading method. It has some im-
portant advantages but also some criticisms. MPC exploits a model of the system
dynamics to predict the future system evolution and to select the best control ac-
tion accordingly to a specified performance criterion. As opposed to standard optimal
control, in MPC the input trajectory is recomputed every time new information on
the system becomes available. At every control cycle, MPC computes the solution of
a finite horizon optimal control problem based on the system dynamics and operat-
ing constraints. Thus, a particular advantage of MPC is the capability of coordinating
several constrained actuators to achieve multiple goals encoded in the performance cri-
terion like done in [3,23,35]. Several other authors have proposed vehicles integrated
control based on MPC ([15,36–39]). All of them have to balance computation cost
and complexity of the model. In particular in more than one case the capability of
MPC to deal with non-linearities are not completely exploited due to the difficulty
to run it in real-time. The problem related to the definition of the prevision length
and the time discretization is fundamental in fast system dynamics as in the vehicle
case. Moreover, the state estimation of not directly measurable parameter occurs in
the implementation of MPCs.

To overcome the limitations given by strong non linear dynamics, this work studies
the coupling effect of TV and RWS by analyzing the vehicle dynamics in the phase
plane adopting a non linear vehicle model. The realized phase plots are used to synthe-
size the performances of each actuator, i.e. TV and RWS, by highlighting the capability
of each single actuator in modifying the vehicle dynamics. The results obtained are
then used to design an active control system for controlling vehicle lateral dynamics
by coordinating the two actuators as suggested by the results of the vehicle dynamics
evaluation with phase plane.

The main benefits of the selected approach over the ones previously described are:
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(1) it accounts for vehicle non-linear dynamics. The phase-plane analysis is in fact
carried out considering a 4-points vehicle model including load transfers, non-
linear contact forces (Pacejka’s Magic Formulae are adopted), combined slip
effects and actuator characteristics (motor torque vs. speed characteristic curve,
saturation, etc.). Based on this analysis, a performance index is proposed and
mapped to weight the contribution of the two actuators (TV and RWS) according
to their effectiveness;

(2) the computational cost is relatively small since mapping of the performance index
is carried out off-line in a pre-processing phase;

(3) weighting of the contributions provided by the two controllers is based on the
capability of the actuators in modifying vehicle states.

Points 1) and 2) allow to increase the complexity of the vehicle model without affecting
the online performance (computational cost) of the controller, which is a strong limit
for online controllers, such as MPC and/or LQR. Point 3) may help in addressing one
of the open issues of fuzzy controllers, which is the definition and the tuning of the
rules driving the control action. As previously mentioned, these rules are in fact gener-
ally selected based on designer experience and tuned using genetic algorithms/neural
networks [40]. Similarly, to sliding mode control, the proposed controller takes advan-
tage of the phase plane to define the control action. However, with respect to sliding
mode control it allows to account for actuator characteristics in the design phase,
which is often a critical point for the application of sliding mode techniques to real
cases [41–43].

The paper is then organized as follows: section 2 shows the characteristics of the
vehicle that has been used to study the actuator coordination effects and as a target
for the controller.

Section 3 reports the phase plane analysis that allows to deeply investigate the
effectiveness of the two actuators, TV and RWS, thus providing important information
that are used to schedule the controller gains.

Section 4 shows the details about the combined controller which is a hierarchical
control that combines TV and RWS based on the effectiveness evaluated in phase
plane.

Finally, section 5 reports the simulation results of some significant maneuvers. The
results compare the passive vehicle with the combined control and two additional
controlled vehicles, one with TV the other with RWS, to evaluate the effective increase
in performances adduced by the coordination of the two actuators.

2. Vehicle characteristics

The vehicle considered, whose data are reported in table 1, is a formula SAE cham-
pionship electric vehicle. It is a rear wheels drive vehicle (RWD) that presents two
independent AC brushless electric motors (EM) for left and right rear wheels with
a chain transmission; the EM data are reported in table 1. Thanks to its structure,
the vehicle well lends itself to the implementation of the Torque Vectoring (TV). The
electric motors can be described by its characteristic torque-speed curve and by a first
order time lag transfer function. The car is also fitted with a rear steering system
(RWS) that is actively controlled by an electric motor (EM) again modeled account-
ing for torque-speed characteristics and time constant of a first order time lag transfer
function.
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Table 1. Vehicle data

description symbol value units

total vehicle mass m 346 kg
yaw moment of inertia Jz 116 kg m2

front axis to c.o.g. distance lf 756 mm
rear axis to c.o.g. distance lr 920 mm
front semi-track width cf 625 mm
rear semi-track width cr 600 mm
tire rolling radius Rw 250 mm
Motor nominal voltage Vm,nom 72 V
Motor peak power Pm,max 15 kW
Motor peak torque Tm,max 70 Nm
Motor maximum speed ωm,max 6000 rpm
Motor transmission ratio τm 1:4 -
Motor time constant Υe 10 ms
Rear steer maximum angle δr,max 3 deg
Rear steer nominal voltage Vδ,nom 24 V
Rear steer motor peak power Pδ,max 209 W
Rear steer motor peak torque Tδ,max 2.0 Nm
Rear steer motor max speed ωδ,max 4000 rpm
Rear steer transmission ratio τδ 1:20 -
Rear steer time constant Υδ 100 ms

The two different actuation systems (TV and RWS) are characterized by different
bandwidths. In particular, the rear steering system is a rack-pinion system with a high
transmission ratio (one order of magnitude higher with respect to the final gear ratio
of the traction motors) needed to maintain the vehicle lightness.

3. Phase plot analysis

To assess the impact of TV and RWS on vehicle nonlinear dynamics, a phase portrait
analysis is carried out. Aim of the analysis is the definition of a performance index
able to weight the action of the two controllers according to the working condition. In
particular, phase portraits are used to identify which controller has more capability to
lead the vehicle at a stable equilibrium point and consequently assign it the highest
weight. The section is organized as follows: the vehicle model used to obtain the phase
portraits is presented first; then results of the phase portrait analysis are discussed
and finally the performance index is introduced.

3.1. Vehicle model for Phase portrait generation

A nonlinear double track vehicle model is used to perform the phase portrait analysis.
It accounts for tire combined slip and lateral load transfer to correctly evaluate the
effect of torque vectoring and rear wheel steering during cornering.

