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Abstract
We design the conforming virtual element method for the numerical approx-
imation of the two-dimensional elastodynamics problem. We prove stability
and convergence of the semidiscrete approximation and derive optimal error
estimates under h- and p-refinement in both the energy and the L2 norms.
The performance of the proposed virtual element method is assessed on a
set of different computational meshes, including nonconvex cells up to order
four in the h-refinement setting. Exponential convergence is also experimen-
tally observed under p-refinement. Finally, we present a dispersion-dissipation
analysis for both the semidiscrete and fully discrete schemes, showing that
polygonal meshes behave as classical simplicial/quadrilateral grids in terms of
dispersion-dissipation properties.
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1 INTRODUCTION

In recent years, numerical modeling of elastic waves propagation problems through the elastodynamics equation
has undergone a constantly increasing interest in the mathematical and geophysics engineering community. One of
the most employed numerical technique is the spectral element method that has successfully been applied to the
elastodynamics equation.1,2 Elastic waves propagation problems have been treated numerically by applying the dis-
continuous Galerkin (DG) and the discontinuous Galerkin spectral element method3-5 to the displacement formulation
and the stress–velocity formulation.6 High-order DG methods for elastic and elastoacoustic wave propagation problems
have been extended to arbitrarily shaped polygonal/polyhedral grids7,8 to further enhance the geometrical flexibil-
ity of the DG approach while guaranteeing low dissipation and dispersion errors. Recently, the lowest-order virtual
element method (VEM) has been applied for the solution of the elastodynamics equation on nonconvex polygonal
meshes.9,10

Studying the elastodynamic behavior of structures with complicated geometrical features is often of interest in
many practical situations, for example, in aerospace and power-generation applications. Traditionally, triangular—and
in 3D, tetrahedral—elements have been the only available option when it came to the spatial discretization of
such structures. This is problematic because low-order triangles/tetrahedra are known to overestimate the structure’s
stiffness (and hence its natural frequencies and the wave propagation speed within it), especially with nearly
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incompressible materials. In addition, very small triangular elements are often needed to resolve intricate features of
the geometry, which then requires a very small time step to be used in view of the CFL stability condition. Polyg-
onal elements can alleviate such difficulties, since they often obviate the need to refine the spatial discretization
even in the presence of complicated/intricate geometrical features. This is especially true if the underlying numer-
ical method allows nonconvex polygonal elements to be used efficiently, as is the case with the virtual element
method.

The VEM, that can be seen as a variational reformulation of the nodal mimetic finite difference (MFD) method,11

was originally proposed as a conforming method for solving elliptic boundary-value problems on polytopal meshes12 and
later extended to nonconforming formulations,13-17 and to higher-order differential equations,16,18 and to “p/hp” formu-
lations, also using adaptive mesh refinements.19 The VEM provides a very effective and flexible setting for designing
arbitrary-order accurate numerical methods suited to polygonal and polyhedral meshes with respect to straightforward
generalization of the finite element method as in the polygonal FEM.20 In the last few years, great amount of work has also
been devoted to the numerical modeling of linear and nonlinear elasticity problems and materials. For example, it is worth
mentioning the VEM for plate bending problems21,22 and VEM for the stress–displacement formulation of plane elastic-
ity problems,23 plane elasticity problems based on the Hellinger–Reissner principle,24 mixed virtual element method for
a pseudostress-based formulation of linear elasticity,25 nonconforming virtual element method for elasticity problems,26

linear27 and nonlinear elasticity,28 contact problems29 and frictional contact problems including large deformations,30

elastic and inelastic problems on polytope meshes,31 compressible and incompressible finite deformations,32 finite elasto-
plastic deformations,33-35 virtual element method for coupled thermoelasticity in Abaqus,36 a priori and a posteriori error
estimates for a virtual element spectral analysis for the elasticity equations,37 virtual element method for transversely
isotropic elasticity.38 In this article, we are aimed at investigating both theoretically and numerically the performance
of the high-order virtual element method for the numerical modeling of wave propagation phenomena in elastic media.
In particular, we prove the stability and the convergence of the semidiscrete approximation in the energy norm and
derive error estimates. The performance of the method, in terms of convergence, stability, and dispersion-dissipation
analysis, is assessed on a set of different computational meshes. Exponential convergence is also experimentally seen
in the p-refinement setting. With the aim of focusing the reader on the novelties of the present work, we note that at
the time of writing, only one work has been published on a somewhat similar, though simpler problem, namely the
numerical approximation of the wave equation in the framework of the conforming virtual element method using the
elliptic projection operator to define the stiffness matrix.39 However, our work is substantially different since we consider
a more complex mathematical model, a diverse range of applications, a different discretization of the stiffness matrix,
which is here based on orthogonal projections of the symmetric gradients and not on the elliptic projector, and, conse-
quently, a substantially different strategy for the analysis both in L2 and energy norm. Moreover, the dispersion-dissipation
analysis presented in the last part of the our work is specifically carried out for the elastodynamics problem here
considered.

The outline of the article is as follows. We conclude this introductory section with a subsection introduc-
ing the notation used in this article. Then, in Section 2, we introduce the model problem and its virtual ele-
ment approximation. In Section 3, we present the design of the VEM. In Section 4, we discuss the conver-
gence of the VEM and derive suitable bounds for the approximation error. In Section 5, we investigate the
performance of the method on a set of suitable numerical experiments. In particular, in Section 5.1 we show
the optimal convergence properties of the VEM by using a manufactured solution on three mesh families with
different difficulties, and in Section 5.2, we carry out an experimental investigation à la Von Neumann on
the stability and dispersion-dissipation properties of the method. In Section 6, we offer our final remarks and
conclusions.

1.1 Notation of functional spaces and technicalities

We use the standard definitions and notation of Sobolev spaces, norms, and seminorms.40 Let k be a nonneg-
ative integer number. The Sobolev space Hk(𝜔) consists of all square integrable functions with all square inte-
grable weak derivatives up to order k that are defined on the open bounded connected subset 𝜔 of R2. As usual,
if k= 0, we prefer the notation L2(𝜔). Norm and seminorm in Hk(𝜔) are denoted by || ⋅ ||k,𝜔 and | ⋅ |k,𝜔, respec-
tively, and (⋅, ⋅)𝜔 denotes the L2-inner product. We omit the subscript 𝜔 when 𝜔 is the whole computational
domain Ω.
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Given the mesh partitioning Ωh = {P} of the domain Ω into elements P, we define the broken (scalar) Sobolev space
for any integer k> 0

Hk(Ωh) =
∏

P∈Ωh

Hk(P) =
{

v ∈ L2(Ω) ∶ v|P ∈ Hk(P)
}
,

which we endow with the broken Hk-norm

||v||2k,h =
∑

P∈Ωh

||v||2k,P ∀ v ∈ Hk(Ωh), (1)

and, for k= 1, with the broken H1-seminorm

|v|21,h =
∑

P∈Ωh

||∇v||20,P ∀ v ∈ H1(Ωh). (2)

We denote the linear space of polynomials of degree up to 𝓁 defined on 𝜔 by P𝓁(𝜔), with the useful conventional nota-
tion that P−1(𝜔) = {0}. We denote the space of two-dimensional vector polynomials of degree up to 𝓁 on 𝜔 by

[
P𝓁(𝜔)

]2;
the space of symmetric 2× 2-sized tensor polynomials of degree up to 𝓁 on 𝜔 by P

2×2
𝓁,sym(𝜔). Space P𝓁(𝜔) is the span of the

finite set of scaled monomials of degree up to 𝓁, that are given by

𝓁(𝜔) =
{(

x − x𝜔

h𝜔

)𝛼

with |𝛼| ≤ 𝓁
}

,

where

• x𝜔 denotes the center of gravity of𝜔 and h𝜔 its characteristic length, as, for instance, the edge length or the cell diameter
for d= 1, 2;

• 𝛼 = (𝛼1, 𝛼2) is the two-dimensional multiindex of nonnegative integers 𝛼i with degree |𝛼| = 𝛼1 + 𝛼2 ≤ 𝓁 and such that
x𝛼 = x𝛼1

1 x𝛼2
2 for any x ∈ R2.

We will also use the set of scaled monomials of degree exactly equal to 𝓁, denoted by ∗
𝓁(𝜔) and obtained by setting|𝛼| = 𝓁 in the definition above.

Finally, we use the letter C in the error estimates to denote a strictly positive constant whose value can
change at any instance and that is independent of the discretization parameters such as the mesh size h.
Note that C may depend on the constants of the model equations or the variational problem, like the coer-
civity and continuity constants, or even constants that are uniformly defined for the family of meshes of the
approximation while h→ 0, such as the mesh regularity constant, the stability constants of the discrete bilin-
ear forms, and so on. Whenever it is convenient, we will simplify the notation by using expressions like
x ≲ y and x ≳ y to mean that x ≤Cy and x ≥Cy, respectively, C being the generic constant in the sense
defined above.

2 MODEL PROBLEM AND VIRTUAL ELEMENT FORMULATION

We consider an elastic body occupying the open, bounded polygonal domain denoted by Ω ∈ R2 with bound-
ary denoted by Γ = 𝜕Ω. We assume that boundary Γ can be split into the two disjoint subsets ΓD and ΓN , so
that Γ = ΓD ∪ ΓN and ΓD ∩ ΓN = ∅. For the well-posedness of the mathematical model, we further require that the
one-dimensional Lebesgue measure (length) of ΓD is nonzero, that is, |ΓD| > 0. Let T > 0 denote the final time. We

consider the external load f ∈ L2((0,T); [L2(Ω)]2), the boundary function gN ∈ C1((0,T); [H
1
2

0,ΓN
]2), and the initial func-

tions u0 ∈ [H1
0,ΓD

(Ω)]2, u1 ∈ [L2(Ω)]2. For such time-dependent vector fields, we may indicate the dependence on
time explicitly, for example, f(t) ∶= f(⋅, t) ∈ [L2(Ω)]2, or drop it out to ease the notation when it is obvious from
the context.
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The equations governing the two-dimensional initial/boundary-value problem of linear elastodynamics for the
displacement vector u ∶ Ω × [0,T] → R2 are:

𝜌ü − ∇ ⋅ 𝝈(u) = f in Ω × (0,T], (3)

u = 0 on ΓD × (0,T], (4)

𝝈(u)n = gN on ΓN × (0,T], (5)

u = u0 in Ω × {0}, (6)

u̇ = u1 in Ω × {0}. (7)

Here, 𝜌 is the mass density, which we suppose to be a strictly positive and uniformly bounded function and 𝝈(u) is
the stress tensor. In (4) we assume homogeneous Dirichlet boundary conditions on ΓD. This assumption is made only to
ease the exposition and the analysis, as our numerical method is easily extendable to treat the case of nonhomogeneous
Dirichlet boundary conditions.

We denote the space of symmetric 2× 2-sized real-valued tensors by R
2×2
sym and assume that the stress tensor 𝝈 ∶ Ω ×

[0,T] → R
2×2
sym is expressed, according to Hooke’s law, by 𝝈(u) = 𝜺(u), where 𝜺(u) denotes the symmetric gradient of u,

that is, 𝜺(u) =
(
∇u + (∇u)T)∕2, and  = (x) ∶ R

2×2
sym → R

2×2
sym is the stiffness tensor

𝝉 = 2𝜇𝝉 + 𝜆tr(𝝉)I (8)

for all 𝝉 ∈ R
2×2
sym. In this definition, I and tr(⋅) are the identity matrix and the trace operator; 𝜆 and 𝜇 are the first and second

Lamé coefficients, which we assume to be in L∞(Ω) and nonnegative. The compressional (P) and shear (S) wave velocities
of the medium are respectively obtained through the relations cP =

√
(𝜆 + 2𝜇)∕𝜌 and cS =

√
𝜇∕𝜌.

