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We consider the classical limit of the Nelson model, a system of stable nucleons interacting
with a meson field. We prove convergence of the quantum dynamics towards the evolution of
the coupled Klein-Gordon-Schrédinger equation. Also, we show that the ground state energy
level of N nucleons, when N is large and the meson field approaches its classical value, is given
by the infimum of the classical energy functional at a fixed density of particles. Our study

relies on a recently elaborated approach for mean field theory and uses Wigner measures.

1. INTRODUCTION

The Nelson model refers to a quantum dynamical system describing a nucleon field interacting
with a meson scalar Bose field. When an ultraviolet cut off is put in the interaction, the Hamiltonian
becomes a self-adjoint operator and so the quantum dynamics is well defined. In the early sixties,
E. Nelson showed that the quantum dynamics of this system exists even when the ultraviolet cut
off is removed [see 22]. It is indeed one of the simplest examples in non-relativistic quantum field
theory (QFT) where renormalization is needed and successfully performed using only basic tools
of functional analysis.

Over the past two decades, there has been considerable effort devoted to the study of the
Nelson model that have led to a thorough investigation of its spectral and scattering properties
[see 1, 7, 8, 10, 12, 14-16, 21, 23, 26, to mention but a few|. However, the fact that the Nelson
Hamiltonian is a Wick quantization of a classical Hamiltonian system is quite often neglected
except in few references [13, 18]. We believe that the study of the classical limit of such quantum
dynamical systems is a significant question leading to an unexplored phase-space point of view
in QFT. This for sure will enrich the subject and may also provide some insight on some of the
remaining open problems.
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In this article, we neglect the spin and isospin for nucleons, so we are considering a scalar
Yukawa field theory. We also suppose that an ultraviolet cut off is imposed on the interaction. We

prove two main results stated in Theorem 1.1 and Theorem 1.2, namely:

(i) Convergence of the quantum dynamics towards the classical evolution of the coupled Klein-

Gordon-Schrodinger equation.

(ii) Convergence of the ground state energy level of N nucleons to the infimum of the classical
energy functional with fixed density of particles, when N tends to infinity and the Bose field

approaches its classical limit.

There are basically two schemes for proving (i): either one studies the propagation of states or
those of observables. The latter strategy being very difficult for systems with unconserved number
of particles, we rely on the first scheme. To establish (i), we follow indeed a Wigner measures
approach, recently elaborated in [3-6] for the purpose of mean field limit in many-body theory. This
method turns out to be quite general and flexible. It can be adapted to quantum electrodynamics
(QED) and relativistic quantum field theory (QFT) and it gives a fair description of the propagation
of general states in the classical limit (see Theorem 1.1). Actually, the convergence (i) is known in
the particular case of coherent states [see 13, 18] by Hepp’s method [20] which relies on the special
structure of those states. The result in Theorem 1.1 says that the convergence of the Neslon
quantum dynamics towards the classical one has nothing to do with any particular structure or
choice of states but it is rather a general (Bohr) quantum-classical correspondence principle for a
system with an infinite number of degrees of freedom. In this sense, Theorem 1.1 is more general
and provides a better understanding of the classical limit of Nelson Hamiltonians.

In addition to the fact that the Wigner measures approach gives a stronger convergence result
compared to the coherent state method, it also proves to be a powerful tool for tackling variational
questions of type (ii). Indeed, asymptotic properties of a given minimizing sequence can be derived
by looking to its Wigner measures and it turns out that some a priori information on these Wigner
measures are crucial in the proof of Theorem 1.2. However, both our results give only the limit
of quantum quantities in terms of their classical approximations and provide no error bound on
the difference. This is of course an interesting question, among several others, and it is beyond
the scope of this article. Actually, our work is also meant to stimulate further investigations and
to underline some open problems. For instance, removal of the momentum cutoff and drop of the

confining potential as well as time asymptotics and scattering theory within the classical limit are



quite interesting open questions. We believe indeed that our work provides a basis for further
developments on the above-mentioned problems.

The phase space of the theory is 2 := L?(R%) @ L?(R?), and we consider the symmetric Fock
space = ['4(Z) ~ I[s(L?(R%)) @ T's(L?(R?)). We denote by 1# the annihilation and creation
of the non-relativistic particles (nucleons), by a” the annihilation and creation of the relativistic
meson field. We recall that for each € € (0,¢€), with € > 0 fixed once and for all, we choose the

algebra:
[V(21), " (22)] = €6(x1 —x2) ,  [a(k1),a™ (k)] = €d(ky — k2) .

This fixes the scaling so that each ¢# and a? behaves like \/¢. For instance, the second quantization
operators dI'(-) = [pa a*(k)(-)a(k)dk or [pa¢*(z)(- ) (x)dx scale like e. This is also the case for
the number operators N; = dI'(1) ® 1, N = 1 ®dI'(1) and N = N; + Ny. The Weyl operators are

. G ED V(€ 19 (E2)Fa(€2)
W(E) =W(E)@W(&) for { =@ & € 2, with W(6) =e V2 and W(§)=e V2
being the Weyl operators on I's(L?(R)).

In the Fock representation of these canonical commutation relations, the Nelson Hamiltonian takes

the form:

¥ (x) (a*(k:)eiik'z + a(k)eik'x)lb(x)dkd:c :

H:dr(—2ﬁ4+m®1+1®dr(w)+/ x(k)

R2d 4 /w(k)
where w(k) = /k? + m% and mg > 0. Here mg and M are respectively the meson and nucleon

mass at rest. It is useful to split H in a free part Hy, and an interaction part Hy, with:

A

_ X(k) () (a* e—ik-m a 6ik-w T T
Hi= [ St @ (e o)) dbd

We assume the potential V(x) to be in L?

loc

(R% R4 ), so that —A + V is a positive self-adjoint
operator on L?(R%), by Kato inequality, and essentially self-adjoint on C§°(R¢). The main as-
sumption we require on the cut off function Y is that w12y € L? (R?%). This is enough to define
H as self-adjoint operator (see Proposition 2.5). To recapitulate, we assume throughout the article

the assumption

(A) Ve L} (RY,R,) and w /2y € L2(RY).

loc

Actually, the Nelson Hamiltonian is a Wick quantization of the classical energy functional

h(z1 @ 22) = (21, —% +V 21) + (22, w(k)22) + /de ng])f) 212 (z) (Z2(k)e*7 + 2o (k)e™ ) dkdz .



The Hamiltonian h describes the coupled Klein-Gordon-Schrodinger system with an Yukawa type
interaction subject to a momentum cut off. With the assumption (A), the related Cauchy problem
is well posed in 2 (see Propositions 2.7 and 2.8).

The main point in the proof of (i) is to understand the propagation of normal states on the
Fock space J# with the appropriate scaling. The idea is to encode the oscillations of any family
of states with respect to the semiclassical parameter € by classical quantities, namely probability
measures on the phase space (Wigner measures). Then (i) can be restated as the propagation of
these measures along the classical flow of the Klein-Gordon-Schrodinger equation.

We say that a Borel probability measure p on % is a Wigner measure of a family of normal
states (0:):e(0,e) on S if there exists a sequence (ex)ken in (0,€), such that e — 0 and for any
e,

(1) Jim Trlog W(E)] = [ VR duz).

where W (&) refers to the Weyl operator on the Fock space ## which depends on ¢, (here Re(-,-)
is the real part of the scalar product on 2°). We denote the set of all Wigner measures of a given

family of states (0c)ce(0,2) by # (0c,€ € (0,€)). It was proved in [4] that the assumption
30 > 0,3C > 0,Ve € (0,8) Tr[o.N°] < C,

ensures that the set of Wigner measures .# gz, € (0,¢)) is non empty. Notice that the Tr[-] is
understood as 7 A (i, NOp;), where {@;}ien is an O.N.B. of eigenvectors of g. associated to
the eigenvalues {\; }ien.

The Nelson Hamiltonian H has a fibred structure with respect to the number of nucleons. So,

it can be written as H = @72 oH, 12 grd)gr, (12(re)) Where L2(R"™) denotes the space of symmetric

®T's
square integrable functions (see Section 2). It also turns out that H is unbounded from below
while H| /s gnaygr, (r2(rd)) 18 bounded from below.

Under the aforementioned assumptions on the potential V' and the cut off function y, we are in

position to precisely state our two main results.

Theorem 1.1. Assume that (A) holds. Let (0:)cc(0,6) be a family of normal states on the Hilbert

space FE satisfying the assumption:
(2) 30 >0,3C > 0,Ve € (0,8) Tr[o-(Ho+ N +1)°] < C.
Then for any t € R the set of Wigner measures associated with the family (e_iéngeiﬁH)Ee(og) s

-t -t

///(e*’EngezéH,s € (0,8)) = {®(t,0)pp0, o € A (0e,c € (0,€))},



where ®(t,0)xp0 is the push forward of po by the classical flow ®(t, s) of the coupled Klein-Gordon-
Schradinger equation (13) well defined and continuous on Z by Propositions 2.7 and 2.8.

Theorem 1.2. Assume that (A) holds and additionally mo > 0 and V' is a confining potential,
i.e.; lim|y o0 V(7) = +00. Then the ground state energy of the restricted Nelson Hamiltonian has
the following limit, for any A > 0,

(3) lim infU(H‘Lg(Rdn)@)FS(LZ(Rd))) = inf h(Zl D 22) s

e—0,ne=M\2 H21||L2(]Rd)=)\

where the infimum on the right hand side is taken over all z; € D(\/ﬁ +V) and 2z € D(w'/?)

with the constraint ||z1]|f2(gay = A.

The proof of Theorem 1.1 is given in Sections 3 and 4 and uses the properties of the quantum
and classical dynamics proved in Section 2. It is rather lengthy, so for reader’s convenience we
outline its key arguments below. The proof of Theorem 1.2, given in Section 5, relies on an upper
bound derived by using coherent states localized around the infimum of the classical energy and a
lower bound resulting from the a priori information on the Wigner measures of a given minimizing
sequence. So, we conclude that these measures are a fortiori concentrated around the infimum of
the classical energy.

