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Abstract—The importance of soundfield imaging techniques
is expected to further increase in the next few years thanks
to the ever-increasing availability of low-cost sensors such as
MEMS microphones. When it comes to processing a relevant
number of sensor signals, however, the computational load of
space-time processing algorithms easily grows to unmanageable
levels. The Ray Space Transform (RST) was recently introduced
as a promising tool for soundfield analysis. Given the collection
of signals captured by a uniform linear array of microphones,
the RST allows us to collect and map the directional components
of the acoustic field onto a domain called “ray space”, where
relevant acoustic objects are represented as linear patterns for
advanced acoustic analysis and synthesis applications. So far the
computational complexity of the RST linearly increases with the
number of microphones. In order to alleviate this problem, in
this paper we propose an alternative efficient implementation of
the RST based on the Non Uniform Fast Fourier Transform.
Index Terms—Array Processing, Space-time Analysis, Soundfield Imaging, FFT

I. I NTRODUCTION
The purpose of soundfield imaging is to describe acoustic
scenes captured by arrays of microphones using a structured
and unified representation. This enables the development of a
wide range of soundfield analysis and processing applications
[1]–[7]. In this context, the Ray Space Transform (RST) was
recently developed as a promising framework for wavefield
processing [8], that generalizes and formalizes the directional
plenacoustic analysis introduced in [5], [9], [10] through the
adoption of discrete Gabor frames [11]. The RST provides
a decomposition of the acoustic field that relies on an overcomplete basis of wave field functions of local validity [8].
Such decomposition maps the directional components of the
acoustic field onto a domain known as “ray space”. In that
domain, relevant acoustic objects, such as acoustic sources and
reflectors, are represented as linear patterns (see Fig. 1 for an
example showing how a point source in the geometric domain
is mapped to a line in the ray space). More precisely, given
a set of signals acquired by a Uniform Linear Array (ULA)
of microphones, the RST employs a spatial sliding window in
order to perform a “local” plane-wave decomposition of the
recorded soundfield. This transformation has been exploited
in many applications, among which source localization [12],
source separation [13], soundfield reconstruction and manipulation [14].
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So far the RST has been implemented as a matrix-vector
multiplication [8], [15] whose computational cost linearly
increases with the number of microphones. Recent advances
in digital acoustic sensing technology (MEMS microphones)
have made it possible to produce low-cost systems accommodating a large number of microphones, therefore faster
algorithms for computing the RST would be desirable.
In this paper we show that the RST can be interpreted as
a nonuniform Fourier transform and this can be exploited for
developing an alternative highly-efficient implementation of
the RST, based on the theory of Nonuniform Fast Fourier
Transform (NUFFT) [16]–[22]. In line with most NUFFT implementations, the proposed algorithm involves two steps. The
former requires the computation of an uniform oversampled
discrete Fourier transform through a Fast Fourier Transform
(FFT) algorithm. The latter consists of an interpolation process
for deriving the RST coefficients. Like all NUFFT methods,
this algorithm turns out to be characterized by a trade-off
between accuracy and computational complexity depending on
the oversampling factor and the interpolation order.
The rest of the paper is organized as follows. Section II
provides a background on the RST according to [8]. Section III
offers a detailed description of the proposed algorithm for the
fast computation of the RST. Section IV validates the proposed
algorithm through simulations and presents a comparison in
terms of computational complexity with respect to the standard
RST implementation. Section V draws the conclusions.
II. R AY S PACE T RANSFORM
The RST was first defined in [8] as a linear operator that
maps the signals acquired by a ULA of microphones onto the
ray space [5].
Let us consider an acoustic point source located in r0 and a
ULA consisting of L omnidirectional microphones, aligned on
the z axis between 0 and 2q0 (see Fig. 1(a)). Denoting with d
the distance between two consecutive sensors, the position of
the lth array element is defined as zl = ld with l = 0, . . . , L
1. For the sake of convenience, the array geometry is here
defined in a slightly different fashion with respect to [8] (the
origin of the axis is shifted).
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RST (3) corresponds to a local delay-and-sum beamforming
operation on the array signals [25]. Notice that in (3), the
phase shifts given by the W spatial frequencies are expressed
in terms of the ray space parametrization
zmw
z sin(✓w ) = z sin(arctan(mw )) = p
.
(5)
1 + m2w

q
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It is important to mention that [8] also introduces and
defines the inverse transform of the RST, which allows us
to losslessly recover the original audio signals from the
soundfield image, thus confirming that the RST is, in fact, an
effective and complete tool for soundfield processing purposes.
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(a)

(b)

Fig. 1. (a) The ULA setup. (b) The representation Rr0 of the point source
in r0 in the ray space.

