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Abstract. This paper studies the derivation of the nonlinear system of Schrodinger—Klein—
Gordon (S-KG) equations, coupled by a Yukawa-type interaction, from a microscopic quantum field
model of nonrelativistic particles interacting with a relativistic scalar field introduced by Edward
Nelson in the mid 1960s. In particular, we prove that the quantum states evolved by the microscopic
dynamics converge, in the classical limit, to their Wigner measures pushed forward by the S-KG
flow. To define the microscopic dynamics it is not sufficient to quantize the classical energy, since the
system requires a self-energy renormalization; it is therefore noteworthy, as well as one of the main
technical difficulties of the analysis, that the classical limit is not affected by such renormalization.
This last fact is proved with the aid of a classical dressing transformation.
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1. Introduction. Modern theoretical physics explains how matter interacts
with radiation and proposes phenomenological models of quantum field theory that in
principle describe such fundamental interaction. Giving firm mathematical founda-
tions to these models is known to be a difficult task related to renormalization theory
[21, 55, 72, 73, 81, 94]. Since the 1950s there have been spectacular advances in these
problems culminating with the perturbative renormalization of quantum electrody-
namics, the birth of the renormalization group method, and the renormalizability of
gauge field theories. Nevertheless, conceptual mathematical difficulties remain as well
as outstanding open problems; see [85, 103]. The purpose of the present article is
to study the quantum-classical correspondence for a simple renormalized model of
particles interacting with a scalar field: the Nelson model. We believe that the study
of the relationship between classical and quantum nonlinear field theories sheds light
on the mathematical foundation of renormalization theory. In particular, in the case
considered here the renormalization procedure turns out to be related to a normal
form implemented by nonlinear symplectic transformations on the classical phase-
space. The interested reader may find a formal discussion concerning the possibility
of a different point of view on renormalization in an extended version of this article
[6].

The so-called Nelson model is a system of quantum field theory that has been
widely studied from a mathematical standpoint; see, e.g., [1, 14, 15, 16, 17, 23, 43,
53, 58, 62, 63, 64, 96, 100, 110]. It consists of nonrelativistic spin zero particles
interacting with a scalar boson field and can be used to model various systems of
physical interest, such as nucleons interacting with a meson field. In the mid 1960s
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Edward Nelson rigorously constructed a quantum dynamics for this model free of
ultraviolet (high energy) cutoffs in the particle-field coupling; see [97]. This is done
by means of a renormalization procedure: roughly speaking, we need to subtract a
divergent quantity from the Hamiltonian so the latter can be defined as a self-adjoint
operator in the limit of the ultraviolet cutoff being removed. The quantum dynamics is
rather singular in this case (renormalization is necessary); and the resulting generator
has no explicit form as an operator, though it is unitarily equivalent to an explicit
one. Since the work of Gross [79] and Nelson [97] it has been believed, but never
proved, that the renormalized dynamics is generated by a canonical quantization of
the Schrodinger—Klein—-Gordon (S-KG) system with Yukawa coupling. In other words,
the quantum fluctuations of the particle-field system are centered around the classical
trajectories of the S-KG system at a certain scale, and the renormalization procedure
preserves the suitable quantum-classical correspondence as well as being necessary to
define the quantum dynamics. We give a mathematical formulation of such a result
in Theorem 1.1 in the form of a Bohr correspondence principle. Consequently, our
result justifies in some sense the use of the S-KG system as a model of nucleon-meson
interaction; see, e.g., [18, 19, 40, 59, 70, 99].

Recently, the authors of this paper have studied the classical limit of the Nel-
son model in its regularized version [5, 51]. We have proved that the quantum
dynamic converges when an effective semiclassical parameter ¢ — 0, toward a non-
linear Hamiltonian flow on a classical phase space. This flow is governed by an
S-KG system with a regularized Yukawa-type coupling. To extend the classical-
quantum correspondence to the system without ultraviolet cutoff, we partially rely on
the recent techniques elaborated on in the mean-field approximation of many-body
Schrodinger dynamics in [9, 10, 11, 12], as well as on the result with cutoff [5]. As
a matter of fact, the renormalization procedure, implemented by a dressing trans-
form, generates a many-body Schrodinger dynamics in a mean-field scaling; see, e.g.,
[7, 20, 26, 27, 28, 29, 30, 31, 32, 33, 34, 35, 36, 37, 38, 45, 46, 47, 48, 49, 50, 75, 76, 77,
78, 83, 86, 87, 88, 90, 95, 101, 107, 108, 109] for an overview on rigorous derivations
of mean field dynamics for bosonic systems. So it has been convenient for us that the
mean-field approximation has already been derived with the same general techniques
that equally allow study of the classical approximation of quantum field theory mod-
els. The result is further discussed in subsection 1.2, and all the details and proofs
are provided in section 4.

For the sake of presentation, we collected the notation and basic definitions used
throughout the paper in the subsection 1.1 below. In subsection 1.2 we present our
main result on the classical-quantum correspondence principle. The rest of the paper
is organized as follows: in section 2 we review the basic properties of the quantum
system and the usual procedure of renormalization with some crucial uniform esti-
mates; in section 3 we analyze the classical S-KG dynamics and the classical dressing
transformation; in section 4 we study in detail the classical limit of the renormalized
Nelson model and prove our main theorem, Theorem 1.1.

1.1. Notation and general definitions.

* We fix once and for all £,mg, M > 0. We also define the function w(k) =
VE?+md.
* The effective (semiclassical) parameter will be denoted by € € (0, &).

* Let Z be a Hilbert space; then we denote by I';(Z) the symmetric Fock space
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over Z. We have that

I(2)=@2%" with 28°=C,
n=0
where Z®=™ is the n-fold symmetrized tensor product.

Let X be an operator on a Hilbert space Z. We will usually denote by
D(X) C Z its domain of definition and by Q(X) C Z the domain of definition
of the corresponding quadratic form.

Let S: Z O D(S) — Z be a densely defined self-adjoint operator on Z. Its
second quantization dI'(S) is the self-adjoint operator on I's(Z) defined by

dF(S)|D(S)®gl-% :5;1@)...@) S @--®1,
= k

where D(S)®Zlg" denotes the algebraic tensor product. In particular, the
operator dI'(1) is the scaled number operator which we simply denote by N
without stressing the e-dependence.

We denote by C3°(N) the subspace of finite particle vectors:

CEN)={¥ eTy(2); 3Ine N, ¥|_, , =0Vn>n}.

Let U be a unitary operator on Z. We define I'(U) to be the unitary operator
on I';(Z) given by

T(U)|zo0m = QU .
k=1

S of unitary opera-
¢itS)

It then follows that for any one-parameter group U = e

tors on Z, its second quantization satisfies the following identity: T'(
it
ez;dF(S).

On T'4(Z), we define the annihilation/creation operators a*(g), g € Z, by
their action on f®" € Z®" (with a(g)fo = 0 for any fo € Z%:0 = C):

a(g)f®n = \/?fl <g>f>2 f®(n71) )
a*(g)f*" = Ve(n+1) g@, f".

They satisfy the canonical commutation relations (CCR), [a(f),a*(g9)] =
E<fa g>Z .

If Z = L*(RY), it is useful to introduce the operator valued distributions
a” (x) defined by

o) = [ aa@dn, a'(o) = [ o’ @)e

H =T4(L2(R?) @ L*(R?)) ~ ['s(L*(R?)) @ [, (L*(R?)). We denote by ¢# (z)
and Nj the annihilation/creation and number operators corresponding to
the nucleons (conventionally taken to be the first Fock space) and by a* (k)
and Ny the annihilation/creation and number operators corresponding to the
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meson scalar field (second Fock space). In particular, we will always use the
following e-dependent representation of the CCR if not specified otherwise:

[¥(), 9" (2")] = ed(x — 2"),  [a(k),a” (k)] = d(k — K).

We will sometimes use the following decomposition:

H = @) Hn, with H, = (L*(R?) """ @ T, (L*(R?)) .
n=0

We denote by T(") := T‘H the restriction to H,, of any operator T on H.
* On H, the Segal field operator is given for £ = & @ & € L*(R3) @ L?(R?) by

R(&) = (V" (&) +¥(&) +a* (&) +al&))/V2,

and therefore the Weyl operator becomes
W(e) = oz (0 E+ven) 25 (" ) +ale)

* Given a Hilbert space Z, we denote by L(Z) the C*-algebra of bounded
operators; by K(Z) C L(Z) the C*-algebra of compact operators; and by
LY(Z) C K(Z) the trace-class ideal.

We denote classical Hamiltonian flows by boldface capital letters (e.g., E(-))
and their corresponding energy functional by script capital letters (e.g., E).

* Let f € S’(R?) be a tempered distribution. We denote by F(f)(k) its Fourier
transform

1 —ik-x
7(27r)d/2 /]Rd f(z)e *2dy .

We denote by C5°(R¢) the space of infinitely differentiable functions of com-
pact support. We denote by H*(R?) the nonhomogeneous Sobolev space

F(H)(k) =

(R = {£ € SIRY . [ (14 W IF() )Pk < +o0)
and denote its “Fourier transform” by
FH*(RY) = {f € S'(RY), Flf e HS(IRd)} .
* Let Z be a Hilbert space. We denote by J(Z) the set of Borel probability

measures on Z.

1.2. The classical limit of the renormalized Nelson model. The S-KG
equations with Yukawa-like coupling are a widely studied system of nonlinear PDEs
in three dimensions; see, e.g., [18, 19, 40, 59, 60, 61, 70, 99]. This system is usually
written as

, A
10 = “ont + Vu+ Au,

(O +m)A = —|uf?,
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where mg, M > 0 are real parameters and V' is a nonnegative potential that is confin-
ing or equal to zero. For our purposes, it is more useful to rewrite it in an equivalent
form using the complex field o as a dynamical variable instead of (A, A) (see (47) of
section 3 for the details):

) A
10 = oY +Vu+ Ala)u,
1
i = wa + —=F (|ul?),
w

Vow

(S-KG)

where w(k) = \/k? + m3, and

A — 1 1
@D =007 foo Voot

The aforementioned system of equations can be seen as a Hamiltonian system corre-
sponding to the following energy functional, densely defined on' L? @ L?:

(alt, k)e ™" + aft, k)e™*)dk .

E (u, ) ::<u, (7% + V)u>2 + (o, wa)o

1 1 ~ —ik-x ik-x 2
+ Grpre /]R6 N (a(k)e + a(k)e )\u(a:)| dxdk .

With suitable assumptions on the external potential V', one proves the global existence
of the associated flow E(¢). A more detailed discussion of global well-posedness can
be found in subsection 3.3, where sufficient conditions on V are given (assumption
(A-V)). In other words, there exist a Hilbert space D, densely embedded in L? & L2,
such that E : R x D — D associates to a given point (u,«) on D, and to a given time
t, the solution at time ¢ of the Cauchy problem associated S-KG equation (S-KG)
above with initial datum (u, @).

A question of significant interest, both mathematically and physically, is whether
it is possible to quantize the S-KG dynamics with Yukawa coupling as a consistent
theory that describes quantum-mechanically the particle-field interaction. As men-
tioned previously, Nelson rigorously constructed a self-adjoint operator satisfying in
some sense the above requirement [97]. Afterward the model was proved to satisfy
some of the main properties that are familiar in the axiomatic approach to quantum
fields; see [24]. Furthermore, asymptotic completeness was proved to be true in [4].
The problem of quantization of such infinite dimensional nonlinear dynamics is related
to constructive quantum field theory. The general framework is as follows.

Let Z be a complex Hilbert space with inner product (-, -). We define the
associated symplectic structure X(Z) as the pair {Y, B(-, - )} where Y is Z considered
as a real Hilbert space with inner product (-, -), = Re(-, ), and B(-, -) is the
symplectic form defined by B(-, -) = Im(-, -). Following [106], we define a (bosonic)
quantization of the structure £(Z) to be any linear map R(-) from Y to self-adjoint
operators on a complex Hilbert space such that

* the Weyl operator W (z) = e*%(*) is weakly continuous when restricted to any
finite dimensional subspace of V;

* W(z1)W(2z2) = e_%B(Zl’Z"‘)W(zl + z9) for any z1, 29 € Y (Weyl’s relations).

!Sometimes the shorthand notation L? @ L? is used instead of L?(R3) @ L2(IR3) if no confusion

arises.
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When the dimension of Z is not finite, there are uncountably many irreducible unitar-
ily inequivalent Segal quantizations of 3(Z) (or representations of Weyl’s relations).
A representation of particular relevance in physics is the so-called Fock representa-
tion [42, 54] on the symmetric Fock space I's(Z). Once this representation is consid-
ered, there is a natural way to quantize polynomial functionals on Z into quadratic
forms on I';(Z) according to the Wick or normal order (we briefly outline the essential
features of Wick quantization in subsection 4.3; the reader may refer to [9, 22, 44] for
a more detailed presentation).

Applying these rules, the formal quantization of the classical energy E yields a
quadratic form h on the Fock space I's(L? @& L?) which plays the role of a quantum
energy. The difficulty now lies in the fact that the quadratic form ~ does not define
straightforwardly a dynamical system (i.e., h may not define a self-adjoint operator).
Nevertheless, according to the work of Nelson, it is possible to define a so-called
renormalized self-adjoint operator H™" associated in some specific sense to h. Let us
briefly outline how (the reader can find a detailed derivation in section 2). Since the
quadratic form h is ill-behaved for high momenta of the scalar field, it is customary to
introduce a (smooth) ultraviolet cutoff x, that cuts all fields’ momenta of magnitude
bigger than o € R, off the interaction. The resulting quadratic form h, now takes
the form hy (-, ) = (-, H,-), where H, is the self-adjoint and bounded from below
operator on I'y(L? @ L?) defined by

—ik-x —ik-x

H, = dU(~ A7 + V) +dT(w) + gk /R (@) (a*(eﬁxa) +a(eﬁxg))¢(x)dx.

In order to define the dynamics, one should find a way to let ¢ — oo and still
obtain a self-adjoint operator. This is done by means of a unitary transformation U,,
o < 00, called dressing transformation (see subsection 2.1) and subtracting a divergent
constant from the Hamiltonian (energy renormalization). The action of the dressing
transformation on H, singles out both the “natural” domain of the Hamiltonian and
the divergent constant. In fact, define the operator f[a =U,H,U} — eN1E,, where
E, is the so-called particle’s self-energy that diverges as ¢ — 0o. The number € > 0
is the semiclassical parameter, which will be introduced shortly, and which can be
seen as a constant in this quantum setting. The dressing U, and therefore H, depend
on the function (1 — x4,), 00 < o arbitrary. Hence (1 — x,,) acts as an effective
cutoff from below on the momenta. The possibility of choosing oy big enough plays
a crucial role in proving self-adjointness in the limit ¢ — co. How big og should be
depends, however, on the number of nonrelativistic particles in a given state. Hence
it is useful to exploit the fact that H, (and also H,) commute with the particle’s
number operator Ny, and could therefore be written

i, = @A

nelN

where each FLS") is a self-adjoint operator on the n-particle sector H.,.

It can be proven (see Theorem 2.11), that for any n € IN there exists a oq(n, €)
big enough? such that the quadratic form hS", associated to H™, is closed and
bounded from below for any o < co (in particular for 0 = co) on the same dense
form domain D((H(g"))l/ 2), and that I;f((,n) converges to IY(()Z ) in the norm resolvent

2 Again the e-dependence is not important for the present discussion, but we should keep track

of it since it plays a prominent role in the classical limit.
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sense as ¢ — oo. The Hamiltonian ﬁég) is the dressed renormalized Hamiltonian
with n fixed nonrelativistic particles. There are several possible ways to extend the
Hamiltonian, and the dynamics generated by it, to the whole Fock space H = I's(L?*®
L?). Motivated by the type of quantum states that we want to study in the classical
limit, we choose to define the dynamics as emitAL only up to a maximal number of
nonrelativistic particles ¢, and for more particles we fix it to be trivial (i.e., generated
by zero). Such 9 is defined by inversion of the function n — o¢(n,¢): for any o € Ry,
there exists an (e, 0p) such that B,(,n) is closed and bounded from below for any
n < MN(e, 0p). The renormalized dressed Hamiltonian H 2 is then defined as

Hren| _ I:Ic(g) if n < m(E»UO),
£ Hn 0 if n > N(e,00),

and it generates a nontrivial dynamics for any n-particle sector up to (e, o). The
undressed renormalized Hamiltonian is accordingly defined as

H* = U H(e)Us .

The e-dependence of the Hamiltonians has been emphasized for later convenience.

It should be apparent that the renormalization procedure above substantially
obscures the relationship between the classical and the quantum theory. In particular
it is unclear, even at the formal level, whether the quantum dynamics generated by
H™ is still related to the original S-KG equation (S-KG) or not. Therefore, we
believe that it is mathematically interesting to study Bohr’s correspondence principle
in the renormalized Nelson model.

Bohr’s principle: “The quantum system should reproduce, in the
limit of large quantum numbers, the classical behavior.”

This principle may be reformulated as follows. We make the quantization proce-
dure dependent on the effective semiclassical parameter ¢ (already introduced above),
which would converge to zero in the limit. The physical interpretation is that e
is a quantity of the same order of magnitude as the Planck constant, which be-
comes negligible when large energies and orbits are considered. In the Fock repre-
sentation, we introduce the e-dependence in the annihilation and creation operator
valued distributions %% (x) and a*(k), whose commutation relations then become
[W(z),v*(2")] = ed(x — 2’) and [a(k),a*(K')] = ed(k — k). If in the limit ¢ — O the
quantum unitary dynamics converges toward the Hamiltonian flow generated by the
S-KG equation with Yukawa interaction, Bohr’s principle is satisfied.

If the phase space Z is finite dimensional, the quantum-classical correspondence
has been proved in the context of semiclassical or microlocal analysis, with the aid
of pseudodifferential calculus, Wigner measures, or coherent states; see, e.g., [2, 39,
41, 65, 66, 80, 82, 84, 91, 93, 104]. If Z is infinite dimensional, the situation is more
complicated, and there are fewer results for systems with an unconserved number
of particles [5, 9, 13, 56, 57, 67]. The approach we adopt here makes use of the
infinite dimensional Wigner measures introduced by [9, 10, 11, 12]. Note that Wigner
measures are related to phase-space analysis and are in general an effective tool for
the study of the classical limit. Let us consider a family of quantum states (0:)-¢(0,¢)
that are normal with respect to the Fock representation; i.e., each o. is a positive and
trace class operator on the Fock space, with trace one. Given such a family, we say
that a Borel probability measure p on Z is a Wigner measure associated to it if there
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exists a sequence (g1 )ren C (0,&) such that g, — 0 and?