Let V =
[

H1
ΓD
(Ω)

]2
be the space of H1 vector valued functions with null trace on ΓD. We consider the two bilinear

forms m(⋅, ⋅), a(⋅, ⋅) ∶ V × V → R defined as

m(w, v) = ∫Ω
𝜌w ⋅ v dV ∀w, v ∈ V, (9)

a(w, v) = ∫Ω
𝝈(w) ∶ 𝜺(v) dV ∀w, v ∈ V, (10)

and the linear functional F(⋅) ∶ V → R defined as

F(v) = ∫Ω
f ⋅ v dV + ∫ΓN

gN ⋅ v ∀v ∈ V. (11)

The variational formulation of the linear elastodynamics equations reads as: For all t∈ (0, T] find u(t)∈V such that
for t= 0 it holds that u(0)=u0 and u̇(0) = u1 and

m(ü, v) + a(u, v) = F(v) ∀v ∈ V. (12)

As shown, for example, by Raviart and Thomas (see theorem 8-3.141) the variational problem (12) is well posed and its
unique solution satisfies u ∈ C0((0,T];V) ∩ C1((0,T]; [L2(Ω)]2).

The virtual element approximation of problem (12) relies on the virtual element space Vh
k , which is a subspace of[

H1
ΓD
(Ω)

]2
. Space Vh

k is built upon the scalar conforming space.12 For the sake of completeness, we briefly review the con-
struction of the scalar space in the next section. Then, we consider the virtual element bilinear forms mh(⋅ , ⋅) and ah(⋅ , ⋅),
which approximate the bilinear forms m(⋅ , ⋅) and a(⋅ , ⋅), and the virtual element functional Fh(⋅), which approximates
the linear functional F(⋅). The definition of mh(⋅ , ⋅), ah(⋅ , ⋅), and Fh(⋅) and the discussion of their properties is addressed
in the next section.
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The semidiscrete virtual element approximation of (12) read as: For all t∈ (0, T] find uh(t) ∈ Vh
k such that for t= 0 it

holds that uh(0)= (u0)I and u̇h(0) = (u1)I and

mh(üh, vh) + ah(uh, vh) = Fh(vh) ∀vh ∈ Vh
k . (13)

Here, uh(t) is the virtual element approximation of u and vh the generic test function in Vh
k , while (u0)I and (u1)I are

the virtual element interpolants of the initial solution functions u(0) and u̇(0), respectively.
Time integration is performed by applying the leap-frog time marching scheme42 to the second derivative in time üh.

To this end, we subdivide the interval (0, T] into NT subintervals of amplitude Δt = T∕NT and at every time level tn = nΔt
we consider the variational problem for n≥ 1:

mh
(
un+1

h , vh
)
− 2mh

(
un

h, vh
)
+ mh

(
un−1

h , vh
)
+ Δt2ah

(
un

h, vh
)
= Δt2Fn

h (vh) ∀vh ∈ V h
k , (14)

and initial step

mh
(
u1

h, vh
)
− mh(u0, vh) − Δtmh(u1, vh) +

Δt2

2
ah(u0, vh) =

Δt2

2
F0

h(vh) ∀vh ∈ V h
k .

The leap-frog scheme is second-order accurate, explicit, and conditionally stable.42 It is straightforward to show that
these properties are inherited by the fully discrete scheme (14).

3 VIRTUAL ELEMENT APPROXIMATION

The VEM proposed in this article is a vector extension of the VEM previously developed for scalar elliptic and parabolic
problems,12-14,43 that we shortly review in this section. First, we introduce the family of mesh decompositions of the
computational domain and the mesh regularity assumptions needed to prove the stability and convergence of the method.
Then, we formulate the conforming virtual element spaces of various degree k and present the degrees of freedom that
are unisolvent in such spaces. Finally, we present the definition of the virtual element bilinear forms and discuss their
properties.

3.1 Mesh definition and regularity assumptions

Let  = {Ωh}h be a family of decompositions ofΩ into nonoverlapping polygonal elements P with nonintersecting bound-
ary 𝜕P, center of gravity xP, two-dimensional measure (area) |P|, and diameter hP = supx,y∈P|x − y|. The subindex h that
labels each mesh Ωh is the maximum of the diameters hP of the elements of that mesh. The boundary of P is formed by
straight edges e and the midpoint and length of each edge are denoted by xe and he, respectively.

We denote the unit normal vector to the elemental boundary 𝜕P by nP, and the unit normal vector to edge e by ne.
Vector nP points out of P and the orientation of ne is fixed once and for all in every mesh

Now, we state the mesh regularity assumptions that are required for the convergence analysis.
(A0) Mesh regularity assumptions.

• There exists a positive constant 𝜚 independent of h (and, hence, of Ωh) such that for every polygonal element P ∈ Ωh
it holds that

(i) P is star-shaped with respect to a disk with radius ≥𝜚hP;
(ii) for every edge e∈ 𝜕P it holds that he ≥ 𝜚hP.

Remark 1. Star-shapedness property (i) implies that the elements are simply connected subsets of R2. Scaling property
(ii) implies that the number of edges in each elemental boundary is uniformly bounded over the whole mesh family  .

To conclude this section, we note that the above mesh assumptions are very general and, as observed from the first
publications on the VEM,12 allow us to formulate the VEM on grids of polygonal elements having very general geometric
shapes, for example, nonconvex elements or elements with hanging nodes. However, virtual element formulations under
weaker mesh assumptions have been the object of recent investigations.44-46
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(k=1) (k=2) (k=3)

F I G U R E 1 The degrees of freedom of the
scalar conforming virtual element spaces Vkh(P)
defined on the pentagonal cell P for k= 1, 2, 3

3.2 Virtual element space, degrees of freedom, and projection operators

The global virtual element space is defined as

Vh
k ∶=

{
v ∈ V ∶ v|P ∈ Vh

k(P) for every P ∈ Ωh
}
. (15)

The construction of the local virtual element space is carried out along these three steps: (i) we select the set of degrees
of freedom that uniquely characterizes the functions of the local space; (ii) we introduce the elliptic projector onto the
subspace of polynomials; (iii) we define the virtual element functions as the solution of a differential problem, also using
the elliptic projector.

Let us move to the first step.

• Each virtual element function vh is uniquely characterized by
(C1) the values of vh at the vertices of P;
(C2) the moments of vh of order up to k− 2 on each one-dimensional edge e∈ 𝜕P:

1|e|∫e
vh m ds, ∀m ∈ k−2(e), ∀e ∈ 𝜕P; (16)

(C3) the moments of vh of order up to k− 2 on P:

1|P|∫P

vh m ds, ∀m ∈ k−2(P). (17)

Figure 1 shows the degrees of freedom of the three scalar conforming virtual element spaces defined on a pentagonal
cell for k= 1, 2, 3. Since we assume that Vh

k(P) =
[
V h

k (P)
]2, Vkh(P) being the local scalar conforming virtual element space,

the degrees of freedom of each component of the vector-valued functions vh are those described above.
In the second step, we introduce the elliptic projection operator Π∇

k ∶ H1(P) ∩ C0(P) → Pk(P), so that the elliptic
projection of a function vh is the polynomial of degree k that satisfies the variational problem given by

∫P

∇Π∇
k vh ⋅ ∇q dV = ∫P

∇vh ⋅ ∇q dV ∀q ∈ Pk(P), (18)

with the additional condition that

∫𝜕P

Π∇
1 vh dV = ∫𝜕P

vh dV for k = 1, (19)

∫P

Π∇
k vh dV = ∫P

vh dV for k ≥ 2. (20)

The crucial property is that Π∇
k vh is computable using only the information on vh provided by its degrees of freedom,

that is, the values of the linear functionals (C1)–(C3).
In the third and final step, we define the conforming virtual element space of order k≥ 1 by

V h
k (P) ∶= {vh ∈ H1(P) ∶ vh|𝜕P

∈ C(𝜕P), vh|e ∈ Pk(e) ∀e ∈ 𝜕P,

Δvh ∈ Pk(P),
(

vh − Π∇
k vh, 𝜇h

)
P
= 0 ∀𝜇h ∈ Pk(P) ⧵ Pk−2(P)}. (21)
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Remark 2. A few remarkable facts characterize these scalar functional spaces:

(i) their definition resorts to the enhancement strategy43 for the conforming VEM;
(ii) the degrees of freedom (C1)–(C3) are unisolvent12 in Vh

k(P);
(iii) the scalar polynomial space Pk(P) is a subset of Vh

k(P);
(iv) the L2-orthogonal projections Π0

kvh ∈ Pk(P) and Π0
k−1∇vh ∈

[
Pk−1(P)

]2 are computable for all vh ∈Vh
k using only the

degrees of freedom of vh.43

From (iv), we readily find that for all vh ∈ Vh
k the L2-orthogonal projections Π0

kvh ∈
[
Pk(P)

]2 and Π0
k−1𝜺(vh) ∈

P
2×2
k−1,sym(P) are also computable (without any approximation) using only the degrees of freedom of vh. In particular, the

latter one is the solution of the finite dimensional variational problem:

∫P

Π0
k−1(𝜺(vh)) ∶ 𝜺p dV = ∫P

𝜺(vh) ∶ 𝜺p dV ∀𝜺p ∈ P
2×2
k−1,sym(P), (22)

that is, the L2-projection of the symmetric gradient 𝜺(vh) onto P
2×2
k−1,sym(P), that (we recall) is the space of symmetric

2× 2-sized tensor-valued polynomials of degree up to k− 1.
Finally, the degrees of freedom of the global space Vh

k are provided by collecting all the local degrees of freedom.
We note that the vertex values are the same for all the elements to which a vertex belongs. Similarly, the edge values at
internal edges (i.e., edges shared by two mesh elements) are the same for the two elements to which an edge belongs. The
unisolvence of such degrees of freedom for the global space Vh

k is an immediate consequence of the unisolvence of the
local degrees of freedom for the elemental spaces Vh

k(P).

3.3 Virtual element bilinear forms

In the virtual element setting, we define the bilinear forms mh(⋅ , ⋅) and ah(⋅ , ⋅) as the sum of elemental contributions,
which are denoted by mP

h(⋅, ⋅) and aP
h(⋅, ⋅), respectively:

mh(⋅, ⋅) ∶ Vh
k × Vh

k → R, with mh(vh,wh) =
∑

P∈Ωh

mP
h(vh,wh),

ah(⋅, ⋅) ∶ Vh
k × Vh

k → R, with ah(vh,wh) =
∑

P∈Ωh

aP
h(vh,wh). (23)

The local bilinear form mP
h(⋅, ⋅) is given by

mP
h(vh,wh) = ∫P

𝜌Π0
kvh ⋅ Π0

kwh dV + SP
m(vh,wh), (24)

where SP
m(⋅, ⋅) is the local stabilization term. The bilinear form mP

h depends on the orthogonal projections Π0
kvh and Π0

kwh,
which are computable from the degrees of freedom of vh and wh, respectively, see the previous section. The local form
SP

m(⋅, ⋅) ∶ Vh
k × Vh

k → R can be any symmetric and coercive bilinear form that is computable from the degrees of freedom
and for which there exist two strictly positive real constants 𝜎∗ and 𝜎∗ such that

𝜎∗mP(vh, vh) ≤ SP
m(vh, vh) ≤ 𝜎∗mP(vh, vh) vh ∈ ker

(
Π0

k

)
∩ Vh

k(P). (25)

We can define computable stabilizations SP
m(⋅, ⋅) by resorting to the two-dimensional implementations of the effective

choices for the scalar case proposed in the literature.47,48 The one used in our implementation of the method is discussed
in Subsection 3.5.

The discrete bilinear form mP
h(⋅, ⋅) satisfies the following two fundamental properties:

– k-consistency: for all vh ∈ Vh
k and for all q ∈

[
Pk(P)

]2 it holds

mP
h(vh,q) = mP(vh,q); (26)
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– stability: there exist two positive constants 𝜇∗, 𝜇∗, independent of h and P, such that

𝜇∗mP(vh, vh) ≤ mP
h(vh, vh) ≤ 𝜇∗mP(vh, vh) ∀vh ∈ V h

k . (27)

The constants 𝜇∗ and 𝜇∗ may depend on upper and lower bounds of mass density factor 𝜌, cf. (9), and the
polynomial degree k.