The lth sensor signal, in the absence of additive noise, is
defined in the frequency domain as
p(zl , !) = h(zl |r0 , !)⌘(!),

(1)

where, zl is the microphone location, ! = 2⇡f is the angular
frequency, f > 0 is the temporal frequency and h(zl |r0 , !)
represents the transfer function of the source signal ⌘(!), from
the source location r0 to the lth microphone location.
The RST processes the array signals (1) performing a local
plane-wave decomposition [23] where the direction ✓ of each
local plane-wave component (acoustic ray) is parametrized
according to the euclidean line equation
(2)

z = mx + q,

where m = tan(✓) and q are the parameters of the lines on
which the rays lie on. The space identified by such parameters
is known as ray space [5].
According to [8], the RST of the array data is
[Z]i,w (!) = d

L
X1

p(zl , !)e

pjkzl m2w
1+mw

⇤
i,l ,

In this section we describe the proposed algorithm for a
fast implementation of the RST. Let us define the nonuniform
discrete Fourier transform of a signal p̄i,l as follows [26]
[F]i,w =

j

wl

(6)

,

where w , w = 0, . . . , W 1 is a set of nonuniformly spaced
frequency locations. In order to show that the RST can be
interpreted as a nonuniform discrete Fourier transform, let us
equate (3) to (6) as follows
d

L
X1

p(zl , !)e

pjkzl m2w

⇤
i,l

1+mw

=

l=0

L
X1

p̄i,l e

j

wl

.

(7)

l=0

The equality in (7) is verified under the following conditions
⇤
i,l ,

(8)

mw d
.
1 + m2w

(9)

p̄i,l = dp(zl , !)
and
w

= kp

Therefore, given (7) and the conditions in (8) and (9), for each
frame i = 0, . . . , I 1, the RST can be rewritten in the form
of a nonuniform discrete Fourier transform as
[Z]i,w (!) =

(3)

L
X1

p̄i,l e

j

wl

.

(10)

l=0

where j imaginary unit and k = !/c with c speed of sound.
The indices i = 0, . . . , I 1 and w = 0, . . . , W
1 span
the uniformly sampled ray space axes qi = iq̄ and mw =
(w (W 1)/2)m̄ defined by the sampling intervals m̄ and
q̄. It is worth noting that by uniformly sampling the m axis
and the q axis, acoustic sources and reflectors are mapped onto
linear patterns in the ray space domain [5]. This feature can be
exploited, for example, for developing sources and reflectors
localization algorithms through pattern analysis techniques [5],
[10], [24]. The term i,l is the spatial window and a Gaussian
window is commonly adopted, i.e.,
=e

p̄i,l e

l=0

l=0

i,l

L
X1

⇡(zl

qi )2
2

,

(4)

where controls the width of the Gaussian window centered
in qi . Considering a single spatial window i.e. fixing i, the

A direct evaluation of (10) would require O (LW ) operations for each frame i = 0, . . . , I 1. However, in the literature
many algorithms have been proposed for a fast computation
of the nonuniform discrete Fourier transform [16]–[22]. Most
of them are based on a two-step approach.
The first step consists of the computation of an oversampled
discrete Fourier transform by mean of a N point Fast Fourier
Transform:
L
X1
2⇡
[Y]i,n =
sl p̄i,l e j N nl ,
(11)
l=0

where n = 0, . . . , N 1 with N > L and sl are known as
scaling factors and are usually designed to reduce the error
that is introduced by the subsequent interpolation step [27].
The computation of (11) requires O (N log N ) operations if
implemented with an efficient algorithm [28]–[30]. As shown
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Fig. 2. (a) RST magnitude, (b) FRST magnitude, B = 1, (c) FRST magnitude, B = 5, (d) RST phase, (e) FRST phase, B = 1, (f) FRST phase, B = 5.

in [26], this cost can be further reduced to O (N log L) if the
ratio N/L is an integer. In fact, in this case, one needs to
perform N/L L-point FFTs [31].
The second step consists in an interpolation of the uniformly
spaced frequency samples [Y]i,n in order to obtain an approxb i,w of [Z] , i.e.
imation [Z]
i,w
b i,w =
[Z]

N
X1

⇤
vwn
[Y]i,n ,

(12)

n=0

⇤
where vwn
are the interpolation coefficients. A direct evaluation of (12) would require O (W N ) operations. However,
usually the interpolation is accomplished by using only the B
nearest neighbors to w with B ⌧ N . More precisely, this
can be written as

b i,w =
[Z]

B
X

u⇤wb [Y]i,{nw +b}N ,

(13)

b=1

where {·}N is the modulo-N operator and nw is defined as
(
B+1
arg minn | w 2⇡
odd
N n|
2 , B
(14)
nw =
2⇡
B
max n : w
n
,
B
even.
N
2
Various algorithms can be used to find both the interpolation
coefficients u⇤wb and the scaling factors sl as discussed in
[16], [17], [27], [32]. In this paper we consider two possible
approaches for the design of these parameters. The first one is
the most straightforward and consists in approximating the
b i,w with the nearest neighbor. This means setting
value [Z]
B = 1 and u⇤wb = 1 in (13) and (14) and sl = 1 in (11).
The second approach is the one presented in [26], where
the authors adopt a min-max criterion for optimizing the
parameters of a Kaiser-Bessel interpolation kernel [33]. As