1) i Trlg W(E) = [ eVPReEauts) e e 2.
—00 =

We denote by /\/l(‘g87 e € (0, 5‘)) the set of Wigner measures associated to (0:)c¢(0,5)-
Let e “£H:™ be the quantum dynamics on I's(Z), Z = L% @ L?; then the time-
evolved quantum states can be written as (e_’%Héen Qse’%H;e")ae(oyg). Bohr’s principle
is satisfied if the Wigner measures of the time-evolved quantum states are exactly the
push-forward, by the classical flow E(t), of the initial Wigner measures at time t = 0;
ie.,

t ren

2) M(e—iz‘He 0.t o ¢ (0,5)) - {E(t)#,u, 1e Mo e € (o,é))} .

To ensure that M (Qg, e € (0, E)) is not empty, it is sufficient to assume that there
exist 6 > 0 and C' > 0 such that, for any ¢ € (0,£), Tr[p-N°] < C, where N is the
number operator of the Fock space I's(Z) with Z = L? & L2. Actually, we make the
following more restrictive assumptions: Let (o:)-c(0,z) be a family of normal states
on I',(L?(R?) & L*(R?)); then

(A-n) 3¢ >0,Ve €(0,8), Vk € N, Tr[o. NF] < ¢k |
(A'h) C > 07 Ve € (075) ) Tr[QE(N + U:OHOUOO)] < C )

where N; is the nucleonic number operator, N = N; + Ny is the total number op-
erator, Hy is the free Hamiltonian defined by (5), and Uy, is the unitary quantum
dressing defined in Lemma 2.3. Therefore, under these assumptions, the set of Wigner
measures associated to (0:)-c(0,) is not empty, as proved in Lemma 4.12. As a matter
of fact, it could even be possible to remove assumption (A-n), but it has an important
role in connection with the parameter oy related to the renormalization procedure.
This condition restricts the considered states p. to be at most with [€/e] nucleons.

We are now in a position to state precisely our result: the Bohr’s correspondence
principle holds between the renormalized quantum dynamics of the Nelson model gen-
erated by HI™ and the S-KG classical flow generated by E. The operator H*" is
constructed in subsection 2.3 according to Definition 2.14. The Hilbert space D of
global well-posedness for (S-KG) is, explicitly, D = Q(—A+ V)& FHz (R?), with the
form domain endowed with the graph norm.

THEOREM 1.1. Let E : R x D — D be the S-KG flow provided by Theorem 3.15
and solving the equation (S-KG) with a potential V' satisfying assumption (A-V).
Let (0:)ce(0,5) be a family of normal states in T's(L?(R®) @& L*(R®)) that satisfies
assumptions (A-n) and (A-h). Then, the following hold:

(i) There exists a o9 € Ry such that the dynamics e~
states Q..

(i) M(ge,€ € (0,8)) # 0.
(ili) For anyt € R,

it pren ..
e H s nontrivial on the

(3) M(e—iﬁH;C“QgeiﬁH?“,g c (0,5)) - {E(t)#u, e Moo e € (075))} .

3W(€) is the ex-dependent Weyl operator explicitly defined by (65).
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Furthermore, let (ex)kew C (0,€) be a sequence such that limg_oocr, = 0 and
M(gsk,k € ]N) = {u}; i.e., for any £ € L*> ® L?,

lim Trlo., W ()] z/ eVARAE2) 4 (2);
k— o0 2@ L2

;_t ren ren

then for any t € R, M(eiqufk ngeiiH% k€ IN) = {E(t)gu}; ie., for any
cel?aI?,

ren ren

(4 Jim Tele W o T W (0] = / VAR G(B(1) 40) (2) -
k—o0 L2@L2
Remark 1.2.

* The choice of oy is related to our Definition 2.14 of the renormalized dynam-
ics and the localization of states (0c)-e(0,) satisfying assumption (A-n) (see
Lemma 4.2). Actually, one can take any og > 2K (€ + 1+ &) where K > 0 is
a constant given in Theorem 2.11.

We remark that every Wigner measure p € M(o., ¢ € (0,8)), with (0:)cc(0,2)
satisfying assumption (A-h), is a Borel probability measure on D equipped
with its graph norm; hence the push-forward by means of the classical flow
E is well defined (see subsection 4.4).

Adopting a shorthand notation, the last assertion of the above theorem can
be written as

ren

s st ren
Oc, — 1 & <Vt eER, e "= en QakelkaEk — E(t)#,u> .

2. The quantum system: Nelson Hamiltonian. In this section we define the
quantum system of “nucleons” interacting with a meson field and briefly review the
standard renormalization procedure due to [97]. Since we are interested in the classical
limit and our original and dressed Hamiltonians depend on an effective parameter
e € (0,8), it is necessary to check that several known estimates of the quantum
theory are uniform with respect to €. This step is crucial and motivates this brief
revisitation of the Nelson renormalization procedure.

On H = T5(L*(R3)) ® I's(L?(R3)) we define the following free Hamiltonian as
the positive self-adjoint operator given by

5 Hy = /R 3 ¢*(x)(—ﬁ + V(x))w(x)dx + /R a*(k)w(k)a(k)dk

=dl(—; + V) +dl(w),
where M > 0, V € L (R Ry), and w(k) = \/k2+m2 , my > 0. We denote its
domain of self-adjointness by D(Hy). We denote by dI' the second quantization acting
either on the first or second Fock space, when no confusion arises.
Now let x € Cg°(R3), 0 < x < 1,and x = 1if |k| <1, and x = 0 if |[k| > 2. Then,
for all o > 0 define x, (k) = x(k/o); it will play the role of an ultraviolet cutoff in the
interaction. The Nelson Hamiltonian with cutoff thus has the form

—ik-x —ik-x

(6)  Ho=Ho+ gos /Rg o (@) (a*(em Xo) + a(eﬁxg))w(:ﬂ)dm .

We will denote the interaction part by Hy(o) = H, — Hyp.
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Remark 2.1. There is no loss of generality in the choice of x as a radial function;
see [4, Proposition 3.9].

The following proposition shows the self-adjointness of Hy; see, e.g., [5, Proposi-
tion 2.5] or [52].

PROPOSITION 2.2. For any o > 0, H, is essentially self-adjoint on D(Hg) N
CP(N).

To obtain a meaningful limit when ¢ — oo, we use a dressing transformation,
introduced in the physics literature by [74] following the work of van Hove [112, 113].
The dressing and the renormalization procedures are described in subsections 2.1
and 2.2, respectively. In subsection 2.3 we discuss a possible extension of the renor-
malized Hamiltonian on H,, to the whole Fock space H. The extension we choose is
not the only possible one; however, the choice is motivated by two facts: other exten-
sions should provide the same classical limit, and our choice fIgen is, in our opinion,
more consistent with the quantization procedure of the classical energy functional.

2.1. Dressing. The dressing transform was introduced as an alternative way of
doing renormalization in the Hamiltonian formalism and has been utilized in a rigorous
fashion in various situations; see, e.g., [68, 71, 81, 97]. For the Nelson Hamiltonian,
it consists of a unitary transformation that singles out the singular self-energy.

From now on, let 0 < ¢ < o, with ¢ fixed. Then define

_ 7 1 Xcr(k) — Xoo (k)
(7) 9o0) = R ey 2=+ wh)

_ 1 1 (XU B Xao)Q(k) _ 1 XU(k) (XU - XUO)(k)
(8) Eo= 2(2m)3 /]Rs w(k) X4 w(k) dak (2m)3 /Rs wlk) £ 4 w(k) -

The dressing transformation is the unitary operator generated by (the dependence
on gy will be usually omitted)

(9) To = | v (@)(a (goe™™) + algoe™™%) )(a)da
]Rd

The function g, € L%(R?) for all ¢ < oo; therefore, it is possible to prove the following
lemma, e.g., utilizing the criterion of [52].

LEMMA 2.3. For any o < o0, T, is essentially self-adjoint on C5°(N). We denote
by U, (0) the corresponding one-parameter unitary group Uy (0) = e—ieTs,

For the sake of brevity, we will write U, := U,(—1). We remark that T, and H,
preserve the number of “nucleons”; i.e., for any o < oo, o’ < oo,

(10) [Ty, N1 =0=[Hy, Ny] .

The above operators also commute in the resolvent sense. We are now in a position
to define the dressed Hamiltonian

(11) H, :=U,(H, — eN1E,)U; .
The operator H, is self-adjoint for any o < oo, since H, and N; are commuting

self-adjoint operators and U, is unitary. The purpose is to show that the quadratic
form associated with H,, | ” satisfies the hypotheses of the Kato—Lax—Milgram—Nelson
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theorem (KLMN theorem), even when o = oo, so it is possible to define uniquely a
self-adjoint operator H,,. In order to do that, we need to study in detail the form
associated with H(Sn). For the sake of completeness, let us recall the aforementioned

KLMN theorem; see also [102, Theorem X.17].

THEOREM 2.4 (KLMN). Let Ty be a positive self-adjoint operator on a Hilbert
space K and qo : Q(Tp) — Ry be its associated quadratic form, defined on the dense
domain Q(Ty) C K. Let ¢ : Q(To) — R be a symmetric quadratic form such that
there exist 0 < a <1 and b € Ry such that

VY € Q(To) , lq(¥)] < aqo(¥) +b (¥, ¥)r -
Then there exist a unique self-adjoint operator T with domain D(T) C Q(Tp), asso-
ciated quadratic form qr, and form domain Q(T) = Q(Ty), such that
VY € Q(To) , ar(¥) = qo(¥) +q(¥) ,

T is bounded from below by —b, and any domain of essential self-adjointness of Ty is
a core for qr.

By (11), it follows immediately that

(n)
N Hs
(12) ™= eUé")< o <en>Ea> ).

A suitable calculation yields (see, e.g., [4, 97, equations (15)—(20) of the second refer-
ence]

]:I((Tn) — H[(;Z) + 52 ZVU(xi _ wj) + m Z <(a*<rge—z’k~wj)2 + a(rae—ikw]‘)Q)
1<j Jj=1

(13)

where D, = —iV,, and
ro(k) = —ikg, (k) ,

(14)  V,(x) =2Re /]R3 w(k)|go (k)[2e~*dk — 4Im g (g:rgl??z %e_m.xdk .

It is also possible to write H, in its second quantized form as

(15) H, = Hy+ H;(0) ,

Fir(o) = Hifoo) + 5 | 07 @0" )Vl = )0(a)ot)dedy

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 12/15/17 to 130.60.188.148. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

5042 ZIED AMMARI AND MARCO FALCONI

Remark 2.5. The dressed interaction Hamiltonian H;(o) contains a first term
analogous to the undressed interaction with cutoff, a second term of two-body inter-
action between nucleons, and a more singular term that can be only defined as a form
when o = oo.

2.2. Renormalization. We will now define the renormalized self-adjoint oper-

ator ﬁ&?). A simple calculation shows that F, — —oo when o — +o00; hence the
subtraction of the self-energy in the definition (11) of H, is necessary. It is actually
the only renormalization necessary for this system. We prove that the quadratic form
associated with A" of (13) has meaning for any o < oo, and the KLMN theorem
can be applied, with a suitable choice of gy, and bounds that are uniform with respect
to € € (0,€). Let us start with some preparatory lemmas.

LEMMA 2.6. For any 0 < o < oo, the symmetric function V, satisfies

(i) Vo(1—A)7Y2 € L(L2(RY)),

(i) (1—A)"Y2V,(1—A)~Y2 € K(LA(R?)).
In particular, V, € L*(R®) N L>*°(R3) for any s € [2,+00].

Proof. 1t is sufficient to show [12, Corollary D.6] that V, € L*»*(R3) (weak-LP
spaces). Write V, = 7ASE Vg(z),

(1) Vi) = 2Re | wlblan () Pedk = 22m) ReF (vl ) (@)

(2) ) = — m ga(k) Xa(k> e_ik.g; _ m _ Xo_ r
18)  Vo¥(e)=-2v2im | o e 2/21 f(gg\/a)( ).

. [Vg(l)]. For any o < 00, w|gs|> € L¥ (R?), 1 < & < 2. Then vl e L3(R3)
for any s € [2,+o0]; furthermore, v e Co(R3) (the space of continuous
functions converging to zero at infinity). Hence vl e L3> (R3).

. [V,,(z)]. For any o < oo, gg\’;‘b’j c L (R3), 1 < s’ < 2. Therefore, Va(2) €

L5(R3) for any s € [2,4+00[. It remains to show that V.2 € L3(R3).
Define f(k) € L*(R?):

Xa(k) (Xo - Xcro)(k)

(19) 10 = S

Then there is a constant ¢ > 0 such that |V(2)( )| < c|F(f)(x)], where the
Fourier transform is intended to be on L?(IR?). The function f is radial, so
we introduce the spherical coordinates (7,0, ¢) = k € R3, such that the z-axis
coincides with the vector x. We then obtain

R T 27
lim f(k)e *Tdk = lim dr / do / do r2f(r)
0 0

R—+o0 B(O,R) R—+o0 0

R
e el eosbgin g = 27 lim d?"/ dy r2f(r)e il
R— 400

— lim / f(r)rsin(r|z|)dr

|x| R—4oc0
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Since for any o < +o0, f(r)r € L*(R), we can take the limit R — +o0o and
conclude that

P

(20) F(f)(x) = m | f()rsin(r|z|)dr .

Therefore, for any x € R3 \. {0}, there exists a 0 < ¢ < me|[ f(r)r]l 1 gy such
that

o

(21) V@) < o

Let A be the Lebesgue measure in R3. Since {a: : |V[,(2)\ > t} C {z : ﬁ > t},

x

8

there is a positive C such that

(22) )\{x [V ()] > t} < /\{a: : é > t} < % :

Finally, (22) implies V\? € L3:°(R?). 0

LEMMA 2.7. There exists ¢ > 0 such that for any e € (0,), o < 400,

923 H Hy+1)"Y2D, a(rye~ %) (Hy + 1)~ /2 (n) < ¢ “1/2, 0
( ) [( o+ ) ;a(T € )( o+ ) ] L(H) = \/%Hw T H2
2 H Hy + 1) Y2a* (rye~ %%\ D, (Hy + 1)~ 1/2 (n) < ¢ “1/2p 0
@ [0+ )72 oe ) D (Ho + ) <o o

Moreover, (23) holds if we replace the left Hy by dT'(—55; + V) and the right Hy by
dl'(w), and similarly (24) holds if we replace the left Hy by dT'(w) and the right Hy
by dT(—55; + V).

Proof. Let S,, = S,,®1 be the symmetrizer on H,, (acting only on the {z1,...,z,}
variables) and ¥,, € H,, with n > 0. Then

(W, dD(=A)U,,) = (Uyy, (n€) S (D )? @ 1" 10,,) = (ne)(Wyy, (Dy,)* W)

Hence (ne)||D,, U, |2 < [|(dT(—A) + 1)1/2\?””2. It follows that

_ 1
D, (dD(~A) + 1)~/ <
(25) H[ J( (=4) ) } L(Hn) — y/NE
_ —1/2 (n) 1
|[(@r(=2)+1)7D,,] It

Using (25), we obtain for any ¥,, € H,,, with |¥,| =1,

|(Ho +1)71/2D,,alroe %) (Ho + 1)720,

c ik-x —1/2

< \/%HG(T e” ™) (dl (w) + 1) /\I/n
c —

< \/TTEHw 1/27“(7”27

where the last inequality follows from standard estimates on the Fock space; see [5,
Lemma 2.1]. The bound (24) is obtained by adjunction. d
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LEMMA 2.8. There exists ¢ > 0 such that for any ¢ € (0,&), 0 < +o0,

H [(HO + 1)—1/2a* (To-e—ik'x]‘)a/(/’,o-e—ikf'l'j)(HO + 1)—1/2] (n)

(26) L(Han)
< elw™2r 13,
_ * —ikeziy) 2 _ n _
1) || [+ )7 @ e ) o+ )7 < el
— —ik-zi\\2 — ( ) -
8) [ + 1) (alroe R ) (Ho + )| < o |

The same bounds hold if Hy is replaced by dT'(w).
Proof. First, observe that, since mg > 0, there exists ¢ > 0 such that, uniformly

ine€(0,8),

Hy +1)"1/2(dr 11/2H <
|Ho + 172 (ar) + )<,

H+1*1/2N+11/2H <ec.
’( 0 ) (2 ) L(H)_C

Inequality (26) is easy to prove:

| (o + 1)712a* (roe 5 a(rge ™ %0) (Hy + 1)4/2]

L(Hn)
< df|[(@r() + 1) (rpe )]

L(Hn)

< c||w_1/2r,,||g .

. —ik-x; —1/27(n)
oot 1,

For the proof of (27) the reader may refer to [4, Lemma 3.3 (iv)]. Finally, (28) follows
from (27) by adjunction. |

LEMMA 2.9. There exists c(og) > 0 such that for any e € (0,&) and A > 1,

(29) H [(Ho + )\)_I/ZH[(OO) (Ho + )\)_1/2] () < (o)A V2 (ne)

L(Hn)

—1/2 o o —1/29(n)
0 |[(Ho + ) g;vml w)(Ho+0)

< (o)A Y2\ /ne(1 + ne) .

Proof. The inequality (29) can be proved by a standard argument on the Fock
space; see, e.g., [51, Proposition IV.1].

To prove (30) we proceed as follows. First, by means of (i) of Lemma 2.6, we can
write

H (—A, + A)_l/QVU(m —a;)(~Ag, + A)_l/QHL(Hn)

< )\71/2’

Ve (Ba N

< e(o)A V2,

Therefore, V,(x; — z;) < c(ao)/\’l/2 (fAmi + )\). Let ¥,, € H,; using its symmetry
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and some algebraic manipulations, we can write
(U0, &2 Vo(zi — 1)) < c00)(ne) (T, (AH2(D,, )2 + AY2)0,,)
1<j
= c(00)( ¥, N1 (A\7Y240(D2) + AY2Ny) W)
l

< c(ao))\_l/2< ns (N1 4 N?) (dU(D2) + A) W)

< eloo) A2 [ M2 ar(D2) + 2) |

o LACNCHES RS

where the constant ¢(og) is redefined in each inequality. The result follows since Ny
commutes with dI'(D2). d

Combining Lemmas 2.7 to 2.9 together, we can prove easily the following propo-
sition.

PROPOSITION 2.10. There exist ¢ > 0 and c¢(og) > 0 such that for any € € (0, ),
A>1, 09 <o <400, and for any ¥ € D(Ny),

1/2

H(HO—’_)‘) HI( )(Ho-i-)\ 1/2\IJH [ ”w—l/zr ”2

@)
™ 3 ™2 ) + o) a2 | + 1y

Consider now H; (o)™, It follows easily from (31) above that for any oy < o <
+oo and ¥,, € D(H, 1/2) NHnp,

(@, Br(@)™9,) | < [elne + 1) (o™ 2r 3 + ™ a3 + ™21 )
+c(og)(ne + 1))\_1/2} (U, H(g")\pn>
FAlene + 1)l 2r 3 + ™ o3 + o™ ro )

eloo)(ne + DAY2] (W, W)

Consider now the term ([w™/2r, |13 + lw =476 |3 + [w™/?14]|5); by definition of r,,
there exists ¢ > 0 such that, uniformly in o < 400,

(33) w2103 + w4703 + w21, |y < c(0g® + 05 ) -

Hence for any og > 1 there exist K > 0 (K = 2¢), c¢(og) > 0, and C(n,e, A\,0¢) > 0
such that (32) becomes

(34) ’<\Ijn; H[ n)\IJ ‘ < [%‘H) + ¢(0p)(ne + 1))\—1/2} <\I/n, Hén)\I/n>
+C(n,s,)\,ao)<\11mq;n> )

Therefore, choosing
(35) o9 >2K(ne+1)

and then A > (20(00)(n5+1)) we obtain the following bound for any ¥,, € D(H, 1/2)ﬂ
Hn, with a <1, b >0, and unlformly in og < 0 < 400:
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Applying the KLMN theorem, (36) proves the following result; see, e.g., [4, 97] for
additional details.