The local bilinear form aP
h is given by

aP
h(vh,wh) = ∫P

DΠ0
k−1(𝜺(vh)) ∶ Π0

k−1(𝜺(wh)) dV + SP
a(vh,wh), (28)

where SP
a(⋅, ⋅) is the local stabilization term. The bilinear form aP

h depends on the orthogonal projections Π0
k−1∇vh and

Π0
k−1∇wh, which are computable from the degrees of freedom of vh and wh, respectively, see the previous section. SP

a(⋅, ⋅) ∶
Vh

k × Vh
k → R and can be any symmetric and coercive bilinear form that is computable from the degrees of freedom and

for which there exist two strictly positive real constants 𝜎∗ and 𝜎
∗ such that

𝜎∗aP(vh, vh) ≤ SP
m(vh, vh) ≤ 𝜎

∗aP(vh, vh) vh ∈ ker
(
Π0

k

)
∩ Vh

k(P). (29)

Note that SP
a(⋅, ⋅) must scale like aP(⋅ , ⋅), that is, as (1). We can define computable stabilizations SP

a(⋅, ⋅) by resorting to
the two-dimensional implementations of the effective choices for the scalar case proposed in the literature.47,48 The one
used in our implementations of the method is discussed in Subsection 3.5.

The discrete bilinear form aP
h(⋅, ⋅) satisfies the two fundamental properties:

– k-consistency: for all vh ∈ Vh
k and for all q ∈

[
Pk(P)

]2 it holds

aP
h(vh,q) = aP(vh,q); (30)

– stability: there exist two positive constants 𝛼∗, 𝛼∗, independent of h and P, such that

𝛼∗aP(vh, vh) ≤ aP
h(vh, vh) ≤ 𝛼∗aP(vh, vh) ∀vh ∈ V h

k . (31)

The constants 𝛼∗ and 𝛼∗ may depend on the Lamé coefficients 𝜇 and 𝜆, and the polynomial degree k.49

Remark 3. We will use the stability of both mP
h(⋅, ⋅) and aP

h(⋅, ⋅) to prove that the semidiscrete virtual element approximation
is stable in time, that is, the approximate solution uh(t) for all t ∈ (0, T] depends continuously on the initial solutions u0
and u1 and the source term f.

Remark 4. The stability of the symmetric bilinear forms mP
h(⋅, ⋅) and aP

h(⋅, ⋅) implies that both are inner products on Vh
k ,

and, hence, that they are continuous. In fact, the Cauchy–Schwarz inequality and the local stability of mh imply that

mh(vh,wh) ≤ (mh(vh, vh))
1
2 (mh(wh,wh))

1
2 ≤ 𝜇∗(m(vh, vh))

1
2 (m(wh,wh))

1
2

≤ 𝜇∗||𝜌||∞||vh||0||wh||0 (32)

for all vh ∈ Vh
k . Similarly, the Cauchy–Schwarz inequality and the local stability of ah imply that

ah(vh,wh) ≤ (ah(vh, vh))
1
2 (ah(wh,wh))

1
2 ≤ 𝛼∗(a(vh, vh))

1
2 (a(wh,wh))

1
2 = 𝛼∗|vh|1|wh|1 (33)

for all vh ∈ Vh
k .

3.4 Approximation of the right-hand side

We approximate the right-hand side (13) of the semidiscrete formulation (and, consequently, (14) of the full discrete
formulation) as follows:

Fh(vh) = ∫Ω
f ⋅ Π0

k−2(vh) dV +
∑

e∈ΓN
∫e

gN ⋅ vh ds ∀vh ∈ Vh
k . (34)
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The linear functional Fh(⋅) is clearly computable since vh|e is a polynomial and Π0
k(vh) is computable from the degrees

of freedom of vh. Moreover, when gN = 0 using the stability of the projection operator and the Cauchy–Schwarz inequality,
we note that

|Fh(vh)| ≤ ||||∫Ω
f(t) ⋅ Π0

k−2(vh) dV
|||| ≤ ||f(t)||0||Π0

k−2(vh)||0 ≤ ||f(t)||0||vh||0 ∀t ∈ [0,T]. (35)

We will use (35) in the proof of the stability of the semidiscrete virtual element approximation.

3.5 The hitchhiker’s guide of the VEM for the elastodynamics equation

In this subsection, we present the implementation details that are practically useful and the basic steps to reduce the
implementation of the VEM to the calculation of a few small elemental matrices; cf. also Algorithm 1 where the sketch
of the pseudocode is presented. In fact, the implementation of the VEM relies on the L2-orthogonal projection matrices
for scalar shape functions and their gradients.50

Algorithm 1. Implementation of mass and stiffness matrices

1: for P ∈ Ωh do
2: compute the local projection matrices 𝚷0

k, 𝚷0,x
k−1, 𝚷0,y

k−1, 𝚷𝛻
k

3: compute the local matrix Q using (39)
4: compute the local mass matrices Mc and Ms using (40) and (43), respectively, and set M = Mc + Ms

5: compute the matrices Qxx, Qxy, Qyx, Qyyusing (51)-(52), respectively
6: compute the local stiffness matrices Kc and Ks using (44), (49) and (57), respectively, and set K = Kc + Ks

7: assemble the global mass and stiffness matrix
8: end for

We build the mass and stiffness matrices of the VEM by applying definitions (24) and (28) to the vector-valued
shape functions generating Vh

k(P). Let 𝝓i be the ith “canonical” vector-valued basis function of the global vir-
tual element space Vh

k . We define the mass matrix M = (Mij) and the stiffness matrix K = (Kij) by Mij = mh(𝝓j,𝝓i)
and Kij = ah(𝝓j,𝝓i), respectively. The stability condition (27) implies that ||𝝓i||20 ≲ mh(𝝓i,𝝓i) ≲ ||𝝓i||20 for every i.
Therefore, mass matrix M is strictly positive definite (and symmetric) and, hence, nonsingular. Similarly, the sta-
bility condition (31) implies that |𝝓i|21 ≲ ah(𝝓i,𝝓i) ≲ |𝝓i|21. Therefore, the stiffness matrix K is nonnegative definite
(and symmetric).

As discussed in the previous subsections, the virtual element space of two-dimensional vector-valued func-
tions vh ∈ Vh

k(P) is built by taking the two components of vh in the scalar virtual element space Vh
k(P). Let 𝜙i

be the shape function of Vh
k(P) that is associated with the ith degree of freedom, so that by definition, its ith

degree of freedom is equal to one, while all other degrees of freedom are equal to zero. Here, we consider the
index i (and j in the next formulas) as running from 1 to Ndofs, where Ndofs is the dimension of Vh

k(P). Using
this convention, the dimension of the vector virtual element space Vh

k(P) is actually 2Ndofs. Accordingly, the set of
“canonical” shape functions that generate Vh

k(P) is given by vector-valued functions of the form 𝝓
up
i = (𝜙i, 0)T and

𝝓down
i = (0, 𝜙i)T .

For the exposition’s sake, we simplify the notation for the orthogonal projections. More precisely, we use the “hat”
symbol over 𝜙i, for example, 𝜙i, to denote the L2-projection of 𝜙i onto the polynomials of degree k. We also denote the
partial derivatives of 𝜙i along the x and y direction by 𝜕x𝜙i and 𝜕y𝜙i, respectively, and, with a small abuse of notation,
their L2-orthogonal projections onto the polynomials of degree k− 1 by 𝜕x𝜙i and 𝜕y𝜙i As discussed previously, all these
projections are computable from the degrees of freedom of 𝜙i.50

Let M=Mc +Ms and K=Kc +Ks be the mass and stiffness matrices, that we write as the sum of the consistence
term, that is, matrices Mc and Kc, and stability term, that is, matrices Ms and Ks. In the rest of this section, we detail the
construction of each one of these four matrix terms.

The splitting of the polygonal shape functions in vector-valued functions like 𝝓
up
i and 𝝓down

i , where only one compo-
nents is actually nonzero, simplifies the expression of the mass matrix significantly. Matrix Mc is, indeed, block diagonal,



10 ANTONIETTI et al.

each block has size Ndofs ×Ndofs, and its (ij)th entry is given by

Mc
ij = ∫P

𝜙i 𝜙j dV . (36)

Let 𝚷0
k be the projection matrix of the set of scalar shape functions {𝜙i}Ndofs

i=1 . Matrix 𝚷0
k has size Nk ×Ndofs, where Nk

is the dimension of Pk(P). The coefficients of the expansion of 𝜙i on the monomial basis are on the ith columns of 𝚷0
k, so

that:

𝜙i(x, y) =
Nk∑
𝛼=1

m𝛼(x, y)
(
𝚷0

k
)
𝛼,i. (37)

Using this polynomial expansion we find that

Mc
ij =

Nk∑
𝛼,𝛽=1

Q𝛼,𝛽

(
𝚷0

k
)
𝛼,i

(
𝚷0

k
)
𝛽,j, (38)

where Q is the mass matrix of the monomials,

Q𝛼,𝛽 = ∫P

m𝛽(x, y) m𝛼(x, y) dV . (39)

The equivalent matrix form is
Mc =

(
𝚷0

k
)T Q 𝚷0

k. (40)

The stability matrix used in this work is obtained from the stabilization bilinear form

SP
m(vh,wh) = 𝜌h2

P

2Ndofs∑
𝓁=1

dof𝓁(vh) dof𝓁(wh), (41)

where 𝜌 is the cell-average of 𝜌 over P. We recall that 𝓁 runs from 1 to 2Ndofs since Ndofs is the number of degrees of
freedom of the scalar virtual element space. Using 𝝓

up
i = (𝜙i, 0)T and 𝝓down

i = (0, 𝜙i)T for the vector basis functions, the
stability part of the mass matrix is provided by the formula:

Ms
ij = 𝜌h2

P

2Ndofs∑
𝓁=1

[
dof𝓁

(
(1 − Π0

k)𝝓
up
i

)
dof𝓁

(
(1 − Π0

k)𝝓
up
j

)
+ dof𝓁

(
(1 − Π0

k)𝝓
down
i

)
dof𝓁

(
(1 − Π0

k)𝝓
down
j

)]
. (42)

Using𝝓up
i = (𝜙i, 0)T and𝝓down

i = (0, 𝜙i)T for the vector basis functions, the stability part of the mass matrix is provided
by the formula:

Ms = 𝜌h2
P

[ (
I −𝚷0

k
)T (

I −𝚷0
k
)

0
0

(
I −𝚷0

k
)T (

I −𝚷0
k
) ]

. (43)

The block-diagonal structure above is induced by our choice of using the vector basis functions 𝝓
up
i = (𝜙i, 0)T and

𝝓down
i = (0, 𝜙i)T .