Proof of Theorem 1.1:
i

Our goal is to identify the Wigner measures of the evolved state o-(t) = e~ H QeeiéH given in

Theorem 1.1. However, instead of considering o.(t), we work in the interaction representation with
- n it
0:(t) = e’eHOQE(t)e izHo

By doing so, we require less regularity on the state g, and it is still easy to recover Wigner measures
of p-(t) from those of g.(t). The main point now is that Wigner measures of the latter states are

determined through all possible ”limit points”, when € — 0, of the map

(4) £ Tr[a(OW ()]

Despite its apparent simplicity, there is no straightforward way to compute such limit explicitly.
Moreover, uniqueness of Wigner measures at each time ¢ is not guarantied even if it is assumed at
the initial time ¢ = 0 (i.e.: the map (4) may have several limit points though it has one single limit
at t = 0). To overcome the last difficulty, we use a diagonal extraction (or Ascoli type) argument
which implies that for any sequence (0, )nen, €n — 0, we can extract a subsequence (0, JreN

such that for each time, t € R, (0, (t))ken admits a unique Wigner measure denoted by fit.



The next step is to observe that (4) satisfies a dynamical equation which when ¢ — 0 leads
to a well behaved classical dynamical equation on the inverse-Fourier transform of the Wigner
measures [i;. By integrating with respect to appropriate trial functions, we obtain a natural
transport (Liouville) equation satisfied by fi;. Therefore, it is possible to identify the measures fi;
if we can prove that such transport equation has a unique solution for each data jig given by the
push-forward of fig by the corresponding classical dynamics. To sum up, the outline of the proof
goes as follows:

1) We justify the integral (or Duhamel) formula
t

Te]a.W©)] = [0 ©)] + £ [ Tolon(o) i WE]as

in Proposition 3.5 for states p. satisfying a strong regularity condition, namely that it belongs

to the space T given in Definition 3.1.

2) By explicit computation and taking care of domain problems, we show in Proposition 3.9 that

(5) Tr 5 (W ()| = Tr oW (9)] + S /0 T o0 (5)W (E(5)) By (651 s

j=0

where B;(£(s)) are operators given in (22)-(24).

3) There is no loss of generality if we assume that (0c).c(0,) has a single Wigner measure .
Moreover, we prove as explained before that from any sequence €, — 0 we can extract a
subsequence (g, )ken such that (o, (¢))ken has a single Wigner measure ji; for each time

t € R (see Subsection 4b).

4) Letting £, — 0in (5) and using some elementary e-uniform estimates proved in Section 2 with

some Wigner measures properties; we show in Proposition 4.10 that
t
A (eVERE)) = (VIR )) 42 / fis (VPRI Re(E, 44(2)) ) ds
0
with a velocity vector field #;(z) defined by (16).

5) In Proposition 4.11, we show that ¢ € R — [i; is a weakly narrowly continuous map valued on

probability measures satisfying the transport equation
Oufiu + VT (Fifi) = 0,
understood in the weak sense,

// (Ouf + Re(V [, 7)) diidt =0.
RJ%



6) To identify the measures fi; we rely on an argument worked out in finite dimension by Am-
brosio et al. [2] for the purpose of optimal transport theory and extended in [3] to an infinite
dimensional Hilbert space setting. This yields, in Proposition 4.12, the result of Theorem 1.1

but under a strong assumption on (0:).c(0,6) € Ns>0T? NS, given in Definition 4.1.

7) To complete the proof, we use an approximation argument allowing to extend the previous

result to states satisfying the weak assumption (2) in Theorem 1.1 (see Section 4 e).

2. DYNAMICS, QUANTUM AND CLASSICAL.

In this section we provide informations on the dynamics of the Nelson model with cut off and its
classical counterpart. Most results are proved in detail in [13], in the case d = 3; and such results
extend immediately to any dimension. We will briefly outline the proofs here, for the reader’s

convenience.

a. Quantum system.

The phase space of the theory is 2 := L*(RY) @ L?(R%), and we construct the Fock space
H=Ty(Z) ~Ty(L2(RY)) @ T4 (L?(R?)). The Nelson Hamiltonian H as well as the annihilation-
creation of the nucleon field ¥# and the meson field a# are recalled in the introduction. As

mentioned in the introduction, it is useful to set:

A 1

Hy, := dFl(—m +V)= BYYi Rd(v¢)*(:p)vw(a})dx + /]Rd V(z)y*(z)y(x)dx

Hyy := dly(w) = /Rdw(k)a*(k)a(k)dk ,

Hy:= Hy + Hoo

Hp:= /R N ijlz?{)zp*(x)(a*(k)eik'x + a(k)e™ )y (z)dkdz .

We remark that, with our assumption (A) on V, Hy is a positive self-adjoint operator on I';(Z)
with its natural domain D(Hp).

Let Ny = dl'1(1) = [ra¥*(x)(x)dz and No = dly(1) = [gaa*(k)a(k)dk be the number
operators. Since H commutes with N; it is natural to split the Fock space into sectors with a fixed

number of non-relativistic particles; hence we define the subspace

(6) H, = L2(R™) @ Ty (L*(RY)) .



Here L2(R™) denotes the space of symmetric square integrable functions (i.e.: ¢(x1, -+ ,z,) =
&(zsy,- -+ ,Ts,) for any permutation o). By definition, we have:
o0
H = A .
n=0

Given an operator X on 7, we call X,, its restriction to the subspace 77;,. The restriction on .54,
of the operator a(f), f € L?(R%), can be extended to any function f € L>®°(R", L?(R%)); we will

denote a(f), again by a(f) if no confusion arises.

Lemma 2.1. i) Let f € L®(R", L*(RY)) such that w=Y2f € L=(R"™, L>(R%)). Then for any
¢ € D(H?) N A :
(7) la(f)@lI < llw™ 2 f1 o na g2y | Hod 112

) 1D < N1 g o gy AL + ell P11
i) Let f € L®(R", L2(R%)). Then for any ¢ € D(N21/2) NI,

(9) la(F)ll < NFl oo, 2y 1N 6

(10) la* ()l < £l oo (rra,L2may | (N2 + &)%) .

The proof of this lemma is standard and follows by means of a direct calculation on .77, (see

e.g. [18]).
Corollary 2.2. Let x such that w='/?x € L*(R%). Then for any ¢ € D(N? + Ny):
1Hrg|| < llo™ X2/l (NF + N2 + €)d| -
We have now all the ingredients to prove the essential self-adjointness of H.

Proposition 2.3 (self-adjointness/Kato perturbation). Assume that (A) holds. Furthermore, let
x such that w™ 'y € L2(R%). Then H is self-adjoint on S with domain:

D(H) ={¢ € #;¥n € N, ¢, := ¢| , € D(Ho) N A5 and Y || Hngnl|* < 00} .

n=0
Proof. The operator H,, is self-adjoint on .7, with domain D(Hy) N 7, since, by Lemma 2.1,
(Hrp)p is a Kato perturbation of (Hy),. Furthermore, the small constant in the perturbation is
independent of n, hence we can define the self-adjoint extension of H as the direct sum @, , Hy,

[see 13, Proposition IV.1]. m



Remark 2.4. Tt is usual to assume x(k) to be a characteristic function 1y <.} (k), for some & > 0.
If mg = 0 and x = 1yjg<x}, then for all d > 3, w2y € L2 (RY) and w1y € L?(R%); hence H is
self-adjoint. However, if d = 2 then w™'y ¢ L?(R?). With a different approach, we can relax the

requirement on x and prove essential self-adjointness of H under the sole assumption (A).

Define %) C I's(Z) to be subspace of finite particle vectors of I'y(2’) (i.e.: vectors with finite

number of nucleons and mesons).

Proposition 2.5 (self-adjointness/direct proof). Assume that (A) holds. Then H is essentially
self-adjoint on D(Hy) N .Fy. We denote the self-adjointness domain of H as D(H).

Proof. Let ¢ € T's(Z). Then we denote by ¢y, n, its restriction to L2(R™%) @ L2(R"?). Define
the orthogonal projector P, ., € L(I's(Z)), v1,v2 € N by:
G, ifng =vyand ng <1y

(PVl 22 ¢)n1 n2 —
0 otherwise

The operator H is symmetric; we will prove that ((—H)(D(Hp)N.%) is dense in I's(Z) forall ¢ € C
with Im¢ # 0. Let ¢ such that Im¢ # 0; consider n € T's(Z) such that for any ¢ € D(Hp) N F:

(11) (n,((—H)p) =0.

If equation (11) holds only for n = 0, then (¢ — H)(D(Hp) N.%p) is dense in I's(Z). Equation (11)

also implies:

(n, Hop) = ¢(n,¢) — (n, Hro) .

Let n1,n2 € IN; we choose ¢y, ny € D(Ho|ny ny) a8 ¢ (Ho|ny ny is the restriction of Hy to L2(R™?)®
L%(R"24)). Then

ni

(Mn1,mes Hobnina) = (i gy nime) — € Z(<(a(wil/QXeiik'xj)n)ntha Dning)

7=1
—|—<(a*(w_l/QXB_ikmj)n)nl,nz7 ¢n1,n2>> .