discussed by the authors in [26], since in our case we need
to compute multiple NUFFTs of the same size (one for each
frame i), using the min-max approach with a Kaiser-Bessel
interpolation kernel provides the highest accuracy among all
the methods investigated in [26]. Moreover, such approach
allows the reduction of the neighborhood size B and, hence,
the minimization of the computational complexity.
In the following, we will refer to the transformation in (13)
as Fast Ray Space Transform (FRST).
IV. R ESULTS
In this section we present some simulation results in order
to validate both the efficiency and the accuracy of the FRST.
In the following, whenever B = 1 we refer to the nearest
neighbor criterion, in all other cases we refer to the min-max
one.
An implementation of both the RST and the FRST is
provided online1 .
A. Simulations
The setup adopted for the simulations consists of an array of
L = 64 microphones, comprised between z1 = 0 m and zL =
6.3 m, thus the spacing between consecutive microphones is
d = 0.1 m. The ray space is sampled using W = 51 and
I = 64 points on the m axis and the q axis, respectively, with
sampling intervals m̄ = 0.06 and q̄ = 0.1.
Given the previously described setup, let us assume that
the source in is r0 = [0.5 m, 3.2 m]T is emitting a sinusoidal
signal with temporal frequency f = 1000 Hz. Fig. 2 shows
both the magnitude and the phase of the output obtained from
the RST and FRST. Fig. 2(a) and Fig. 2(d) refer to the RST,
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1 https://github.com/polimi-ispl/ray-space-transform
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(b)
Fig. 3. NMSE as a function of temporal frequency when (a) varying the FFT
length N and (b) varying the B nearest neighbors used for the interpolation.
Solid lines refer to the source in r01 while dashed lines refer to the source in
r02 .

Fig. 2(b) and Fig. 2(e) to the FRST in the case where B = 1,
while Fig. 2(c) and Fig. 2(f) in the case where B = 5. Clearly,
the results obtained with an higher interpolation order B are
characterized by an higher accuracy. This fact is particularly
evident when one considers the phase behavior.
In order to objectively measure the accuracy of the FRST,
we define the Normalized Mean Squared Error as
!
I 1W 1
b i,w (!)|2
1 X X |[Z]i,w (!) [Z]
NMSE = 10 log10
.
W I i=0 w=0
|[Z]i,w (!)|2
(15)
In Fig. 3 we show the NMSE as a function of f in a range
between 10 Hz and 10 kHz. Without recurring to a complete
evaluation for all possible positions of the sources, from preliminary results we selected the two most significant positions.
In particular, the first source is placed in r01 = [5 m, 3.15 m]T
and the second in r02 = [0.2 m, 10 m]T . Hence, the former is
in the end fire while the latter in the broadside with respect
to the array. Fig. 3(a) shows the NMSE as a function of the
frequency for different oversampling factors N with B = 1.
The solid lines are referred to the source in r01 , while the
dashed lines to the source in r02 . As expected higher N values
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Fig. 4. Number of operations as a function of number of microphones L. (a)
considers W = 51 spatial frequencies, while (b) W = L. The x and y axis
are on a logarithmic scale.

correspond to a smaller NMSE for both the sources, but a
small differences can be observed between the two positions.
In Fig. 3(b), instead, we keep N = 128 and vary B. As
expected, choosing a higher interpolation factor B leads to
better results in terms of NMSE. If we compare Fig. 3(b) with
the curve corresponding to N = 128 in Fig. 3(a) we can see
that, even for B = 2, we achieve higher accuracy. Moreover,
the differences between the two sources considerably decrease.
This suggests that choosing an interpolation order B > 1 leads
to more accurate results with respect to the nearest neighbor
approach.
B. Computational Complexity
In the following we provide an analysis of the computational
complexity of the FRST and the RST based on the considerations introduced in Sec. III. For a given frame i, the FRST
requires O(N log N + W B) operations when the ratio N/L
is not an integer and O(N log L + W B) operations when the
ratio N/L is integer. On the other hand, the RST requires
O(LW ) operations.
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Fig. 4 shows the number of needed operations as a function
of the number of microphones L. In particular, L assumes the
values in the set {2, 4, 8, 16, 32, 64, 128, 256, 512, 1024, 2048}
and, since we fix N = 2L, the ratio N/L is an integer. In
Fig. 4(a) we keep W = 51 fixed for each value of L, while
in Fig. 4(b) we choose W = L. In both cases we set B = 5.
By inspecting both Fig. 4(a) and Fig. 4(b) it is clear how our
implementation of the RST requires less operations, especially
as the number of microphones L increases.
V. C ONCLUSIONS AND F UTURE W ORKS
In this paper we proposed a fast algorithm for the computation of the RST. We showed that the RST can be interpreted
as a nonuniform Fourier transform and, based on that, we used
the theory of NUFFT for developing our algorithm. The results
that we presented show that the proposed method improves
scalability with respect to the traditional RST implementation
in terms of computational complexity, while introducing a
negligible approximation error. We are currently working on
the extension of the proposed approach to nonuniform linear
array geometries and an implementation of a fast version of
the inverse RST.
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