The situation is more complex for the stiffness matrix, where the splitting “up− down” induces the 2× 2 splitting:

Kc =

[
Kc,up,up Kc,up,down

Kc,down,up Kc,down,down

]
. (44)

To detail each one of these four submatrices, consider first a generic vector-valued field w= (wx, wy)T . From the
standard definition of the tensor fields 𝜺(w) and 𝝈(w), we immediately find that:

𝜺(w) =

[
𝜕xwx

1
2
(𝜕xwy + 𝜕ywx)

1
2
(𝜕xwy + 𝜕ywx) 𝜕ywy

]
, (45)
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and, according to (8),

𝝈(w) =

[
(2𝜇 + 𝜆)𝜕xwx + 𝜆𝜕ywy 𝜇(𝜕xwy + 𝜕ywx)

𝜇(𝜕xwy + 𝜕ywx) 𝜆𝜕xwx + (2𝜇 + 𝜆)𝜕ywy

]
. (46)

Then, we take w ∈
{
𝝓

up
i , 𝝓down

i
}Ndofs

i=1 , so that

𝜺(𝝓up
i ) =

[
𝜕x𝜙i

1
2
𝜕y𝜙i

1
2
𝜕y𝜙i 0

]
, 𝜺(𝝓down

i ) =

[
0 1

2
𝜕x𝜙i

1
2
𝜕x𝜙i 𝜕y𝜙i

]
, (47)

and

𝝈(𝝓up
i ) =

[
(2𝜇 + 𝜆)𝜕x𝜙i 𝜇𝜕y𝜙i

𝜇𝜕y𝜙i 𝜆𝜕x𝜙i

]
, 𝝈(𝝓down

i ) =

[
𝜆𝜕y𝜙i 𝜇𝜕x𝜙i

𝜇𝜕x𝜙i (2𝜇 + 𝜆)𝜕y𝜙i

]
. (48)

Using such definitions, a straightforward calculation immediately provides us the formulas for the stiffness subma-
trices:

Kc,up,up
ij = ∫P𝝈(𝝓

up
j ) ∶ 𝜺(𝝓up

i ) dV = (2𝜇 + 𝜆)∫P𝜕x𝜙j 𝜕x𝜙i dV + 𝜇∫P𝜕y𝜙j 𝜕y𝜙i dV ,

Kc,up,down
ij = ∫P𝝈(𝝓

up
j ) ∶ ̂

𝜺(𝝓down
i ) dV = 𝜇∫P𝜕y𝜙j 𝜕x𝜙i dV + 𝜆∫P𝜕x𝜙j 𝜕y𝜙i dV ,

Kc,down,up
ij = ∫P

̂
𝝈(𝝓down

j ) ∶ 𝜺(𝝓up
i ) dV = 𝜆∫P𝜕y𝜙j 𝜕x𝜙i dV + 𝜇∫P𝜕x𝜙j 𝜕y𝜙i dV ,

Kc,down,down
ij = ∫P

̂
𝝈(𝝓down

j ) ∶ ̂
𝜺(𝝓down

i ) dV = 𝜇∫P𝜕x𝜙j 𝜕x𝜙i dV + (2𝜇 + 𝜆)∫P𝜕y𝜙j 𝜕y𝜙i dV .

(49)

A thorough inspection of these formulas reveals that we only need the two projection matrices 𝚷0,x
k−1 and 𝚷0,y

k−1 such
that

𝜕x𝜙i(x, y) =
Nk−1∑
𝛼=1

m𝛼(x, y)
(
𝚷0,x

k−1

)
𝛼,i, 𝜕y𝜙i(x, y) =

Nk−1∑
𝛼=1

m𝛼(x, y)
(
𝚷0,y

k−1

)
𝛼,i
, (50)

and the four additional matrices involving the derivatives of monomials up to the degree k:

Qxx
𝛼,𝛽 = ∫P

𝜕xm𝛽𝜕xm𝛼, dV , Qxy
𝛼,𝛽

= ∫P

𝜕xm𝛽𝜕ym𝛼, dV , (51)

Qyx
𝛼,𝛽

= ∫P

𝜕ym𝛽𝜕xm𝛼, dV , Qyy
𝛼,𝛽

= ∫P

𝜕ym𝛽𝜕xm𝛼, dV . (52)

Using such matrices we can reformulate the entries of the four subblocks of matrix Kc as follows:

Kc,up,up
ij = (2𝜇 + 𝜆)

∑
𝛼,𝛽

Qxx
𝛼,𝛽

(
𝚷0,x

k−1

)
𝛼,i

(
𝚷0,x

k−1

)
𝛽,j + 𝜇

∑
𝛼,𝛽

Qyx
𝛼,𝛽

(
𝚷0,y

k−1

)
𝛼,i

(
𝚷0,y

k−1

)
𝛽,j
,

Kc,up,down
ij = 𝜇

∑
𝛼,𝛽

Qxy
𝛼,𝛽

(
𝚷0,x

k−1

)
𝛼,i

(
𝚷0,y

k−1

)
𝛽,j

+ 𝜆
∑
𝛼,𝛽

Qyx
𝛼,𝛽

(
𝚷0,y

k−1

)
𝛼,i

(
𝚷0,x

k−1

)
𝛽,j,

Kc,down,up
ij = 𝜆

∑
𝛼,𝛽

Qxy
𝛼,𝛽

(
𝚷0,x

k−1

)
𝛼,i

(
𝚷0,y

k−1

)
𝛽,j

+ 𝜇
∑
𝛼,𝛽

Qyx
𝛼,𝛽

(
𝚷0,y

k−1

)
𝛼,i

(
𝚷0,x

k−1

)
𝛽,j,

Kc,down,down
ij = 𝜇

∑
𝛼,𝛽

Qxx
𝛼,𝛽

(
𝚷0,x

k−1

)
𝛼,i

(
𝚷0,x

k−1

)
𝛽,j + (2𝜇 + 𝜆)

∑
𝛼,𝛽

Qyy
𝛼,𝛽

(
𝚷0,y

k−1

)
𝛼,i

(
𝚷0,y

k−1

)
𝛽,j
.

(53)

The equivalent compact matrix form is:

Kc,up,up = (2𝜇 + 𝜆)
(
𝚷0,x

k−1

)T Qxx 𝚷0,x
k−1 + 𝜇

(
𝚷0,y

k−1

)T
Qyy 𝚷0,y

k−1,

Kc,up,down = 𝜇
(
𝚷0,x

k−1

)T Qxy 𝚷0,y
k−1 + 𝜆

(
𝚷0,y

k−1

)T
Qyx 𝚷0,x

k−1,

Kc,down,up = 𝜆
(
𝚷0,x

k−1

)T Qxy 𝚷0,y
k−1 + 𝜇

(
𝚷0,y

k−1

)T
Qyx 𝚷0,x

k−1,

Kc,down,down = 𝜇
(
𝚷0,x

k−1

)T Qxx 𝚷0,x
k−1 + (2𝜇 + 𝜆)

(
𝚷0,y

k−1

)T
Qyy 𝚷0,y

k−1.

(54)
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The stability matrix used in this work is obtained from the stabilization bilinear form

SP
a(vh,wh) = max(2𝜇, 𝜆)

2Ndofs∑
𝓁=1

dof𝓁(vh) dof𝓁(wh), (55)

where 𝜇 and 𝜆 are the cell averages of 𝜇 and 𝜆, respectively. Since we assume that the Lamé coefficients are constant, 𝜇
and 𝜆 are respectively equal to 𝜇 and 𝜆. We recall that index 𝓁 runs from 1 to 2Ndofs because Ndofs is the number of degrees
of freedom of the scalar virtual element space. Using 𝝓

up
i = (𝜙i, 0)T and 𝝓down

i = (0, 𝜙i)T for the vector basis functions, the
stability part of the mass matrix is provided by the formula:

Ks
ij = max(2𝜇, 𝜆)

Ndofs∑
𝓁=1

[
dof𝓁

((
1 − Π∇,P

k

)
𝝓

up
i

)
dof𝓁

((
1 − Π∇,P

k

)
𝝓

up
j

)
+ dof𝓁

((
1 − Π∇,P

k

)
𝝓down

i

)
dof𝓁

((
1 − Π∇,P

k

)
𝝓down

j

)]
.

(56)

The stability matrix can be written in block-diagonal form, and in this work we consider

Ks = max(2𝜇, 𝜆)

[ (
I −𝚷∇

k
)T (

I −𝚷∇
k
)

0
0

(
I −𝚷∇

k
)T (

I −𝚷∇
k
) ]

, (57)

where 𝚷∇
k is the elliptic projection matrix for the scalar case. An alternative formulation can be obtained by considering

the orthogonal projector Π0,P
k instead of the elliptic projector Π∇,P

k in (56), and, consistently, the orthogonal projection
matrix 𝚷0

k instead of 𝚷∇
k in (57).

4 STABILITY AND CONVERGENCE ANALYSIS FOR THE SEMIDISCRETE
PROBLEM

The main results of this section are stated in Theorems 1,2, and 3, that prove the stability and convergence in the
mesh-dependent energy norm that will be introduced in (61) and the convergence in the L2(Ω)-norm, respectively. For
exposition’s sake, we set 𝜌 = 1 in (3), (9), and (24) and gN = 0 in (5), (11), and (34).

4.1 Technicalities and preliminary results

To carry out the analysis of this section and derive a priori estimates, we need the error estimates for piecewise polynomial
approximations and interpolation in the virtual element space Vh

k that are stated in the two following lemmas.

Lemma 1. Let Pk(Ωh) be the space of piecewise discontinuous polynomials of degree up to k defined on mesh Ωh. Under
the mesh regularity assumption (A0), for all u ∈ Hm+1(Ω), m ∈ N, there exists a vector-valued field u𝜋 ∈

[
Pk(Ωh)

]2 such
that

||u − u𝜋||0 ≲ h𝜇+1

km+1 ||u||m+1 𝜇 = min(k,m), m ≥ 0,|u − u𝜋|1,h ≲ h𝜇

km ||u||m+1 𝜇 = min(k,m), m ≥ 1.
(58)

Proof. The assertion of the lemma is proved in Reference 49. ▪

Lemma 2. Under the mesh regularity assumption (A0), for all u ∈ Hm+1(Ω), m ∈ N, there exists a virtual element
interpolant uI ∈ Vh

k such that

||u − uI||0 ≲ h𝜇+1

km ||u||m+1 𝜇 = min(k,m), m ≥ 0,|u − uI|1 ≲ h𝜇

km ||u||m+1 𝜇 = min(k,m), m ≥ 1.
(59)
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Proof. The assertion of the lemma is proved in Reference 49. See also Reference 51. ▪

Remark 5. The L2-estimate provided by Lemma 2 is suboptimal in k as we have a dependence like km instead of km+ 1

in the fraction denominators. We point out that, whenever Ω is convex and the partition Ωh is made of convex elements,
following the proof of proposition 1 in Reference 19 and combining the energy estimate in (59) (where uI has to be defined
as in eq. (20) of Reference 19) with the standard Aubin–Nitsche trick it is possible to prove that the following holds

||u − uI||0 ≲ h𝜇+1

km+1 ||u||m+1 𝜇 = min(k,m), m ≥ 0. (60)

provided that hp optimal L2-error estimates hold for the continuous piecewise polynomial approximation 𝜑h
k introduced

in eq. (4.10) of Reference 52.

4.2 Stability

The semidiscrete virtual element approximation of the time-dependent linear elastodynamics problem in variational form
is stable and convergent, cf. Theorems 1 and 2, which are the main results of this section. Moreover, we state Theorems 1
and 2 by using the energy norm

|||vh(t)|||2 = ||||||𝜌 1
2 v̇h(t)

||||||20 + |vh(t)|21, t ∈ [0,T], (61)

which is defined for all v ∈ Vh
k . The local stability property of the bilinear forms mh(⋅ , ⋅) and ah(⋅ , ⋅) readily imply the

equivalence relation
mh(v̇h, v̇h) + ah(vh, vh) ≲ |||vh(t)|||2 ≲ mh(v̇h, v̇h) + ah(vh, vh) (62)

for all time-dependent virtual element functions vh(t) with square integrable derivative v̇h(t).

Remark 6. The hidden constants in (62) are independent of the mesh size parameter h. However, they may depend on the
stability parameters 𝜇∗, 𝜇∗, 𝛼∗, 𝛼∗, the regularity constant 𝜚 of the mesh, and the polynomial degree k.52 The dependence
on k does not seem to have a relevant impact on the optimality of the convergence rates in our numerical experiments in
Section 5.