THEOREM 2.11. There exists K > 0 such that, for any n € N and ¢ € (0,&) the
following statements hold:
(i) For any (2K(n€ + 1)) < 09 < 0 < 400, there exists a unique self-adjoint
operator ﬁ((,”) with domain ﬁ,(,n) C D((HS"))I/Z) C H,, associated to the
symmetric form iz?,”)(., -), defined for any ¥, ® € D((H(g"))l/Q) as

(37) iL((TT?)(\II’(I)) = <W,Hén)q)>+<\11,f{](0')(n)(l)> )

The operator HS™ is bounded from below, with bound —by,(0) (where by, (0)]
is a bounded increasing function of o).

(ii) The following convergence holds in the norm topology of L(H,):

(38) ET (z—HM) P =(z-HM)"' VzeC-R.

(iii) For any t € R, the following convergence holds in the strong topology of
L(Hp):

. TS O S 24 D)
(39) s— lim e teHs" = ¢7icHs
o——+00

Remark 2.12. The operator f]ég) can be decomposed only in the sense of forms,
ie.,

(40) AW = HY + H™(c0)

where + has to be intended as the form sum.

2.3. Extension of I:Igg) to H. We have defined the self-adjoint operator ﬁég)
which depends on gy for each n € IN. Now we are interested in extending it to
the whole space H. This can be done in at least two different ways. However, we
choose the one that is more suitable for interpreting H.. as the Wick quantization of
a classical symbol.

Let K be defined by Theorem 2.11. Then define MN(e,09) € IN by

Uo*ZK

o Ry
2Ke ’

(41) N(e,70) = |
where the square brackets mean that we take the integer part if the number within is
positive, and zero otherwise.

DEFINITION 2.13 (H!). Let 0 < 0g < +00 be fized. Then we define H™ on
H by

(42) |, =

I-Alég) if n <N(e, 00),
0 if n > MN(e, 09),

where N(e, 00) is defined by (41). We may also write H**™ = Hy -+ H¥*" as a sum of
quadratic forms.
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The operator ﬁ;cn is self-adjoint on H, with a domain of self adjointness:

(43) Dren(e,00) = {\If e#., V|, €D foranyn < ‘ﬁ(e,ao)} .

Acting with the dressing operator Uy, defined in Lemma 2.3 (with the same fixed o
as for H!®"), we can also define the undressed extension HI".

DEFINITION 2.14 (HI™). Let 0 < g9 < +oo be fized. Then we define the
following operator on H.:

(44) H*™ = UL H Uy
The operator H." is self-adjoint on #, with a domain of self adjointness:

(45)  Dyen(e,00) = {\I/ S \IJ|H € e—%’Té?)Dgg) for any n < ‘ﬁ(a,ao)} .

Remark 2.15. Let 09 > 0 be fixed. Then the H, given by (11) defines, in the
limit 0 — 0o, a symmetric quadratic form heo oD D(Hé/Q) C H. Also H’;en defines a
quadratic form h". We have?

(46) hoo(Ljo.o (N1) -, +) = hE™ (Lo oy (V1) - ) -

However, we are not able to prove that there is a self-adjoint operator on H associated
to hoo, and it is possible that there is none.

3. The classical system: S-KG equations. In this section we define the
Schrodinger—Klein—Gordon (S-KG) system, with initial data in a suitable dense subset
of L2(R3)@®L?(R?), that describes the classical dynamics of a particle-field interaction.
Then we introduce the classical dressing transformation (viewed itself as a dynamical
system) and then study the transformation it induces on the Hamiltonian functional.
Finally, we discuss the global existence of unique solutions of the classical equations,
both in their original and dressed forms.

The Yukawa coupling. The S-KG[Y] system (Schrodinger—Klein—-Gordon with
Yukawa interaction), or undressed classical equations, is defined by

A
O = ——u+ Vu+ A
(S-KG[Y]) By VAR

(O +mg)A = —[uf?,

where V : R?> — R is an external potential. The Klein-Gordon equation can be
rewritten as a system of two first-order equations with respect to time, considering A
and its time derivative A = 9,4 as independent variables. In our context, it is even
more useful to introduce the complex field «, defined by

_ 1 1 — —ik-x ik-x
(47) A(z) = s m(a(k)e + a(k)e™*)dk ,

(48) Alw) = -ty /R VB ()T — (ke ")k

41[0,91](N1) is the orthogonal projector on 692:0 Hn.
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Then it is possible to rewrite (S-KG[Y]) as the equivalent system?®
. A
10pu = —oart + Vu + Au,
1

10,00 = wa + ——=F (|ul?).

The “dressed” coupling. The system that arises from the dressed interaction
is quite complicated. We will denote it by S-KG[D], and it has the following form:®
(S-KG[D])

A
10u = ot +Vu+ (W |ul®)u+ [(px A) + (€ % 0;A)]u

(S-KG)

3
+ ) [0 * A)dg) + (W A)?]u,
=1

3
(O+my)A=—pxul® +i>_ p@ x [(udyu) — V2M (D % 0,A)],
i=1

where V, W, ¢ : R?* — R with W, ¢ even; ¢ : R® — C, even; p : (R?)? — C, odd; and
¢ : (R3)? — R, odd. Obviously also (S-KG[D]) can be written as an equivalent system
with unknowns u and « (omitted here). As discussed in detail in subsection 3.3, with
a suitable choice of W, @, &, p, and ¢ the global well-posedness of (S-KG[D]) follows
directly from the global well-posedness of (S-KGIY]).

3.1. Dressing. We look for a classical correspondent of the dressing transfor-
mation Us (). Since Uy (0) is a one-parameter group of unitary transformations on
‘H, the classical counterpart of its generator is expected to induce a nonlinear evolu-
tion on the phase-space L?(R3?)@® L?(IR?), using the quantum-classical correspondence
principle for systems with infinite degrees of freedom; see, e.g., [9, 69, 82]. The re-
sulting “classical dressing” D,_ () plays a crucial role in proving our results: on one
hand it is necessary to link the S-KG classical dynamics with the quantum dressed
one; on the other it is at the heart of the “classical” renormalization procedure.

Let g € L%(R?); define the functional D, : L?(R?) & L*(R?) — R,

(49) D, (u, ) = /R 6 (g(k)a(k)e*m + g(k)a(k)a“”) lu(z)[2dadk .

The functional D, induces the following Hamiltonian equations of motion:

(50) {iagu = Agu,
idha = gF (Juf?),
where
&L M) = [ (s0atk)e= + glija(b)e™)ak

(52) PU)0) = [ e luto)Pds

5The two systems are equivalent since (1+ws)Rea € L2(R3) < A € HSH/2(R3), (1+w)Ima €

L*(R3) & & A € HS1/2(R3). In (S-KG) the unknowns are u and a.
SWe denote by O(;) the derivative with respect to the ith component of the variable z € R3.

Analogously, we denote by v(¥) the ith component of a 3-dimensional vector v.
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Observe that for any g € L?*(R?) and z € R3, Aj(z) € R. This will lead to an
explicit form for the solutions of the Cauchy problem related to (50). The latter can
be rewritten in integral form, for any 6 € R:

(53) o) = ole) eXp{i /09<Ag>7<x> dr},

0
(k) = ao(k) ~ ig(h) | F(luP)(k) dr,
0
where (A,)- is defined by (51) with « replaced by a,; analogously we define B, by
(51) with « replaced by £.

LeEmMMA 3.1. Let s >0, s —

1<e<s+3:(1 +w2)g e LA(R3). Also, let u,v €
H*(R3) and (14 w)a, (1 +w)B € L2(R3).

L3( Then there exist constants Cs,Cc > 0
such that
1
(54) 1(4g = BoJullz= < €5 max_ [l [(1+w2)gloll(1+w) (e =B,
. 1
(55) 149 (w = V)l < Cs max JI(1+w)Call(L+w2)gllsllu = vl

H(l—l—uﬁ)g/ e_“”((u—v)z’)—i—(ﬂ—z’;)u)dm” < C; max |w| g
R3 we{u,v}

(56)
1
N+ w2)gllallu — vl g -
Proof. If s € IN, the results follow by standard estimates, keeping in mind that
|k] < w(k) < |k| + mg. The bounds for noninteger s are then obtained by interpola-
tion. ]

PROPOSITION 3.2. Let 0 € R, (ug,ap) € L2® L2, If (ug,ap) € C°(R, L2®L?) is a
solution of (53), then it is unique; i.e., any (v, Bs) € C°(R, L?® L?) that satisfies (53)
is such that (vg, By) = (ug, ).

Proof. We have
500 ([luo — voll5 + [|aw — Bol[3) = 1m( (o — va, (A)o — (By)a)ug

‘l‘(Bg)e (U@ — Ug) >2

+<ae - Be,g/ e "7 ((ug — vg)Vp + (g — 179)U9)dx>2) .
R3
The result hence is an application of the estimates of Lemma 3.1 with s = 0 and

Gronwall’s lemma. 0

Now that we are assured that the solution of (53) is unique, we can construct it
explicitly. Since Ag(x) is real, it follows that for any 6 € R, |ug| = |ug|. Therefore,

F(lug|?) = F(|uo|*), and
ag(k) = ao(k) — ig(k)F (Juol*) (k) -

Substituting this explicit form into the expression for ug, we obtain the solution for
any (ug, o) = (u,a) € L2(R3) @ L3(R?):

ug(z) = u(z) expq —i ) 4 i0*Tm ul? Zeihw
o(o) = u(e) exp{ —i0y (o) + %0 [ F(uP) 0l
a0 k) = a(k) — iBg(K)F () ).

(57)
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This system of equations defines a nonlinear symplectomorphism: the “classical dress-
ing map” on L? & L2.
DEFINITION 3.3. Let g € L*(R®). Then Dy(-) : R x (L? ® L?) — L?* & L? is
defined by (57) as
Dy (0)(u, ) = (ug, ap) -

The map Dg(-) is the Hamiltonian flow generated by D,.

Using the explicit form (57) and Lemma 3.1, it is straightforward to prove some
interesting properties of the classical dressing map. The results are formulated in the
following proposition, after the definition of useful classes of subspaces of L? @ L2.

DEFINITION 3.4. Let s > 0, s — % <¢<s+ % We define the spaces H*(R?) @
FH<(R3) C L*(R?) @ L*(R?):

H*(R?) @ FHY(R?) = {(u,0) € L*(R*) © L*(R?) , u € H*(R?)

and F~1(a) € H<(1R3)} .

PROPOSITION 3.5. Let s >0, s — 3 <¢ < s+ 1L;and g € FH3(R?). Then

D, : R x (Hs@ng)—)Hs®.7:H<;

i.e., the flow preserves the spaces H®° & FH®. Furthermore, it is a bijection with
inverse (Dg(ﬂ))il = Dy(—0). Hence the classical dressing is a Hamiltonian flow on
H®*® FH*.

COROLLARY 3.6. Let s >0, s — % <¢< s+ %, feR, and g € fH%(IR3). Then
there exist a constant C(g,0) > 0 and a A(s) € IN* such that for any (u, o) € H*®FH*

(58) IDg(0)(w )=z < g, Ol (s )3 h e -

Using the positivity of both —A and V', and using Corollary 3.6, one also obtains
the following result.

COROLLARY 3.7. Let V € L} (R% R, ); and let Q(—A + V) C L*(R?) be the

loc

form domain of —A + V. Then for any % <¢< % and g € fH%(]R3)
D, : R x (Q(—A—i—V) EB}-HC) - Q(-A+V)®FH*.

3.2. Classical Hamiltonians. In this section we define the classical Hamilto-
nian functionals that generate the undressed and dressed dynamics on L? @ L?. Then
we show that they are related by a suitable classical dressing: the quantum procedure
described in subsection 2.2 is reproduced, in simplified terms, on the classical level.

DEFINITION 3.8 (E, If) The undressed Hamiltonian (or energy) E is defined as
the following real functional on L?(R3) ® L*(R?):

E(u,a):= <u7 (—ﬁ + V)u>2 + (o, wa)e

1 1 = —ik-x ik-x 2
+ G /]RG J20(h) (a(k)e +a(k)e )Iu(m)| dxdk .
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We denote by Eqy the free part of the classical energy, namely
Eo(u, ) = <u, (—ﬁ + V)u>2 + (a,wa)y .

Let Xo, € L®(R3) N FHY2(R3) such that X, (k) = Xoo(—k) for any k € R®. Then
(again as a real functional on L? ® L?) the dressed Hamiltonian E is defined as’

E(u,a) : = <u, (—ﬁ + V)u>2 + {a,wa)y

1 Xog (k) (- —ik-x ik 2
t o | 2l (a(k)e™* +alk)e™” ) u(x) Pdedh

+ 5h /}R (re®)ame + i (Ra(k)e™ ) (ra(Dae

+ Foo(l)a(l)e“'g”) lu(z)[2dadkdl

~ 2Re / oo (R)& (k) e =0 (2) Do) dadl
RS
+ %/ Voo (x — y)[u(z)*|u(y)*dzdy .
RS

Remark 3.9. We denote by D(E) C L?® L? the domain of definition of E and by
D(E) C L? & L? the domain of definition of E. We have that D(E) D Cg° & C§° and
D(E) D Cg° @ Cg°. Therefore, both E and E are densely defined, and D(E) N D(E)
is dense in L? & L2

We are interested in the action of E and E on H' & FH %, since this emerges
naturally as the energy space of the system, at least when V' = 0.

LEMMA 3.10. Let 0 € R, g € FH=(R3). Then for any u € Q(V) N H'(R3) and
a € FH?(R?), D,(0)(u,a) € D(E).

Proof. Let u € Q(V) and o € L*(R?). Then
(ug, Vug)a = (u,Vu)a ,

where ug is as defined in (57), and it is the first component of D, (6)(u, o). Also, for
any (u,a) € H' ® FH? we have that

9 1
el =

=c| [ g @)W [ (Daut)R) e )

1
< 20| g [ el < +o0.

a(k)eik'mdxdk;‘

The result then follows since D, () maps H' ®FH? into itself by Proposition 3.5. O

"We recall that goo(k) = —i(% QX:OE?); Voo(z) = 2Re [3 w(k)|goo (k)|2e~F2dk —
28 T

Goo (K ik . .
AIm [ G20 T ® k. Also, Dy = —iVa3 reo (k) = —ikgoo (k).
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The functional E is independent of g.,, while E depends on it. In addition,
we know that g., has been fixed, at the quantum level, to renormalize the Nelson
Hamiltonian, and it is the function that appears in the generator of the dressing
transformation U,,. Hence, since we are establishing a correspondence between the
classical and quantum theories, we expect it to be the function that appears in the
classical dressing too. Two features of g, are very important in the classical setting:
the first is that g, € fH%(lRB) for any x,, € L>® N FH~2; the second is that it
is an even function, i.e., goo (k) = goo(—k) for any k € R3. Using the first fact, one
shows that Dy__ (-) maps the energy space into itself (and that will be convenient when
discussing global solutions); using the second property we can simplify the explicit
form of Dy_(+).

LEMMA 3.11. Let 0 € R and g € L*(R?). If g is an even or odd function, then
the map D4(0) defined by (57) becomes

(59)  Dy(0)(ulx),a(k) = (w(@)e ), a(k) — i0g(k)F(lul*)(k) ) -

Proof. Consider I(x) := [ps F(|ul?)(k)|g(k)|*e™*dk. We will show that I(z) =
I(x). We have that

I(z) = / ()2 (k) P~ =) i e = / () P9 (—E) 2™ =) da
RS RS

Now if g is either even or odd, |g(—k)| = |g(k)|. Hence I(x) = I(x); therefore,
ImI(x) = 0. |

We conclude this section proving its main result: E and E are related by the
D, (1) classical dressing.®

PROPOSITION 3.12. For any u € Q(V) N HX(R3), o € FH2(R3), and for any
Xoo € L®(R?) N FH2(R?),
(1) (u, @) € D(E);

(2) (u,) € D(E);
(3) E(u,) =E o D,_ (1)(u, @).

Remark 3.13. Relation (3) of Proposition 3.12 actually holds for any (u,a) €
Dy (=1)D(E).

Remark 3.14. The Wick quantization of E yields the quadratic form (-, Hég ). NEVE
which is not closed and not bounded from below for any n € IN,. On the other hand,
if x4, is the ultraviolet cutoff of section 2, then the Wick quantization of E yields
directly the remormalized quadratic form <~,fL§2) -4, that is closed and bounded
from below for any n < N(e, oy).

Proof of Proposition 3.12. The statement (1) is just an application of Lemma 3.10
when 6 = 0. If (3) holds formally, then (2) follows directly, since by Lemma 3.10 the
right-hand side of (3) is well defined. It remains to prove that the relation (3) holds
formally. This is done by means of a direct calculation, which we will briefly outline

8 : (2w 32 1-x0y (k)
We recall again that goo = —¢ o0 %JrZ(k)'
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here.
—3A Dl —A
E oDy, (D)(u,a) = <U€ e, ngE (ue gw)>2 + (u, Vu)e + (o, wa)s
(a) + 2Im (v, wgoo Fry )2 + 7(2753/2 2Re " Ti(k)o’z(k;)e—ik'xm(x)'gdxdk
(b) + |wgoo Full3 + Wﬂm/ﬂw \/ﬁgw(k)Fu(k;)eik'ﬂu(x)‘zdxdk ,

After some manipulation, taking care of the ordering, the first term on the right-hand
side becomes

) D ) A
—tAg, T —iAg — I
<“e oap Py (ue )>2 <“ 2M“>2

(c) + ﬁ@‘lrw% A, _u)o
(d) - i(u,A%gxuh
(e) - ﬂu /}R dk (Dxfoo(k)a(k)eik"”” n roo(k)@(k)e_ik'“”Dz>u>2

The proof is concluded by making the following identifications (the other terms sum
to the free part):

() + (d) =

(a(k)e—“” + a(meik'x) lu(z)[2dzdk ;

1 Xoo
(2m)3/2 Jrs \/2w(k)

) =5 | Vel = luo) Puty) Py s

(c) = ﬁ 5 (retB)atk)e™ + i (k)alk)e™ ) (roc(Da(e
+ foo(l)a(l)eil"”) lu(z)[2dzdkdl ;
2 ~ —ik-x -
(e) = _MRE /1R6 roo(k)a(k)e a(z)Dyu(x)dzdk . |

3.3. Global existence results. In this section we discuss uniqueness and global
existence of the classical dynamical system: using a well-known result on the undressed
dynamics, we prove uniqueness and existence also for the dressed system.