Hence

(12> |<77n1,n27 H0¢n1,n2>| < (’C‘ ”77n17n2H + 53/2n1(n2 + 1)1/2HW_1/2X||2(H"7m,n2—1||

s,z 1)) s | -
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Since n € I'y(Z), (12) implies 1, ny € D(Ho|n, ny) for all ni,ng € N. Then P, ,,n € D(Hy) N Fo,
for all 11,5 € IN. Consider now equation (11); since it holds for all ¢ € D(Hp)N.%p, we can choose

¢ =P, ,,n. Then:

Vi

(0, HoPoy ) = (Im0) | Pyl = el (31, (a (@™ 2xe ™) + aw™2xe ™)) Py ) )
j=1

P,, ,, commutes with Hy, hence we obtain:

vy
(ImQ)|| Pyl = €D Im((1 = Poya), (a (@™ 2xe™ %) + a(w™xe™ ™)) Py, ) -
j=1

Now we use the following two facts: a(f)Py, v, = Py, vs—1a(f), and Py, yo—1(1 — Py, 1,) = 0. Then:

vi
(ImC)HPIJ1,V277”2 =¢& ZImUDVl,VQ-H(l — Py ), a*(w_l/QXe_Zk.xj)PV1,V277>
j=1

ni
=€ Z Im<a(w71/2xeilk.mj)77V1,V2+17 nV1,V2> :
j=1
Taking the absolute value we obtain:

|Im<‘ HPI/1,V277H2 < 53/2V1(V2 + 1)1/2”w_1/2XH2”77V17V2+1H “771/1,1/2” )

hence

1 2 v B 1
75 101 me 1 < €32 llw™ X o= (1o watt |1 + (001,00 1) -
(vg + 1)/ [Tm| 2

no=0

We define now:

oo
5= Z H77V1,nz||2 = ||PV1,OO77||2 )

no=0

where P,  is the orthogonal projector on J7,,. Then exists a 7 such that for all 1o > :

1 =
2
5‘5’ < Z H77u1,n2|| < S.

no=0
So for all vy > sy

R e 1/2
(2 + D127 =7 Jim(]

o2l (s a4 17+ [0 ) 5

taking now the sum in v» it becomes:

7y
1 v
S E <928 3/2_ Y1 -1/2
. (o +1)1/2 — ¢ |Tm(| o™ xllz

Vo =D
for all 7 > y. If S # 0, we have an absurd, since ), -, (v2 + 1)~1/2 is divergent. It follows that

(V1 e N, P, oon =0) &1 =0. O
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Finally, we describe some properties of H and the corresponding evolution e~izH i mapping

domains of particular operators in 7.
Proposition 2.6. Assume that (A) holds. Then:
i) D(Hy) N D(N?+ Ny) C D(H).
i) D(H) N D(N?+ N2) C D(Hy).

ii) Let 6 € R, t € R and mgs(e) := max{2 +¢,1+ (1 +¢)°}. Then for any ¢ € A :

—1/2

(N + Ny + )’ e H(NF + Ny + ) 0 gl| < ema@VERIHILT Exlz g

Proof. i) From H = Hy+ Hj we obtain | H¢|| < ||Hoo|| +|lw™/2x]l5|| (N +Na+¢)| by Lemma 2.1.
ii) From Hy = H — H; we obtain |Ho¢|| < [|H@|| + |lw™2x|lo||(NE 4+ No 4 €)¢||.

iii) We define, for § < —1/2, M(t) := ||(NZ+ Ny —i—a)‘se*’%H(]ﬁH. The result is then an application of
Gronwall’s lemma on 77, taking the derivative on a suitable domain. The result is then extended,
by density, to all vectors of J#. Interpolating between § = —1 and § = 0 we obtain the result for
all § < 0; by duality we conclude the proof for all real § [see 13, Proposition IV.2]. O

b. Classical system.

In this part we are concerned with the following partial differential equation on the phase space

7 = L2(RY) @ LA(RY):

1021 = (—ﬁA + V) 21+ ( » Xc(ulz]l) (Z2(k)e "™ + zz(k)eik'x)dk) 2

(13)
1029 = w2y + wl/Qx/ e*ik'le(:c)zl(x)dx
R4

This system describes a coupled Klein-Gordon (mg > 0)/Wave (mg = 0)-Schrédinger equation; it is

the classical dynamics limit of the Nelson model. In this form the second equation does not seem a

Klein-Gordon/Wave equation, however rewriting it for A := [pq X(k&) (z2(k)e™ ™% 4 2o (k)e™* ™) dk,
w
we obtain the more usual form: (04 m2)A = —(2m)"¥2F~1(x) * |21]2.
In the case where the ultraviolet cut off is removed (i.e.: x = 1), we obtain a coupled system

with an Yukawa interaction. This latter PDE has attracted a lot of attention, see e.g. [9, 17, 19, 24].
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Proposition 2.7. Assume (A) holds; and let Z > Y := 20 @ 29. Then the Cauchy problem:

. _ 1 X(k) = —ik-x ik-x

10421 = <—mA + V)zl + ( " m(zg(k)e + za(k)e )dk)zl 21(s) = 20

1029 = W2y + w_l/Qx/ e~z (x)z1(x)dx z2(s) = Z(Q)
]Rd

admits an unique global solution in €°(R,Z).

Proof. Local existence is proved by means of a fixed point argument. This solution is then extended

globally using the conservation of ||z1]|, [see 13, Proposition IIL.1]. O

Define now the flow ®(¢,s) on 2 as:

Ci(t—s)(— D . ¢ —i(t—T)(— 2, Dy (2(1
00) @,9)206) 1= (A o el =i (A o) (G e

with 2(7), 7 € [s, 1], the €°(R, 2)-solution of the Cauchy problem of Proposition 2.7, and

x(k)
Re \/w(k)

Do (2(t)) = w2 (k)x(k) /Rd e~ Rz (b, )2 (¢, x)d .

B (2(1)) == ( (Za(t, k)e™* + 2(t, k)eik'w)dk) 2(t, )

The Klein-Gordon-Schrédinger equation is a Hamiltonian system and therefore (13) can be written

in a more compact way, namely
(15) 10z = 0zh(2),
with h(z),z € Z, the classical hamiltonian given by h(z) = ho(2) + h;(z); with

ho(2) = (1, (=5 + V)ot) + (o2, (k)22),

_ X(k) P 2) (= e—ik~z P eik~z T
hi(z) = - —ml 112(z) (22(k) + 29 (k) ) dkda .

Define the free flow
i) (A,
o(t,5) = Po(t —5) = (e ¢ )(0 At efi(?fs)w> :
The classical field equation (15) can be written on the interaction representation:
(16) Oz = V5(2) = —i®o(—t)9zhi(Po(t)Z) ;

with the (velocity) vector field #; continuous on 2 and satisfying the estimate:

(17) 17l < 2w 2xlallzll2 (21 ll2 + [122]]2) -
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Proposition 2.8. Assume (A) holds. Then for allt,s € R, ®(t,s) given by (14) is the well defined
global continuous flow on & = L*(R?) @ L?(R%) of the Klein-Gordon-Schrédinger equation (13).

Proof. Let z(s), s € R, be in 2 and z(t) be the unique global ¢°(R, Z)-solution of the Cauchy
problem of Proposition 2.7. Then 2 3 z(t) = ®(¢, s)z(s). O

3. TRACE OF STATES.

First of all we recall some definitions. Let . be a positive trace class operator with Tr[p;] = 1

(the conditions it have to satisfy will be discussed later); then we define

Qa(t) — efiéHQ86+i§H :

@a(t) — eﬂéHoga(t)e*%Ho ]

We denote by L£!(#) the space of trace class operators on . Also, let 2 > ¢ = & @ &. Then
we define the Weyl operator

G ED+Y(E) ;97 (€2)Fa(é2)
V2 V2

W) :=e ®e =W(&) @ W(&) .

We have used here the representation of I'y(2) as the tensor product T'y(L?(RY)) ® I's(L?(R%));
we will use freely the more suitable representation of the two, depending on the context. Finally,

let 23 2z =2 @ 22, and Py(t) be the free flow on 2, defined above. Then we have

2(s) = Bo(s)z = (A 0 (3).

0

In this section we give a rigorous derivation of the following formula, crucial in the analysis of

the limit ¢ — 0:

t

~ ) -
(18) oW = Te[ew©)] + £ [ o) WE)]as
Furthermore, we will give a characterization of the terms in the commutator [Hy, W (£(s))].

Remark. The estimates on this section are made more precise than what we need, for a possible

derivation of a quantitative rate of convergence.

a. Derivation of the integral formula.

For convenience, let |1 := N12 4+ No+1|and |S:=Hy+T|. Then we make the following

definition:
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Definition 3.1 (S, 72). Let 0. € L), e > 0,5 € R. Then
0 € 82 & 0| g5 = [0:5° 1) < +00;
Os € 7? < |Q€|7—€6 = |QET6|£1(%) < +400.
Define now the subspace 27 C Z as:

(19) A ={ZF>2=2®zn:2 € H(R?Y and wz, € L*(RY)} .

In order to prove (18) we need some preparatory results proved in Appendix A. The Corol-

lary A.2; adapted to our spaces 2 and I's(Z), becomes:

Lemma 3.2. i) Let £ € 2. Then ST'W(&)S € L(S). Furthermore, there exists C > 0 such
that

ISTW(E)S| iy < C(1+elillan + 2l + 2 lalld + <*llald) -

i) Let € € Z. Then for any 6 € R, TOW(E)T® € L(H). Furthermore, there exists
C(9, €]l ) > 0 such that

T WOT’ 2y < C@ €Nl 2) (1 + O(e)) -
If 6 =1, there exists C > 0 such that

T W ) < C(1 el +lEl% + <l + = eally)
Next we consider the operators T—0e~1HTS and S—le—itH g,

Lemma 3.3. Let 6 € R. Then for all t € R, T—de=icHTI ¢ L(A). Furthermore, there exists
C(0,t, |lw™%x|ly) > 0 such that for any e € (0,8):

T2 Ty < OOt ™ 2xls) -

Proof. Let 6 € IN. We recall that, for any a > 0, n1,ne € IN:

0 0

(nf +n2+a)’ < (142°6)(nf +n2)’ +a’

where @ = max{a,a’~'}. Hence, using Proposition 2.6, we obtain
I(N? 4+ No +1)°e = Hg]| < (1+2) [ (N7 + No)oe =7 g]| + ]| < (1 +27)ems(@vERle s

(N + No + €)% + [[0]l < (1 +2°)(1 + 208)emsOVERII™ X || (N2 4 Ny 4 1)09)

(L4 20)cems VA2 1) g
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Then for all § € Z:
(20) |70 T, L, < (1 + (1429 (1 4 29 max{e, P71} + e|5|)em6<5>¢5‘5||t‘”“f”zxﬂz) .
The result is extended by interpolation to all § € R. O
Lemma 3.4. For allt € R, S~le :HS ¢ L(A).
Proof. Let ¢1,¢s € 7. Then using Lemma 3.3 we obtain:
(61,57 /S50 | = [(S(H +T) 7 (H +T)e 257161, 62)| < [(SH +T)~ e 'S MHS 61, 62)]
(14 (9 4+ 92)e VTN ) 51 || S(H + )~ o
< (lo™2xlla + 1+ (9 + 92)e VTR ) gy s
O]
We are now ready to prove the integral formula (18).