Theorem 1. Let f ∈ L2((0,T]; [L2(Ω)]2) and let uh ∈ C2((0,T];Vh
k) be the solution of (13). Then, it holds

|||uh(t)||| ≲ |||(u0)I||| + ∫
t

0
||f(𝜏)||0,Ωd𝜏. (63)

The hidden constant in ≲ is independent of h, but may depend on the model parameters and approximation constants
and the polynomial degree k.
Proof. We substitute vh = u̇h(t) in (13) and, for all t ∈ (0, T], we obtain

mh(üh, u̇h) + ah(uh, u̇h) = Fh(u̇h). (64)

Since both mh(⋅ , ⋅) and ah(⋅ , ⋅) are symmetric bilinear forms, a straightforward calculation yields

1
2

d
dt

(mh(u̇h, u̇h) + ah(uh,uh)) = mh(üh, u̇h) + ah(uh, u̇h).

We substitute this expression in the left-hand side of (64), we integrate in time the resulting equation from 0 to the
intermediate time t, and using the definition of norm ||| ⋅ ||| in (61) and the equivalence relation (62), we find that

|||uh(t)|||2 ≲ mh(u̇h(t), u̇h(t)) + ah(uh(t),uh(t))

= mh(u̇h(0), u̇h(0)) + ah(uh(0),uh(0)) + 2∫
t

0
Fh(u̇h(𝜏))d𝜏

≲ |||uh(0)|||2 + ∫
t

0
Fh(u̇h(𝜏))d𝜏.
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Since uh(0)= (u0)I , and using (35) (with vh = u̇h), we find that

|||uh(t)|||2 ≲ |||(u0)I|||2 + ∫
t

0
Fh (u̇h(𝜏)) d𝜏 ≲ |||(u0)I|||2 + ∫

t

0
||f(𝜏)||0 ||u̇h(𝜏)||0 d𝜏.

The thesis follows on applying lemma A5, p. 157 of Reference 53. ▪

4.3 Convergence analysis in the energy norm

In this section, we prove the convergence of the semidiscrete virtual element approximation in the energy norm (61). A
priori error estimates of the approximation error are derived from Theorem 2 as a corollary, which is reported at the end
of the section, by using approximation results for discontinuous polynomial and virtual element spaces.

Theorem 2. Let u ∈ C2 ((0,T]; [Hm+1(Ω)]2), m ∈ N, be the exact solution of problem (12). Let uh ∈ Vh
k be the solution

of the semidiscrete problem (13) under the mesh regularity assumption (A0). Then, for all t ∈ [0, T] and all discontinuous
polynomial approximations u𝜋(t) of u(t), it holds that

|||u(t) − uh(t)||| ≲ sup
𝜏∈[0,T]

G0(𝜏) + ∫
t

0
G1(𝜏)d𝜏, (65)

where

G0(𝜏) = ||u̇(𝜏) − u̇I(𝜏)||0 + |u(𝜏) − uI(𝜏)|1 + |u(𝜏) − u𝜋(𝜏)|1,h, (66)

G1(𝜏) = ||ü(𝜏) − üI(𝜏)||0 + ||ü(𝜏) − ü𝜋(𝜏)||0 + |u̇(𝜏) − u̇I(𝜏)|1 + |u̇(𝜏) − u̇𝜋(𝜏)|1,h
+ sup

vh∈Vh
k⧵R

2

|F(vh) − Fh(vh)||vh|1 . (67)

The hidden constant in ≲ is independent of h, but may depend on the model parameters, the approximation constants,
and the polynomial degree k, and the final observation time T.

Proof. Since Vh
k is a subspace of V, we can take vh ∈ Vh

k as test function in (12) and subtract from (13) to find the error
equation:

m(ü(t), vh) − mh(üh(t), vh) + a(u(t), vh) − ah(uh(t), vh) = F(vh) − Fh(vh), (68)

which holds for all vh ∈ Vh
k . Next, we rewrite this equation as T1 +T2 =T3, with the definitions:

T1 ∶= m(ü, vh) − mh(üh, vh),
T2 ∶= a(u, vh) − ah(uh, vh),
T3 ∶= F(vh) − Fh(vh),

where we dropped out the explicit dependence on t to simplify the notation. We analyze each term separately. First, we
rewrite T1 as

T1 = mh(üI − üh, vh) + m(ü − ü𝜋, vh) − mh(üI − ü𝜋, vh)

by adding and subtracting üI and ü𝜋 to the arguments of m(⋅ , ⋅) and mh(⋅ , ⋅) and noting that m(ü𝜋, vh) = mh(ü𝜋, vh) for
all vh ∈ Vh

k . We also rewrite T2 as

T2 = ah(uI − uh, vh) + a(u − u𝜋, vh) − ah(uI − u𝜋, vh)

by adding and subtracting uI and u𝜋 to the arguments of a(⋅ , ⋅) and ah(⋅ , ⋅) and noting that a(u𝜋, vh) = ah(u𝜋, vh) for all
vh ∈ Vh

k . Let eh =uI −uh. It holds that eh(0) = ėh(0) = 0 since uh(0)= (u0(0))I =uI(0) and u̇h(0) = (u1(0))I = u̇I(0). Then,
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using the definition of eh, we reconsider the error equation

T1 + T2 = mh(ëh, vh) + ah(eh, vh) + m(ü − ü𝜋, vh) − mh(üI − ü𝜋, vh)
+ a(u − u𝜋, vh) − ah(uI − u𝜋, vh) = F(vh) − Fh(vh). (69)

Assume that vh ≠ 0 and consider the inequalities:

|F(vh) − Fh(vh)| = |F(vh) − Fh(vh)||vh|1 |vh|1 ≤
(

sup
vh∈Vh

k⧵{0}

|F(vh) − Fh(vh)||vh|1
) |vh|1. (70)

Note that it holds:

mh(ëh, ėh) + ah(eh, ėh) =
1
2

d
dt

(mh(ėh, ėh) + ah(eh, eh)) , (71)

|F(ėh) − Fh(ėh)| ≤
(

sup
vh∈Vh

k⧵{0}

|F(vh) − Fh(vh)||vh|1
) |||eh||| . (72)

Setting vh = ėh(t) on the left-hand side of (69) and employing (71) and (72) together with (68), we obtain, after
rearranging the terms, that:

1
2

d
dt

(mh(ėh, ėh) + ah(eh, eh)) ≤ −m(ü − ü𝜋, ėh) + mh(üI − ü𝜋, ėh) − a(u − u𝜋, ėh) + ah(uI − u𝜋, ėh)

+

(
sup

vh∈Vh
k⧵{0}

|F(vh) − Fh(vh)||vh|1
) |||eh||| . (73)

To ease the notation, we denote the last term above by R1(t). We integrate in time from 0 to t both sides of (73), note
that the initial term is zero since eh(0) = ėh(0) = 0 and use (62)

|||eh(t)|||2 ≤ mh(ėh(t), ėh(t)) + ah(eh(t), eh(t)))

≤ ∫
t

0
(R1(𝜏) − m (ü(𝜏) − ü𝜋(𝜏), ėh(𝜏)) + mh (üI(𝜏) − ü𝜋(𝜏), ėh(𝜏))

− a (u(𝜏) − u𝜋(𝜏), ėh(𝜏)) + ah (uI(𝜏) − u𝜋(𝜏), ėh(𝜏))) d𝜏. (74)

Then, we integrate by parts the integral that contains a(⋅ , ⋅) and ah(⋅ , ⋅), and again use the fact that eh(0) = ėh(0) = 0,
to obtain

|||eh(t)|||2 ≤ ∫
t

0
(R1(𝜏) + [−m (ü(𝜏) − ü𝜋(𝜏), ėh(𝜏)) + mh (üI(𝜏) − ü𝜋(𝜏), ėh(𝜏))]

+ [a (u̇(𝜏) − u̇𝜋(𝜏), eh(𝜏)) − ah (u̇I(𝜏) − u̇𝜋(𝜏), eh(𝜏))]) d𝜏
+ [−a (u(t) − u𝜋(t), eh(t)) + ah (uI(t) − u𝜋(t), eh(t))]

= ∫
t

0
(R1(𝜏) + R2(𝜏) + R3(𝜏)) d𝜏 + R4(t), (75)

where terms R𝓁 , 𝓁 = 2, 3, 4, match with the squared parenthesis. For the next development, we do not need an upper
bound of term R1. Instead, we have to bound the other three terms in the right-hand side of (75). To bound R2 we use the
continuity of m(⋅ , ⋅) and mh(⋅ , ⋅) and the definition of the energy norm ||| ⋅ ||| given in (61):

|R2| ≤ |m(ü − ü𝜋, ėh)| + |mh(üI − ü𝜋, ėh)| ≲ (||ü − ü𝜋||0 + ||üI − ü𝜋||0) ||ėh||0
≲ (||ü − ü𝜋||0 + ||üI − ü𝜋||0) |||eh||| . (76)
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Similarly, to bound R3 we use the continuity of a(⋅ , ⋅) and ah(⋅ , ⋅) and the definition of the energy norm ||| ⋅ ||| given
in (61): |R3| ≤ |a(u̇ − u̇𝜋, eh)| + |ah(u̇I − u̇𝜋, eh)| ≲ (|u̇ − u̇𝜋|1,h + |u̇I − u̇𝜋|1,h) |eh|1

≲
(|u̇ − u̇𝜋|1,h + |u̇I − u̇𝜋|1,h) |||eh||| . (77)

Finally, to bound R4 we first use the continuity of a(⋅ , ⋅) and ah(⋅ , ⋅), and the right inequality in (62); then, we apply
the Young inequality, so that

|R4| ≤ |a(u − u𝜋, eh)| + |ah(uI − u𝜋, eh)| ≲ (|u − u𝜋|1,h + |uI − u𝜋|1,h) |eh|1
≲
(|u − u𝜋|1,h + |uI − u𝜋|1,h) |||eh||| ≲ 1

2𝜖
(|u − u𝜋|1,h + |uI − u𝜋|1,h)2 + 𝜖

2
|||eh|||2. (78)

Using bounds (76), (77), and (78) in (75), we find the inequality

|||eh(t)|||2 ≲ G̃2
0(t) + ∫

t

0
G1(𝜏)|||eh(𝜏)||| d𝜏 ≲

(
sup

𝜏∈[0,T]
G0(𝜏)

)2

+ ∫
t

0
G1(𝜏)|||eh(𝜏)||| d𝜏,

where G̃2
0(t) =

(|u(𝜏) − uI(𝜏)|1,h + |u(𝜏) − u𝜋(𝜏)|1,h)2, and G0(t) and G1(t) are the time-dependent functions defined
in (66) and (67). Again, an application of lemma A5, p. 157 of Reference 53 yields

|||eh(t)||| ≲ sup
𝜏∈[0,T]

G0(𝜏) + ∫
t

0
G1(𝜏)d𝜏.

The theorem follows on using the triangular inequality

|||u(t) − uh(t)||| ≤ |||u(t) − uI(t)||| + |||uI(t) − uh(t)|||
and noting that |||u(t) − uI(t)||| is absorbed in sup𝜏∈[0,T]G0(𝜏). ▪

Corollary 1. Under the conditions of Theorem 2, for f ∈ L2
(
(0,T);

[
Hm−1(Ω)

]2
)

we have that

sup
0<t≤T

|||u(t) − uh(t)||| ≲ h𝜇

km sup
0<t≤T

(||u̇(t)||m+1 + ||u(t)||m+1)

+ ∫
T

0

(
h𝜇+1

km (||ü(𝜏)||m+1 + ||u̇(𝜏)||m+1) +
h𝜇

km (||ü(𝜏)||m+1 + ||u̇(𝜏)||m+1)
)

d𝜏

+ ∫
T

0
h||||||(I − Π0

k−2

)
f(𝜏)||||||0 d𝜏, (79)

where 𝜇 = min(k,m). The hidden constant in “≲“ is independent of h, but may depend on the model parameters and
approximation constants, the polynomial degree k, and the final observation time T.