The Cauchy problem associated to E by the Hamilton equations is? (S-KG). The-
orem 3.15 below is a straightforward extension of [40, 99] that includes a (confining)
potential on the nonlinear Schréodinger equation. As proved in [25, 98], the quadratic
potential is the maximum we can afford to still have Strichartz estimates and global
existence in the energy space. Therefore, we make the following standard assumption
onV:

(A-V)  V eC®(R>* R,), and 9V € L>®(R?) for any a € IN* | with |a| > 2;

i.e., it is at most a quadratic positive confining potential.

9The Cauchy problem associated to E is equivalent to (S-KG[D]), setting W = Vi,
. ) —3/2 2 2
P = 2m) 2 F (o), € = O (F(EDgee) = Fi%9x)), p = Y2F(Vohgoo), and ¢ =
\/iﬁf(%g‘”)'
w
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THEOREM 3.15 (undressed global existence). Assume (A-V). Then there is a
unique Hamiltonian flow solving (S-KG):

(60) E:Rx (Q-A+V)®FH?(R®) - Q(—A+ V)@ FH:(R?).
If V=0, then there is a unique Hamiltonian flow
(61) E:Rx (H*(R*) @ FH*(R?)) — H*(R*) @ FH* (R?)
foranyogsgl,s—%gggs—i—%,
THEOREM 3.16 (dressed global existence). Assume (A-V). Then for any xo, €
L>(R3) N FH~2(R3), there is a unique Hamiltonian flow:
(62) E:Rx (Q-A+V)®FH?(R®) - Q(—A+ V)@ FH:(R?) .
If V=0, then there is a unique Hamiltonian flow

(63) E:Rx (H(R®) ® FH*(R®)) — H*(R®) © FH*(R?)

forany0<s<1,s—z <¢<s+s5. For any V that satisfies (A-V), the flows E

and E are related by

1 1
2 2°

(64) E= Dy .(-1)ocEoD, (1), E=D, (1)o Eo D, (—1).

Proof of Theorem 3.16. The theorem is a direct consequence of the global well-
posedness result of Theorem 3.15, the relation E = E o Dy_ (1) proved in Proposi-
tion 3.12, and the regularity properties of the dressing proved in Proposition 3.5. 0O

3.4. Symplectic character of D, . To complete our description of the S-KG
system, we explicitly prove that the classical dressing is a (nonlinear) symplecto-
morphism for the real symplectic structure {(L2 @ L), Im(-, ~>L2@L2}. We de-
note by dDy(0) () € L(L* ® L?) the (Fréchet) derivative of Dy(6) at the point
(u,a) € L? @ L2

PROPOSITION 3.17. Let g € L*(R?) be an even or odd function. Then for any
0 € R, D,(0) is differentiable at any point (u, o) € L*(R3) @ L*(R®). In addition, it
satisfies for any (v1, 31), (v2, 32) € L*(R3?) @ L?(R3)
Im(dDy(0) (u,0) (v1, £1), dDg(0) (u,a) (v2, B2)) L2 r2 = Im((v1, B1), (v2, B2)) 2@ L2 -
Proof. We recall that with the assumptions on g, D4(#) has the explicit form

D, (0)(u(x), a(k) = (w(@)e 40 a(k) — ibg(k)F(uP)(k) ) |

where A, and F' are defined by (51) and (52), respectively. The Fréchet derivative of
D,(0) is easily computed and yields

AD, (0) . (v(2), B(R)) = ( (v(@) = 0B, (z)u(e))e 4, 5(k)
~2ifg(k)Re(F(a)(k) ) = (i(v. 8) . ii(v, ) )
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where we recall that B, (z) is Ay(z) with « substituted by 8. Then we have

T (i(on, B1), vz, B2)) 12 = Tm(vn, v2) g2 + 20Re (B u,v2) g2 — (o1, Bz ) |
Im(ii(vy, B1),1i(ve, B2)) 2 = Im{B1, Ba) 2 + 29Re(<g ReF (uvy), Ba) 2

*<51,9ReF(z‘w2)>L2) ,

The result then follows, noting that (gReF(uv1),02)rz = <v17B£,2)u>Lz and
(B1. g ReF (wws)) 12 = (Bfu, va) 1. D

4. The classical limit of the renormalized Nelson model. In this section
we discuss in detail the classical limit of the renormalized Nelson model, both dressed
and undressed, and prove the main result Theorem 1.1. A schematic outline of the
proof is given in subsection 4.1 to improve readability. Subsections 4.2—4.6 are dedi-
cated to proving the convergence of the dressed dynamics. The obtained results are
summarized by Theorem 4.26. In subsection 4.7 we study the classical limit of the
dressing transformation. Finally, in subsection 4.8 we put all the pieces together to
prove Theorem 1.1.

4.1. Scheme of the proof. First, let us explain the main ideas behind our proof
of Theorem 1.1. Since the explicit form of HI*" is not known, it seems a very hard
task to directly study the limit of a time-evolved family of states e TEHI o @i HIT
at least using established techniques. The introduction of the classical dressing, and
the relation E = D,_(1)oEoD,_(—1) (equation (64), proved in Theorem 3.16) play
therefore a crucial role. Once we combine them with the convergence of the quantum
dressing to the classical dressing “as a dynamical system” (see Proposition 4.25), we
can relate the undressed and dressed dynamics throughout the entire limit procedure.
The final ingredient is the convergence of a family of states g, (t) = e IEHIT o it HI™
evolved with the quantum dressed dynamics to the corresponding Wigner measure
E(t)#,uo evolved with the classical dressed dynamics. Despite being technically de-
manding, the proof of the latter takes advantage of the explicit expression of the
quadratic form AX"(.,.) = (., H™".) associated to the dressed Hamiltonian. We
shall from time to time omit the explicit e-dependence in the quantum operators to
avoid heavy notation. The lengthier part of the aforementioned proof is to control each
term that arises from the expansion of the quadratic form associated to [fl e W ()]
it is necessary to prove that each associated classical symbol either is compact or can
be approximated with a compact one.

In light of the discussion above, the proof of Theorem 1.1 can be schematized

through the following steps.

(i) (Subsection 4.2.) Express the average of the Weyl operator W (&) with re-
spect to the dressed time-evolved state g.(t) = e’=Ho g (t)e =0 (in the
interaction picture) as the integral formula

a.W©)] = T[ew©) + 1 [ o o) 8, W) s

(ii) (Subsection 4.3.) Characterize the quadratic form associated to [H™, W (E,)];
in particular, prove that the associated classical symbol can be approximated
with a compact symbol (Proposition 4.9).
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(iii) (Subsections 4.4 and 4.5.) Take the limit € — 0 in the integral formula of step
(i) (extracting a common subsequence for all times), thus obtaining a time-
dependent family (fi;)ier of Wigner measures characterized by a transport
equation

onfiv + VT (V(O)u) =0

(iv) (Subsection 4.6.)  The transport equation of step (iii) is solved by
Eo(—t)4E(t)4p0. Prove that the family (fi;)icr can be uniquely identi-
fied with (Eo(—t)4E(t)4p0)ier provided that o.(0) — po. This is achieved
by applying a general uniqueness result for probability measure solutions of
transport equations proved in [8].

(v) (Subsection 4.7.) Prove that the dressed state e "7 g_ei¢T= converges
when ¢ — 0 to D,__ (0)4p for any 6 € R, provided that o, — f.

(vi) (Subsection 4.8.) Combine the results together, and use the relation E =
D,._(1)oEoD,_(—1) to prove that o. — y yields

st prren st pyren
—iz H{ iz HL

e 0-€'s —E({t)up .

4.2. The integral formula for the dressed Hamiltonian. The results of this
subsection and the next are similar in spirit to those previously obtained in [5, section
3] for the Nelson model with cutoff and in [12, section 3] for the mean field problem.
However, some additional care has to be taken, for in this more singular situation the
manipulations below are allowed only in the sense of quadratic forms. We start with
a couple of preparatory lemmas. The proof of the first can be essentially obtained
following [5, Lemma 6.1]; the second is an equivalent reformulation of assumption
(A-n):

3¢ >0, Ve € (0,8), Vk € N, Tr[o.NF] < €F .

We recall that the Weyl operator W (&), L2 @ L? 3 £ = & @ &, is defined as
(65) W () = e\%(w*(ﬁl)ﬂb(&))e%(a*(§2)+a(§z)) )
LEMMA 4.1. For any & = & @ & such that & € Q(—A + V) C H! and & €

D(wl/?) = FHY?, there exists C(€) > 0 that depends only on ||& ||, and ||€a
such that for any e € (0,&),

H]:Hl/z;

| Hy*W ()W < C(&)[|(Ho + )T V¥ € Q(Hy) ;
I(Ho + 1)M2(Ny + D2W (€)W < C(&)||(Ho + 8)V2(Ny + 8)/20
YU € Q(Ho) N Q(NV:) .

In an analogous fashion, for any € € L*> ® L?, r > 0, there ezists C(£) > 0 that
depends only on ||&1]|y and ||&2]ls, such that for any € € (0,&),

[(N1 + No)™2W ()T < C(€)|(N1 + No +&)"/2T|| V¥ € Q(NT) .

LEMMA 4.2. Let (0:):cc(0,5) be a family of normal states on H. Then (0:)e¢(0,z)
satisfies assumption (A-n) if and only if for any € € (0,&) there exists a sequence
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(U;(€))ien of orthonormal vectors in H with nonzero components only in @f:/f)] Hn
and a sequence (\i(€))iew € 11, with each X\;(g) > 0, such that

0: = Y N(E)[Wi(e))(Ti(e)| -

ieN
The explicit e-dependence of V; and \; will be often omitted.

Proof. We start assuming (A-n). Let o = >, Mi|¥;)(W;| be the spectral de-
composition of p.. Then

Tr[e-NT] =D Xi(Wi, NfW;) < & = 3 A0, (N /€)FT;) < 1.
i€IN i€IN

Let 1|1, o) (V1) be the spectral projection of Ny on the interval [L, +00), and choose
L > €. Then it follows that

1> Tr [0z 100) (N1 (N1/OF] =3 " XNi(Wi, Up o) (N1) (N1 /€)F W)
€N

> Z Ni(L/€)k (W, 1L 4 00) (N1)W5)
ieN

Therefore, (L/€)*(W;, (1 4oo)(N1)¥;) < 1 for any k € N and for any ¥;. Now
(L/€)* diverges when k — oo, while (¥;, 117 1 .0)(N1)¥;) does not depend on k, so
their product is uniformly bounded if and only if 1|7, 4o)(N1)¥; = 0 for any L > €.
The result follows immediately, recalling that the eigenvalues of Nj are of the form
eny, with nq € IN.

The converse statement, that assumption (A-n) follows if 0. = >, i W) (W],
with each ¥, with at most [€/e] particles, is trivial to prove. d

In this subsection, we will consider only families of states (oc)-c(0,7) that satisfy
assumption (A-n) and the following assumption:

(A(h)) 3C >0, Ve € (0,8), Tr[o-(Ny 4+ Hy)] < C.

DEFINITION 4.3 (0:(t), 0:(t)). We define the dressed time evolution of a state
0: to be

0.(t) = eI g T

where the og on which H™® depends is chosen such that the dynamics is nontrivial
on the whole subspace with at most [€/e] nucleons (see Lemma 4.2 and the discussion
in subsection 1.2). We also define the dressed evolution in the interaction picture to
be

0c(t) = eietlo g (1) eic o,
To characterize the evolved Wigner measures corresponding to g¢(t), it is sufficient

to study its Fourier transform; this is done by studying the evolution of Tr[g. (¢)W (£)]
by means of an integral equation.
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PROPOSITION 4.4. Let (0:)zc(0,5) be a family of normal states on H satisfying
assumptions (A-n) and (A(h)’). Then for anyt € R, Q(—A +V) @ D(w'/?) 3 ¢ =
51 @ 527

) nlawe] =nlew©] + £ [ e wE) .

where &5 = e(CATV) e, @ =9, The commutator [ﬁ}en, W ()] has to be intended
as a densely defined quadratic form with domain Q(Hy), or equivalently as an operator

from Q(Hy) to Q(Ho)".
Proof. The family (0:)ce(0,z) satisfies assumption (A-n); therefore, by Lemma 4.2,

Te[a-(OW ()] = Y Ailelt oot g, W (g)ettHoe 120 ™ )
i€IN

By assumption (A(h)’), it follows that ¥, € Q(Hy) for any i € IN. Hence the right-
hand side is differentiable in ¢ by Lemma 4.1, since Q(Hy) is the form domain of both
Hy and Hyon. Using the Duhamel formula and the fact that e HoW (¢)ei=Ho =
W (&s), we then obtain

Tr[oe( ZA(\I}Z,W ;)

€N

] t ] ng ;S frren
+ E/ <e—’i§H v, [Hren’ (55)]6_12}1 \I/1>d8> ’
0

g

where [H", W (,)] makes sense as a quadratic form on Q(Hp). The result is then
obtained using Lebesgue’s dominated convergence theorem on the right-hand side, by
virtue of Assumption (A(h)’) and Lemma 4.1. |

4.3. The commutator [H ", W (£,)]. In this subsection we study the explicit
form of the commutator [H:", W (£,)]. The goal is to show that each of its terms
converges in the limit € — 0, either to zero or to a suitable phase space symbol.

For convenience, we recall some terminology related to quantization procedures
in infinite dimensional phase spaces (see [9] for additional information). Let Z be a
Hilbert space (the classical phase space). In the language of quantization, we call a
densely defined functional A : D C Z — C a (classical) symbol. We say that A is
a polynomial symbol if there are densely defined bilinear forms by, , on Z®P x Z®=4,
0<p<p 0<q<q(withp,p,q,q € IN), such that

(67) Al(z) = Z bp.g(2%7,2%9) .

0<p<p
0<q=<q

The Wick quantized quadratic form (A )Wi* on I';(Z) is then obtained, roughly
speaking, by replacing each z(-) with the annihilation operator valued distribution
a(-) and each z(-) with the creation operator valued distribution a*(-), and putting
all the a*(-) to the left of the a(-). We denote, with a straightforward notation, the

class of all polynomial symbols on Z by @(p ) EN? Qq(Z). A : Z - C and

the bilinear forms b, ,(2®7, 229) in (67) can all be written as (2%%,b, ,2%P) ze.q for

some bounded (resp., compact) operator Bp,q : Z®sP y Z®s4 we say that A is
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a bounded (resp., compact) polynomial symbol We denote the class of all bounded
al
(resp., compact) polynomial symbols by EB (p.gyenz Ppag(Z) (resp., (4 pgq o P q(Z)).
We remark that E, E, and D, defined in section 3 are all polynomial symbols'® on
L? & L2
LEMMA 4.5. Let (95)56(0)5—) satisfy the same assumptions as in Proposition 4.4.

Then there exist maps B;(-) : Q(—A + V) @ D(w'/?) — @?;,gq)ewz Q,q(L* @ L?),

j=0,...,3, such that for anyt € R, £ € Q(—=A +V) @ D(w'/?),

Tr [@e(t)W(ﬁ)} =Tr [QEW@)} + ZS:EJ' /t Te [Q5<S>W(€5)(Bj(£s))wwk} ds
(65) = 0

= Tr|o.W(9)] + igj /0 T |0 ()W (E)B; (E)]ds
Jj=0

where the ( (53))ka make sense as densely defined quadratic forms. To simplify
the notation, we have set B,(-) := (Bj(-))ka.

Proof. We only sketch the proof here since it follows the same lines as in [5,
section 3.2] for the Nelson model with cutoff; see also [12, 89] for detailed accounts
of the general strategy. By (66), the only thmg we have to prove is that, in the
sense of quadratic forms, £[H}", W(E)] = ZJ OW(fs) 5 (€,). First, we remark that
f[}e“ = ﬁ;(oo), defined by (16), is the Wick quantization of a polynomial symbol;*!

Srren >\ Wick .
ie., H*" = (EI) , with

£ (10) = b | s (Al + ak)e™ ) uta) P
+ 5k /]R (re(®)ame™ + i (ka(k)e™ ) (raa@e "
(69) + s (Da(l)e M)|u( )2dwdkdl
~2Re /R rao(B)a(k)e ™ a(2) Dyu(a)ddh
3 [ Vel = (o) lu(y) Pdsdy

We also recall, according to [9, Proposition 2.10 for bounded polynomial symbols]
and [89, Proposition 2.1.30 for the general case], that essentially for any A €
@?ﬁq)ew Q,.4(L? & L?) the following formula is true, in the sense of forms, for any
suitably regular £ € L? @ L?:

(70) wr©@) e = (AL +50)"

OTn L2(R3) @ L%(R3), we adopt the notation z = (u,q); and to each u(zx) corresponds the
operator valued distribution ¢ (z), and to each «(k) the distribution a(k). The Wick quantization
is again obtained by substituting each (u# ($),Oé#(k)) with (w#(x),a#(k)), and using the normal
ordering of creators to the left of annihilators.

11To be precise, we are considering here the quadratic form hre“ defined and different from zero
on the whole space H, since it agrees with (-, Hre“ -) when restricted to vectors that belong to
@D,.<[¢/c] Hn (this is the case by Lemma 4.2).
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Roughly speaking, the Weyl operators W (§) translate each creation/annihilation op-
erator by :F%g . The result then follows immediately on the states g.(s):

[ W (E)] = W (&) (W™ (E) HI"W (&) —HI™) = W(és)(E}(.Jr%gs)_g,(.))w“’“;

finally, we define Z?:o eIB;(&)(z) = ( (z + fﬁ) E;(2)) to factor out the e-
dependence. 1]

We state the next lemma without giving the tedious proof, which is based on the
same type of estimates given in subsection 2.2 for the full operator H;*".

LEMMA 4.6. For any j = 0,1,2,3, £ € Q(—A + V) N D(w'/?), and € > 0, there
exists C;(&) > 0 such that for any @,V € D(Hé/Q)ﬂD(Nl), with ® or ¥ in @LGZ/S] Hn
and for any s € R and € € (0,€),

(T1)  [(®, Bj(€) V)] < CHENI(N1 + Ho + &) 2®| - [|(N1 + Ho + )0 .

Thanks to this lemma we are now in a position to prove that the higher order
terms in € of (68) (namely those with j > 0) vanish in the limit e — 0.