Making reference to Figure 1, the double track motion is described by the following
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Figure 1. Vehicle model.

differential equations:
max = Fx,f + Fx,r − Fres
may = Fy,f + Fy,r

Jψ̈ = Fy,f lf − Fy,rlr + ∆Fx,fcf −∆Fy,rcr +Mz

(1)

where m is the vehicle mass, J the yaw moment of inertia, Fres the sum of aerodynamic
resistance force and rolling resistance, ax and ay are respectively the longitudinal
and lateral accelerations which are related to longitudinal speed and sideslip angle as
follows {

vx = v cosβ

vy = v sinβ
(2)

and {
ax = v̇x − ψ̇vy = v̇ cosβ − vβ̇ sinβ − ψ̇v sinβ

ay = ψ̇vx + v̇y = ψ̇v cosβ + v̇ sinβ + vβ̇ cosβ
(3)

while

Fx,f = (Fx,fr + Fx,fl) cos δf − (Fy,fr + Fy,fl) sin δf

Fx,r = (Fx,rr + Fx,rl) cos δr − (Fy,rr + Fy,rl) sin δr

Fy,f = (Fx,fr + Fx,fl) sin δf + (Fy,fr + Fy,fl) cos δf

Fy,r = (Fx,rr + Fx,rl) sin δr + (Fy,rr + Fy,rl) cos δr

∆Fx,f = (Fx,fr − Fx,fl) cos δf − (Fy,fr − Fy,fl) sin δf

∆Fy,r = (Fy,rr − Fy,rl) sin δr

Mz = (Fx,rr − Fx,rl) cos δr

(4)

where Fx and Fy are the longitudinal and lateral forces. Subscripts •f and •r stand
for front and rear respectively, while the four corners of the car are indicated as front
right •fr, front left •fl, rear right •rr and rear left •rl.

The tire-road contact forces are modeled according to Pacejka MF-tyre model in-
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cluding the effect of vertical load transfers

Fy0i = Di sin (Ci arctan (Biαi − Ei (Biαi − arctan (Biαi)))) (5)

In which αi is the tire slip angle defined as

αfr = δf − arctan
vy + ψ̇lf

vx + ψ̇cf

αfl = δf − arctan
vy + ψ̇lf

vx − ψ̇cf

αrr = δr − arctan
vy − ψ̇lr
vx + ψ̇cr

αrl = δr − arctan
vy − ψ̇lr
vx − ψ̇cr

(6)

while

Di = µyiFzi(p1 + p2dfz) (7)

which highlights the dependency of lateral forces on the available friction coefficient
in lateral direction µyi and the vertical force Fzi as a non linear expression: p1 and p2

are constants while dfz is the normalized change in vertical force as defined in [29].
Vertical forces are dependent on steady state component of the load transfer which is
a function of longitudinal and lateral accelerations:

Fz,fr =
mglr

2
− axhG

l
+
ayhGKroll

cf

Fz,fl =
mglr

2
− axhG

l
− ayhGKroll

cf

Fz,rr =
mglf

2
+
axhG
l

+
ayhG(1−Kroll)

cr

Fz,rl =
mglf

2
+
axhG
l
− ayhG(1−Kroll)

cr

(8)

To account for the presence of longitudinal forces, some considerations have to be
done. If no braking maneuvers are considered, the longitudinal forces at the front axle
are null being the car RWD.
µyi is then the available friction coefficient that accounts for the residual friction

coefficient due to longitudinal forces

µyi =

√
µ2 −

(
Fxi
Fzi

)2

(9)

The rear longitudinal forces, which depend on both driver demand Fx,d needed to
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maintain the vehicle speed and TV control input ∆Fx,Mz:

Fxrr =
Fx,d

2
+ ∆Fx,Mz

Fxrl =
Fx,d

2
−∆Fx,Mz

(10)

The longitudinal forces requested to generate the yaw moment are computed as

∆Fx,Mz =
Mz

cr
(11)

Fxr and Fxl are saturated considering the friction limitation and electric motor maxi-
mum torque

|Fxrr| ≤ min

(
µFzrr,

Tmr(v)

R

)
|Fxrl| ≤ min

(
µFzrl,

Tml(v)

R

) (12)

where Tmr and Tml are the motor torques at the right and left rear wheel respectively
which are function of vehicle speed, R is the wheel rolling radius.

The full set of equations is solved (with a numerical solver in Matlab environment)
and imposing:

• constant speed (v = constant, v̇ = 0 which implies ax ≈ 0);
• constant front steering angle (δf = constant);
• constant rear wheel steering (δr = constant) considering steering limits;
• constant uneven motor torques for TV yaw moment (Mz = constant) considering

motor limits and friction limits;
• given initial conditions (β0, ψ̇0);

The outputs of the solver are the values of ψ̈ and β̇ which are used to draw the
phase portrait and to evaluate the controller performance indexes as described in the
following.

When building the phase portrait for the passive vehicle both inputs δr and Mz are
considered null. To consider the effect of RWS several values of δr are considered while
Mz = 0. Viceversa, to consider the effect of TV, Mz assumes different values while
δr = 0.

3.2. Phase portrait

To handle the presence of multiple actuators some performance indexes are defined
to weight each actuator contribution. The performance indexes are defined for each
actuator by evaluating the capability of actuator to modify the vehicle dynamics, i.e.
by evaluating the maximum yaw acceleration ψ̈ and the maximum sideslip angle rate
β̇ that can be provided by TV and RWS for each point in the phase plane (ψ̇0, β0). A
phase portrait is then generated for each index.

A phase portrait graphically illustrates the dynamics of a system by plotting the
state derivatives and resulting trajectories as a function of the state for fixed inputs.
Phase portrait analysis has proved to be a very effective tool for analyzing the dynamics
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Figure 2. Phase portrait β − ψ̇ of the vehicle at 60km/h and null steer angle.

of a nonlinear system as it immediately reveals the location and type of equilibria in
the system and the region of attraction, or stable regions, about those equilibria.

[18,29,31] showed that the fundamental planar instabilities critical to control prob-
lems such as ESP or stabilizing a drifting vehicle arise from the yaw and sideslip
dynamics.

The equations of the vehicle model used to obtain the phase portrait are the ones
presented in the previous section. As an example, figure 2 shows the phase portrait
of the passive vehicle in straight driving (δf = 0) at a speed v = 60 km/h where the
stable fixed point (dot) and saddle node (cross) are highlighted.

Notice that, although enlightening because of their visual nature, results of the
phase portrait must be carefully analyzed to ensure that they are meaningful and
consistent with the real dynamics of the vehicle. In fact, the phase portrait gives
an instantaneous snapshot of the trajectories at each state combination for a pre-
determined set of parameters (e.g. vehicle speed or front steering angle) and a fixed
control input (rear wheel steering or yawing moment). Therefore, the trajectory of the
vehicle states can only be viewed as it would develop in time on single phase portrait
only if steering and speed remain constant (or they are held constant of closed-loop
control is applied to keep them constant). Otherwise, the motion in response to more
general changes of speed, steering can only be found by redrawing the phase portrait
at every speed and steer angle at each point in time. A set of maps is then necessary
to consider a sufficient range of steering and speed values.