Proof. Note that

Fh(vh) = ∫Ω
f ⋅ Π0

k−2vh dV = ∫Ω
Π0

k−2f ⋅ vh dV . (80)

For all vh ∈ Vh
k it holds that

|F(vh) − Fh(vh)| = ||||∫Ω
(I − Π0

k−2)f ⋅ vh dV
|||| = ||||∫Ω

(I − Π0
k−2)f ⋅ (I − Π0

0)vh dV
||||

= ||(I − Π0
k−2)f||0 ||(I − Π0

0)vh||0 ≲ h||(I − Π0
k−2)f||0 |vh|1. (81)

Hence,

sup
vh∈Vh

k⧵{0}

|F(vh) − Fh(vh)||vh|1 ≤ h||(I − Π0
k−2)f||0. (82)



ANTONIETTI et al. 17

Estimate (79) follows on applying this inequality and the results of Lemmas 1 and 2 to (66) and (67), using the resulting
estimates in (65), and taking the supremum on the time interval [0, T]. ▪

4.4 Convergence analysis in the L2 norm

The main result of this section is the following theorem that proves the L2-convergence of the conforming VEM. The
strategy we use in the proof is inspired by Reference 54, using also the substantial modifications required to set it up in
the virtual element framework of Reference 55.

Theorem 3. Let u be the exact solution of problem (12) under the assumption that domain Ω is H2-regular and uh ∈
Vh

k the solution of the virtual element method stated in (13) under the mesh assumptions of Section 3.1. If u, u̇, ü ∈
L2

(
0,T;

[
Hm+1(Ω) ∩ H1

0(Ω)
]2
)

, with integer m≥ 0, then the following estimate holds for almost every t ∈ [0, T] by setting
𝜇 = min(m, k):

||u(t) − uh(t)||0 ≲ ||uh(0) − u0||0 + ||u̇h(0) − u1||0 + h𝜇+1

km+1 (||ü||L2(0,T;[Hm+1(Ω)]2)

+ ||u̇||L2(0,T;[Hm+1(Ω)]2) + ||u||L2(0,T;[Hm+1(Ω)]2)) + ∫
T

0

||||||(1 − Π0
k−2

)
f(𝜏)||||||20d𝜏. (83)

The hidden constant in “≲“ is independent of h, but may depend on the model parameters and approximation constants
𝜚, 𝜇∗, and the polynomial degree k, and the final observation time T.

To prove this theorem, we need the energy projection operator h ∶
[
H1

0(Ω)
]2

→ Vh
k , which is such that hu ∈ Vh

k , for
every u ∈

[
H1

0(Ω)
]2, is the solution of the variational problem:

ah(hu, vh) = a(u, vh) ∀vh ∈ Vh
k . (84)

The energy projection hu is a virtual element approximation of the exact solution u, and the accuracy of the
approximation is characterized by the following lemma.

Lemma 3. Let u ∈
[
Hm+1(Ω) ∩ H1

0(Ω)
]2 be the solution of problem (12) under the mesh assumptions of Section 3.1. Then,

there exists a unique function hu ∈ Vh
k such that

|u − hu|1 ≲
h𝜇

km ||u||m+1 (85)

with 𝜇 = min(k,m) and m≥ 1. Moreover, if domain Ω is H2-regular, it holds that

||u − hu||0 ≲
h𝜇+1

km+1 ||u||m+1. (86)

Proof. The proof of this lemma is similar to that of lemma 3.1 in Reference 56 for the conforming virtual element
approximation of a scalar parabolic problem and, for this reason, is omitted. The complete proof can be found in
Reference 57. ▪

Proof of Theorem 3. We use the energy projection to split the approximation error as follows: u(t) − uh(t) = 𝝆(t) − 𝜼(t),
with 𝝆(t) = u(t) − hu(t) and 𝜼(t) = uh(t) − hu(t). Since Vh

k is a subspace of
[
H1

0(Ω)
]2, to derive the error equation, we

test (12) and (13) against vh ∈ Vh
k

m(ü, vh) + a(u, vh) = F(vh),
mh(üh, vh) + ah(uh, vh) = Fh(vh),

and take the difference

mh(üh, vh) + ah(uh, vh) − (m(ü, vh) + a(u, vh)) = Fh(vh) − F(vh). (87)
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We add and subtract hü and hu in the virtual element bilinear forms mh and ah and rearrange the terms containing
ü and u to the right-hand side to obtain:

mh(üh − hü, vh) + ah(uh − hu, vh) = Fh(vh) − F(vh) + m(ü, vh) + a(u, vh)
− mh(hü, vh) − ah(hu, vh). (88)

Since (84) implies that a(u, vh) − ah(hu, vh) = 0, and using the notation �̈� = üh − hü and 𝜼 = uh − hu, we obtain

mh(�̈�, vh) + ah(𝜼, vh) = Fh(vh) − F(vh) + m(ü, vh) − mh(hü, vh). (89)

Hereafter in this proof, we will assume that

vh(t) = ∫
𝜉

t
𝜼(𝜏)d𝜏 (90)

for every t and 𝜉 ∈ [0,T]. The function vh(t) given by (90) obviously belongs to the virtual element space Vh
k as it is a linear

superposition of virtual element functions in such a space and, thus, can be used as a test function. Since now vh depends
on time t, we are allowed to consider its time derivatives. In particular, we observe that the straightforward calculation

d
dt

(
vh

d
dt
(u − uh)

)
= d

dt

(
vh

d
dt
(𝝆 − 𝜼)

)
= dvh

dt
d𝝆
dt

− dvh

dt
d𝜼
dt

+ vh
d2𝝆

dt2 − vh
d2𝜼

dt2

implies the identity

mh(�̈�, vh) = −mh(�̇�, v̇h) −
d
dt

mh(u̇ − u̇h, vh) + mh(�̈�, vh) + mh(�̇�, v̇h). (91)

Therefore, using (91) in (89) yields

−mh(�̇�, v̇h) + ah(𝜼, vh) = Fh(vh) − F(vh) + m(ü, vh) − mh(hü, vh)

+ d
dt

mh(u̇ − u̇h, vh) − mh(�̈�, vh) − mh(�̇�, v̇h). (92)

We rewrite the approximation error on the source term on the right-hand side of (92) as follows:

Fh(vh(t)) − F(vh(t)) = m (fh(t) − f(t), vh(t)) , (93)

where fh(t) = Π0
k−2f according to (34). Consider the integral quantities55

1(t) = ∫
t

0
(fh(𝜏) − f(𝜏)) d𝜏, 2(t) = ∫

t

0
ü(𝜏)d𝜏, 3(t) = ∫

t

0
hü(𝜏)d𝜏, (94)

and note that
Fh(vh(t)) − F(vh(t)) =

d
dt

m(1, vh) − m(1, v̇h), (95)

m(ü, vh) =
d
dt

m(2, vh) − m(2, v̇h), (96)

mh(hü, vh) =
d
dt

mh(3, vh) − mh(3, v̇h). (97)

Hence, using (95), (96), and (97) in (92) yields

−mh(�̇�, v̇h) + ah(𝜼, vh) =
2∑

i=1

[
d
dt

m(i, vh) − m(i, v̇h)
]
−
[

d
dt

mh(3, vh) − mh(3, v̇h)
]

+ d
dt

mh(u̇ − u̇h, vh) − mh(�̈�, vh) − mh(�̇�, v̇h). (98)
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To prove the assertion of the theorem we integrate both sides of (98) with respect to t between 0 and 𝜉; then, we
estimate a lower bound for the left-hand side (LHS) and an upper bound for the right-hand side (RHS).

To estimate a lower bound for the left-hand side of (98), we note that v̇h = −𝜼, vh(𝜉) = 0 and ah(vh(0), vh(0))≥ 0 from
the coercivity of ah. Thus, we estimate the left-hand side as follows:

∫
𝜉

0

[
LHS of Equation (98)

]
dt = ∫

𝜉

0
[mh(�̇�, 𝜼) − ah(v̇h, vh)] dt

= ∫
𝜉

0

1
2

d
dt

[mh(𝜼, 𝜼) − ah(vh, vh)] dt

= 1
2
[mh(𝜼(𝜉), 𝜼(𝜉)) − mh(𝜼(0), 𝜼(0))] −

1
2
[ah(vh(𝜉), vh(𝜉)) − ah(vh(0), vh(0))]

≥ 1
2
(mh(𝜼(𝜉), 𝜼(𝜉)) − mh(𝜼(0), 𝜼(0))). (99)

To estimate an upper bound for the right-hand side of (98), we note that i(0) = 0 for i= 1, 2, 3 and use again the fact
vh(𝜉) = 0. So, for i= 1, 2, a direct integration yield

∫
𝜉

0

[
d
dt

m(i, vh) − m(i, v̇h)
]

dt = m(i(𝜉), vh(𝜉)) − m(i(0), vh(0)) − ∫
𝜉

0
m(i, v̇h) dt

= −∫
𝜉

0
m(i, v̇h) dt (100)

and, similarly,

∫
𝜉

0

[
d
dt

mh(3, vh) − mh(3, v̇h)
]

dt = mh(3(𝜉), vh(𝜉)) − mh(3(0), vh(0)) − ∫
𝜉

0
mh(3, v̇h) dt

= −∫
𝜉

0
mh(3, v̇h) dt. (101)

Using (100) and (101) in the right-hand side of (98) and rearranging the terms yield

∫
𝜉

0

[
RHS of Equation (98)

]
dt = − ∫

𝜉

0
m(1, v̇h) dt + ∫

𝜉

0
( mh(3, v̇h) − m(2, v̇h) ) dt

+ [ mh(u̇(𝜉) − u̇h(𝜉), vh(𝜉)) − mh(u̇(0) − u̇h(0), vh(0)) ]

− ∫
𝜉

0
( mh(�̈�, vh) + mh(�̇�, v̇h) ) dt = L1(𝜉) + L2(𝜉) + L3(𝜉) + L4(𝜉).

The proof continues by bounding the four terms Li(𝜉), i= , 1, 2, 3, 4, separately.
Estimate of term L1. To estimate L1, we first note that m(⋅ , ⋅) is an inner product, so we can apply the Cauchy–Schwarz

and the Young inequalities to derive the following bound, which holds for any t ∈ [0, 𝜉]:

|m(1(t), v̇h(t))| ≤ ||1(t)||0 ||v̇h(t)||0 ≤ 1
2
||1(t)||20 + 1

2
||v̇h(t)||20. (102)

We estimate term ||1(t)||0 by applying Jensen’s inequality and Fubini’s theorem to exchange the
integration order

||1(t)||20 = ∫Ω

|||∫ t

0

(
f(𝜏) − Π0

k−2(f(𝜏)
)

d𝜏|||2 dV ≤ ∫Ω
T
(
∫

t

0
| (I − Π0

k−2

)
f(𝜏)|2d𝜏

)
dV

= T ∫
t

0

(
∫Ω

| (I − Π0
k−2

)
f(𝜏)|2 dV

)
d𝜏 ≤ T ∫

t

0
|| (I − Π0

k−2

)
f(𝜏)||20d𝜏.

≤ T ∫
T

0
|| (I − Π0

k−2

)
f(𝜏)||20d𝜏. (103)



20 ANTONIETTI et al.

We use (103) in (102) and the resulting inequality in the definition of L1; then, we note that the last integral in (103)
is on the whole interval [0, T], and is, thus, independent on t. Since 𝜉 ≤ T and by using the Young’s inequality, we readily
find that

|L1(𝜉)| ≤ |||||∫
𝜉

0
(m(1(t), v̇h(t))) dt

||||| ≤ ∫
𝜉

0
|m(1(t), v̇h(t))| dt ≤ 1

2 ∫
𝜉

0
||1(t)||20 dt + 1

2 ∫
𝜉

0
||v̇h(t)||20 dt

≤ T2

2 ∫
T

0
|| (1 − Π0

k−2

)
f(𝜏)||20d𝜏 + 1

2 ∫
𝜉

0
||v̇h(t)||20 dt.