PROPOSITION 4.7. Let (0c)ee(0,5) satisfy assumptions (A-n) and (A(h)’); let £ €
Q(—=A + V)N D(w'/?). Then the following limit holds for any t € R:

(72) lim EJ/ Tr 0-(8)W (£5)B;(E5) | ds =

8%0

Proof. By Lemma 4.2 we can write o. = >, \;|¥;)(¥;), where each V¥; has
nonzero components only in the subspace @ng[c /] H,, and each A; > 0. Assump-
tion (A(h)’) then translates to the fact that each ¥; is on the domain Q(Ho) NQ(N1),
and in addition ), Ai(V;, (N1 + Ho)¥;) < C, uniformly with respect to € € (0,8).
Therefore, we can write

Z [ mleomEnc]as
< Zi:ngAi/o (W*(E)e ™0, Bj(€,)e "1™ W,) | ds

Using now Lemma 4.6 and then Lemma 4.1 and the fact that N; commutes with ]fIren,
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we obtain

3 t N
<3906 SN / I(N1 + Ho + 2) /W™ (€))e 28" wy
i 0
||(N1 —|—H0+E)1/2 —is Hren\IJ ||d3

< Zst(g)cj(g) Z)\i/o (e EH" W, (N} + Hoy + 8)e 77" 1,) ds

3
<Y dce)c ZA( i (N1 +8),)
j=1

t 3 - s frren
+/ (e7 =y, Hye ' \yi>ds).
0

s fyren

Now we consider the term (e=*<#"" W, Hoe ' W), First we write it as

<677,'§I:I“='“\I/i’Hoefigf[re“\l/» _ <67i§ﬂre"qji7 (Iflren o H;en)efigﬁmnqj»
[¢/€]

_ Z< ~i2AL () (ﬁfﬁ) g§n)(oo))ei;ﬁgg>\p§n>>
n=0
(73) (&/e] R o ) e
=3 (@ AWy (e A F (co)e A B M)
n=0

[/e] A
<y ()w&nxﬁswm\ + [t AW, A (o) g >>\> |

The idea now is to use the bound of (36) on
e 0 A (oo)e Y W)

The crucial point is that since we have chosen oy such that the dynamics is nontrivial
for any n < [€/¢], it follows that there exist an a < 1 and a b < oo both independent
of € and n such that the bound (36) holds for any n < [€/¢]. Therefore, we obtain

<671—§1€Iren \I/i7 Hoeiiiﬁren \I/z> S a<67i§gren \1’7;, Hoe,igﬁren \I/Z> + b<\1/“ \IJ,>

74 [€/e]
(74) n Z’ (W, gy
n=0

Now, since a < 1, we may take it to the left-hand side and use again (36) on
(e, B e )|

1 2b
Wi, HoUs) + —— (05, ¥5) .
(W, W) + (W, W)

(75) (e W, Hoe ' HNw) <
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Finally, since the state is normalized (i.e., Y, A\i(¥;, ¥;) = 1), we conclude that

t
0

3
>e [ aowEn )

< tZajC’(f)Cj(ﬁ) Z)\i<<‘1’i,N1‘1/z‘> + (U, HoWy) + (22 + )5, ‘I/z‘>)

The right-hand side has no implicit dependence on ¢, so it converges to zero when
e —0. O

By the same argument used from (73) to (75) above, we can prove the following
useful lemma.

LEMMA 4.8. If a family of stales (0:)ec(0,5) satisfies assumptions (A-n) and
(A(h)’), then for anyt € R, (Qf(t))ee(o,g) and (@E(t))EE(O,é) satisfy assumptions (A-n)

and (A(h)’). In particular, there exist a(€) < 1 and b(€) > 0 such that uniformly on
e €(0,¢)

(76) Trlo-(t)Nf] < ¢ Yk e N,

(77) Tolon (1N + Ho)] < 1 T+ 2_b(f()¢) ,

and the same bounds hold for (ég(t))se(o 5

It remains to study the limit of the By(-)-term in (68). As already pointed out
in Lemma 4.5, we know that By is a Wick quantization. More precisely, there ex-
ists a densely defined map from the one-particle space to polynomial symbols in
D p.)etiilo<ij<zo<iti<s Cpa(L?@L?). Inorder to apply the convergence results
of [9], we need to show that the symbol of By may be approximated by a compact
one, with an error that vanishes in the limit ¢ — 0.

To improve readability, we will write By(£) in a schematic fashion. The precise
structure of each term will be discussed and analyzed in the proof of the sequent
proposition. In addition, as seen in (16), the dressed interaction quadratic form
H;(00) can be split into three terms: the first is just the interaction term Hj(og) of
the Nelson model with cutoff (with o replaced by (), whose classical limit has been
analyzed by the authors in [5]; the second is a “mean-field” term for the nucleons,
of the same type as the ones analyzed by Ammari and Nier in [12]; the last one
has a structure similar to the interaction part of the Pauli-Fierz model (see, e.g.,
[15, 16, 17, 111]) and thus will be called of “Pauli-Fierz type.” We will concentrate
on the analysis of the Pauli-Fierz type terms of By, while for a precise treatment of
the others the reader may refer to [5, 12]. In order to highlight the different parts
of By(&) = By(&1,&2), we will use different styles of underlining to distinguish the
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(78)
By(&1,&) = (Bo(&1,&)

)V = (07 + @) (G — E) + Tm (&)™
+ 6 Py — STy

PROPOSITION 4.9. There exists a family of maps (Bém))mem such that the fol-
lowing hold:
* For any m € IN

B{™(): Q(-A+ V)& Dw¥*) — D P (L@ L?).
(p,q)€{(4,5)]0<4,5<2;2<i+5<3}

* For any € € Q(—A + V) ® D(w?/*), there exists a sequence (C'(m) (& )mEJN
that depends only on ||§||Q(_A+V)@D(w3/4) such that lim,, ., C'™ =0, and
such that for any two vectors ®, ¥ € HN D(N1), and for any ¢ € (0,£),

(o -+ 1720 (Bo(6) ~ B (€) " (Ho + 1)7 2w

(79)
< C™(©)|[(Ny +8)2|| ||(Ny +&)2u]| .

Remark 4.10. Contrary to what it was previously assumed throughout section 4,
in this proposition we need additional regularity on &;, namely & € D(w3/ Y c
D(w'/?). This will not be a problem in the following, since we will extend our results
to any ¢ € L?(R3) @ L?(R?) by a density argument, and D(w3/?) is still dense in
L?(R3).

Proof of Proposition 4.9. To prove the proposition, we need to analyze each term
of (78) and prove that either it has a compact symbol or it can be approximated by
one, in a way that (79) holds. The analysis for the Nelson terms has been carried out
in [5, Proposition 3.11 and Lemma 3.15]. In addition, using Lemma 2.6, we see that
Voo satisfies the hypotheses of the mean field potentials in [12], and therefore (79)

of completeness, we explicitly write the Nelson and mean field parts of (78):

(a"+a)(&1y* — &19)
=~z [ () + a5 xn)) (@00 @) — & @)0(a) ) da

Im(&)v"Y = — 5 /R ) ( el (eak)e™ - s‘zmeik-r))w*u)w(x)dxdk :

S e ST

=2 [ Valo =) (600 @0@)os) - &) (@) ()6 )dedy
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It remains to study the terms of Pauli-Fierz type. This is done in six parts; in each

part we group terms that are either adjoint of each other or can be treated in a similar
fashion.

Part 1 (&aa1), & a*a*y*).
_ i 2_
Gaet =~k [ (alre™) G001

We recall that 7o, ~ kg, where g, is defined by (7) for any o < co. Let & aau be the
symbol!? associated to & aai; i.e., & aah = (& aau)Vik. Now, since 7o, ¢ L?(R?),
we cannot expect that & aau is defined for any u, a € L?(R®) and therefore that it is
a compact symbol. We introduce the approximated symbol & aau™ defined by

_ _ . ) 2_
Guaay™ = (Gaau ™)V =~ | (alro,.e™)) @) w)da

with (o )men C R such that lim,,— o 0y = 00. First, we prove that (79) holds for

&raarp — Eaay™:
[((Ho +1)7720, (G100 — &1aav:™) (Ho +1)7/20)| < A6, (dD(w) +1)'72
(Ho+1)~'%0||
- sup H(dl"(w) + 1)_1/2 (a((roo — r[,"L)e_ik‘x))2(dF(w) + 1)_1/2
r€R3

(dD(w) + 1)Y2(Ho + 1) H2(Ny + )2

We use (28) of Lemma 2.8 and the fact that (d'(w) + 1)'/2(Hy + 1)~'/? is bounded
with norm smaller than one to obtain

[((Ho +1)71/20, (€000 — &raay™) (Ho + 1)~ /20|
< sl ™ Ao = o, DBl (V1 + )2
< CM(&)[|(V1 + &) 2| - [[(a + &) 2|

with C(™) (&) = C(5,&)||w™ Y4 (reo — 74,,)||3 for some C(&,&) > 0. The sequence
(C(m) (51))m€]N converges to zero since by our choice of (0, )men

lim [|w Y4 (ree — 74, )||2=0.
mM—>r 00

It remains to show that & aau™ is a compact symbol. Such a symbol can be written
as

Graau™ = — S / & (2)Fy,, (k)g, (KN FH) 2 (B (K Yu(z)dadkdk' .
R

Now we can define an operator by : (L2 69L2)®S3 — C in the following way. Let the

maps 71,72 : L2(R3) @ L?(R?®) — L?*(R?) be the projections on the first and second

12We recall that for the Nelson model Z = L2(R%) @ L?(R?); thus we denote the variable z by

u D a.
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spaces, respectively. Then we define the operator -

Daa © (u,@)®3 € (L2 @ L2)%° ™ERET o ()oK Yu(z) € LA(RY)

!

<f, aau)Lz(Rg) S C,

where f(k,k',x) = —ﬁ{](m)ﬁ,m(k:)fgm(k:’)ei(k*k/)'z € L2(R?). Therefore, baauy is
bounded and of finite rank and therefore compact. The proof for the corresponding
adjoint term

2
€1a*a*¢ — 2\/‘M/ Tooe zk-z)) fl(I)ﬂJ*(SC)dZ'

can be obtained directly from the above, using the following approximation with
compact symbol:

Gata ™ = (Gaaa™)Vr = — - (a* (rone”™ x)) & (z)y (z)dx .
Part 2 (&aat)*, Era*a*p).
, 2
&aa)* = —ﬁ . (a(rwe_lk'x» & ()™ (x)dx .

Again we approximate this term by

§1aa¢*(m) — (glaaﬂ(m))Wick — _sz Tgm ka)>2£1(.’b)”¢)*(l')d$

as above. The proof that it satisfies (79) is perfectly analogous to the one for the
previous term. Therefore, we only prove that & aa@(™) is a compact symbol. We

define an operator byag : (L2 D L2)®52 — L?® L? by

Doa : (1,0)%2 € (L2 @ L2)®? — %™, o(k)a(K) € L2(RP)

J/éoca'ﬁ

(fm Flk, k', a(k) (k) dkdk! & 0) eL?q L2

where f(k, k', x) = —ﬁél(x)rgm (k)ro, (K')e {*k+k)w By definition, we have that
Eraau™ = ((u, @), baga(u, @) g2

It is easily seen that the operator C,.z is bounded. It is in fact compact:

let 3; — B in L*(R®) be a weakly convergent (bounded) sequence such that

max{ (SUPj”ﬂme(RG))v H5||L2(]R6)} = X < oo; then

H&aaﬁ(ﬁ - ﬂj)”Lz@Lz = H<f(k,kl,ﬂﬁ), (/8 - ﬁ])(ka k/)>Li,k/(RG)HLi(R3) — 0,

J—)OC
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by Lebesgue’s dominated convergence theorem, using the uniform bound

P K 2), (8= B0 K2 gy PO ) oy (1813 ms) + 18513

< Eellro,, 13161 (2)]? € LE(R) .

Therefore, since Coqgz is compact and 7y ® 7o is bounded, it follows that l;aaﬂ is
compact. Again, that implies the result holds also for the adjoint term

_ . 2_
&a*a* Y = —2\/1§M - (a* (rooe*m'w)) &(x)(x)dx .

Gatay = — g5 | 0" (rece™ " a(race™ s (i)

§1§j?fbﬁ = fﬁ . a* (rme*ik'w)a(rme’ik'w)gl(yc)i/z*(x)d:c )

The proof for this couple of terms goes on exactly like the previous one, i.e., approx-
imating ro, with r,,, and showing that the corresponding operator ¢sq., is compact,
for it maps weakly convergent sequences into strongly convergent ones.

Part 4 (Ea1)*1), Exa*p*h).

We approximate it by the symbol &auu(™ defined by

gzaw*w(m) — (ézaau(m))Wick

= [ @ D ko () Y

where Xy, is the smooth cutoff function defined at the beginning of section 2, while r,,,
is the usual regularization of ro, defined above. First we check that the approximation
satisfies (79). By the chain rule, two parts have to be checked:

[((Ho +1)71720,(Gaap™s — &aa™ ™) (Ho + 1)~ /20) |
< L8 (|t + )%, [ o0 (@)1= (D)
TnF " (£a700 ) () (roce ™) (a) (Ho + 1)—1/2x11>(
+ |((Ho + 1)1 20, /Rs dz ™ (2) X (Da)

Im]—"—l(fﬂoo)(l‘)a((roo — rgm)e‘““‘”)w(x)(Ho + 1)_1/2\P> D !
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and we will consider them separately. For the first part we have
(o + 0728, [ do (@) (1 = (D)) (o) ()a(roce )
R3
() (Ho + 1)*1/2\1/>’
- .
S Z nf‘ <(H0(n) + 1)—1/2¢n7 (1 _ Xm(Dzl))Imf_l (§2F(x;) (xl)a(rooe—zk‘-zl)

(H(()n + 1)_1/2\I/n>

Hon

3 ne 1= D221 (D) gy - [ o)
n=0

o™ 2o, - || (1 = D2)Y2HS + )7 20, |, - [|dD (W)Y 2(HEY + 1) e

< W+l e - lw™2raclly - 11 = D272 (1 = X (D)) || g0 m
42| - |32

lla
n

where in the last inequality we have utilized the following bound:

nel|(1 = D2)V2(HE + 1) 20, |7,
(B, (HS” +1)712d0(1 = A)(HEY +1)7%,),
<(

IN

Nl/zq) HH + HdF )1/2(H(g") +1)_1/2(I>”H’Hn
1+8)[[(N1 +8) 20,

So the first part satisfies (79), since

lim H (1—D3?)” 1/2( — Xm(Dz) =0.

m—so0 * )Hz:(m(m))

A similar procedure for the second part yields
’<(H0 + 1)_1/24)7 dx w*(x)xm(Dg;)Im]-'_l (fgfoo)(x)a((roo — rgm)e_““'z)
]R3

() (Ho +1)71/2 )|

< Neallgann - o™ roclly - ™2 (o0 = 1o |V 22 - |V 2]

Le., it satisfies (79) for limp,oo||w™"/?(ree — 14, )|l2 = 0. Now it remains to show
that &auu(™ is a compact symbol:

Eadu(m = — GrY V3 / W) Xom (Do ImF ~ (E97 0 ) ()T, (k)™ ol Yu(w)dadk: .
RG
As for the previous terms, we define an operator bygy, : (L2 @ L2)®52 — L?® L? by

boaiu + (u,0)%2 € (L2 @ L2)®? — 28T o(k)u(x) € L2(RS)
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where f'(x,D,) = —%?mxm(Dx)}"_l (o @) (2)IMF 1 (€275 ) (). We can easily
prove that f’ : L?(R®) — L?(R?) is a compact operator. The cutoff function ¥,
belongs to L (R?) by hypothesis.'> Now both 7, « and &7 belong to L (R?), since
Ty 0w/ 28, w™2r € L%(R®). Therefore, F~!(Fy, a)ImF ! (&7a) € LE(R3);
hence f'(z, D,) € K(L*(R?)). Tt immediately follows that b, is compact, and the
proof is complete. As usual, this result implies the one for the adjoint term

a0t = — Y2 /R I (&Koo ()™ ) a” (rooe™ )47 ()t (a)dadk’

Part 5 (Dya&i), a* Dyp*€y, Dyah*Ey, a* Dyp&rih).

The approximated symbol D a& (™) is given by

D.av™ = i [ G@Dia(re,e)uie)ds

First we prove that (79) is satisfied. Given ® € #, we denote by ®,, ,, its restriction
to the subspace H,, = (L*(R?))®" @ (L*(R?))®:P with n nucleons and p mesons.
We also denote by X,, = {z1,...,2,} a set of variables, and dX, = dz1,...,dz,
the corresponding Lebesgue measure (and analogously for K, dK,). The proof is
obtained by a direct calculation on the Fock space as follows:

'<<H° F07, | G@)Dea((roe = 1o, e ) pa)da(Ho + 1)1/2\1/>‘

Z ev/(n+1)(p+ 1)/

n,p=0 R(n+p+2)d

((Ho+1)71720) (X, K,)

n,p

£1(2) Dy (Foo — Ty, ) (k)T ((Ho + 1)*1/%1/) (@ Xk Ky ded X dkd K,
n+1,p+

<> Veln+1)

n,p=0

RN 1)w(k)((H0 n 1)—1/2\1,) (z, Xn; kb, Kp)dwd X ,dkd K,

n+1,p+1

[N RS et

)

< Z Ve + D[ (A + V)26, - [l 2 (ree — 70,)]|, - || (Ho + 1)*1/2c1>n,,,||ﬂ

n,p=0

Nle**\/elp + Dw (ki) (Ho + 1) Wi pi1 (Xt KP+1)||Hn+1,,,+1
<A+ W)2a, - [lom 20 = 1o, ), - |V + )20 - 2]

n,p

where in the last bound we have used Schwarz’s inequality and the fact that pw(k;) =
1;:1 w(k;) when acting on vectors of H,,. Now, since lim,, Hw‘1/2(roo -

To, ) |2 =0, (79) holds with C(m)(fl) = ﬁ”(—A—l—V)l/%le-Hw‘l/Q(roo—r(,m)

>

13We denote by L3 (R3) the set of bounded functions on R? that vanish at infinity.
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It remains to show that the classical symbol
Dya&iu™ = 2= /}R i &1(2)Dya(k)Ts,, (k)e™ " u(z)dzdk

is compact. Here we have written D,afiu(™ = (&, D), with v(z) =

@m)*% 1, = : T1(R3 .
Tar (aFs,,) (z)u(z); and that is defined for any v € H'(R?). However, since

& € Q(-A+V) c HY(R?) and D, is self-adjoint, we can write Dyaiu(™ =
(D& ,v)o for any v € L2(R?). Tt follows that Dya&ul™ is defined for any
u, o € L*(R?), since o, 1, € L? implies a7y, € L', and therefore 7! (a7, ) € L.

It follows that the operator bp, qu (L*a® LQ)®S2 — C defined as

)®s2

b, o ¢ (u,0)®? € (L2 @ L2 — a(k)u(z) € L*(R%) — (f" oauyp2rey € C

T2 @1

with f"(z, k) = ﬁ(Dz&)(‘r)rgm (k)e~"™ is bounded and of finite rank and there-
fore compact.