3.3. Performance indexes definition

As mentioned earlier, the main idea is to use phase plane portrait to weight the control
actions provided by TV and RWS. Clearly the highest weight must be assigned to the
controller showing the highest capability to lead the vehicle at a stable equilibrium
point for the considered working condition. On this purpose, some performance indexes
are introduced. These indexes represent the maximum increase (with sign) of yaw
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Figure 3. Performance indexes definition scheme.

acceleration and sideslip angle rate corresponding to a control input pair (δr and Mz).
Therefore, the highest is the performance indexes, the fastest is the rate with which
the vehicle reaches the equilibrium point.

As better detailed in the following, the controller that uses the performance indexes
is the sum of four PIDs each one using one actuator (TV or RWS) and each one tracking
one reference (yaw rate or sideslip angle). This means that each PID performance is
defined by yaw rate derivative or side slip angle derivative only.

More in details, the procedure for calculating the performance indexes is the fol-
lowing.

Following the map generation procedure, fixed the vehicle speed v, driver steering
angle δf , rear steering angle δr and yawing moment Mz (i.e. the control inputs), the

sideslip angle and yaw acceleration (β̇ and ψ̈ respectively) can be evaluated at each
β − ψ̇ combination. To study how much the two controllers are affecting the vehicle
dynamics an iterative calculation varying the two control parameters (δr and Mz) is
performed.

The performance indexes are defined as the maximum improvement in positive and
negative yaw acceleration (ψ̈) and sideslip angle derivative (β̇) respectively. In other
words, the best controller is the one heading the vehicle states to the stable equilibrium
point at the fastest rate. For greater clarity, referring to figure 3, this concept can be
represented. In the left scheme of figure 3 the vector in green represents the sideslip

angle and yaw rate derivatives (β̇, ψ̈) of the passive vehicle in a generic point (β̄,
¯̇
ψ) in

the phase plane. The black vectors represent the sideslip angle and yaw rate derivatives
(β̇, ψ̈) associated with the different level of control action (δr and Mz) with the solid
ones which represent the only in feasible range.

The feasible region is defined by the actuators characteristics (maximum
torque/angle) and system physical limits (i.e. the tyre-road friction coefficient). All
the control inputs (TV and RWS) which cannot be provided by the actuators or pro-
ducing a force exceeding the friction limit (see eq. 12) are not accounted for (the
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corresponding solution in terms of yaw acceleration and sideslip angle rate are not
computed).

By selecting a generic solid one it is so possible to define the variation in sideslip
angle derivative (∆β̇) and in yaw-rate one (∆ψ̈) between the controlled vehicle, with
a certain level of control action, and the passive one. The performance indexes as-

sociated to a β̄ − ¯̇
ψ are defined as the maximum and minimum variation with sign

of sideslip angle and yaw-rate derivatives in the feasibility region. As the aim is the
comparison between the two kinds of actuation systems, the performance indexes are
then normalized with respect to the maximum modulus of variation among all the
performed evaluations.

The procedure to compute the performance index is as follows:

• define system inputs: front steering angle and forward speed values u0 = (δ0, v0);
• select one point in the phase plane x0 = (β0, ψ̇0);
• compute yaw rate derivative (ψ̈) for passive vehicle according to equations 1-12.

Store the value as ψ̈pas(x0, u0);

• compute the yaw rate derivative (ψ̈) for all values of yaw moment by TV
within motor/friction limits, store max and min value ψ̈TV,max(x0, u0) and

ψ̈TV,min(x0, u0);
• compute the difference whit respect to passive

∆ψ̈TV+(x0, u0) = ψ̈TV,max(x0, u0)− ψ̈pas(x0, u0)

∆ψ̈TV−(x0, u0) = ψ̈TV,min(x0, u0)− ψ̈pas(x0, u0)
(13)

• compute the yaw rate derivative for all values of rear steer within actuator limits,
store max and min value ψ̈RWS,max(x0, u0) and ψ̈RWS,min(x0, u0);
• compute the difference with respect to passive

∆ψ̈RWS+(x0, u0) = ψ̈RWS,max(x0, u0)− ψ̈pas(x0, u0)

∆ψ̈RWS−(x0, u0) = ψ̈RWS,min(x0, u0)− ψ̈pas(x0, u0)
(14)

• compute ∆ψ̈TV−, ∆ψ̈TV+, ∆ψ̈RWS−, ∆ψ̈RWS+ values for all points in the phase
plane;
• find max and min ∆ values:

∆ψ̈max(u0) = max(∆ψ̈TV+(x, u0),∆ψ̈RWS+(x, u0))

∆ψ̈min(u0) = min(∆ψ̈TV−(x, u0),∆ψ̈RWS−(x, u0))
(15)
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• normalize ∆ values by the max and min obtaining the performance index

χ11+(x, u0) =
∆ψ̈TV+(x, u0)

∆ψ̈max(u0)

χ11−(x, u0) =
∆ψ̈TV−(x, u0)

∆ψ̈min(u0)

χ21+(x, u0) =
∆ψ̈RWS+(x, u0)

∆ψ̈max(u0)

χ21−(x, u0) =
∆ψ̈RWS−(x, u0)

∆ψ̈min(u0)

(16)

• change inputs and compute new performance index;
• store all the values
• repeat the procedure for β̇

3.3.1. Performance indexes maps

In figures 4 an examples of the obtained maps is proposed for positive increase of
∆ψ̈ (χ11+ and χ21+) and ∆β̇ (χ12+ and χ22+). All the diagrams are superimposed
to the passive vehicle phase portrait (white arrows) and the red circle identifies the
equilibrium condition at the given speed and front steering angle. The red dashed
line is the locus of the equilibria points varying the front steering angle. The colored
contour shows the capability of the controller (TV or RWS) in modifying the yaw rate
dynamics (∆ψ̈) or sideslip angle dynamics (∆β̇) according to performance index that
ranges from 0 to 1. Yellow is associated with a performance index equal to 1 (i.e. the
control action has the maximum effect in heading the vehicle at a stable equilibrium
point), blue is associated with a performance index equal to 0 (i.e. the control action
is not effective). Figure 4 refers to variations ψ̈ > 0 and β̇ > 0. The maps for ψ̈ < 0
and β̇ < 0 are in fact symmetric with respect to the x-y axes.

The performance indexes χ are then defined as:

χ11 performance index of TV in modifying the yaw acceleration (ψ̈);
χ12 performance index of TV in modifying the sideslip angle derivative (β̇);
χ21 performance index of RWS in modifying the yaw acceleration (ψ̈);
χ22 performance index of RWS in modifying the sideslip angle derivative (β̇).