Proposition 3.5. Assume that (A) holds; and let £ € Z, £(s) = ®o(s)€. Then for all g. € T :

ot
~ 7 ~
oW = Te[ew©] + £ [ o) WE)]as
Proof. The formula is proved for ¢ in 27; and for o. € S!. The result is then extended by density
(S} is dense in T in the £1(2#) topology).

If we are able to differentiate, in ¢, Tr[o. ()W ()] we are done. Consider then, for all ¢,s € R:

Tr [ (2(1) = 2:(9)) W ()] = Tr|(e2Me 12 — it 12H ) g iMooy ()
+Tr _ez‘gHoe—igHQE (eigHe—igHo _ eiiHe_iiHO)W(g)'

Ty _Qsez%Hefz%HDW(g) (eigHoeﬂgH _ eigHoe,igH)-

Ty 'eigHoe—igHgg (eigHe—igHo _ eigHe_ifHo)W(g)_

=Tr QESS_leigHSS_le_igHoSS’_lW(f)SS_l(eigH"e—%H — eigH‘)e—igH)

+Tr [eiﬁHOeﬂgHQgSS*1 (eiﬁHefiéHo — eigHefigHo)W(g)} .
Every operation is justified since o. € £!(#) and emicH micHo W (&) € L(). Now recall that
0. € 8! and also §-leicHg g-le=icHog S=IW(€)S € L() by Lemmas 3.2 and 3.4 and since
S commutes with Hy. Then we can just look at the limits:

1

. _ it _;t ;5 _4i8 _1 4t _;t
hHIle - S l(ezEHoe zeH _ EZEHOE ZEH) —_g le'LEHOHIe zEH
sttt — g

1 .t -t . . <t .t
lim Sfl(ez;Hefngo o engefszo) _ SflezEHHIefngo '

s—»tt— s
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The convergence is intended in the strong topology, and we have used Stone’s theorem. The result

is finally obtained using the fact that

W (et = W(Er)) .

b. The commutator [Hy, W(£(s))].

Now, once the integral formula is proved, we want to give an explicit form of the commutator
[Hr, W (£(s))], in particular with respect to the dependence on ¢, since we are interested in the

limit € — 0.
Lemma 3.6. For all§ € R andt € R: 0. € T2 < o.(t) € T2.

Proof. The free Hamiltonian Hy commutes with 7', hence the result is a direct application of

Lemma 3.3. O

The next lemma can be proved using a general result on Wick quantized operators [see 4], or

with a strategy similar to the one used in Lemma A.1l.

Lemma 3.7. On D(T) the following equality holds strongly for any £ € 2 :

Be(&) : = WH(H[W (&)
X(k) * . € = £ - ik
ot o @ —i 58 @) (0 = 8

+ (a(k) + \f& (1) e™) (4(2) + =561 (@) dadk

&m

Corollary 3.8. For all o- € T and s € R:

T (5) [Hr, W (E(5))]] = T 02 ()W (€()) (B2(E(s)) — H1) |

Now we would like to write

(21) L(BEs)) — Hi) = D2 B, (E(s)
j=0

for some r € IN. This can be easily done, with r = 2, obtaining:

Boe)= - [ )

(22) V2w k)

[0 (@) (" (R)e ™™ + a(k)e™ )6 (2) — () (a" (K)e ™ + a(k)

€M) 8 (@) + U (2) (@) (Bae T — €677 | dad



17

_ 1 X(k) —tk-x ik-x e ik-x ¢
o) Bl@‘sz o ¥ @8 (@) (©(ke™ — &(k)e™) + U@ (@) (k)™ — &a(k)
e ) + (a* (k)e ™ + a(k)e™ )& (x)& (x)} dadk ;
(24) By(¢) = 2)61(2) (E2 (W)™ — E(k)e™)dudk

2v/2 JRr2a \/7

We can sum up these results in the following proposition:

Proposition 3.9. Assume (A) holds; and let £ € 2. Then for all o € T :
2 t ~ ~
(25) Te[o. ()W ()] = Tr[o.W(©)] + > /0 Tr | 0-(5) W ((5)) B, (€(5)) | ds :
§=0

where the B;(£(s)) are given in (22)-(24).

Finally, we give a bound on B; and Bz, and a more detailed characterization of By (since it is

the term which will have non zero limit when ¢ — 0). We start with the bound on By and Bs:

Proposition 3.10. Assume that (A) holds; and let & € %, s € [0,t], t € R. Then for any
0- € T2, there exists C(s, ||w™?x|ly) > 0 such that for all e € (0,&):

2 t
>2e [ mlemEenmeon])as <

6(1 +elléllz + (e + )€l +*ll€ll3

t
+(e? +€4)H§1H§)/0 C(s, o™ 2xl5)ds [ocl72 -

Proof. We have that:

>oc [ ot @B s

=

zef [m]

<Z€J/ T Bj(€(5))| om) 1T~ "W (E(s ST | )| T e HT’[: )| 0elads .

T ()W (£()) B (€(5)) |ds

—_

Now, since ||£(s)]| 5 = [|€]| 5, we obtain:

ijrT By (EDleor < 2™l (216G Il + Ko lla) + el Bleals)
Also, using Lemmas 3.2 and 3.3:

TWE) Tl < C(1+elell 2 + €l + Il + < lald)
T Ty < CE =1, o xllp) (1 + O(e)

1/2

Hence we conclude the proof by choosing a suitable constant C(s, [jw™/*x||5)- O



18

Now we analyse in detail By. We write it as:

By:=B__+B_4+By_+Byi+Bi p,

with
B o) = [ S u@nlh)e oG o ot
B = [ St (e 6, ).

B+—,0(§~(S)) = /]R2d Xo(lei:) P (x)(x) (52(3, k)eik'x — §2(s,k)e_ik'x>dxdk .

We want to interpret these operators as the Wick quantization of some symbol on 2. A detailed
description of Wick quantization in Fock space is given in [4]. We can write a symbol b(z), z € &,
corresponding to the product of ¢ creation and p annihilation operators, as a sesquilinear form on
(Z®%) x (Z®%). Hence we associate with it an operator b from Z®* into Z®*. A special role
is played by the symbols with compact b (we will call them compact symbols), since their Wick
quantization can be approximated by some Weyl or Anti-Wick quantization with an O(g) error.
Apart from By_ g, all the operators written above turn out to have finite rank (compact)

symbol, as stated in the following proposition.

Proposition 3.11. Let {e;};ew be an orthonormal basis of L?(R?). Then the following statements

are true for any s € R:
i) B__(&(s)) = b__(2)"ik with b__(2) = (b__(£(s)), (2)%?) ey . Furthermore

(- —(€(5))s Ve = Y (w2 (R)x(K)e™ &1 (s, 2), 6 @ ) oy (§) @ (&) 1 ) e
ijEN

is a finite rank operator from 22 to C (since C is spanned by a single vector).
1) By () = bys ()Y with by 4 (2) = ((2)%2, by (E()) (2)%) yos . Furthermore

by 1 (E(s)) = Z (ei ® 6j,wfl/Z(k)X(k)efik'Igl(&x)>L2(1R2d) (5)® (6%)
ijeN

is a finite rank operator from C to 22,
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iii) B_ 1 (E(s)) = b_ ()W with b_ 4 (2) = (2,b__ (£(s))2) 2. Furthermore

b (€(9) = D (w2 (k)x(k)e ™8 (5,), € @ €5) 12mae) |0 © €5) {e; @ O]
1,J€EIN

1s a Hilbert-Schmidt operator on & .
w) By _(£(s)) = by _(2)Vi with by _(2) = (2,by._(£(5))2) 2. Furthermore

b (€(s) = D (o1 ® e, 2 (k)X (k)™ 8 (5,2)) pagrenyei & 0)(0 & &
3,JEIN

is a Hilbert-Schmidt operator on % .

Proof. It is very easy to see that the Wick quantization of these symbols is the corresponding
operator on . (formally we substitute each zfﬁ with ¢7 and each 22# with a*, in normal ordering).
Also, since the sum in i,7 is convergent, by . (£(s)) is a vector of 2Z®2  hence a finite rank

operator. Finally,
Try [b- 4 (€(5))"b-+(E(5))| < N€al3llw™ 213 -
For b4 _ we obtain an analogous bound. O

The operator B4 _ o can be seen as the second quantization of a multiplication operator, hence
its symbol is not compact. In order to make it compact we need to use a regularization scheme.

We define the symbol by o(z) as by _ o(2) = (2,b;_ 0(£(s))2) 2 with
bi_o(&(s)) = <f(£%(s)) 8) 7

e X(k) c ik-x c —ik-x
flE()0) = | | m(@(s,k)e’“ — &o(s, k)e ) d.

Since for all s € R, w2y, &(s) € L2(RY), then f(&(s)) € L°(R?), and limy) o0 f(&(s)) = 0.

We would like to use the following compactness criterion [see e.g. 11, 25].
Proposition 3.12. Let f,g € L>®°(R?) such that

lim f(z)=0, lim ¢g(k)=0.

|z|—o0 |k|—00
Also, let g(i0;) be the operator acting as:

. 1 — ik -~
9(i0z)u(z) = (2m)i? /]Rd e g(r)u(k)dk .