Estimate of term L2. Let ü𝜋 be any piecewise polynomial approximation of degree at most k of ü that satisfies Lemma 1.
Now, consider the piecewise polynomial function defined on mesh Ωh that is given by

(2)𝜋 = ∫
t

0
ü𝜋(𝜏)d𝜏.

Then, we start the estimate of the integral argument of L2 by using consistency property (26) to add and
subtract (2)𝜋 :

|m(2, v̇h) − mh(3, v̇h)| = |m(2 − (2)𝜋, v̇h) − mh(3 − (2)𝜋, v̇h)| [add and subtract 2]
= |m(2 − (2)𝜋, v̇h) − mh(3 −2, v̇h) − mh(2 − (2)𝜋, v̇h)| [use triangular inequality]
≤ |m(2 − (2)𝜋, v̇h)| + |mh(3 −2, v̇h)| + |mh(2 − (2)𝜋, v̇h)| [use (32) and continuity of m]
≤ ((1 + 𝜇∗)||2 − (2)𝜋||0 + 𝜇∗||3 −2||0) ||v̇h||0 [note that 𝜇∗ < 1 + 𝜇∗]
≤ (1 + 𝜇∗) (||2 − (2)𝜋||0 + ||3 −2||0) ||v̇h||0 [use Young’s inequality]
≤ (1+𝜇∗)

2
(||2 − (2)𝜋||0 + ||3 −2||0)2 + (1+𝜇∗)

2
||v̇h||20 [use (a + b)2 ≤ 2a2 + 2b2]

≤ (1 + 𝜇∗)
(||2 − (2)𝜋||20 + ||3 −2||20) + (1+𝜇∗)

2
||v̇h||20.

To estimate ||2(t) − (2(t))𝜋||20, we start 2(t) and (2(t))𝜋 :

||2(t) − (2(t))𝜋||20 = ||||||∫ t
0 (ü(𝜏) − ü𝜋(𝜏)) d𝜏||||||20 [use definition of L2(Ω)-norm]

= ∫Ω|||∫ t
0 (ü(𝜏) − ü𝜋(𝜏)) d𝜏|||2 dV [use Jensen’s inequality]

≤ ∫Ω
(

T ∫ t
0 |ü(𝜏) − ü𝜋(𝜏)|2d𝜏

)
dV

[
apply Fubini’s Theorem

]
≤ T ∫ t

0
(∫Ω|ü(𝜏) − ü𝜋(𝜏)|2 dV

)
d𝜏 [use definition of L2(Ω)-norm]

= T ∫ t
0 ||ü(𝜏) − ü𝜋(𝜏)||20d𝜏 [apply Lemma 1]

≲ T h2(𝜇+1)

k2(m+1) ∫ t
0 |ü(𝜏)|2m+1d𝜏 [use definition of L2(0,T; [Hm+1(Ω)]2)-norm]

≲ T h2(𝜇+1)

k2(m+1) ||ü||2L2(0,T;[Hm+1(Ω)]2).

Similarly, to estimate ||3(t) −2(t)||20, we start from the definition of 3(t) and 2(t):

||3(t) −2(t)||20 = ||||||∫ t
0 (hü(𝜏) − ü(𝜏)) d𝜏||||||20 [use definition of L2(Ω)-norm]

= ∫Ω|||∫ t
0 (hü(𝜏) − ü(𝜏)) d𝜏|||2 dV [use Jensen’s inequality]

≤ ∫Ω
(

T ∫ t
0 |hü(𝜏) − ü(𝜏)|2d𝜏

)
dV [apply Fubini’s Theorem]

≤ T ∫ t
0
(∫Ω|hü(𝜏) − ü(𝜏)|2 dV

)
d𝜏 [use definition of L2(Ω)-norm]

= T ∫ t
0 ||hü(𝜏) − ü(𝜏)||20d𝜏 [apply Lemma 3]

≲ T h2(𝜇+1)

k2(m+1) ∫ t
0 |ü(𝜏)|2m+1d𝜏 [use definition of L2(0,T; [Hm+1(Ω)]2)-norm]

≲ T h2(𝜇+1)

k2(m+1) ||ü||2L2(0,T;[Hm+1(Ω)]2).
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Using the previous estimates, and noting that the integration on the time interval [0, 𝜉], 𝜉 ≤ T, produces an additional
factor T, we obtain the final upper bound for term L2:

|L2(𝜉)| ≤ ∫
𝜉

0
|mh(3, v̇h) − m(2, v̇h)| dt ≲ (1 + 𝜇∗)T2 h2(𝜇+1)

k2(m+1) ||ü||2L2(0,T;(Hm+1(Ω))2) +
1 + 𝜇∗

2 ∫
𝜉

0
||v̇h||20 dt.

Estimate of term L3. Since vh(𝜉) = 0 by definition, term L3 only depends on the approximation error on u̇(0) = u1, that
is, the initial condition for u̇. Using (32) and Young’s inequality yield:

|L3(𝜉)| = |mh(u̇(0) − u̇h(0), vh(0))| ≤ 𝜇∗||u̇(0) − u̇h(0)||0 ||vh(0)||0
≤ (𝜇∗)2

2
||u̇(0) − u̇h(0)||20 + (𝜇∗)2

2
||vh(0)||20.

Estimate of term L4. We start from the definition of term L4 and apply the triangular inequality to find
that:

|L4(𝜉)| = |||||∫
𝜉

0
(mh(�̈�, vh) + mh(�̇�, v̇h)) dt

||||| ≤ ∫
𝜉

0
|mh(�̈�, vh)| dt + ∫

𝜉

0
|mh(�̇�, v̇h)| dt. (104)

Both terms on the right depend on the exact solution u and its approximation provided by the energy projection hu.
We bound the first term by starting from (32):

∫ 𝜉

0 |mh(�̈�, vh)| dt ≤ 𝜇∗ ∫ 𝜉

0 ||�̈�||0 ||vh||0 dt [use Young’s inequality]
≤ 𝜇∗

2
∫ 𝜉

0 ||�̈�||20 dt + 𝜇∗

2
∫ 𝜉

0 ||vh||20 dt [apply Lemma 3 to �̈�]
≲ 𝜇∗

2
h2(𝜇+1)

k2(m+1) ∫ 𝜉

0 |ü|2m+1 dt + 𝜇∗

2
∫ 𝜉

0 ||vh||20 dt [use definition of L2(0,T; [Hm+1(Ω)]2)-norm]
≲ 𝜇∗

2
h2(𝜇+1)

k2(m+1) ||ü||2L2(0,T;[Hm+1(Ω)]2 +
𝜇∗

2
∫ 𝜉

0 ||vh||20 dt.

Similarly, we bound the second term by starting from (32):

∫ 𝜉

0 |mh(�̇�, v̇h)| dt ≤ 𝜇∗ ∫ 𝜉

0 ||�̇�||0 ||v̇h||0 dt [use Young’s inequality]
≤ 𝜇∗

2
∫ 𝜉

0 ||�̇�||20 dt + 𝜇∗

2
∫ 𝜉

0 ||v̇h||20 dt [apply Lemma (3) to �̇�]
≲ 𝜇∗

2
h2(𝜇+1)

k2(m+1) ∫ 𝜉

0 |u̇|2m+1 dt + 𝜇∗

2
∫ 𝜉

0 ||v̇h||20 dt [use definition of L2(0,T; [Hm+1(Ω)]2)-norm]
≲ 𝜇∗

2
h2(𝜇+1)

k2(m+1) ||u̇||2L2(0,T;[Hm+1(Ω)]2 +
𝜇∗

2
∫ 𝜉

0 ||v̇h||20 dt.

Using these two estimates in (104), we immediately find that

|L4(𝜉)| ≲ 𝜇∗

2
h2(𝜇+1)

k2(m+1)

(||ü||2L2(0,T;[Hm+1(Ω)]2 + ||u̇||2L2(0,T;[Hm+1(Ω)]2

)
+ 𝜇∗ ∫

𝜉

0
||v̇h||20 dt. (105)

Estimate of ||𝜼||0 and conclusion of the proof. On collecting the upper bounds of Li(𝜉), i= 1, 2, 3, 4, absorbing the factors
𝜇∗ in the hidden constants and using the lower bound (99), we have that

𝜇∗||𝜼(𝜉)||20 = 𝜇∗m(𝜼(𝜉), 𝜼(𝜉)) ≤ mh(𝜼(𝜉), 𝜼(𝜉))

≲ mh(𝜼(0), 𝜼(0)) + ||u̇(0) − u̇h(0)||20 + T2 ∫
T

0
||(I − Π0

k−2

)
f(𝜏)||20d𝜏

+ h2(𝜇+1)

k2(m+1)

(||u̇||2L2(0,T;[Hm+1(Ω)]2) + T2||ü||2L2(0,T;[Hm+1(Ω)]2)

)
+ ∫

𝜉

0
||v̇h||20 dt + ∫

𝜉

0
||vh||20 dt. (106)
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We estimate the first term in the right-hand side of (106) by using property (26), the definition of 𝜼(0), adding and
subtracting u(0) and estimate (86):

mh(𝜼(0), 𝜼(0)) ≤ 𝜇∗||𝜼(0)||20 = 𝜇∗||uh(0) − hu(0)||20
≤ 2𝜇∗||uh(0) − u(0)||20 + 2𝜇∗||u(0) − hu(0)||20
≲ ||uh(0) − u0||20 + h2(𝜇+1)

k2(m+1) |u0|2m+1. (107)

We also estimate the last integral term in (106) by using the definition of the L2(Ω)-norm, definition (90), Jensen’s
inequality, and Fubini’s Theorem to change the integration order:

||vh(t)||20 = ∫Ω

|||∫ 𝜉

t
𝜼(𝜏)d𝜏|||2 dV ≤ ∫Ω

|𝜉 − t| (∫
𝜉

t
|𝜼(𝜏)|2d𝜏

)
dV

= |𝜉 − t|∫ 𝜉

t

(
∫Ω

|𝜼(𝜏)|2 dV
)

d𝜏 ≤ T ∫
𝜉

0
||𝜼(𝜏)||20 d𝜏 (108)

and

∫
𝜉

0
||vh(t)||20 dt =

(
T ∫

𝜉

0
||𝜼(𝜏)||20d𝜏

) (
∫

𝜉

0
dt
)

≤ T2 ∫
𝜉

0
||𝜼(𝜏)||20 d𝜏 (109)

Using estimates (107) and (109) in (106) and recalling that v̇h = −𝜼, we find that

||𝜼(𝜉)||20 ≲ ||u(0) − uh(0)||20 + ||u̇(0) − u̇h(0)||20 + T2 ∫
T

0
||(I − Π0

k−2

)
f(𝜏)||20d𝜏

+ h2(𝜇+1)

k2(m+1)

(|u0|2m+1 + ||u̇||2L2(0,T;[Hm+1(Ω)]2 + T2||ü||2L2(0,T;[Hm+1(Ω)]2)

)
+ (1 + T2)∫

𝜉

0
||𝜼(t)||20 dt. (110)

An application of Gronwall’s inequality yields, for (almost) every t ∈ [0, T], the desired upper bound on 𝜼(t):

||𝜼(t)||0 ≲ C(T)(||u(0) − uh(0)||0 + ||u̇(0) − u̇h(0)||0 + ∫
T

0
||(1 − Π0

k−2

)
f(𝜏)||0d𝜏

+ h𝜇+1

km+1

(|u0|s+1,Ω + ||u̇||L2(0,T;[Hm+1(Ω)]2 + ||ü||L2(0,T;[Hm+1(Ω])2))
)
, (111)

where C(T) depends on T, the final observation time, and the constant hidden in the “≲” notation depends on 𝜇∗ and the
mesh regularity constant 𝜚, but is independent of h. Finally, we prove the assertion of the theorem through the triangular
inequality ||uh − u||0 ≤ ||𝝆||0 + ||𝜼||0 and, then, on using (85) to bound 𝝆 and (111) to bound 𝜼. ▪

5 NUMERICAL INVESTIGATIONS

In this section, we carry out number of numerical investigation to validate the VEM by documenting its optimal
accuracy and its dissipation/dispersion properties in solving wave propagation problems. To this end, in Section 5.1
we show the optimal convergence properties of the VEM by using a manufactured solution on three different
mesh families, each one possessing some special feature. In Section 5.2, we carry out a Von Neumann analysis
by studying the dispersion and dissipation of an elementary wave on a periodic domain tessellated in different
ways.