Once the controller is set, the performance indexes can be defined according to the
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tracking error and χ11+, χ11−, χ21+, χ21−, χ12+, χ12−, χ22+, χ22− as follows

χ11 =

{
χ11+ ψ̇ ≤ ψ̇ref
χ11− ψ̇ > ψ̇ref

χ21 =

{
χ21+ ψ̇ ≤ ψ̇ref
χ21− ψ̇ > ψ̇ref

χ12 =

{
χ12+ β ≤ βref
χ12− β > βref

χ22 =

{
χ22+ β ≤ βref
χ22− β > βref

(17)

The plots in left column represent the performance index associated to the torque
vectoring (χ11 and χ12), while the right ones refer to the rear wheel steering (χ21

and χ22). The following sections draw the main conclusions in view of integrating the
control actions.
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Figure 4. Performance indexes of TV and RWS when v = 50km/h and δf = 1.5◦.
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3.3.2. Performance indexes for yaw rate control

Considering the TV control action (Figure 4.a) it is possible to note an higher perfor-
mance index on the left side of the maps in which the sideslip angle is negative. This
denotes an higher capability in improving the vehicle yaw-rate when it has opposite
sign of sideslip angle. Viceversa (yaw rate and sideslip angle of the same sign), the
passive vehicle returns to the equilibrium position very fast, even without any control
action. Although not shown in this paper, the performances of the control demon-
strate its maximum capability to perturb the vehicle state for intermediate speeds.
This is related to the high stability of the vehicle at low speeds; on the contrary at
high speeds the performances are limited by the reduction of available motors torques
and consequentially possible yawing moment.

Generally speaking, RWS has a lower impact on vehicle dynamics with respect to
TV (Figure 4.b). This is mainly due to the limitation in the maximum steering angle
which is fixed to 3 degrees. Although not reported here, the level of performances is
not influenced by vehicle speed.

3.3.3. Perfomance indexes for sideslip angle control

In this case (Figure 4.c), the ability of TV in controlling sideslip angle denotes higher
performance in the positive sideslip angle and negative yaw-rate zone. Contrarily to
the yaw rate performance indexes, the RWS presents an higher impact with respect to
TV and the same working zone. For what concerns the effect of different front steering
angles on the indexes, it does not to affect the trend of the maps but the position
of the equilibrium points around which the vehicle tends to work and to reduce their
distance to the unstable points.

3.4. Performance indexes map synthesis

To correctly use the indexes previously defined the index maps have to be synthesized
to account for a reasonable range of front steering angles and speed values.

To do this, several maps are generated for different front steering angles and different
speeds values. For each map only a portion in the neighborhood of the equilibrium
point is selected.

For each speed value is then possible to generate a performance index map that
considers a number of front steering angle values. Figure 5 represents the performance
indexes with respect to the yaw-rate derivative (χ11 in top left and χ21 in top right
diagrams) and sideslip angle derivative (χ12 in bottom left and in χ22 bottom right
diagrams) at a given speed (50 km/h) and for discrete increase of the front steering
angle (δf = 0, 1.5, 3, . . . 9◦). Each sub-rectangle is in fact built around the equilibrium
point given by one value of front steering angle. For each performance index, 3 maps
are generated according to speed values of 25, 50 and 75 km/h.

For clarity only the results for one speed (50 km/h) are reported. Moving from low-
speed maps to high-speed ones it is notable an higher performance of the RWS system
in the range of limited sideslip angles. Especially for low speed, being the equilibrium
points locus along the RWS maximum efficiency direction, the rear steering system
presents higher effectiveness.

Focusing on Figures 5 (upper diagrams) it is visible a strong capability of the TV
to move the yaw rate from 0 to the reference value (high capability to speed up the
vehicle response to a steer variation), but a limited capability to decrease from higher
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yaw-rate to the reference ones is also present. Anyway, at high yaw-rate and sideslip
angle values, it denotes higher performance indexes with respect to RWS.

Figure 5. Combined maps of performance indexes of TV, RWS at 50 km/h.

The same kind of analysis is also performed on the capability of the actuator to per-
turb the sideslip angle. Figure 5 (lower diagrams) represents the performance indexes
with respect to the sideslip angle derivative. In this case, the performance index maps
are combined with respect to β so the right side of the rectangles is associated to a
maximization of the negative rate of the sideslip angle; the opposite happens on the
left side. From Figure 5 the same limitations highlighted in the previous analysis are
notable. Especially, even if the RWS demonstrates higher effectiveness with respect to
the TV in a wider zone, the really limited capacity to manage the sideslip angle when
it becomes too big opens to the possibility to coordinate the two controllers to handle
these extreme zones. In general, the TV has demonstrated to be effective in a wider
range, but for limited sideslip angle the more efficacious actuation system is the RWS.

The performance index maps allow to identify the working area of the two actua-
tors. In particular, RWS is found to have poorer performances in controlling yaw rate
with respect to TV as reported in Figure 5.a and 5.b. Viceversa, RWS capability in
controlling sideslip angle is higher than TV in particular for in tire linear region (yaw
rate far from friction limit) as reported in Figure 5.c and 5.d. TV capability in tracking
sideslip angle increases instead when approaching the friction limit; this is probably
due to combined slip condition.
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Figure 6. Control system architecture.

In parallel to the performances in the control of vehicle dynamics, the actuator
bandwidth needs to be taken into consideration. In particular the torque vectoring
control action is provided by the electric motor varying the longitudinal forces applied
to the tires. On the other hand, RWS system manages the rear wheel steering angle
changing the tire lateral forces and it is actuated by an electrical motor with a reduction
ratio one order of magnitude higher with respect to the propulsion EMs. Moreover,
tires dynamics response has to be considered. It depends on tire relaxation lengths
that in general, is smaller in case of longitudinal forces. This makes the tire response
faster in the longitudinal direction than in the lateral one. Due to the sum of these
two effects, the TV is capable to generate faster control actions than the RWS system
and this needs to be strongly considered in the design of the vehicle dynamics control
logic.

4. Control strategy

The control strategy is a hierarchical control. In a first level the values of the refer-
ences are defined and in the second one the control action evaluation is performed.
Aiming at defining coordination between TV and RWS, a control action is referred
to the rear yawing moment Mz and the rear steering angle δr. At the lower level, the
implementation of an anti-slip control (ASC) and the control action allocation are
performed.

The scheme of the multi-input multi-output (MIMO) controller is reported in Figure
6. The yaw rate and sideslip angle references are evaluated according to the driver de-
mands. Then, based on the phase portrait analysis and proposed performance indexes,
the following controller is implemented, which combines:

• a PI regulator which defines Mz,ψ̇ based on yaw rate reference;
• a PI regulator which defines Mz,β based on side slip angle reference;
• a PI regulator which defines δr,ψ̇ based on yaw rate reference;
• a PI regulator which defines δr,β based on side slip reference;

Controller gains are scheduled based on the previously defined performance indexes
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χ so to weight more the controller which is more effective. Specifically, the rear yaw
moment and the rear steering angle control action are multiplied by their performance
indexes. For more clarity, the coordinated control action can be defined as:

Mz,ψ̇,comb = Mz,ψ̇ ·
χ11

χ11 + χ21
= Mz,ψ̇ · η11

Mz,β,comb = Mz,β ·
χ12

χ12 + χ22
= Mz,β · η12

δr,ψ̇,comb = δr,ψ̇ ·
χ21

χ11 + χ21
= δr,ψ̇ · η21

δr,β,comb = δr,β ·
χ22

χ12 + χ22
= δr,β · η22

(18)

where on the left side the obtained control actions are the combined ones while on
the right side the control actions provided by the PIs controllers are present. η are
the efficiency factors that weights the controller action in combined control which are
obtained by weighting the performance indexes as in equation (18).