Then the operator g(id,) f(x) on L?(R?) is compact.
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Definition 3.13 (g,,(i0;)). Let {gm }men be a family of functions in L*>°(R¢), decaying to zero at
infinity, satisfying the following properties:

i) For all m € IN; 0 < gp,(2) < 1, for all z € R%
ii) gm(xz) — 1 pointwise when m — oo.

iii) For all a,b > 0, there exists C'(a) > 0 such that for all m € IN\{0}: ||(14+ax®) " (1—gm(K))| o <
C(a)ym™".

Then the operators g, (id,) will compactify f(£2(s),z) in the sense of Proposition 3.12. Further-

more they will behave suitably in the limit ¢ — 0.

Ezample. Let g € C3°(R?) such that g = 1if |2| <1,g=0if |z >2and 0< g < 1if 1 < |z < 2.

Define g () := g(xz/m). Then {gm, }men satisfies Definition 3.13.

Consider now Tr [QE(8)W(£(S))B+,70(£~(s))}, we can write it as:

Tt 0: ()W (€(5)) B 0(E(5))| = Tt 0- ()W (E())dT (@) f&(92) 0 ) )| + T | 02(5) W (E(s))
dr (( (1—gm<iax(>))f<éz(s>,z) 0))] ,

0

The first term on the right hand side has a now compact symbol; and thanks to the assumptions
on {gm}men we can make the second small when m — oco. A precise statement is given in the

next lemma, proved with the aid of Proposition A.3 of Appendix A.

Lemma 3.14. Let £ € 24, s € [0,t], t € R. Then for any 9. € S} and & > 0, there ewists
C(s, |lw='2x]ly) > 0 such that for all € € (0,8):

T [o- (syW (E(s))dr (( (mom@0)) 10 0) )] | < C (s, Jl 2l €2l (1+ €l

1
+e2lellY; + 3 + eilld) —lels; -
Proof. The proof is done splitting the trace in parts as usual:
¢ 1—gm (10 Eo(s),x) 0 -1 -1 g
T [o:(5)W (E(s))dr (( (1-om@0) @@ 0 )Y || < |STAES ) |5 WIE(S) S

|[STHL (1 = gin(i02)).f (E2(5), 2)) | £y ey
where dT'1(f) = [ga f(2)¢*(x)p(x)dx. The first two terms of the right hand side are bounded by

Lemmas 3.4 and 3.2 respectively; for the third one we use Proposition A.3 as follows:

[S7HD (1 = 9 (i02)) f (&2()) | 2oy < [(dT1(1 — %) +1) 0 (1= gm(i02)) £ (62(9))) 2
< (1+V2)|(1+i0:/V2M) " (1 = gm(i02)) F(€2(9)) £ 2

< (L4 V) (14 5/V2M) T (1= g (1) o0 £ (E2(9)) oo < CL+ \/§)|\W_1/2X||2H52||2% ;
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where the last inequality follows from definition 3.13 of {g,, }. Defining the suitable global constant

C(s, lw™/?x]|) we conclude the proof. O

4. THE CLASSICAL LIMIT ¢ — 0.

Up to this point we have analysed the time evolved state o.(t) at fixed ¢ € (0,&), now we
will focus on the limit ¢ — 0. First we will introduce and discuss the results we need about the

convergence of states to Wigner measures; then study the limit of the integral equation (18).

a. Wigner measures.

In the classical limit, the density matrix o. behaves like a weak distribution, or probability
measure, on the phase space 2. We give a brief introduction to infinite dimensional semiclassical
analysis and detailed results can be found in [3-6]. Here we present the results we need most,

adapted to our setting.

Definition 4.1 (8%, 7°%). Let € > 0, (0z)cc(05) € £'(H#) a family of normal states and § € R.
Then
(Qa)ee(o,é) €S e 3C(0,¢) > 0, |(Qa)se(0,5)|35 = Sg]p)|ga55|£1(e%0) < C(6,¢) ;
ee(0,e

(0c)ec(0e) € T’ < 3C(6,¢) > 0,[(0c)ec0,8) |75 = sup ‘Q€T6|£1(,7f) < C(9,8) .

€€(0,8)

We remark that if (0c)-c(0,5) € S?(respectively T°), then g. € S?(respectively 72) for all £ €
(0,€); furthermore the bound of [gc|ss(7s) is independent of . With this definition, we are ready
to introduce the Wigner measures; the following result holds for general symmetric Fock spaces

over a separable Hilbert space, and it is proved in [4, Theorem 6.2].

Proposition 4.2. Let (0:)-c(0,5) € Us=o T°, i.e. there exists 6 > 0 such that (0c)ec(0,2) € T°.
Then for every sequence (en)nen € (0,€) with lim,_oce, = 0, there exists a subsequence (€n, )keN

and a Borel probability measure u on Z associated with (ank)kelN characterized by:

lim Tr [ankW(f)} —/ ei\/iRe(E,z>dﬂ(z)  VEez.
k—o0 13

Furthermore u satisfies the following property:

26
(26) [ Qe+ el + 1)) < l(e2)ectoalys < +o0-



22

Definition 4.3. The set of Wigner measures associated with (0:)-c(0,5) € Us>0 779 is denoted by
A (0e,¢ € (0,8)) -

In general, .# (0., ¢ € (0,€)) is not constituted by a single element; however for each countable
sequence €, — 0 we can extract a subsequence (ep, ); such that .# (¢, , (en, )ken) = {u}; hence

we can suppose without loss of generality that .# (o-,e € (0,£)) = {u}.

Remark 4.4. Let (0c)ec(0,6) € Usso 779 with associated measure y. Then, using Lemma 3.2 and

Weyl’s relation, for any £ € 27, (0:W(£)).e(0,z) has an associated (complex) measure ji¢ with

due(z) = etV2Re(8,2) du(z) .

We refer the reader to [4] for further informations on Wigner measures of general trace class

operators.

The convergence of p. holds with a large class of operators (under suitable conditions); in
particular with Wick quantized polynomials with compact symbol. The precise statement is the
following: Let 73;,‘31(5,'*” ) be the compact polynomial symbols of degree p in z and ¢ in Z; define

lg(Z) = @nge]N Ppo(Z). Then the following proposition holds:

Proposition 4.5. Let (0c)ec(0) € MNs>0 T? such that M (o-,e € (0,8)) = {u}. Then for any
b e Po,(Z):

lim Tr [QE bWiCk] = /g b(z)du(z) .

e—0

Remark 4.6. Since we have only operators bounded by 7', we can relax the hypothesis of Proposi-
tion 4.5 to states (0c)-c(0,5) € 7. In this case, the result is true for compact polynomial symbols

b € P2 (Z) such that T—/2pWikT=1/2 is bounded uniformly in e € [0, €].

b. Subsequence extraction for all times.

We would like to apply proposition 4.5 to the integral formula (25) and obtain an integral
equation for the measure p; associated with o.(¢). In order to do that we need to be able to
extract the same converging subsequence at any time ¢ € R. This is what we prove in the next

proposition; preceded by a preparatory lemma.

Lemma 4.7. Let (0:)cc(0) € T Then G(t,€) == Tr {@E(t)W@)} is uniformly equicontinuous

with respect to € € (0,&) on bounded subsets of R x Z.
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Proof. Let e € (0,8). We split |G.(t,€) — Ge(s,n)| < X1 + Xo, with

= [Ge(t,8) = Ge(5,8)] , Xo :=[Ge(s,€) — Ge(s,m)| -

Using Proposition 3.9, Lemma 3.3, (20) and the fact that B;(£(7)) is bounded uniformly in 7 and
e €(0,¢) for j =0,1,2, we obtain for some C1(&, [|£]| ), C2(&, [|£]| ») > O:

X = ‘ZEJ/ T [0- ()W (E()) By (7)) ds| < Crleeltl — 2]

Consider now Xo; using Weyl’s relation and the fact that (oc).c(0,) € T! we obtain, for some

C3(s,€) > 0:

Xo < |(WmW*(€) = DT £ |8-(5) 1 < Ca[(€2™OW (g — &) = T
< Cy (|50 1] 4 |(W(n = &) = DT o)) -

Now, we use the following bound for the first term:
etz _ 1| = |elatm=88) _q| < Qgnge%ll&ll(HnllHléH)Hn —£|;
and for the second:
(W (n =€) = DT gem) < ‘/01 WA = €)e(n - S)T‘ldA‘wf) < V2)€—all;
where v2¢(z) = (¢*(21) + 1¥(21) + a*(22) + a(z2)). Finally we obtain
Xy < Cy (25—Hg||e%\l&ll(HnllJrllfH) I \/§> e =l -

Now, choose a bounded subset I = [Ty, Tp] x {z,]|z]| < R}, To,R > 0. Then there exist
C4,Cy,C5 > 0 that depend only on Ty, R and £ such that for all (¢,&), (s,n) € I:

(27) |Ge(t,€) = Ge(s,m)| < C1[eP — P21l ]+ Cyl¢ — |-
O

Proposition 4.8. Let (0:).c(0,6) € T9, 6> 1. Then for any sequence (ep)nen € (0,8), converging
to zero, there exists a subsequence (ey, )kew and a family of Borel measures (fit)tcr on Z such

that for all t € R:
M 0z, (1), k € IN) = {fis} .
Furthermore for any Ty > 0 there exists C(Ty) > 0 such that for all t € [—To,Ty):

9 [ B+ all + 1) dia(z) < C().
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Proof. Recall that for any (0:).c(0,¢) € T T, (0=(t))ce(0,e) € T' for all t € R (using Lemma 3.3
and the fact that Hy commutes with T'). The field R is separable, so we can consider a dense
countable set D C R. Let (g,,)nen € (0,&). We can choose, by a diagonal extraction argument, a

single subsequence (ep, )kev such that we can apply Proposition 4.2 and obtain, for any ¢; € D:

lim Tr[a.,, (6,)W(€)] = / VIREER) g, (2) = Colt;.€)

k—oo Vi

Also, since 0 < Tr[@e(tj)W(f)} < 1 holds for any ¢ € (0,&), then 0 < Go(t;,£) < 1. Now we can

use Lemma 4.7 and obtain for all ¢;,¢ € D:
|G-, (t5,6) = Ge,, (11,€)] < Ol —e2lul]
uniformly in €,,, then we can take the limit £ — oo and obtain
|Go(t5,€) — Goltr, §)] < Cy |l — il

Let t € R; choose (t;)iew € D, such that ¢; — ¢, when i — oo. Then (G’g(ti,ﬁ))iem is a Cauchy

sequence and we can define
Go(t,€) := lim Go(t;,€) .
1—00
For all t € R, Gy (t, -) is a norm continuous normalised function of positive type which satisfies
(29) Go(t,€) — Go(s,n)] < Cp]e®2!! — 2| 4 C30le — n]]

on any bounded subset of R x %, for some positive constants Cy,Cs and Cj.