Again, the approximated symbol a* D, &1 is given by

a*Dy&yp™ = eI /]Rg &(z)a* (ro,.e”* ) Dytp(z)dz .

Inequality (79) is satisfied, and the proof follows the same guidelines as the one for
the previous term D, a&11. We give the compactness proof for the symbol

aDEut™ — L /R E@)ak)ro, (R)e Dy u(w)dedk
We rewrite it as aDy& ul™ = ((u,a),l;@Dmu(u,a»Lz@Lz, with lNJ@Dw 2@ L? —
L? @ L? defined as

bap,u: (u,0) € L2 ® L — u(z) € L2(R®) — (o ® f”’(k)) cL?®L?,

T CaDgu

where (k) = ﬁrmn(k)(k(eik“él,uﬁi + (""" Dy&1,u)r2). Now suppose that
u; — u is a weakly convergent (bounded) sequence with bound X. It follows that,
uniformly in j,

. . 2
1) = | o () (K™ 760,12 + (% Doy ) )|
g X2, (W + Dl € LLR?)

IN

In addition, lim; .| f" (k) — f}"(k)|* = 0; therefore, éap,u is a compact operator by
Lebesgue’s dominated convergence theorem. So ZN)@ D,u 1s compact. The proofs above
extend immediately to the adjoint terms

@D =y | 0 (@)a (rece ™) Daa ()i

S
8
Q
<
m
I

ﬁ o 1/1*(99)Dza(rooe*ik'$)§1 (z)dzx .
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P(l?"t 6 (7//*D3:§2¢7 w*€2D:C¢)

Y Doy = / U (2)DyF (gzroo)( V() dz .

The approximated symbol, as for the terms of part 4, contains X, (D ):

Y Do) = %)3/2/ (@) xm( x)szl(ww)(x)w(m)dw

As usual, we start proving that (79) holds. We remark that this is the only term
where we need & € D(w3/4) instead of D(w'/?).

‘<(H0 + 1)—1/2@7/31/1*(@(1 — Xm (D)) Dy F (fzfoo) (x)1h(x)da(Ho + 1)—1/2\1/>‘
< Zne

<Z"8H (1= 8721 = (D) | o ey (177 (€70 ) oot 17" (P ) L. )

= A )P (Ho + 1)V, (||Dx1 (Ho+ 1)~

((Ho +1) 720, (1= Xon(D,)) Doy T (€2 ) (1) (Ho + 1)‘1/2\I'n>’

+||(Ho + 1)7%0,,,, )

<2)|(1 = D)2 (1 = X (D)) || g2 oy - [0l - ™ Hrec]l, - |2
(o 27w+ e])

hence the result follows with

OO (&9) = 22 (1 = D2)72(1 = x0(Do)) | o gy 10 e ol ™ e

since limy, o0 (1 — D2)~Y2(1—xm(Dy)

z )HL(LQ(R:,)) = 0. It remains to show that the

SyInbOl
UD fjgu(m) - ( )3/2 / 'U:(l')X (D )D .? L <€ 7 ) (J:)u(x)dx
€T \/EM 5 m x €T 2 oo

is compact. We intlloduce the operator BﬁDzu : L2 @ L? —» L? @ L? such that
uD,Eul™ = ((u, @), bap,u(u, @) 2gL2:

S
S

apou () € 2@ L? — u(z) € L2(R3) — (f””(% Dy)u(z) ® o) cl?aL?,

CaDgu

where f""(z,D,) = (3;5);//[2 Dy Xm(D2)F~1(é270)(x). Now f""(z,D,) is a compact

operator: both & X, () and F~1 (&7 )(2) are in Lg°(R?). Therefore, byp, ., is com-
pact. The proof extends immediately to the adjoint term

vaD =27 | 0 @F (G @Dev @
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4.4. Defining the time-dependent family of Wigner measures. The last
tool we need in order to take the limit € — 0 of the integral formula (68) is Wigner
measures. Throughout this section, we will leave some statements unproven; the
reader may refer to [9, section 6] for the proofs and a detailed discussion of Wigner
measures’ properties. We recall the definition of a Wigner measure associated with a
family of states on H = I'y(L*(R?) & L*(R?)).

DEFINITION 4.11. Let (0c)ce(0,5) C LM(H) be a family of normal states; p €
‘Ii(L2 S3) LQ) is a Borel probability measure. We say that p is a Wigner (or semiclas-
sical) measure associated to (0:)ee(0,5), 0T in symbols p € M(gs,g € (O,E)), if there
exists a sequence (eg)ren C (0,8) such that limg_,oo e = 0 and

(80) lim Tr {QakW(ﬁ)} = / eVIR(E:) 12602 4y (2) VE € L2 @ L2 .
k— o0 L2@ L2

We remark that the right-hand side is essentially the Fourier transform of the measure
1, so considering the sequence (ep)ren there is at most one probability measure that
could satisfy (80). If (80) is satisfied, we say that to the sequence (0e, ke corresponds
a single Wigner (or semiclassical) measure p, or simply o, — p.

First, it is necessary to ensure that such a definition of Wigner measures is mean-
ingful, i.e., that under suitable conditions the set of Wigner measures M associated
to a family of states is not empty. Since mg > 0, it turns out that assumption (A(h)’)
is sufficient. Assumption (A-h) would be sufficient as well, even if we will not use it
for the moment.

LEMMA 4.12. Let (0c)zc(0,5) be a family of normal states on H that satisfies as-
sumptions (A(h)’) and (A-n). Then for any t € R, the following hold:

(i) M(o:(t),e € (0,¢)) # O; M(o:(t),c € (0,¢)) # O.
(i) Any p € M(o(t),e € (0,€)) orin M(g.(t),e € (0,8))** satisfies

M(Bu(o, VO NQ(-A+V)a D(wl/Z)) =1.

(iii) Moreover,
/ ( yer? 2”( A V )1/2U||g HaHQ H1/2 d/l,(z) < 400.
z=(u,a)EL?2PI F

We recall that B, (0,V/€) = {(u,a) € L? @ L?, ||u|l, < VE}.

Proof. By (77) of Lemma 4.8, we see that o.(¢) and 9. () satisfy (A-n) and (A(h)’)
at any time. Now (i) follows by [9, Theorem 6.2] and (ii) by (iii) and [11, Lemma 2.14].
The third point is essentially a consequence of [12, Lemma 3.12]. However, the latter
result requires more regularity on the states o.. So we indicate here how to adapt the
argument to our case. It is enough to assume ¢ = 0 and {u} = Mo, € (0,&)). The
operators fﬁ + V and w are positive (self-adjoint). So one can find nondecreasing

sequences of finite rank operators Ay and By that converge weakly to —ﬁ +V and
w, respectively. In particular,

b}?/w}f:d]_—‘(Ak)(@l-i-l@dF(Bk)<dr(_2]AW+V>®1+1®dF(w):HO’

141n this section, we have used mostly the notation D(w!/2); however, D(w'/2) = FH/2, where
the latter is defined in Definition 3.4.
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where by (u, a) = (u, Agu) + (@, Bya) € P9 (L? @ L?). Let P, and Qj be the or-
thogonal projections on Ran(Ay) and Ran(By), respectively. Using the Fock space
decomposition I's(L2@L?) = Ts(Py L?®Q L?) @5 (P L2 ®Q;- L?) where Pt = 1- Py
and QF =1 — Qi, one can write b}V = (bk)rll/j@’gkp@@km) ® Ip, (L r2@qitr2) and
0 = 0.. Hence

T 0b | = T 0 Ch, 1aequie) @ (12wt 1) | = Trr.mezzeanin | €60,

where glgj is a given reduced density matrix which is trace-class in T's( Py, L*3®Q; L2). So
the problem is in some sense reduced to finite dimension. Now using Wick calculus (in
finite dimension) b)Y %* can be written as an anti-Wick operator by moving all the a*
to the right of a. So, one obtains that b}/ % = b,?_WiCkJreT with T'(dl(P,®Qy)+1) !
is bounded uniformly with respect to € € (0,&). Hence

T k1 A—Wick Tr ki Wick
ggI})Trrs(Pkw@ka)[erk * } = lim Trr, (p,r20Q412) [erk * }

< mTr[geHo} <C.
e—0

For details on the anti-Wick quantization we refer the reader to [9]; in particular, it
is a positive quantization (see, e.g., [9, Proposition 3.6]). Hence, we see that

Trr (P L2eq,L2) [Qf(bk,x)mW“k} < Trr (P L2000, 12) [befWiCk} ;

where by, , (u, @) = x(u){u, Apu) + x(a){a, Bra) for any cutoff function x € C§°(R?),
0 < x < 1. Finally, [9, Theorem 6.2] gives

/ b (u, @) dpi(z) = lim Tr [ga(bk X)A—Wick}
—(w,0)eL2®L? 0 ,

‘ kyp A—Wick
= lm Trr (p,r20Q412) [erk “ } <0,

and the monotone convergence theorem proves (iii). |

As we said above, our aim is to take the limit e, — 0 on the integral equation (68)
for a suitable sequence contained in (0, ). We may suppose that the sequence () ken
is chosen in such a way that there exists pg € M(oc,e € (0,)) such that (80) holds,
ie., M(gak,k‘ S ]N) = {uo}. However, nothing a priori ensures that the sequence, or
one of its subsequences (e, )ien C (€k)ken, is such that for any t € R

lin Te[g, (OW©O] = [ VR v e LR @ (RS,
11— 00 v L2@L2

where [, : R — ‘Ii(LQ & L2) is a map such that jig = po. The possibility of extracting
such a common subsequence is crucial, since the integral equation involves all measures

from zero to an arbitrary time ¢. To prove it is possible, we exploit the uniform
continuity properties of Tr[g.(t)WW (£)] in both ¢ and &, proved in the following lemma.

LEMMA 4.13. Let (0:)ec(0,) be a family of quantum states on H that satisfies
assumptions (A-n) and (A(h)’). Then the family of functions (t,€) — G.(t,€) ==
Tr[o. ()W ()] is uniformly equicontinuous on bounded subsets of R x (Q(—A+V) &
D(w'/?)).
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Proof. Let (t,£), (s,n) € Rx (Q(—A+V)& D(w'/?)). Without loss of generality,
we may suppose that s <t. We write

Ge(t,€) = Gelsm)| < |Galtim) = Gels,m)| + |Go(,6) = Geltm)

and define X; := |G.(t,n) — G<(s,n)|, X2 := |G-(t,€) — G-(t,n)|. Consider X;; we
get by standard manipulations and Lemma 4.2

X1<Z{—:JZ)\/

= 1€IN S

(e E 0, W ((n),) By (m),) e 87w, | ds .

Now using Lemma 4.6 we obtain

3
X1 <Y dCmY N /
j=0

N1+H0+5)1/2W (( ) )efigf[renq]i

S\ S
. H(Nl + HQ + 5)1/2672%]%%\1/%‘ ds y
then using Lemma 4.1, and the fact that ||(m) ]l = |millgns [00) )l rpee =
|‘772||_7-'H1/2 we get
3 t
X: < C(?})Z&JCJ-(W)/ Tr[gs(s)(Nl + Hy —|—€)}ds
j=0 s

3
<|t— s\C(n)ZfﬂCJ(U)G ae) T 12br(L(% Jrg) ’

=0

where in the last inequality we used (77) of Lemma 4.8. Now let us consider Xs; a
standard manipulation using Weyl’s relation yields

Xy, <

el3tmis n>L2®L2W(§ n) — 1)(N1 + N2+ 1)7 H F (L2®L2))

T [@E(t)(]\h + Ny + 1)} .
Now we use the estimate in [9, Lemma 3.1] and obtain

Xo <€ = nll e (2l p2are +1) Tr 2 (O)(N1 + N2 + 1)]
_ b(e
< 1€ = nll gz (il zgre +1) (S + 2285 +1)
where in the last inequality we used again (77) of Lemma 4.8, keeping in mind that
N2 S dF(w) S Ho. O

Now using Lemma 4.13 with the estimates on X7, X5 above and a diagonal ex-
traction argument, we prove the following proposition. We omit the proof since it is
similar to [12, Proposition 3.9].

PROPOSITION 4.14. Let (0:)-¢(0,5) be a family of quantum states on H that sat-
isfies assumptions (A-n) and (A(h)’). Then for any sequence (ex)ren C (0,&) with
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limg oo, = 0, there exists a subsequence (eg,)iew such that there exists a map
we: R — &]3(L2 S L2) verifying the following statements:

(81) Ocy, (1) = puy VEER;

(82) éEki (t) — [Lt YVt S R s with [I,t = Eo(ft)#,ut ;

(83) 0ey, (DW(E) = pee ¥ € RVE € L7 @ L2, with dpg,y(2) = V2R dpy (2)
where Eo(t)z = e =2t V)y@ e~ q is the Hamiltonian flow associated with the free

classical energy Eqg, and §~t = Eo(—t)§. Moreover, puy and fiy are both Borel probability
measures on Q(—A + V) ® D(w'/?).

4.5. The classical limit of the integral formula. We are finally ready to
discuss the limit € — 0 of the integral formula (68). As a final preparation, we state a
couple of preliminary lemmas. The first is a slight improvement of [9, Theorem 6.13].

The second can be easily proved by standard estimates on the symbol Bom) (&) which
we recall for convenience:

(84)
B(()m)(g)(u a) = 22\[<Re}"(>ﬁ“})( ), Im(_lu)(ac)>2

+iv2(u(w). xom(D
+zf1m< )y (Xen (D)) Voo # &1 (x)u(m)>2
+ 1 (6 (), ( {7y, 0)? + F(r,,0)?
+ F Y, a)]—'(ram@)) (ac)u(x)>2

_ Mlm@(x),xm(Dx)Im(ffl(foo@’))(I)Fl(’:"mo‘)(m>“(gj)>

2

2W)3/2Im<§1 (romoz)(z)u(x)>2
2”>”21m<51 F(rs,,a)(z)Dyu())
42 27T)3/2 Im<u o) Dy F~ (rmfg)(m)u(m)>2 .

LEMMA 4.15. Let (¢5)jen C (0,8), lim;,oce; =0, and § > 0. Furthermore, let
(0c,)jen be a sequence of normal states in H such that for some C(6) > 0,

<C(9),

85 HN N/ 20, (N NW‘
(85) (N1 + Na) Qaj( 1+ Na) CLreL?)

uniformly in e € (0,&). Suppose that o, — p € P(L* & L?); then the following
statement 1is true:

(VA e @ Px(L*er?), lm Tr[gej(A)WiCk} - /
(p,) €N e Lo
pjl-q<26

A (z)du(z)) .

Proof. By linearity it is enough to assume A € Pg% (L? & L?) for (p,q) € IN?
with p + ¢ < 26. Let (Pr)r>o be an increasing family of finite rank orthogonal
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projections on L? such that the strong limit s —limg_ ;oo Pr = 1 holds. Let Ar(z) :=
A (Pr @ Pgz) for any z € L? ® L?. One writes

o) < [ A

(86) < Tr[ggj (A)Wick} _ Tr[gsj (AR)Wick}
(87) - ’T&r[ggj (AR)WiCk:| - /L o Ar(2)du(2)
(38) [ . Ar(E)d(2) = / A

Using standard number estimates and the regularity of the states (o;);, one shows

Teoe, (A = Ar)™ 8| < II(Ny+ N2)/ 200, (N1 + No) 2| s 222 A = A,

where A and AR denote the compact operators satisfying A (z) = (2%4, A Z®P) and
Ar(z) = (229, Agz®P), respectively. Since Ag = (Pr ® Pr)®IA (PR @ Pr)®” and A’
is compact, one shows that limg_, ;o |[A — Ag|| = 0. So the right-hand side of (86)
can be made arbitrarily small by choosing R large enough.

According to [9, Theorem 6.2], the regularity of (¢.,); ensures the bound

[ Vel duz) < C).

Hence by dominated convergence the right-hand side of (88) can also be made ar-
bitrarily small when R is large enough since A (z) and Ag(z) are both bounded by
c||z|\1;réL2 and Ag(z) converges pointwise to A (z).

To handle the right-hand side of (87), we use a further regularization. Let x €
C°(R), 0 < x <1, x(x) = 1 in a neighborhood of 0 and x(z) = x(%) for m >
0. Recall that the Fock space has the decomposition I's(L? @ L?) = T'y(PrL?* @
PrL?) @ T's(PgL? & P3 L?), where Pg = 1 — Pgr. In this representation AjVi* =
(AR)rll/jf}’iRLQGBPRLQ) ® Ip, (ppr2@pir2) and oc; = 0c;. Hence using reduced density
matrices Qg that are normalized positive trace-class operators in I's(PrL? & PrL?),
one writes

Tr [QEj (AR)Wick} = Tr |:@€j (AR)rgj(C}’iRm@PRLz) & 1FS(P]J%-L2®PIJ€L2)}
= Tir, (a2 pnr?) | 0F (AR)WF ]

As in the proof of Lemma 4.12, the Wick calculus gives that (Ag)"* can be written
as an anti-Wick operator by moving all the a* to the right of a. So, one obtains that
(AR)Wick = (AR)A=Wick | oT with T(dT'(Pr @ Pg) + 1)~ "2" is bounded uniformly
with respect to € € (0,&). We refer the reader to [9], where Weyl and anti-Wick
quantization are explained for “cylindrical” symbols. Hence

lim Tr[gs (AR )VWC]C = lim Trr (p,r20PnL2) [gg (AR)WiCk}

]—)OO _]—)OO

= ]gm Trr, (Prr2@PrL?) [Qs (AR)A_WiCk] :
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Now we define Xy, r(2) := Xm(|Pr ® Prz|?) and

QER‘,m = Xm,R( )Weyl Qg Xm.R ( )Weyl .

J

So one writes

el (A - [ A GG

L2@®L2
(89) < ’Tr{(gfj _ Qg,mxA)A—Wick]
(90) + |Tr [Q£7m(AR)A—WicIc} _/anyR(z)AR(z)du(z)
(91) ‘/XmR YAR(z)du(z /AR Yy (z

where the traces are on the Fock space I's(PrL? ® PrL?) and the integrals are over
L? @ L?. By dominated convergence the right-hand side of (91) tends to 0 when
m — oo at fixed R. The right-hand side of (89) can be made arbitrarily small when
m — oo using the following decomposition:

( Weyl 1) R  Weyl + ng ( Weyl 1)’

R, R
(Qajm - Qaj) Xm,R QE] Xm,R Xm,R

(4) (B)

which gives Tr[(A) (Ag)A~Wik] = Tr[T, T»T3T,] and a similar expression for (B) with

ptq e _s 5 5
Ti=(Ne+ 1) (g —DWr+1)7%, To = (Nr+1)2 08 (Nr +1)%,

Ty = (N + 1) 5 WU (Ng + 1) | Ty = (Ng + 1)~ 5 (A)A~Wick (N 4 1)~
where N = dI'(Pgr @ Pr). The Weyl-Hérmander pseudodifferential calculus gives
that 77 —;—00 0 in norm (since § > p + ¢q) and that T3, i = 2,3,4, are uniformly
bounded with respect 7 € IN and m > 0 at fixed R (see, e.g., [9, Proposition 3.2 and
3.3]).