Once the controller yawing moment Mz and rear steering angle δr have been gen-
erated they have to be applied by actuators. The rear steering angle is requested to
the RWS actuator. Instead, the rear yaw moment Mz needs to be generated by the
differentiating the driving/braking torques on the rear axis. The torque allocation
block sums Mz required torques to the driving/braking torque required by the driver.
Finally an antiskid block limits the torques in order to avoid excessive tyre slips.

To have an estimation of the sideslip angle (which is not measured on commercial
passenger cars) the Extended Kalman Filter (EKF) proposed in [10] is then imple-
mented and used by the controller.

4.1. Control references

The control targets are the reference yaw-rate and sideslip angle. For what concerns
the yaw-rate, it is related to the steering angle imposed by the driver and the under-
steering behavior of the vehicle.

For what concerns yaw rate reference ψ̇r it is calculated according to front steering
angle δf . Considering kinematic steering, accounting also for understeer coefficient
KUS , the yaw rate, in the linear region, as function of steering angle reads

ψ̇lin =
v

l(1 +KUSv2)
δ = Ψδf (19)

In order to account for maximum achievable yaw rate due to friction limit ψ̇ ≤ µg/v
and to avoid discontinuity in reference equation yaw rate reference thus reads

ψ̇ref =

ψ̇lin |δ| ≤ δ1

ψ̇1 + (ψ̇max − ψ̇1)
(

1− e−
Ψ(|δ|−δ1)

(ψ̇max−ψ̇1)

)
|δ| > δ1

(20)

Transition point from linear to non-linear behavior (δ1, ψ̇1) can be chosen by controller
designer; it must be considered that δ1 and ψ̇1 are related by equation (19): ψ̇1 = Ψδ1.

For what concerns the sideslip angle it is defined such that the β limitation is applied
only if it becomes larger than the maximum admissible level and with opposite sign
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with respect to the yaw-rate (see [10]). This is made because imposing the minimization
of the sideslip angle leads on the decrease of the vehicle performances since it works
generally in conflicts to the yaw rate reference. Reference sideslip angle is defined as:

βref =

{
β |β| 6 βth
β[1− fw(v, β, δf )] + βthfw(v, β, δf ) |β| > βth

(21)

where βth is the sideslip angle threshold at which the control is activated and
fw(v, β, δf ) is a weighting function introduced to smooth the passage between un-
controlled to controlled vehicle and to weight the β− control as function of the speed.

4.2. PIs controllers and coordination

Tracking of yaw rate and sideslip angle references is achieved by means of gain sched-
uled PI regulators. The generic control action (u) is thus given by:

u(t) = KP e(t) +KI

∫ t

0
e(τ), dτ (22)

where KP and KI are respectively the proportional and the integral coefficients and
e(t) is the tracking error. Proportional and integral gains are scheduled to maintain
sufficient bandwidth and constant damping coefficient of the simplified single-track
vehicle transfer function in the Laplace domain eq. (23),

ψ̇

Mz
=

mv2s+ v (Kf +Kr)

mv2Jzs2 + sv
(
m(Kfl

2
f +Krl2r ) + Jz(Kf +Kr)

)
+ (4KfKrl2r − v2m (Kflf −Krlr))

β

Mz
=

−
(
Kflf −Krlr +mv2

)
mv2Jzs2 + sv

(
m(Kfl

2
f +Krl2r ) + Jz(Kf +Kr)

)
+ (4KfKrl2r − v2m (Kflf −Krlr))

ψ̇

δr
=

−mJzv2Kr (Kflf +Kflr + lrvms)

mv2Jzs2 + sv
(
m(Kfl

2
f +Krl2r ) + Jz(Kf +Kr)

)
+ (4KfKrl2r − v2m (Kflf −Krlr))

β

δr
=

Jzvs+
(
KrKfl

2
f +KfKrlflr + lrKrmv

2
)

mv2Jzs2 + sv
(
m(Kfl

2
f +Krl2r ) + Jz(Kf +Kr)

)
+ (4KfKrl2r − v2m (Kflf −Krlr))

(23)
where s is the Laplace coordinate. They describe the linearization of the single track
model equations where Kf and Kr are the front and rear axle cornering stiffness
evaluated at the equilibrium sideslip angle. Figure 7 reports the value of the poles of
the closed-loop transfer functions for increasing values of proportional gain (i.e. the
root locus). The final set of gains is reported in Table 2 where the values of proportional
and integral gains associated to each PI is reported for three different vehicle speed.

Moreover, when considering the actuation bandwidth, the time constant of the
two actuation systems are quite different as reported in Table 1, but it has to be
considered that TV operates on the longitudinal tire forces while RWS system on the
lateral ones. The relaxation length in lateral direction is higher than the longitudinal
one. The actuation time constant and the tire relaxation lengths provide a difference
in the effective time response of the two controllers. For this reason, aiming at a good
response of the rear steering system both in transient and steady state conditions, the
RWS PIs bandwidth has been limited with respect to the one of TV.
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Figure 7. Root locus for system transfer functions at 70 km/h.

Table 2. Proportional and integral gains of PIs as function of vehicle speed.

v [m/s] 10 15 20

kP 11 2.76E+04 1.84E+04 1.38E+04
kI 11 5.52E+01 3.68E+01 2.76E+01
kP 12 2.76E+03 1.84E+03 1.38E+03
kI 12 5.52E+00 3.68E+00 2.76E+00
kP 21 3.00E-01 2.00E-01 1.50E-01
kI 21 6.00E-04 4.00E-04 3.00E-04
kP 22 -3.00E-01 -2.00E-01 -1.50E-01
kI 22 -6.00E-04 -4.00E-04 -3.00E-04
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Since for high lateral acceleration a trade-off between the reference yaw-rate and the
limitation of the vehicle sideslip angle has been pointed out, an anti wind-up procedure
is used to reset the integral parts of the controllers when the control actions (uψ̇ and

uβ) point in opposite direction, i.e.

uψ̇ uβ < 0 (24)

where u is the generic control action Mz or δr. This permits to avoid bad effects
related to the build-up of the control integral part. Moreover, to improve stability of
the system, if the sideslip angle exceeds a certain threshold value the yaw-rate control
is deactivated permitting the maintenance of vehicle stability even if, in doing so,
performances slightly worsen.