Hence it is the characteristic function of a weak distribution fi; on 2, and for all ¢ € R:

k—00

fim T2, (OW(©)] = [ VR

Furthermore fi; are Borel probability measures since they are Wigner measures of (o, (¢))ken €

7°. The bound (28) comes from (26) and Lemma 3.3. O
Corollary 4.9. The following statements are true:

i) Let (0c)ec0,6) € T'. Then for any sequence (£,)nen € (0,2) converging to zero, there exists a

subsequence (en, )kew and a family of Borel measures (f)ier on Z such that for all t € R:

M (0e,, (1), k € N) = {i} .
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it) Let (0c)eco2) € T, € € Z. Then for any sequence (ep)nen € (0,€) converging to zero, there
exists a subsequence (en, )kew and a family of Borel measures (pit ¢)ier on Z such that for all

teR:

M (e, ()W (E(1)), k € N) = {pe}
furthermore:

dpe(z) = V2RO gy (z)
Proof. i) follows easily since for any o € £L}(#) and € € 2 Tr [@(t)W(f)} =Tr [g(t)W(f(t))}

ii) is a consequence of Remark 4.4. O

c. Integral formula in the limit ¢ — 0.

We have all the ingredients to calculate the limit € — 0 of the integral equation (25).

Proposition 4.10. Assume that (A) holds and let § € 2, (0c)-c(0,5) € S*. Then for any sequence
(en)nen € (0,€) such that lim,,_,o0 €5, = 0; there exists a subsequence (e, )keN, and a family (p)ter

of Borel probability measures on Z such that for all t € R:

1. .///(Qenk (t),k € N) = {u} and .///(@snk (t),k € N) = {fiy = Po(—t) 1)}

2. [ satisfies the following integral equation:

(B0) VI VI i [ (VIR Re(E, 4(2) ) ds
0
with the (velocity) vector field ¥5(z) = —i®o(—t)0shi(Po(t)z) for all z € Z.

Proof. The first point is just a restatement of Corollary 4.9. The second is proved starting from
the integral equation (25) and assuming { € Z7. Fix the subsequence (e, )kew such that we
can associate a measure fi to (e, (t))ken for all times. Then in (25) the left hand side and
the first term in the right hand side converge by virtue of Proposition 4.8, and its Corollary 4.9.
The terms involving B; and Bs converge to zero in absolute value by Proposition 3.10, since
(ank Jeew € T' D SL. It remains to consider the By term. If we split it as described in Section 3 b,
we see that the B_ _, B_ ., By _ and By | terms converge by means of Proposition 4.5 (applied

to the state o, (s)W(£(s))), since they have compact symbols.
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We have to be more careful with the By _ o term, and use the regularization scheme introduced

in Definition 3.13. Consider:

T |0- ()W (£(5)) By 0 (€(5))] / VA2 (21, F(Ea(s))20) 2 ey diss (=)

z
Define now BT_Q(E(S)) = dI (gm(iﬁx)f(gg(s),x)) to be the regularized operator with compact

symbol. Then we obtain:

T2 W E B p(€)] = [ MO oyl 20)adin(2)] < [T e IWECs)
(@6 = [ VRN oy 110 )20
[T 0o ()W (€)1 (1 = gmi2)) £ (Ex(9), 2)) |

#] [ VRO ey, (1 g (10) FEa(s)) i ()]
z

The first term on the right hand side goes to zero by virtue of Proposition 4.5; the second goes to
zero when m — oo by Lemma 3.14.
Finally consider the last term. By definition, |[(1 — g, (i0y) < 1 uniformly in m.

Furthermore, f(£5(s), -) € L®(R%). Hence

| V222 (21 (1 — g (i0,)) f(Ea(s))21)a| < [|21]3

that is integrable with respect to us by virtue of Proposition 4.2. Then we can apply dominated
convergence theorem and prove that the term goes to zero when m — oo, since (1 — ¢, (19;)) — 0
strongly as an operator of L?(R?).

Once the integral formula (30) is proved for £ € %1, the extension for all £ € % is straightforward
since ¥; satisfies the estimate (17) and a dominated convergence theorem applies thanks to the

estimate (28). O

d. Transport equation and uniqueness

Proposition 4.10 shows that Wigner measures fi; of propagated normal states g.(t) satisfy the
integral equation (30). Actually, this can be written as a Liouville (continuity) equation with
respect to the classical Hamiltonian of the Klein-Gordon-Schrodinger system. Proving uniqueness
of solutions of the latter equation implies that the measure fi; is the push forward of pg (the Wigner
measure at time ¢t = 0) by the classical flow ®(¢,0) which is a well defined continuous map on 2

by Proposition 2.8.
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One of our concerns is the regularity with respect to time of the curve ¢ — ji; as a map valued
on P (%), the space of Borel probability measures over 2. For our purpose, the most appropriate
topology on P (%) is the weakly narrowly convergence topology which is described below. Let
(en)ne]N be a Hilbert basis of 2. In the following, we endow 2 = L?(R%) @ L?(R¢) by the distance

w(z1, 22) \/ ZnG]N zll_ﬁf” 2Tt is not difficult to see that the topology of (£, d,) coincides

with the weak topology on bounded sets. We say that a sequence (up)nen in P(Z) weakly

narrowly converges to u € Z(%) if

n—oo

Ve G(2.d,). i [ g dun-J/ £(2) du,

where 6,(Z, d,,) denotes the space of all bounded continuous real-valued functions on (2, d,). In
practice, it is more convenient to use cylindrical functions in order to check weak narrow continuity
properties. We recall that a function f : 2 — R is in the cylindrical Schwartz space S.,;(%) if
there exists a finite rank orthogonal projection p on % and a function g : p 2 — R in the Schwartz

space S(p Z) such that

VzeZ, f(z)=g(p2).

In the same way, if g € C§°(p Z) we can define the space of smooth cylindrical functions of compact

support C3°, ;(Z°). We caution the reader that neither S.,;(Z°) nor C5%,,,(Z’) possess a vector space

0,cyl 0,cyl

structure. The Fourier transform of f € S.(Z), based on a finite dimensional subspace p 2, is

(31) FIA(E) = / LR () Ly ().
£

where dL,(z) denotes the Lebesgue measure on p 2 and the inverse formula is

1) = / | T FIE) dE(6).
©

Proposition 4.11. Assume that (A) holds and that (fi;)icr are Wigner measures of the family
(0=(t)))ee(0,) € S* provided by Proposition 4.10. Then the map t € R — ji; is weakly narrowly

continuous and satisfies the transport equation
(32) Ofir + VT (Hjir) =0
in the weak sense,

(33) Vf € CR R x %), /R/g (0uf +Re(Vf, %)) djigdt = 0.
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Proof. For any f € S.u(Z), based on p 2 with p a finite rank orthogonal projection, Fubini’s

theorem gives

/ f(2) diig(2) =/ FIFUE) (21 2) dLy(2),
z 0z

where F is the Fourier transform (31). Hence, by the estimate (29) (with n = £) and the decay at
infinity of F[f] the map ¢ — [, f(2) djis(z) is continuous for any f € S¢yi(2Z). Now, the bound
[ |12l1% din(z) < C(Tp) (proved in Proposition 4.8) and [2, Lemma 5.1.12-f)] guaranties the weak
narrow continuity of the curve ¢ — fi;.

The transport equation (32) follows by integrating (30) against F[g](§) dLy(2) for any g € Cg7,,(2Z)

based on p Z. So, we obtain

/g) 9(2) diun(z) = /j 9(2) dfio(2) + 2 /0 / i (Re(€ () Flal) dLy 2(6) ds.

By Fubini’s theorem and properties of finite dimensional Fourier transform, the identity

(34) [ o) dint) = [ o) it / | Re(Va(e). 14(2)) dis(2) ds.

holds true with Vg(z) the differential of g : & — R (here & is considered as a real Hilbert space
with the scalar product Re(:,-)). We observe that for any g € Sg,(Z) the r.h.s. of (34) is C'(R).

Hence, a differentiation with respect to t gives

o ( [ o) ane)) - [ Re(Ta(:). %) dil) =0.

Thus, multiplying the above relation by ¢(t), with ¢ € C§°(R,R), and integrating by part proves
(33) for f(t,z) = ¢(t)g(z). We conclude by observing that any f € C57,(R x Z), f(t,2) =

al
g(t, pz) with g € C§°(R x p Z) can be approximated by a sequence (gn(p-, -))ne]N in C°(R) @f
(o ). n

Proposition 4.12. Assume that (A) holds. Let (0c)zc(0,5) € Ns>0T° NS' and admits a unique
Wigner measure po. Then for any time t € R, the family (o-(t) = e‘iﬁHfgeeiﬁHg)ae(o,g) admits
a unique Wigner measure p; = ®(t,0)4po, where ® is the flow of the Klein-Gordon-Schréidinger
system defined on Z by Proposition 2.8.