To complete the proof, we remark that

Tr Qg,m(AR)A—Wick] _ Tr[ R an/(;céyl (Ap)A-Wick X:;Il/e}%l} .

So again by pseudodifferential calculus we know (Agr)A=Wick = (Ag)Wevl 1¢ p(g)Wev!

with b(e) belonging to the Weyl-Hoérmander class symbol Sp,,qp,, ((2)PT972, dzz;) uni-

formly in € (see [9, sections 3.2 and 3.4]). Therefore,

_lim Tr [Qg,m(AR)A—Wick} = lim Tl"{ R an/ll/egl(AR)Weyl XnVchig%/l] ’
j—o0o J j—o0 )

since (dT'(Pr @ Pg) + 1)~(@+P)/2 p()Wevl (dT'(Pr @ Pg) + 1)~ ®+9)/2 is uniformly
bounded with respect to . The Weyl-Hormander pseudodifferential calculus gives
XTV,VL,%Z(AR)WE?’Z Xxeyl = (X2, rAR)V Y + ec(e)V Y with c(e) € Spyapry(1,dz?)
uniformly in € (see, e.g., [9, Proposition 3.2]). Hence, according to [9, Theorem 6.2]
one obtains

lim Tr[ (AR)A_W“’“} = lim Tr [gsj (x3, p Ag)WVeY!
j—o0 ’

— [ a@ArEdu).
L2pL?
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This yields the intended bound on (87) and completes the proof. |

LEMMA 4.16. There exists C(op) > 0 depending only on o9 € Ry such that the
following bound holds for B(()m) uniformly in m € IN:

B{™ (6)(u,0)| < Co0)lIgl 2oz (1l + (=2 + V) 2ull3 + o302
(92) Hlullo - (=2 + V) 2ul3 + fJullz - all /2
il =5+ V)2l - Jallprria)

It follows that
* for any ¢ € L?> @ L2, for any (u,0) € Q(-A + V) @ D(w'/?),
lim, ;00 Bém)(f)(u,a) = Bo(&)(u, ), and therefore the bound (92) holds
also for By;
* for any m € NN, B(()m)(~), Bo(:) are are jointly continuous with respect to
¢€cL?aL? and (u,a) € Q(—A + V) @ D(w'/?).

_ Recall that for any o9 > 2K(€ + 1 + &) there exists b > 0 such that the operator
HE™ 4 b is nonnegative uniformly for € € (0,€). Let (0:)-¢(0,s) be a family of normal
states on I's(L?(R3) & L?*(R?)); we consider the additional assumption

(A(h)”) 3C >0, Ve € (0,8), Tr[o. (H™™ + )% < C.

PROPOSITION 4.17. Let (0:).c(0,5) C LY(H) be a family of normal states that
satisfy assumptions (A-n), (A(h)’), and (A(h)”) such that*® o9 > 2K (€ + 1 + &).
Then the following hold:

(i) For any sequence (ei)ren C (0,€) converging to zero, there exist a subse-
quence (gx,)en and a map py : R — ‘B(L2 &) L2) such that o, (t) — p: and
Oc,,, (t) = fir = Eo(—t) g for any t € R.

(ii) The action of e~V EHE" s nontrival on the states o..

(iii) The Fourier transform of fi(.) satisfies the following transport equation for all
Eel’a L2

/ zfoefzdu() / 1fRe£sz()
L2pL? L2@pL2

+/0t(/L2@L2 Bo(€.)(2)e V2R - >)ds,

where the right-hand side makes sense since Bo(ét)(z)eiﬁRe<£t’z> € L°(R,

LY[L* @ L?, dpy(2)]) for any £ € L* & L2.
Proof. The first part of the proposition, points (i) and (ii), is just a par-
tial restatement of Proposition 4.14. We discuss the last assertion in (iii) about
Bo(&)(z)e?V2Re(6:2) before proving (93). Recall the fact that for any & € L2 @ L2

(93)

15We recall that € appears in assumption (A-n) and oo in Definition 2.13 of Hfgﬁ The condition

oo > K(€ 4+ 1) ensures that the dressed dynamics is nontrivial on @[Q/E Hr and hence nontrivial
on the state p. according to Lemma 4.2.
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and for any t € R, |\§~t||L2®L2 = |||l p2q 2+ Using bound (92) of Lemma 4.16, we
obtain, setting Q(—A + V) ® D(w'/?) 3 2 = (u, ),

[Bo (&) ()¢ V216

< C(00)l&ll 2g L2 (||U||§ + (=2 + V) 2ull3 + [l F g/
Hlullz - 1(=A+ V) 2ull3 + lfullz - lallFge + lullz - [(=A+ V) 2ull; - Ho‘”]-'Hl/2) '
Now pu; € M(gg(t),s € (O,é)); therefore by Lemma 4.12, 114(B,(0,vV€) N Q(—A +

V) @® D(w'/?)) = 1 for any t € R. Then it follows that there exists C'(¢€) > 0 such
that

/ Bo (&) (2)e" V2Rl dpyy (2)
L2@L2

< C@lellrare [ (I + V)20l + 0l )dus(:)
L2pL?

< COEllp2gr2I (1) 5

where J(t) < oo by Lemma 4.12. Actually, using the fact that the bound (77) is
independent of ¢, it is easily proved that J(¢) does not depend on t as well, i.e.,
J(t) € L*(R).

We prove (93) by successive approximations. Consider Tr[g., (t)W(€)], § €
L? @ L?. We can approximate & with ((0)en C Q(—=A + V) @ D(w?/*), since
the latter is dense in L? @ L?, and lim;_,o Tr[gc, (¢)(W(§) — W (€D))] = 0 uniformly
in £, by Lemma 4.13. Now, for Tr[g,, (t)W(£")] the integral equation (68) holds.
Proposition 4.14 implies that ., (t) — fir = Eo(t)ypu: for any ¢ € R. Therefore, the
left-hand side of (68) converges when ¢ — 00 to [}, ;. eiﬁRe(gm’z>dﬂt(z); and that
in turn converges when [ — oo to fLQEBLQ ¢iV2Re(8,2) dfi;(z) by dominated convergence
theorem. In addition,

3 t
li i [ Tr|oe, (s)W(ED,)B, (€D ,)|ds =
i 32 [ 0o (WD B0 s =0

by Proposition 4.7. It remains to show the convergence of the By term in (68).

We approximate By by the compact Bém), because using Lemma 4.2 and (79) of
Proposition 4.9 we obtain

Te[oc,, ()W (€0,) (Bo(¢D,) = B (€0,) )|
< Z i
i€IN

< STACT(ED,)|[(Ho +1)1/2(Ny + &)W (€0, e
i€N

(W (e % v (Bo(e,) - B (€0)) e 5 )|

S [ren
€k,

U,

s Hrcn
L

H(HO+ 1)1/2(N1 _’_5)1/26*%,c v,

Now, using the fact that C(™(¢0.,) depends only on Hf(l)S”Q(—A-{-V)@D(Lﬁ/‘L) =
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Hf(l)||Q(_A+V)@D(w3/4) and Lemma 4.1, we obtain

T [0, ()W (€D,) (Bo(€D,) — B (€0,))] |

_j_s_fyren 2
< ZAic<m>(g<l>)0(g(l>)H(Ho F )2 m T (v +5)1/2x1/iH .
€N
We then use (77) of Lemma 4.8:

Tt [0e0, ()W (60,) (Bo(e®,) - BEW(€0,))] |

< S ACEMCED) (€ +8) =L O+ 245 -
i€eIN

The right-hand side goes to zero when m — oo uniformly with respect to €k, and s
by Proposition 4.9, and therefore

t - - ~
lim [ Tr|oe,, (WD) (Bo(e®,) = B (€D,)) |ds = 0.
m—oo Jq v
So the next step is to prove

. 7 ™m) e Wick m) g i e(€WD 2
lim Tr[o.,, ()W (D) (B{M(€0,)) | :/L ) By (E0)(2) eVERAET ) qp ().
2@ 2

L—> 00

This statement follows by applying Lemma 4.15 with § = 2 and by checking the
assumption

(94) (N1 + Na) o, ()W (ED,) (N1 + Na)l 1 1212y < €,

uniformly in k, for some C > 0. In fact, (94) holds true by assumptions (A-n)-
(A(h)”), the higher order estimate of Proposition A.4 and Lemma 4.1. Note that

while o, (s)W(£M),) is not a nonnegative trace-class operator, one can still apply
Lemma 4.15. In fact, one can write

Tr oy, ()W (ED,) B (€0,)] = T [W(n)en,, ()W () A

for some A € @, ,4 P (L? @ L?) and with n = %g(l)s. We note now that
W(n)oe,, (s)W(n) decomposes explicitly into a linear combination of nonnegative
trace-class operators satisfying the assumption (85) of Lemma 4.15. Note that the

Wigner measures of ., (s)W (£(),) are identified through (83). Hence the dominated
convergence theorem yields
¢

tim | Trfos,, ()W(60,) B (D,)]ds

L—r 00 0
t . 4 .
:/ (/ B(()m)(5(1)5)(2)6“/§Re<5“)s’z>d,us(z)>ds )
0 \JL2gL?

By Lemma 4.16, lim,, .o BS™ (€D ) (2) = Bo(¢M,)(2), so by the dominated conver-
gence theorem

t _ ' .
lim (/ Bém) (g(l)s)(z)e"/ﬁRe@mS’Z)dus(z)>ds
0o \JirerL?

m—ro0
t 5 ' -
:/ (/ BO(g(l)s)(z)e"/iRe(gms’z>dus(z))ds.
0o \Jr2gL?
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Above it is possible to apply the dominated convergence theorem due to a reasoning
analogous to that done at the beginning of this proof: roughly speaking, we have that
By (¢W,)(2)efVIR(ED12) ¢ [22(R, LL[L2 @ L2, dpy(2)]) uniformly with respect to
m € IN. In an analogous fashion we finally obtain

t B ) -
lim </ Bo(g(z)s)(Z)ezﬁRe@(z)S,z) dus(Z)) ds
0 L2@L?

l—o00
- [ Boa@e ) Jas.

COROLLARY 4.18. The transport equation (93) may be rewritten as

/ eVIReEE) g (2) = / e VRS dig (2)
L2@L? L2@L?

) NG /0 t ( /L o R V() o dﬂs<z>>d8 :

with the vector field V(t)(z) = —iEg(—t) o az(é — Eo) o Eo(t)(2). In addition, iy =
Eo(—t)4E(t)4po is a solution of (95).

Proof. The proof is by direct calculation, since p; (Q(fA +V)e .7~"H1/2) =1 for
any t € R by Lemma 4.12, and E(t), Eq(t) are globally well defined on this space (for

E(t), it is proved in Theorem 3.16; for Eq(t) it is trivial). The second point is proved
by differentiating with respect to time and using Lemmas 4.16 and 4.12(iii). ]

6. Uniqueness of solutions for the transport equation. As discussed in
Corollary 4.18, the dressed flow yields in the classical limit a solution of the transport
equation (95). The second part of the same corollary suggests that it is important to
study uniqueness properties of (95): it is by means of uniqueness that we can close
the argument and reach a satisfactory characterization of the dynamics of classical
states (Wigner measures). This subsection is devoted to proving that the family of
Wigner measures fi; of Proposition 4.17 satisfies sufficient conditions, induced by the
properties of (0:):e(0,s), to be uniquely identified with Eo(*t)#]:](t)#uo. We use an
optimal transport technique introduced by [3], then extended by [12] to propagation
of Wigner measures, and improved recently by [8] (see also [89, 92]).

In order to do that, we need to introduce a suitable topology on ‘B(LQ b LQ). Let
(ej)jen C L? & L? be an orthonormal basis. Then

(21 — 22, €)) 2@ 12| ) 2
96 (21, 22) ,
(96) L) = (Y el

JEN

where 21,2, € L? @ L?, defines a distance on L? @ L?. The topology induced by
(L2 @ L?, dw) is homeomorphic to the weak topology on bounded sets.

DEFINITION 4.19 (weak narrow convergence of probability measures). Let
(i)iew C P(L? @ L?). Then (u;)ien weakly narrowly converges to p € P(L* @ L?),
in symbols pi; — p, if

vf e (L2 ® L2.d,). R) . lim /HW f(z)d,ui(z):/ F(2)dp(z) |

11— 00 L2®L2
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where Cy((L?® L?,d,,), R) is the space of bounded continuous real-valued functions on
(L2 @ L%, dy).

It is actually more convenient to use cylindrical functions to prove narrow conti-
nuity properties. We define below two useful spaces of smooth cylindrical functions
on L? @ L2,

DEFINITION 4.20 (spaces of cylindrical functions). Let f: L? & L? — R. Then
f € Seyi (L2 &) LQ) if there exists an orthogonal projection p : L? @ L? — L? & L?,
dim(Ranp) = d < oo, and a rapidly decreasing function g in the Schwartz space
S(Ranp), such that

Vee L* @ L?, f(2) = g(p2) .

Analogously, if g € C°(Ranp), then f € Coeyt (L2 @ Lz), the cylindrical smooth
functions with compact support.

We remark that neither Se,; (L? ® L?) nor Cg%,,, (L? ® L?) possesses a vector space

structure. Finally, for cylindrical Schwartz functions we define the Fourier transform:

Fl = [ T Ly ).

Ranp

where dL, denotes integration with respect to the Lebesgue measure on Ranp. The
inversion formula is then

S = [ e FifodLy).
an p

With these definitions in mind, we can prove the following lemma.

LEMMA 4.21. Let (0:)ce(o,) C L1(H) be a family of normal states that satisfies
assumptions (A-n), (A(h)’), and (A(h)”); i : R — PB(L*® L?) such that for anyt €
R, fu € M(0-(t),e € (0,€)). If, in addition, [, satisfies the integral equation (95),
then the following statements are true:

* For any t € R, and for any (t;)ier C R such that lim; oo t; = t,

~ n ~
[l
i.e., fig is a weakly narrowly continuous map in PV(L? & L?).

* The map fi; solves the transport equation's
Oyfiy + VT (V(t)/]t) -0
in the weak sense, i.c., for any f € g%, (R x (L? & L?)),
(97) / / (00 + Re(V L, V() 222 )djindt = 0.
R JL2@L?
Proof. Let f € Seyi(L* @ L?). Fubini’s theorem gives

[ s = [ Fe ([ enmean ) ) dine)

16Recall that V(t)(z) = —iEo(—t) 0 9z (E — Eg) o Eo(t)(z).
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where dLRranp is the Lebesgue measure on Ranp and

F()E) = / F(2)e MR AR b (2) -

Ranp

Now we define Go(t,&) = [;a5,. €™ € djiy(2). Hence (93) of Proposition 4.17
gives

9 Gott)~ G = [ ([ Bu@e () Jar.

and this proves that ¢ — Go (t,€) is continuous for any ¢ € L?@ L? since the integrand
in the right-hand side of (98) is bounded with respect to 7 by Proposition 4.17. Note
that Go(t, &) is bounded by one for any (¢,€) € R x (L? @ L?). Therefore, the map
t— fLQ@LQ f(2)dii(z) is continuous for any f € Scy (L2 &) LZ). Finally, by an
argument analogous to the one used at the beginning of the proof of Proposition 4.17,
it is easy to prove that fm@LQHzH%Q@LQdﬂt(z) € LP(R). In fact, we know that
fit(Bu(0,VE) N Q(—A + V) @ D(w'/?)) = 1 by Lemma 4.12; and if z = (u, @), then
the functions o = [|a[|3 < [le[|% 1. belong to LL[L* & L?, dfi;(z)] uniformly in ¢ by
Lemmas 4.8 and 4.12. Then it follows that fi; is weakly narrowly continuous by [3,
Lemma 5.1.12 - {], thus proving the first point.

Now we prove the second point by a similar argument as in [12] which we repro-
duce here for completeness. Let g € Cg7.,, (L2 @ L2); we integrate (95) with respect
to the measure F[g](n)dLp obtaining

[ s = [ g
L2@L? L2®L2
t
voni [ ([ Rel Ve maredin()) Pty (a)ds.
0 JRanp L2@L2
Let Vg be the differential of g : L? ® L? — R, where here L? @ L? is considered as a

real Hilbert space with scalar product Re(:, ) r2qr2. Then, by Fubini’s theorem and
the properties of the Fourier transform, we get

/ o(2)dfie () = / 9(=)djio(z)
L2pL? L2pL?

t
w [ ReV9a) Vi ()is.
o Jregpr2
By Lebesgue’s differentiation theorem (with respect to t), we obtain
o[ g@dnt) - [ Re(V9() V) pasredin(z) = 0.
L2@L2 L2@L2

Equation (97) is then obtained for f(t, z) = (t)g(z), multiplying by ¢(t) € Cg°(R,R),
integrating with respect to ¢, and finally using integration by parts. The result for
a generic f € C§%,,(R x (L* @ L?)) follows immediately: f(t,z) = g(t, pz) for some
g € C§°(RxRanp), and the latter can be approximated by a sequence (g; (¢, pz))en C

al
CP(R) ® C°(Ranp). O
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We need to check a hypothesis on the vector field V(¢)(z) = —iEq(—t) 0 95 (If -
Eo) o Eo(t)(z) to prove the sought uniqueness result. This is done in the following
lemma.

LEMMA 4.22. Let (0c)-c(0,2y C L(H) be a family of normal states that satisfies
assumptions (A-n) and (A(h)); fu : R — PB(L? & L?) such that for any t € R,
,at S M(@E(t)vg € (Oaé)) Then ||V(t)(Z)HL2€9L2 € L?O(IR" Li [L2 D L27dﬂt(z)b, Z.'e'a
the norm of the vector field is integrable with respect to [y, uniformly in t € R.

Proof. By (92) of Lemma 4.16 and the definition of V(¢), we have that for any
el L?,

[Re(e, V(0)(2))| < C(00) €l 2oz (lullf + 11 (=2 + V) 2ul}
HllallZ gz + lulle - (=2 +V)V2ull + ulls - a2
Flullz- -8+ V)2l - oz

It is easy to prove an equivalent bound for the imaginary part and hence obtain for
any £ € L2 @ L?

(€. V)| < Cloollzzare (Ilull3 + 1(=A + V)2l + alZ 172
o lulle - 1=+ V)2l + full - ol 2
 lulle - (=2 + V) 2ully - llall g2 -
Therefore, it follows immediately that
IV 2ze < Cloo) (Il + 1=+ V) 2ullf + llallZ
o lullz - 1=+ V)2l + lulle - ol 2
+ lullz - 1I(=A + V) 2ully - llall 1172 -

The right-hand side of the above equation is in L®(R, LL[L? ® L?, du,(2)]), as shown
at the beginning of the proof of Proposition 4.17. ]

At this stage, we appeal to a result proved in [8, Proposition 4.1] concerning the
uniqueness of measure-valued solutions of the Liouville equation (97), which we briefly
recall in Appendix B.