4.3. Torques allocation

The allocation procedure superimposes the longitudinal force required by the driver,
(which is equally partitioned between the rear wheels) to the longitudinal forces re-
quired to generate the controller yaw moment Mz. Since the total required longitu-
dinal force, i.e. the motor torque, can be unfeasible due to the motor limitation, the
fulfillment of driver’s demand has been treated as soft constraint. Mz is limited in
the region between Mz+ (maximum clockwise yaw moment) and Mz− (maximum
counter-clockwise yaw moment) which are defined as follows

Mz+
2cr

= max
{
min

{
Tmax
Rw
− Treq

2Rw
; Tmax

Rw
+ Treq

2Rw

}
; Mz,lim

}
Mz−
2cr

= max
{
min

{
Cm
Rw
− Treq

2Rw
; Tmax

Rw
+ Treq

2Rw

}
; Mz,lim

} (25)

cr is the rear semi-track, Tmax is the maximum motor torque, Rw is the rear tires
rolling radius, Treq is the overall motors torque required by the driver and Mzlim the
minimum yaw moment accepted to satisfy the driver requirements.

5. Simulation and results

In this section, simulation results are reported. In particular, several maneuvers have
been simulated to evaluate the steady-state and transient behavior of both the passive
and the controlled vehicle. Also the coupling with the driver has been evaluated trough
closed-loop maneuvers.

In the following only the most significant maneuvers are reported:

• steering pad constant radius: steady-state closed-loop maneuver, steer is actuated
by the driver model to follow a fixed radius curve progressively increasing speed;
• step-steer maneuver: transient open-loop maneuver in which speed is maintained

and a fast variation of the front steering angle is applied;
• double lane change: transient closed-loop maneuver with a reference trajectory;

Maneuvers are simulated in a Simulink-MATLAB environment. The vehicle model
is a 14 degrees of freedom vehicle model (see Figure 8):

• 3 chassis displacements (x, y and z);
• 3 chassis rotation (yaw, pitch and roll);
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Figure 8. 14 dofs vehicle model

• 4 wheel angular speeds;
• 4 unsprung masses vertical displacements.

The tire characteristic is described by combined slip MF-Tyre model while actuators
steady-state characteristics and bandwidth [10]. Both open-loop and closed-loop ma-
neuvers are performed. The closed-loop maneuvers are simulated with a driver model,
as reported in [17], able to follow the desired trajectory.

The steer angle allowing to follow a given trajectory is determined based on two
error functions

δ = k1e1 + k2e2 (26)

where k1 and k2 are the driver model gains, while the error functions are defined as

e1 = ψref (s)− ψ(s)

e2 = [Px,ref (s+ ls)− PG,x(s)] cos(ψref (s)) + [Py,ref (s+ ls)− PG,y(s)] sin(ψref (s))
(27)

The error function e1 represents the difference between the angle of the tangent to the
desired path (ψref ) and the vehicle yaw angle (i.e. it represents the error on the vehicle
orientation), while e2 is the error between the actual position of the center of gravity
(cog) of the vehicle (PGx, PGy) and its corresponding position along the reference
path. s is the reference trajectory curvilinear abscissa and ls a preview length which
is a function of vehicle speed.

5.1. Compared control strategies

To validate the performances of the coordinated control, simulations are performed by
comparing the passive vehicle with three different controlled vehicles. The following
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a) Torque Vectoring b) Rear Wheel Steering

Figure 9. Scheme of the TV (a) and RWS (b) controllers reported in simulation results.

vehicles are compared:

passive passive vehicle;
TV Torque Vectoring controlled vehicle is a control based on the same architecture

of the combined control. Both sideslip and yaw-rate are controlled by the TV.
The scheme of this controller is reported in Figure 9.a;

RWS Rear Wheel Steering controlled vehicle is a control based on pure RWS actua-
tion system. The scheme of this controller is reported in Figure 9.b;

combined combined multi-actuated vehicle presents both TV and RWS that work
together adopting the control strategy described in section 4.

Comparing results obtained by the different control systems, some results can be high-
lighted looking at the advantages and disadvantages of each actuation system with
respect to a multi-actuated system and a multi-actuated system with some forms of
coordination among them.

5.2. Steering pad constant radius

The steering pad constant radius maneuver is a closed-loop maneuver in which the
vehicle is driven in a circular path of constant radius and the speed is slowly increased.
This maneuver allows to evaluate the steady-state performance of the vehicle. In par-
ticular, the understeering coefficient can be evaluated together with the maximum
achievable lateral acceleration.

Table 3. Steering pad constant radius on high friction. Steering wheel angle δf/δ0 as function of lateral
acceleration.

ay[m/s2] 2 3 4 5 6 7 8 9 10 11 11.6

passive 1.00 1.01 1.02 1.03 1.05 1.06 1.08 1.10 1.13 1.2 -
TV 1.00 1.00 1.00 1.00 1.01 1.01 1.02 1.03 1.30 2.20 -
RWS 1.00 1.00 1.01 1.02 1.02 1.02 1.04 1.06 1.31 1.7 -
combined 1.00 1.00 1.00 1.00 1.00 1.00 1.01 1.01 1.13 1.7 3.50

Results of the steering pad are shown in Figure 10 and in Table 3 where steering
angle ratio (δf/δ0) and sideslip angle (β) are represented as function of lateral ac-
celeration ay. As noticeable, the passive vehicle presents an increasing under-steering
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Figure 10. Steering pad constant radius (50 m) maneuver on high friction road µ = 1. Comparison between

controlled and passive vehicles.

behavior and the stability of the vehicle is granted only by the driver model skills
up to the friction limit where the passive vehicle becomes fully uncontrollable. On
the other hand, all the controlled vehicles present a more neutral behavior until the
sideslip angle exceeds the threshold of 3.5o (βth), above which the sideslip angle limita-
tion kicks in. However, combined control is the one that better succeed in making the
vehicle neutral up to higher lateral accelerations. For lateral accelerations close to the
friction limit, the limitation of sideslip angle produces an understeering behavior. This
progressive trend allows the driver to identify the approching of the limit condition.
Moreover, the combined control highlights the capability to reach higher maximum
lateral acceleration with respect to the others.1

RWS is instead the worsen and is the one that most suffer the tracking of the two
conflicting references. Less improvements are shown with respect to combined control
in keeping the vehicle close to neutral behavior (steering increases more than TV and
combined). This reflects also on side slip angle tracking where, at high lateral accel-
eration, only combined control, thanks to the addition of TV, is capable in remaining
close to side slip angle reference.