Proof. Proposition 4.10 and Proposition 4.11 say that for any sequence (&, )nen € (0,€) such that
lim,, 00 €5, = 0; there exists a subsequence (ey, )ken, and a family of Wigner measures (fit)tcr of

(0e)ee(0,6) Which are Borel probability measures on 2 satisfying the transport equation (32)-(33)
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for all t € R with initial datum po a time ¢ = 0. Now, we apply [3, Proposition C.8] in order to

conclude that such transport equation (32) admits a unique solution given by

Do (1) g = P(t,0) g0 Le. p = P(t,0)4p10 -

The assumptions to be checked are:

(i) For all T > 0,
/ i ([ 17

This holds true by (17) and the a priori estimate (28).

1/2
2 d,&t(z)> dt < oo.

(ii) The map t € R — [ is continuous with respect to the Wasserstein distance Wa. Indeed, |3,
Proposition C1] shows that a weakly narrowly continuous curve satisfying a transport equation

with a Borel velocity field satisfying (i) is continuous with respect to the Wasserstein distance. [J

e. Propagation for general states

The extension of Proposition 4.12 to general states (0c).c(o,¢) satisfying the assumption (2) of
Theorem 1.1 follows by a general approximation argument introduced in [6] and briefly sketched
below. We recall that S = Hy+T and T = N2+ N + 1. Suppose that for some § > 0 there exists
Cs > 0 such that

(35> Ve € (075)7 ‘SJ/4Q6S6/4‘£1(jf) <GCs.

Let x € 65°(R) such that 0 < xy <1, x = 1 in a neighbourhood of 0 and xg(z) = x(%). Then

the family of normal states

oo g = XB(S)0XR(S)
=R T [xr(S) 0-xR(S)]

approximate o. as R — oo. Notice that o, is well defined for R sufficiently large for all € € (0, ).

Actually, thanks to the assumption (2),

|0e(t) = 02, (1) 21y = |0 = 0e,Rlc1(3) < V(R)

where o; p(t) = e~ieH: OcR il and v(R) is independent of e with limg_,. ¥(R) = 0. Now, it

is easy to see that for any R € (0,00) the family of states (oc r)-c(0,s) satisfies the assumptions

of Proposition 4.12 except the uniqueness of the Wigner measure at time ¢t = 0. However, up to
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extracting a sequence which a priori depends on R, we can suppose that .#(o., r,n € IN) = {po.r}

and A (g, ,n € N) = {uo}. Thus, we obtain
VEER, Mg, (1),n € N) = {B(t,0) 4o g} -

For each t € R, we can again extract a subsequence, which may depend on ¢, such that

M(oe, (t),n € N) = {p} .
Now, [6, Proposition 2.10 | implies
[l = 000.0) 0 1] < Himinfl 2, (1) = 00, Oler) < v(B). - and
/g 1o — po.r| < liminflo., — oc, rleigy < v(R),

where the left hand side denotes the total variation of the signed measures iy — ®(t,0)4 40 r and

o — po,r- Therefore, we obtain

/ |t — ©(£,0) 4 p10] < / |\t — ®(t,0) 4 p00,R| + /g lo,r — po| < 2v(R),

since the total variation of ®(¢,0)xp0r — ®(¢,0)4p0 and por — p1o are equal. Letting R — oo
implies iy = ®(t,0)4p0. Thus, the argument above shows

pe € M(oe(t),€ € (0,€)) < (e = (¢, 0)440, o € M(o:,€ € (0,8)))

It is easy to see that the assumption (2) implies (35). This ends the proof of Theorem 1.1.

5. GROUND STATE ENERGY LIMIT

In this section we give the proof of Theorem 1.2. We recall that we assume (A), mg > 0 and
suppose that V' is a confining potential (i.e.: lim|,_,o V(7) = +00). The classical energy functional

related to the Klein-Gordon-Schrédinger system is given by h(z) = ho(z) + hr(z) where

ho(z) = <Zl7(—%+v)21> +(22,w(k)z2), z=2102nc¢€ D((%JH/)W)@D@W),

is the quadratic positive part while h(z) is the nonlinear regular one given by

hi(z) = /Rgd XSEI){:) |21\2(w)(22(k:)e_ik'z + zz(kr)eik"”)dk:dm , 2=21DPxneZ.

Actually, the simple inequality |h;(z)| < 2|\zl|\%|\%]|2”z2||2 holds true as well as the scaling
h(A\z) = A2ho(z) + A3hy(2) for any A € R. Therefore, the functional h is unbounded from below
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whenever x is different from zero. However, the Nelson Hamiltonian preserves the number of
nucleons and the ground state energy of H|,, is bounded from below (here J7, = L?(R%™) ®
[s(L*(RY)) and L2(R9") is the space of symmetric square integrable functions). This means
classically that the Klein-Gordon-Schrédinger system preserves the L? norm of z; and h is bounded

from below under the constraint ||z1]|2 = A with A fixed.
Lemma 5.1. Assume (A) and mo > 0. Then, for any X\ > 0,

inf  h(z1 @ 2z2) > —o0.
[lz1]]2=A

Proof. A phase space translation shows for z = z; @ 29 such that ||z1]|a = A that the energy
functional can be written as

29 efikz 29 efikm

A X
h(z) = (21, (—m +V)z) + /]Rd< Y + AWXM(@ (X + )\WX) ) [21]? () da — XLH;H%-

i

Observe that % + )\%X belongs to w™'/2L?(R%), so that all the terms make sense. Hence, the

quantitative bound h(z) > —A*||X[|3 holds true. O

a. Upper bound

The upper bound is very simple to prove. It follows by an appropriate choice of trial functions

(coherent type states) for the quantum energy.
Lemma 5.2. Let A > 0. Then for any ¢ € (0,2) and n € N such that ne = \2,

(36) infU(HL;fn) < inf h(z1 &5, 22) .

 lzllz=x
Proof. Take for A > 0, z; € C§°(RY) such that ||z1]|2 = A and 2z € D(w), the coherent vector

¥ ® W(sz)Qu

<1

0(21@22)2()\

with @ = (1,0---) the vacuum vector of the Fock space T's(L?(R%)). It is easy to check that
C(z1 ® 22) belongs to the domain D(H| ) = D(Hy|x,) since (3-)®" is in D(dT(—53; +V)) and
W(\/iZQ)Q is in D(dl'(w)). Using the fact ne = A%, an explicit computation yields

i€

<C(21 (&) 2’2), H|K%C(2’1 D 22)> = h(Z1 D 22) .
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b. Lower bound

The lower bound proof is more elaborated and uses an a priori information on Wigner measures

of minimizing sequences. It is convenient to work with
9 = C5°(R™) Ratg (F N D(dL'(w))) ,
where .% denotes the dense subspace of finite particles vectors of the Fock space T's(L?(RY)).

Lemma 5.3. Let A > 0. There exists a normalized minimizing sequence (\If("))ne]N in 9, such

that for all € € (0,€), ne = A,
.
(37) (U H| e 0 < ~tinfo(Hyy).

Proof. Remember that the Kato-Rellich theorem applies for H| 4, . Therefore D(H| ) = D(Ho| )
and since & is a core for Hy) 4, then it is also a core for H| 4, . Thus, one can construct a normalized

sequence in 7 satisfying the inequality (37) since

inf o(Hj ) = inf (U™ Hy e 9™y
||@)]|=1,T(M)cg

O]

Lemma 5.4. Let (‘l’(n))ne]N be a minimizing sequence as in Lemma 5.5. We can assume that

(\II("))ne]N has a unique Wigner measure u. Then for any R > 0,

lim <\Ij(n)7 dr(lkc\SR) ®1 \Il(n)> = / (Zla 1|;L’\§R Z1> d/,L(Z) :
z

n—o0

Proof. Proposition 4.2 ensures the existence of Wigner measures for (\I/("))ne]N since
(U, N ) <N 4 (0, Hopp, w)

and the right hand side is uniformly bounded with respect to n € IN. Moreover, by extracting a
subsequence we can always assume that (\II(”))nelN has a unique Wigner measure.
Let x € C§°(R) such that 0 < x(z) < 1, x(z) = 1 if || < 1 and x(x) = 0 if |x| > 2. Let

Xx(x) = X(£), for & > 0.

(38) |N2(T) 1, W) / (21, L ajer 1) du(2)

z

< ‘)‘2<\Ij(n)a 1|x1|§R [1 - XH(D?“)] \I/(n)>’

(39) [P, 1 < X (DE) B

(40) - / (21, 1\x|§R>~(H(D925) z1) dp(2)

r
(41) T \ [ 1 tnla(D2) ~ 1122 du2)
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The first term in right hand side can be estimated by
Y n 1 n ~ _1
(42) (OO 1 1<r [1 = (D21 )| < [[(1+ D2,)2 ¥ [|[1 = %a(D2)](1+ D3) 2.

So, the left hand side of (42) tend to zero, uniformly with respect to R > 0, when k — oo. Now,
observe that the operator 1,<r X« (D?2) is compact. Then by Proposition 4.5 and Remark 4.6, we
get for all Kk > 0

lim AW, 1, 1<p Ve(D2) ™) = lim (U™ dD(1,1< Ve (D2,)) ® 1 ™)

e n—oo
= /@(K«Zla 1|$|§R Xﬁ(Dg) Zl> dH(Z) .

Since Y. (D?) converges strongly to 1, we see by dominated convergence theorem that

lim [ (21, 1pj<r[Xe(DZ) — 1] 21) dpu(2) = 0.