PROPOSITION 4.23. Let (0:).c(0,5) € LY(H) be a family of normal states that
satisfies assumptions (A-n), (A(h)’), and (A(h)”). In addition, let fiy : R — P(L* &
L?) such that for any t € R, jiy € M(0e,(t),k € IN) for some sequence (cx)pen with
ex — 0 and fiy satisfies the integral equation (95). Then fiy = (Eo(—t) o B(t))4 0.

Proof. Observe that Lemmas 4.21 and 4.22 and Lemma 4.12 (ii)—(iii) are sufficient
to apply Proposition B.1 with v(t,z) = V(¢)(z) and (ji¢)tcr. Hence, we obtain the
existence of a probability measure 7 verifying the properties (i)—(ii) in Proposition B.1.
The next step is to show that 7 is concentrated on solutions of the dressed equation
(S-KGID]) written in the interaction representation. For simplicity one can take the
interval I such that [0,T] C I for some T > 0.

By Hoélder’s inequality, Lemma 4.12(iii), and Proposition B.1(ii),

1/2

1/2
L (Joinarmei) aen< ([ [ i) <o
x 1 I JH'®FH/?
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This means that v € L2(I, H' @ FH'/?) for n-a.e. So we conclude that there exists
an n-negligible set N such that for any (x,7) € X~ N, v € WHL(I, L? @ L?) satisfy
the equation

y(t) ==z Jr/o V(s)(y(s))ds Vtel,

and furthermore v € L2(I, H* @ FHY?)NL>(I,L*® L?) and V(-)(y(:)) € L' (I, L?*&®
L?). Remember that D, (—1) and E¢(t) preserve the spaces H' @ FH'/? and L?® L?
(see Proposition 3.5). So by a simple computation one checks that for any v as before,
the curve

t—A(t):=D,_(1) o Eo(t)(7(t)) € L>(I, H* ® FHY*) N L>(I, L* & L?)

and satisfies the Duhamel formula,

() = Eo(t) oDy (1)z — 1 /Ot Eo(t — s)9:(E —Eo)(5(s))ds Vtel,

which is the original Cauchy problem (S-KG[Y]) with the energy E given by Defini-
tion 3.8. Remember that we have already checked that D,__ () are nonlinear symplec-
tomorphisms on the phase-space L? @ L? (see Proposition 3.17). Now appealing to
the result [40, Theorem 1.3], we need to show that 7, € L'%/3([0,T], L'%/3(R%)) N
L3([0,T), L*?/>(R%)) where 54 = (%1,72) in order to conclude that 7 is actually
the unique strong and global solution of the S-KG equation with initial condition
7(0) = z € H' @ FH'Y? and belonging to C(R, H' ® FH'/?). The last statement
follows by Strichartz estimates since 41 € L2([0,T], L°(R3) N L>°([0,T], L?(R?). So
going back to 7, we conclude that v(t) = Eo(—t)4E(t)(z). Hence, for any Borel
bounded function ¢ on L? @ L? and t € R,

/L2@L2 pla)dfie = /x@(v(t))dn = /xcp o Eo(—t) o E(t)(z)dn
= [ PR 0 EO@) duofo).
L2epL?

4.7. The classical limit of the dressing transformation. Let us consider

now the dressing transformation Uy, () = e¢T= on ‘H, with self-adjoint generator:
Wick * * —ik-x —ik-x
Too = (D) = [ 07 (@) (0" (gmee ™) - algnce™) 0(a)de
j 11—y (k (
goolh) = = Xoolk) o 12y

(2m)3/2 | f2w(k) £ + w(k)

The family (e*igTw) per C £(M) is a strongly continuous unitary group and therefore
can be seen as a dynamical system acting on quantum states. Therefore, given a family
(0)ce(0,5) of normal quantum states on H, we could determine the Wigner measures
of

(99) 0-(0) = e e "> g 2T
Since T, = (Dgw)WiCk, where D, is the classical dressing generator defined in
subsection 3.1, we expect that under suitable assumptions, (0., — p = 0,(0) —
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D, (8)4n), where D, (6) is the classical dressing transformation. The last assertion
is indeed true, as explained in the following. Observe that the dressing generator T\

is equal to the interaction part Hy(o) of the Nelson model with cutoff, where \}‘2% is

replaced by goo, i.€., Too = H[(O’)’ v . The classical limit of the Nelson model
V2i T 90

with cutoff has been treated by the authors in [5]; thus the results below can be
immediately deduced by the results in [5, d = 3, Hy = 0, and % = goo]. We recall
also that g, and therefore also T, and D,_ depend on o € R;..

LEMMA 4.24. Let (0c)cc(0,5) be a family of normal (quantum) states on H that
satisfies assumptions (A-n) and (A-h). Then for any oo € Ry, (0:(—1))ec(0,2) satis-
fies assumptions (A-n) and (A(h)").

PROPOSITION 4.25. Let D, :RxQ(-A+V)@FHY? - Q(—A+V)aFH'/?
be the classical dressing transformation. Let (0:)cc(0,z) be a family of normal quantum
states on H that satisfies assumption (A-n) and assumption (A-h) or (A(h)’). Then
M(QS,E € (O,é)) #@; and for any o9 € Ry and 8 € R,

(100)  M(2:(0).2 € (0.8)) = {Dy. Ot 1€ Mo € (0.9) }

Furthermore, let (ex)rew C (0,8) be a sequence such that limg_,oo e, = 0. Then the
following statement is true:

(101) Oe, = & <V9 €R, Voo € Ry, 6, (0) — ng(ﬁ)#,u> .

4.8. Overview of the results: Linking the dressed and undressed sys-
tems. Since as discussed in the previous subsection we can treat the dressing as a
dynamical transformation with its own “time” parameter 6, we are able to link the
classical limit of the dressed and undressed quantum dynamics via the classical dress-
ing. In this way we are able to recover the expected classical S-KG dynamics for the
undressed dynamics and finally prove Theorem 1.1.

First, we put together the results proved from subsection 4.2 to subsection 4.6 on
the renormalized dressed dynamics and remove assumption (A(h)”) with the help of
an approximation argument worked out in [11]. This is done in the following theorem.

THEOREM 4.26. Let B : R x Q(—A + V)@ FHY2 = Q(~A+ V) @® FH'Y? be
the dressed S-KG flow associated to E. Let (0c)cc(0,z) be a family of normal states in
H that satisfies assumptions (A-n) and (A(h)’). Then for any oy > 2K(€+ 1+ &)

it Eren

the dynamics e s nontrivial on every relevant sector with fixed nucleons of the
state 0g; M(QE,E € (0,5)) #@; and for anyt € R

t fyren St

(102) M(e‘iEHf Qgezsg;en@ € (O,é)) = {E(t)#,u, e M(QE,E € (0,5))} )

Furthermore, let (ex)rew C (0,8) be a sequence such that limg_,oc e, = 0. Then the
following statement is true:

(rren

(103) Oe,, — & <Vt ER, ¢ ot Qakei%}gH;zn — E@)#N) )

Proof. Thanks to the argument briefly sketched below, we no longer need assump-
tion (A(h)”). Let x € C§°(R) such that 0 < x < 1, x = 1, in a neighborhood of 0
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and xr(z) = x(%). The approximation

oo n = Xr(H™™) 0 xr(H™)
’ Tr | xg(Hre) oo XR(ﬁéen)]

satisfies assumptions (A-n), (A(h)’), and (A(h)”) and the property

_jt fyren ( it fyren
et €

lle “leroe) = llee = eerller ) < v(R),

0c — 0:,R) €
where v(R) is independent of € and limp_,o ¥(R) = 0. The last claim follows by
assumption (A(h)’), Theorem 2.11, and Definition 2.13. Up to extracting a sequence
which a priori depends on R and ¢, we can suppose that M (g., r,n € IN) = {uo,r},
M (0.,,n € N) = {po}, and M(pe,(t),n € N) = {u:}. In particular, applying
Proposition 4.23, we obtain

.t fyren it fren
(A e ) {Blton).

A general estimate proved in [11, Proposition 2.10] compares the total variation dis-
tance of Wigner (probability) measures with the trace distance of their associated
quantum states. In our case, it implies

t_fyren t_ fyren

e = B(t)epto,r| < liminf |le™ == (0o, — 0o, m) €50 en || 213y < w(R),
L2®L2 n—oo
/ o — ior] < liminf [loz,, — oo, llor ) < V(R),
L2g L2 n—o00

where the left-hand side denotes the total variation of the signed measures p; —

E(t)xpo,r and 1o — po,r, respectively. Hence, by the triangle inequality, we obtain

[ =BGl < [ - BOmol+ [ lior— ] < 20(R).
L2@pL2 L2pL? L2pL2

This proves that

t_ fyren fyren

{E@®pno} © M S g, 505 e )

By reversing time and utilizing the analogous inclusion above, we prove (103). |

Proof of Theorem 1.1. Observe that using the definition of the renormalized
dressed evolution g, (t) (Definition 4.3) and the definition of the “dressing dynamics”
0:(0) (equation (99)), we obtain

_ st gren -t rrren
i HL iz H

Oc € < Toe

e = 67é efigH;eneéToo Os eféTooeléH;eneéTm

= (e-0)0) ().

Let (0:)ee(0,z) be a family of normal states in H that satisfies assumptions (A-n)
and (A-h). In addition, as usual, let (ex)renw C (0,€) be a sequence such that
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limg_ oo € = 0. Then we can use Lemma 4.24, Proposition 4.25, and Theorem 4.26
to prove the following statement:

ren ren

0e, = & (W ER, e W g, 5T 5 Dy (1)4B(1) 4Dy (~1)gu
— D, (1) o B(r) o ng(l)]#u> .

Therefore, Theorem 1.1 is proved, since by (64) of Theorem 3.16 D,_ (1) o E(t) o
D, (—1) = E(t). To be more precise, we use the following chain of inferences:

Lem. 4.24
Prop. 4.25
==

(ng. — M (VGO €Ry, ésk(*l) — Dgoo (*1)## and (éak(fl))kem
satisfies ass. (A-n), (A(h)’))

Thm. 4.26
Lem. 4.8 (300 ERy, VEER, (0:,(—1))(t) = E(t)#Dy, (—1)4nu

and ((2:,(-1) (1))

Prop. 4.25 (Vt €R, ((@Ek(fl))(t)»

satisfies ass. (A-n), (A(h)’)>

kelN

(1) - ng(l)#E(t)#Dgw(l)#u)

ren t ren

- R p——
Thm. 3.16 (Vt ER, e 5 He ngezskHEk — E(t)#u) .

The inference in the opposite sense is trivial.

As has become evident with the above discussion, we do not prove Theorem 1.1
directly; and it would be very difficult to do so, due to the fact that we do not know
the explicit form of the generator H:*" of the undressed dynamics. We know instead
how the dressed generator ﬁgen acts as a quadratic form, and that is sufficient to
characterize its dynamics in the classical limit and obtain the results of Theorem 4.26.
The properties of the dressing transformation and of its classical counterpart are then
crucial to translate the results on the dressed dynamics to the corresponding results
on the undressed one.

Appendix A. Uniform higher-order estimate. We prove in this appendix
a higher-order estimate that bounds the meson number operator N by the dressed
Hamiltonian HS" uniformly with respect to the effective (semiclassical) parameter &
and the cutoff parameter . Such types of estimates rely on the pull-through formula,
and they are known for the P(y)2 model [105] and for the Nelson model [4]. However,
since the dependence of the dressed Hamiltonian f[,gn) on ¢ is somewhat nontrivial,
we briefly indicate in this appendix how to obtain a uniform estimate.

LEMMA A.1. For any e € (0,8) and any ¥ € D(N3) C H,

| Noy| = /]R3|\(N2 +e)ra(k)y|” dk.

Proof. Recall that No and a(k) depend on the parameter € according to the
notation of subsection 1.1. Taking care of domain issues as in [4, Lemma 2.1], one
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proves
| N2y :<N22¢,/]RSa*(k:) (k) de2 > / [|a(k N2¢|| dk
:As|}(N2+5)%a(k)w||2dk.

Recall that the interaction term H; (o)™ is given by (13). A simple computation
yields

n

'} n 2 1 a k —ik.x; 1 u —ikexs % —ikexs
[a(k), Hi(o)™] = ¢ LZ_;2 W%e k -’+M;7‘U(k)e F2ig* (rye” o)

+rg(k)e HTig(r e ki) — rg(k)eik'm-fDIj] .

LEMMA A.2. For any € > 0 and g > 2K(C+ 1+ &) there exist ¢,b > 0 such that
for any € € (0,8), 0p < 0 < 400, and n € N such that ne < &, we have

[N

[(b+ew(k)+H) "2 a(k), Hi (o)) (b+H) 72| < e < | Xz(k) |+|rg(k)|w(k)1/4).

Vw(k)

Proof. According to Proposition 2.10 and Theorem 2.11, ﬁj(a)(”) is Hén)—form
bounded with small bound that is uniform with respect to € € (0,¢), o9 < 0 < +00,

1

and n € N such that ne < €. Hence (H(gn))%(b + 1315,”))—5 is uniformly bounded
for some b > 0. So it is enough to prove the claimed bound with H(()") instead of
. Now using similar estimates as in Lemma 2.7 and the fact that Vew(k)(d+

ew(k) + Iﬁ"))_% is uniformly bounded, one correctly bounds all the terms of the
commutator except the one with a*. Note that the commutator contains the power
2 that controls the sum over 1 < j < n and the factor 1/4/cw(k). In order to bound
the term with a*, one uses the type of estimate in [4, Lemma 3.3(ii)] with s = 1/2.
Note that one gets an e-dependent estimate from [4, Lemma 3.3(ii)] by noticing that

61/4(Hé") +1)74(dly (w) +1)Y/* and e'/4(Ny +1)71/4(dly (1) + 1)1/4 are uniformly
bounded!” and that a* contains /¢ which cancels the latter e~ 1/4.g=1/4, ]

Let € > 0 and op > 2K (€ + 1 + &) as in the above lemma. In particular, a s
a self-adjoint operator for any € € (0,¢&), 09 < 0 < 400, and n € IN such that ne < €.

LEMMA A.3 (the pull-through formula). The following identity holds true for
1
some b <0, any ¢ € D(N;)NH,, and k almost everywhere in R3:

a(k)(b— H{) o = (b —ew(k) — HS) " a(k)¢
+ (b —ew(k) — HY) " a(k), Hr(0)™] (b~ HIY) .

Proof. According to [4, Lemma 4.4] there exists ¢ € (Hé") +1)"'D(Nz) such
that ¢ = (b— f{((,n))w for some b < 0. So the claimed formula is equivalent to

(b= ew(k) = HM)a(k)p = a(k) (b — HM) + [a(k), Hi(0)™]0 .

1741 (+) is the e-independent second quantization operator in [4].
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The latter identity follows by a simple computation. |

PROPOSITION A.4. For any € > 0 and o9 > 2K (€ + 1+ £) there exist ¢,b > 0
such that the operator fL(fn) is self-adjoint and the following bound holds true:

[ Now|| < | (H +b)w|| Vb € DHM),

for any e € (0,8), o € (0¢g,4+00], n € N such that ne < €.

Proof. The operator f],gn) is uniformly bounded from below. So by choosing b > 0
large enough one can take ¢ = (—b—ff((,n))’lqb. Now it is enough to prove the estimate

for ¢ € (H™ +1)"Y/2D(N}). Using Lemmas A.1 and A.3,
| Noy || = / |(No + ) 2a(k)(b+ H)¢||” di
]R3

(104) §2/ (Mo + €)% (b + ew(k) + B La(k) || dk
R3

(105) +2 / [(N2 + €)% (b + cwo(k) + H)Halk), Hi(o)™] b+ HS) ™o dk.
IR,3

Since (Ny+¢)2 (b+5w(k)+f[((,n))’1/2 is uniformly bounded, by Lemma A.2 one shows

- (k) — Ar(n) N — 2
(105) SC/RS \X/ﬁ\—i—lro(k)lw(k) Y4k - ||+ =) 729

For simplicity we denote by ¢ any constant. In the same way, one also shows
(104) < ¢ [ ||(b+ ew(k) + H) " 2a(k)o|* dk
R3
(n)y—1/2 2 _ 1/2 (n)y—1/2 4||2
<c RgH(b—i—aw(lﬂ) + Hy") " Pa(k)g||” dk = ¢|NyZ (b + Hy") " 20"

The last equality follows by an argument similar to that in the proof of Lemma A.1.
Hence, one obtains

[Newl” < (ol + 16+ H5™) 7 726]") = e (| 6+ A&)e|* + |16+ HE) 20
< c|y(b+H,§">)¢H2.

The last inequality is a consequence of the uniform boundedness of the operator
(b+ H)=12(b 4+ HSM)=1/2 with respect to e, o, and n € N such that ne < €. 0O

Appendix B. Probabilistic representation. For any open bounded interval
I, we denote by I'; the space of all continuous curves from I into (L2 @ L2, || - || 2 r2)
and define the following metric space:

(106) X= (L@ L* x|l learza,) +sup|l - llz2or2.d.)),
tel

where the norm || - [|(z2¢ 2,4, 15 associated to the distance introduced in (96). For
each t € I, we define the continuous evaluation map,

er: (x,7) € ExT(E)—~(t) € E.
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Consider the transport or Liouville equation,

Ope + VT (vpe) =0,

understood in a weak sense as the integral equation: for any ¢ € Cg%.,; (1 X L’ L?),

(107) /I/L2@L2 Orp(t,z) + Re(u(t, x), Vo(t, x)) r2a 2 dut(x)dt = 0.

The following result is an adaptation of [8, Propositon 4.1].

PROPOSITION B.1. Let v : R x H' @ FH'Y/? — L? & L? be a Borel vector field
such that v is bounded on bounded sets. Lett € I — p; € P(H' © FHY?) be a weakly
narrowly continuous solution in P(L* & L?) of the Liouville equation (107) defined
on an open bounded interval I with the following estimate satisfied:

/I/H i lo(t, )|l L2q L2 dpe(x) dE < 0o
1@ 1

Then there exists a Borel probability measure n on the space X given in (106) satisfying
the following:

(i) n is concentrated on the set of (x,7) € H' @ FHY? x T; such that
v € WHUI,L? @ L?) and v are solutions of the initial value problem
() = v(t,y(t)) for a.e. t € I and v(t) € H' © FHY? for ace. t €I
with y(s) = x for some fized s € 1.

(i) pe = (ee)gn for anyt e 1.

Here Wh(I,L? @ L?) is the Sobolev space of functions in L!(I,L? & L?)
with distributional first derivatives in L'(I,L? @ L?). In particular, functions in
WLH(I,L? & L?) are absolutely continuous curves in L? & L2.
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