1It should be noticed that the, even if the friction coefficient is 1, the lateral acceleration is higher than g

because, according to eq. 7, the peak of lateral force depends also on (p1 + p2dfz) which, for the considered

tire, is higher than 1.
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TV places in between. This is a first proof that having a multi-actuated vehicle
leads to some advantages on the vehicle dynamics. This is confirmed by looking at
Figure 10 where the control action (Mz and δr) are reported as function of ay. It is
possible to see that up to 9 m/s2 all the controls are focused only on maintaining the
vehicle neutral behavior by applying a positive rear yaw moment that neutralizes the
vehicle under-steering behavior or by a negative rear steering angle that generates an
equivalent effect. Beyond 9 m/s2, the vehicle reaches the maximum admissible value
of sideslip angle, RWS and Combined control both increase the rear steering angle
(in the same direction of the front one) to keep the same value of lateral acceleration
limiting the increase of sideslip angle. On the other hand, in the same condition, TV
changes the yaw moment direction (from positive to negative) to limit sideslip angle
thus increasing the understeering gradient and reducing the performances in increasing
the lateral acceleration. The same happens to the RWS controlled vehicle that limiting
β improves the vehicle under-steering behavior. For what regards the multi-actuated
vehicles (combined control), the balance between the positive rear steer angle and the
positive yaw moment provides beneficial results in maintaining a limited steer gradient
and sideslip angle.

In this maneuver the combined control shows RWS saturating by reaching 3 degrees,
this makes the controller to use TV for both controlling yaw rate and sideslip angle.
Since these targets are conflicting the tracking error increases but is still smaller than
TV alone. Since RWS saturates, the actuated vehicle becomes single-actuated by TV.
This makes TV to compromise between the two targets. To avoid excessive increase
of the sideslip angle the performance in tracking yaw rate degrades in favor of vehicle
safety.

5.3. Step steer maneuver

Step steer is an open-loop maneuver that aims to analyze the transient response of
the vehicle. A fast front steering angle variation is imposed in a small amount of time
and it is maintained to a sufficient amount of time to analyze the vehicle behavior.
During the test, the vehicle speed is kept nearly constant by the cruise control. In this
case, results are reported in the time domain.

Here the result of a step-steer maneuver at a speed of 50 km/h and a steering wheel
step of 25 degrees are reported in table 4 and Figure 11.

Table 4. Step-steer maneuver on high friction road surface at

50 km/h with a steer wheel step of 25o.

passive TV RWS combined

ay,ss [m/s2] - 11.14 11.15 11.67
ay,max [m/s2] - 11.21 11.70 11.72
tay [s] - 0.33 0.36 0.35

ψ̇ss [deg/s] - 46.66 46.74 48.98

ψ̇max [deg/s] - 53.55 55.60 53.59
tψ̇ [s] - 0.22 0.24 0.22

βss [deg] - -4.36 -4.29 -4.30
βmax [deg] - -4.65 -5.59 -4.46
tβ [s] - 0.48 0.46 0.44

?ss refer to value assumed by the ? quantity at the steady state
condition. ?max refer to the maximum value (in module) as-
sumed by ?. t? indicate the times between the steer step starting
time (t0 = 0.5s) and the time at which ? assume a value equal
to the 90% of the steady state one. Value − is reported if the
vehicle is not stable.
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By looking at Figure 11 it can be noticed that the passive vehicle cannot accom-
plish the maneuver. All the controlled vehicles are instead stable but with significant
differences.

Looking at the response of sideslip angle, yaw rate, accelerations and speed, com-
bined control shows the smoothest, less oscillating, behavior. Parallel and TV con-
trolled vehicles present an overshoot and then reduced oscillations. RWS controlled
vehicle presents the most oscillating behavior. This is also highlighted by the time
history of δr.

Moreover, multi-actuated control denote a higher maximum lateral acceleration
generated in a comparable tay with respect to the single-actuated one. Specifically,
combined control presents a ay,max which is 4.8% higher than the TV one. As already
reported, the response of the RWS is slower than the one of the others configurations.
This generates a high number of oscillations. With regards to the sideslip angle, all the
controls succeed in reaching comparable steady-state values in similar time windows
with the minimum overshoot reached by the combined one.

Analyzing Mz and δr, it is possible to notice that until βth is reached, a yaw moment
helping the vehicle to enter into the turn (same direction of δf ) and δr in the opposite
direction of δf are generated to decrease the vehicle under-steering behavior. Contrar-
ily, when the control is on the sideslip angle, opposite control actions are needed. This
provides a higher loss of performance for the single-actuated control with respect to
the multi-actuated one. Moreover, the rear steering angle reaches easily the saturation
condition decreasing the capability of RWS and parallel control to maintain vehicle
stability. Furthermore, analyzing the combined control actions, when the sideslip angle
presents a high gradient, it is principally managed by the TV that is less effective but
faster. Then once the sideslip angle trend has changed, this task is assumed by the
RWS and the yaw-moment is increased to reduce the vehicle under-steering behavior.

5.4. Double lane change maneuver

The double lane change is a closed-loop maneuver. It consists in following a trajectory
composed by a straight part, a lateral change to reach a parallel straight line and a
then another change in lateral position to return on the original straight line. During
the test, the maximum entrance speed that guarantees to remain inside the track
boundaries is searched.

The simulation is performed by assuming a low friction coefficient of 0.5 to simulate
low adherence conditions.

The results of the maneuver are reported in Figure 12. As it can be noticed from
the initial speed value (vx at t = 0 s), an improvement of 6.5% of the entrance velocity
is obtained by controlled vehicles with respect to passive vehicle.

Results for controlled vehicles are comparable where in general a reduction of the
oscillation can be noticed. Moreover, a lower driver workload and lower maximum
lateral acceleration, yaw-rate and sideslip angle characterize the controlled vehicles.

RWS is the worsen in terms of sideslip angle and yaw rate peaks at about 6 seconds.
Looking at applied yaw moment, combined control shows similar yaw moment Mz

with respect to TV but with smaller peak values. The same trend can be observed
comparing the use of rear steering by RWS and combined control. The shape of δr is
similar but combined control achieves better results with smaller peak values of δr.
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5.5. Simulation results conclusions

Summarizing the obtained results, following considerations can be drawn. From steady-
state simulation, steering pad constant radius of Figure 10, higher maximum lateral
acceleration with limited sideslip angle can be achieved with combined control and less
under-steering vehicle behavior up to the activation of the sideslip angle limitation.

Combined control performance can be better analyzed by looking at Figure 13 where
the performance indexes (χ) and weighting coefficients (η) are reported.

Regarding yaw rate (Figure 13 left side plots), for small lateral acceleration values
(i.e. at the beginning of the maneuver when speed is low), the capability of RWS
in increasing yaw rate is higher than TV (χ21+ > χ11+) thus RWS is preferred in
controlling yaw rate (η21 > η11). Viceversa, while lateral acceleration increases (i.e.
for time from 25 to 40 seconds) the capability of TV in increasing yaw rate is higher
than RWS (χ11+ > χ21+) and TV control has higher weight with respect to RWS
(η11 > η21). At the end of the simulation (time larger than 40 s) both the performances
of the two controllers are reducing mainly due to actuator saturation (see Figure 10)
but TV is still preferable (η11 > η21).