KR—00

Hence an 7/3-argument proves the limit. O

Lemma 5.5. Let A > 0 and (V™) cn be a minimizing sequence as in Lemma 5.3. Then there

exists C > 0 such that for any R > 0 and any n € N, ne = \?,

n C

with C(R) = inf{V (z), |z| > R}.
Proof. Remark that
A2 = (w™ Ny o)
= (U™ d0 (1<p) ® 1) + (B a0 (1,5 p) @ 1T™).
Using Lemma 2.1, one can see that Hyj, is bounded by H32/2 uniformly in n € N, in the operator
sense. Hence, (<‘11(”),H02 + Hj \I’(”)>)nelN is bounded from below and since ¥(™ is a minimiz-

ing sequence there exists C' > 0 such that (U™ dI'(V(z)) @ 1¥™) < C. Using the inequality
dl'(V(z)) > C(R)dl' (13> ), one obtains

(U™ dT (1p<p) @ 1UM) = 22 — (T dT(1, 5 p) @ 1T™)

O]

Lemma 5.6. Let (‘I’("))nem be a minimizing sequence as in Lemma 5.3. Then any Wigner measure
w€ AWM n € N,en = \2) is supported on S(0, ) x L*(RY) where S(0, ) is the sphere of L*(RY)
of radius A.
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Proof. Observe that (U NFWw™) = X2k for all k € N. Hence, [4, theorem 6.2] shows that u
is supported on B(0, ) x L?(R?) where B(0, \) is the ball in L?(R%) of radius A centered at the

origin. Using Lemma 5.5 and Lemma 5.4, we obtain for any R > 0

21| |3 du(z 2/ 21, e pz) du(z) > 22— ——.
x/B(O,)\)XLQ(]Rd) ” 1H2 ( ) B(O,)\)XL2(]Rd)< b Hz|<R 1> ( ) C(R)

Recall that lim ;| V(7) = +00 so that C(R) — oo when R — oo. O
Lemma 5.7. For any A > 0,

lim inf 1nfU(H|,f ) > inf Az @ 22).

n—so0o,ne=\2 [|z1]]2=A
Proof. Let (¥(),cix be a minimizing sequence as in Lemma 5.3. Recall that the annihilation
distribution a(k),k € R? is a well defined operator a(.) : F — L? (R%,T's(L*(RY))). A direct

computation, using symmetry and Fubini, gives

0(n) = (W™, Hoy + Hyp, W) = /R )OI, 2 gy (k)

AQ e”‘?iﬂl i \I/(n) k \I](n) 1) did
+ R4 xRdn w(k)X( ) (( 7a( ) >F5(L2(Rd))+ C) T .

Therefore, we can write

13)  O(n) = 1 (@) + 22ty ) w2 dadk — X2

(43) (n) = RdX]Ran( ) { alk) + WX( ) %, (r2(may) dxdk — H;HQ

Taking any cut off function 0 < y < 1. Let @, be a sequence of positive finite rank operators

Xw. Let {eqtaen be an O.N.B of L?(R?) so that Q. =

’Ll)

such that 0 < Qx < xw and Q, —
> r—otalea)(eq| (for simplicity the dependence on & is omitted). Expanding all the integrals and

sums in (43), then using Q. < Xw, one proves

8(n) > (T, 1@ dr(Q,)¥™) +Zta a(eq) U™ dF(ng';)@l‘P(”)Hhc

d n Xea n X
TNt (B, dP(| ) © 180)) — A 2.

The right hand side is the expectation value of a Wick operator with symbol given by

O(z) = (22, Qr22) +/

R4

—ikz r >
Xea
(<227QN 3/2 >+h6) |Zl($)|2d$+)\2 g t()t<zlv|w3/2| )\4 |7||2
a=0

In this symbol some monomials have non ”compact kernels” (see the discussion in Section 4a). So,

using the same approximation scheme as in Definition 3.13 and Lemma 3.14, we show

—

0(n) > (™), 1 @ dD(Q,)T™) +Zt a(ea) ¥, (5% 9 (i02)) @ 1) + he

¢ n Xea n X —
Xt (W0, (| 255 g (i0,)) © 1 90— XY K|+ Om ),
a=0
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with an error uniform in n € IN. Now, the point is that the right hand side is an expectation
value of a Wick quantization with compact kernel symbol. We can apply the same argument as in
Proposition 4.5 and Remark 4.6. Therefore, we obtain

hnﬂnf@lzu/ Om(2) du(2).
5}"

n—o0

where pu is the Wigner measure of the sequence (\I/(”))nE]N and

p—

Qm(z) = <2’2, Qﬁ22> + Z ta <<227 €a><21, %gm(iax)zﬁ + hC>

a=0

—

2 X€a , 41 X2
+A%(21, ‘m‘gm(zax)zﬂ —A ||;||2'

We can remove, by dominated convergence, the cut off g,, and let kK — 0o. So we obtain

lim inf 6,, > / (z2,wzo) + hi(z)dp(z),
P

n—oo

Now, a similar argument of approximation from below gives

A —A
+ V)@ 19™) > (0™ dr(y(=— + V)) ® 18™) |

(n) =
(P, dI( 2M 2M

where x is a cut off function, y(x) = = on |z| < 1, so that X(ﬁ + V) is a compact operator.

Applying Proposition 4.5, we get

liminf (U™, H,, v > / h(z)du(z).

n—00,Ne=M\2

Therefore, we obtain

inf h(z) < / h(z)dpu(z) < liminf (P H ™) < liminf _info(H) ),
[lz1]|=A S(0,A)x L2(R4) n—00,ne=\2 n—00,ne=M\2

since by Lemma 5.6 the Wigner measure u is supported on the sphere of radius A. ]

Thus, Lemma 5.7 and Lemma 5.2 imply Theorem 1.2.

Remark 5.8. Tt is not difficult to show that the infimum of the classical energy h, under the

constraint ||z1||2 = A, is actually a minimum.

Appendix A: Estimates on Fock space.

We provide some technical results used throughout the paper and proved here for general Hilbert

spaces.
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Lemma A.1. Let % be an Hilbert space, T's(#%') the corresponding symmetric Fock space (with
a”, N, W(&) the annihilation/creation, number and Weyl operators respectively).
Let y be a positive self-adjoint operator on % with domain D(y); and let dT'(y) be the second
quantization of y, with form domain D(Y'/2). Then for all ¢ € D(y*/?), and ¢1,¢2 € D(Y1/?):
1€ 2

(61, WH(E)T (y)W (€)¢2) = (@1, (dT (y) + ﬁ(a*(yé) —a(yg)) + %<€,y€>@)¢>2> -

Proof. Let € € D(y'/?) be fixed, let ¢1,¢o € D(N). Furthermore, let (ym)men € L£(Z) be a
sequence of bounded operators that converges strongly to y on D(y), with y,, <y for all m. Then
we define, for all A € R,

2.2

MO = (61, WO (AT () + 20" () = a0 )) + 5~ (€)W ()00}

We remark that for every § > 0 the Weyl operator maps D(N 5) into itself. Taking the derivative

in A, we obtain

d IAE

SMO) = W Q01,1 [00) . U () + 20" (1) — ol W (A€)a) + W (1),
(\%(a*(yms)  a(ymé)) £ APE YmE) ) WA a) = 0.

Hence for all ¢1,¢2 € D(N) we obtain, by M (0) = M (1), for all m € IN:

i 2
(Al) <¢17 W*(g)dr(ym)w(§)¢2> = <¢17 (dr(ym) + %(a*(ymg) - a(ymg)) + %(éa ym€>5y)¢2> .

Choose now ¢; = ¢ = ¢ € D(Y/2) 1 D(N). Then

2
(&, W (€)dT (y) W (€)¢) < [|dT(y)" /8|1 + V2] |y €]l |dT () /8| | 6] + 65||y1/2£||%/||<b|| :

By monotone convergence theorem, the left hand side converges to (¢, W*(£)dI'(y)W (€)¢) when
m — o0, since dI'(y) is a closed operator. The result extends by density to all ¢ € D(Y/?); so the
Weyl operator W maps the form domain of dI'(y) into itself. Then for all ¢, ¢o € D(Y/2)ND(N),
we can take the limit m — oo in (Al). The result is then extended by density to all ¢1,¢s €
D(Y1/2). O

Corollary A.2. i) Let £ € D(y). Then (dU(y) + 1)7'W(€)(dl'(y) + 1) € L(Ts(#)). Further-
more, there exists C(||y€|ly . 1€l ) > 0 independent of € such that:

(L (y) + DT W(E(AL () + Dl g, oy < CUIYElw- 1€l (A + O(e)) -
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it) Let y be a positive bounded operator and let & € % . Then for any 61 > 0 and Jy €
R, (dU(y)% + 1)"2W (&)(dl(y)* 4+ 1)% € L(Ts(#¥)). Furthermore, there exists a constant
C (01,02, 1&], |y|£(g)) > 0 independent of € such that:

(L ()" + 1) WE AL ()" + 1)z, () < CO01 82, €]l [yl £(2) (1 + O(e)) -
The following proposition is a useful adaptation of [3, Lemmas B.4 and B.6]:

Proposition A.3. Let % be an Hilbert space, T's(#%') the corresponding symmetric Fock space.
Let y1,y2 be two operators on % such that (ya + 1)~ 'y1 € L(#). Then (dU(y5y2 + 1) +
)7Ll (y1) € L(Ts(%)), with:

(A (y5y2 + 1) + 1) 0 (Y1)l o2y < A+ V) (2 + D) il o) -

Proof. Let ¢1,¢2 € D(dT'(y1)). Then (y(j) is the operator acting on the j-th variable):

(@1, d0(y1)d2)| <D leldin, Y v1(i)d2n)| <D len{din, (42(1) + 1)(y2(1) + 1)~ y1(1)dan) |
n 7=1 n
< (y2 + 1) Wil Yl bonll (lendunll + llenya(D)einl) -

However, we have that:

1
leny2(Dé1al? = (@1n £2n2y3 (Dy2(1)10) = (D10, A0 (DAL (Y3y2)é10) < 5 (B10s ((d0(1))*
1
+(dr(y§y2))2)¢1n> < i(HdF(l)ngHz + \\dr(y§y2)¢1n\\2> .
Hence, we obtain for any ¢1, ¢y € T's(%):

(61, (dD(y3y2 + 1) + 1) 7' d0(y1)d2)| < (1+V2)[(y2 + 1) vl gy DIl 2al

< (1 +V2)|(y2 + 1)yl e ol 2] -
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