Talking about sideslip angle (Figure 13 right side plots), RWS shows superior ca-
pability in increasing the side slip angle as required by the reference. However, its
performance index is decreasing in time due to physical behavior of the vehicle and
actuator saturation.

Figure 13 reports performance indexes (χ) and weighting coefficients (η) for step
steer maneuver.

Regarding TV capability in modifying yaw rate it can be noticed that, after the
steer step, when the yaw rate approaches the maximum value allowed by friction
(ψ̇max = µg/v ≈ 48 deg/s, with µ = 1.2, g = 9.81 m/s2 and v = 50 km/h), TV is
able to increase the yaw rate with respect to passive vehicle(χ11+ ≈ 0.7) but not to
decrease yaw rate more that the passive (χ11− < 0.1). RWS shows smaller capability
in modifying yaw rate with respect to TV, but its performances are similar in both
increasing or decreasing yaw rate (χ21+ ≈ 0.15 and χ21− ≈ 0.1). It has to be noticed
that, increasing yaw rate beyond ψ̇max is possible but generally this means to reach
a spinning condition with loss of vehicle controllability. Controllers performances in
tracking sideslip angle can be seen from right diagrams of Figure 13. TV can further
reduce sideslip angle (χ12− ≈ 0.25), which is negative, but it presents poor capability in
increasing it with respect to passive natural behavior (χ12+ ≈ 0), i.e. in reducing it in
absolute value. RWS instead shows both capability in increasing and reducing sideslip
angle with respect to passive (χ22+ ≈ 0.05 while χ22− ≈ 0.1). Finally, due to previous
considerations, when the vehicle reaches steady state conditions, i.e. for time grater
than 1.5 s, the controller is preferring TV to track yaw rate reference (η11 >> η21)
while it is preferring RWS to track sideslip angle (η22 >> η12). During transient, i.e.
when time is between 0.5 and 1.5 seconds, TV is preferred also in tracking sideslip
angle.

Regarding actuator promptness, the step steer maneuver (Figure 11), as well as
double lane change (Figure 12), show poorer performances of RWS with respect to
TV and combined control. Although RWS can stabilize the vehicle, step steer results
show higher oscillation of RWS vehicle with respect to other controlled vehicles.

From double lane change (Figure 12), less driver workload to follow the same refer-
ence trajectory (front steer angle is smaller) for all the controlled vehicles, furthermore,
the entrance speed of controller vehicle is about 5% higher than passive vehicle to suc-
cessfully complete the maneuver.
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Performance indexes and weighting coefficients for double lane change maneuver
are reported in Figure 15. It can be noticed that, TV and RWS shows comparable
performances in changing vehicle yaw rate and this reflects in an almost 45-55 distri-
bution between TV and RWS (η11 ≈ 0.45 and η12 ≈ 0.55). For what concerns sideslip
angle instead, the tracking duty is almost completely demanded to RWS apart from
the beginning of the first lane change, at about 1 s, and at the end of the maneuver,
at about 6 s, when the vehicle returns to the starting lane when 20-80 distribution is
found.

6. Conclusion

In this paper, a new lateral dynamics control logic for electric vehicles is proposed.
Specifically, the attention of the work is focused on the coordination of two different
actuation systems: the torque vectoring (TV), performed thanks to two electric motors
that independently power the left and right rear wheels, and the rear wheels steering
system (RWS).

The presented control strategy is a hierarchical control that presents three different
layers. In the first layer parallel proportional-integral controllers evaluate the control
action needed for each single actuator system to follow the reference yaw-rate and
sideslip angle. In the second layer, the coordination procedure is carried out on the
basis of some performance index maps weighting the control action and partitioning
the control actions between the two actuators.

In the last layer, the electric motors torque allocation is performed to fulfill the yaw
moment evaluated as TV control action and torque requested by the driver.

The performance indexes that are used to weight the control actions have been
calculated according to the capability of each actuator to modify the vehicle dynamic
behavior. In particular, strengths and weaknesses of the two actuation systems are
studied through the use of phase portrait analysis. Synthetically, the performance
indexes have been defined as the maximum variation of the sideslip angle (β̇) and
yaw-rate derivatives (ψ̈) with respect to the passive vehicle that the two actuation
systems are able to independently generate for a given β− ψ̇ point in the phase plane.

The performance index maps allow to identify the working area of the two actuators.
In particular, RWS is found to have poorer performances in controlling yaw rate with
respect to TV. Viceversa, RWS capability in controlling sideslip angle is higher than
TV in particular for in tire linear region (yaw rate far from friction limit). TV capability
in tracking sideslip angle increases instead when approaching the friction limit; this is
probably due to combined slip condition.

To asses the effectiveness of combined control it was compared with single-actuated
vehicles: one with TV, the other with RWS only. Both steady-state and transient
maneuvers are considered and for each, both open-loop and closed-loop maneuvers are
tested.

From simulation results, the new combined control method has demonstrated to
improve the vehicle performance in all the conditions with respect not only to the
passive vehicle but also to the other single input control methodologies.

From steady-state simulation, steering pad constant radius of Figure 10, higher max-
imum lateral acceleration with limited sideslip angle can be achieved with combined
control and less under-steering vehicle behavior up to the activation of the sideslip
angle limitation.

Regarding actuator promptness, the step steer maneuver, as well as double lane
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change, show poorer performances of RWS with respect to TV and combined control.
Although RWS can stabilize the vehicle, step steer results show higher oscillation of
RWS vehicle with respect to other controlled vehicles.

From double lane change, less driver workload to follow the same reference trajectory
(front steer angle is smaller) for all the controlled vehicles, furthermore, the entrance
speed of controller vehicle is about 5% higher than passive vehicle to successfully
complete the maneuver.
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[26] Edelmann J, Plöchl M. Analysis of controllability of automobiles at steady-state cornering
considering different drive concepts. The Dynamics of Vehicles on Roads and Tracks. 2018;
.

[27] Marino R, Scalzi S, Cinili F. PI Front Steering and PI Rear Steering Control with Tire
Workload Analysis. In: Intelligent Vehicles Symposium, 2007 IEEE; IEEE; 2007. p. 799–
804.

[28] Marino R, Scalzi S, Cinili F. Nonlinear PI front and rear steering control in four wheel
steering vehicles. Vehicle System Dynamics. 2007;45(12):1149–1168.

[29] Pacejka HB. Tyre and Vehicle Dynamics. ; 2006. Available from:
http://books.google.pt/books?id=wHlkbBnu9FEC.
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Figure 11. Simulation data of a steer step maneuver on high friction road surface: steer step of 25deg at

50km/h.
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Figure 12. Simulation data of a double lane change maneuver on low friction road surface.
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Figure 14. Combined control performance indexes and weighting coefficients in step steer maneuver.
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Figure 15. Combined control performance indexes and weighting coefficients in double lane change maneuver.
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