Remark 7. All our numerical results are obtained by using the stabilization introduced in Section 3.5. This stabilization
is independent of the polynomial degree k and our numerical results are in good accordance with the expected results.
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However, it is known that practical tests in situations like the scalar Poisson problem show that for moderate-to-high
values of k this might not be a good choice (especially in three-dimensions). An alternative choice that is surely worth
mentioning is provided by the so called “D-recipe” stabilization.47,48,52

5.1 Accuracy assessment using a manufactured solution

In this section, we aim to confirm the optimal convergence rate of the numerical approximation of the elastodynamic
problem (3)–(7) provided by the virtual element method in accordance with Theorems 2 and 3. In particular, we let
Ω = (0, 1)2 for t ∈ [0, T], T = 1, and consider initial condition u0, boundary condition g and forcing term f determined
from the exact solution:

u(x, y, t) = cos
(2𝜋 t

T

)(
sin2(𝜋x) sin(2𝜋y)
sin(2𝜋x)sin2(𝜋y)

)
. (112)

To this end, we consider three different mesh partitionings, denoted by:

• Mesh 1, randomized quadrilateral mesh;
• Mesh 2, mainly hexagonal mesh with continuously distorted cells;
• Mesh 3, nonconvex octagonal mesh.

The base mesh and the first refined mesh of each mesh sequence are shown in Figure 2.
These mesh sequences have been widely used in the mimetic finite difference and virtual element literature.58 The

discretization in time is given by applying the leap-frog method with Δt = 10−4 and carried out for 104 time cycles in order
to reach time T = 1.

For these calculations, we used the VEM approximation based on the conforming space Vk
h with k= 1, 2, 3, 4 and

the convergence curves for the three mesh sequences above are reported in Figures 3, 4, and 5. The expected rate of
convergence is shown in each panel by the triangle closed to the error curve and indicated by an explicit label. According
to Theorem 2, we expect that the approximation error decreases as (

hk), or(
N−k∕2

dofs

)
in terms of the number of degrees

of freedom that scale like Ndofs ≈ h−2 when using the virtual element method of order k and measuring the error in the

F I G U R E 2 Base meshes
(top row) and first refined
meshes (bottom row) of the
following mesh families from
left to right: randomized
quadrilateral mesh; mainly
hexagonal mesh; nonconvex
octagonal mesh Mesh 1 Mesh 2 Mesh 3
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F I G U R E 3 Convergence plots for the
virtual element approximation of
Problem (3)–(7) with exact solution (112)
using family Mesh 1 of randomized
quadrilateral meshes. Error curves are
computed using the L2 norm (left panels) and
H1 norm (right panels) and are plot versus the
number of degrees of freedom

F I G U R E 4 Convergence plots for the
virtual element approximation of
Problem (3)–(7) with exact solution (112)
using family Mesh 2 of mainly hexagonal
meshes. Error curves are computed using the
L2 norm (left panels) and H1 norm (right
panels) and are plot versus the number of
degrees of freedom

F I G U R E 5 Convergence plots for
the virtual element approximation of
Problem (3)–(7) with exact solution (112)
using family Mesh 3 of nonconvex
octagonal meshes. Error curves are
computed using the L2 norm (left panels)
and H1 norm (right panels) and are plot
versus the number of degrees of freedom

H1 norm. Consistently with our approximation, we also expect to see the approximation error to decrease as  (
hk+1), or

(
N−(k+1)∕2

dofs

)
, when using the L2 norm.

Furthermore, Figure 6 shows the semilog error curves obtained through a “p”-type refinement calculation for the
previous benchmark, that is, for a fixed 5× 5 mesh of type I the order of the virtual element space is increased from k= 1 to
k= 10. We refer the reader to Reference 49 for a detailed presentation of the p/hp virtual element formulations. Here, we
compare the performance of the method for two different implementations. In the first one, the space of polynomials of
degree k is generated by the standard scaled monomials, while in the second one we consider an orthogonal polynomial
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F I G U R E 6 Convergence plots for the virtual element approximation of Problem (3)–(7) with exact solution (112) using family Mesh 1
of randomized quadrilateral meshes. Error curves are computed using k-refinement the L2 norm (left panel) and H1 norm (right panel) and
are plot versus the number of degrees of freedom by performing a refinement of type “p” on a 5× 5 mesh. Each plot shows the two
convergence curves that are obtained using monomials (circles) and orthogonalized polynomials (squares)

basis. The impact that such a basis can have on the accuracy of the high-order VEM has already been shown in the VEM
literature.47,48,59 The behavior of the VEM when using nonorthogonal and orthogonal polynomials basis shown in Figure 6
is in accordance with the literature.

These plots confirm that the conforming VEM formulations proposed in this work provide a numerical approximation
with optimal convergence rate on a set of representative mesh sequences, including deformed and nonconvex polygonal
cells.

5.2 Dispersion and dissipation analysis

In this section we want to study the dispersion and dissipation errors for the VEM presented before, by means of the
Von Neumann analysis, that is, the propagation of a plane wave in a homogeneous medium. For a plane wave, we recall
that the numerical dispersion is the gap between the phase of the numerical solution and that of the exact solution while
numerical dissipation represents a decrease in the amplitude.

In order to carry out the dispersion and dissipation analysis, we make some standard hypothesis for the following
plane wave analysis.60-62 Indeed, we suppose that the medium is isotropic, homogeneous, unbounded, and source-free.
The latter assumptions are, in general, not respected when considering realistic geophysical applications. However, this
analysis provides important information about the discretization parameters to be used in practice for the numerical
simulation.

Consider Equation (3) for an unbounded elastic medium where no external forces are applied and seek for solutions
in the following form63

u(x, t) = aei(k⋅x−𝜔t), (113)

where a= [a1, a2]T is the wave amplitude,𝜔 is the angular frequency, and k = 2𝜋∕L(cos 𝜃, sin 𝜃) is the wavenumber vector,
with L being the wavelength and 𝜃 being the angle between the wave propagation direction and the coordinate axes.
Then, by taking the real part of (113) the physical wave is recovered. Under these conditions the semidiscrete problem
(13) becomes

MÜ + KU = 0, (114)

where M and K are defined as in Section 3.5. To comply with the conditions of periodicity and unboundedness, we solve
problem (114) over the domain Eref with uniform size h, and impose periodic boundary conditions on its boundary, see
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(A) Quadrilateral grid (B) Triangular grid (C) C1 grid

(D) C2 grid (E) C3 grid (F) C4 grid

F I G U R E 7 Periodic reference element Eref (yellow) and periodic reference grids. Quadrilateral (A), triangular (B), and composite
C1–C4 (C–F) grids

Figure 7. The periodic reference domain Eref can be (a) a square; (b) the union of two triangles; (c) the union of a set of
polygons, namely, four hexagons, two quadrilaterals, and two pentagons; (d) the union of one square and four pentagons;
(e) four octagons; (f ) one hexagon and four triangles.

To apply periodic boundary conditions on Eref , we define the set of “master” and “slave” indexes, respectively, denoted
by filled and empty symbols in Figure 8 for the case of the virtual elements with polynomial degree k= 2. Master indexes
refer to the degrees of freedom in which the solution is computed and slave indexes to those where the periodicity condi-
tions are imposed. Since the solution is a plane wave (113), we impose periodic boundary conditions through a suitable
projection matrix P and obtain the system5,7,64,65

Ü +U = 0, (115)

where  and  are given respectively by  = PTKP and  = PTMP.
Substitute7,65,66 (113) into (115), discretize the system by means of the leap-frog scheme (14) and obtain a generalized

eigenvalue problem of the form

KU0 = ΛMU0, (116)

where the eigenvalues Λ can be expressed in term of the numerical angular frequency 𝜔 through the relation

Λ = 4
Δt2 sin2

(
𝜔
Δt
2

)
.

We use this equation after solving the eigenvalue problem (116) in order to derive the grid-dispersion relations as it
will be shown later on. We remark that for two-dimensional elastic wave propagation only two eigenvalues in (116) have
a physical meaning as they are related to P and S waves.67 All the other eigenvalues correspond to nonphysical modes.60

Therefore, the relative dispersion errors are given by

eP =
cP,h

cP
− 1, eS =

cS,h

cS
− 1, (117)
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(A) Quadrilateral grid (B) Triangular grid (C) C1 grid

(D) C2 grid (E) C3 grid (F) C4 grid

F I G U R E 8 Degrees of freedom on the reference element Eref of the local virtual element space with polynomial degree k= 2.
Quadrilateral (A), triangular (B), and composite (C–F) grids: where periodic boundary conditions are assigned, the degrees of freedom are
represented by empty squares or circles

where the numerical wave velocities cP, h and cS, h are therefore given by

cP,h =
h 𝜔P,h

2𝜋𝛿r
, cS,h =

h 𝜔S,h

2𝜋𝛿
,

where 𝛿 = h∕(kL) represents the sampling ratio, that is, 𝛿−1 is the number of interpolation points per wavelength, and L
is the wavelength.

Now, we study the stability properties of the leap-frog time-stepping scheme and then we analyze the dispersion errors
introduced by the numerical formulation. Since the leap-frog method is an explicit time integrator, the time step Δt must
satisfy the Courant, Friedrichs, Lewy (CFL) condition

Δt ≤ CCFL
h
cP
, (118)

where we recall that h is the meshsize and cP is the P-wave velocity and we need to impose that CCFL ≤ 1. We are interested
in studying how the CCFL factor may depend on the physical parameters considered in the model, that is, 𝜆 and 𝜇, and
the polynomial degree k.

With this aim, we consider (116) and rewrite matrices K and M by using a scaling argument, so that

K̃U0 = Λ′M̃U0, (119)

where Λ′ = (h∕Δt)2sin2(𝜔hΔt∕2). Then, we introduce the stability parameter q = cP
Δt
h

for which it holds q2Λ′ =
c2

Psin2(𝜔hΔt
2

) ≤ c2
P, that is equivalent to

q ≤ cP√
Λ′

= CCFL(Λ′). (120)



28 ANTONIETTI et al.

The eigenvalue Λ′ depends on the wavenumber vector k and, therefore, on the values of the angle 𝜃.68 Thus,
condition (120) is equivalent to

q ≤ c∗(𝜆, 𝜇) 1√
Λ′

max

= qCFL, (121)

where Λ′
max is the maximum eigenvalue of (119), taken with respect to the value of 𝜃.

Constant c* depends on the Lamé parameters 𝜆 and 𝜇.69

We notice that a different approach (that does not make use of a plane wave analysis) is employed in Park et al. (2019)10

to estimate qCFL for VEM approximation on arbitrary mesh. The authors were there interested in establishing a rule of
thumb for choosing the discretization parameters that satisfy (121), here the analysis is mainly focused on the dispersion
and dissipation property of the scheme, provided that condition (121) holds true. Finally, we remark that the present
analysis is valid for mesh configurations that have a periodic pattern. For a general polygonal mesh, made by elements of
arbitrary shape, one should consider the associated covering mesh made by rectangular elements and check that, for the
latter grid, a sufficient number of points per wavelength is employed. This can be inferred easily by applying the rule of
thumb that will be given for quadrilateral elements.

5.2.1 Numerical dispersion and dissipation analysis: Space discretization

We start the section by analyzing the dispersion and dissipation properties of the VEM by assuming exact time integra-
tion. For this case, we consider Equation (115) and compute analytically the second time derivative of the displacement
vector. In this way, we can obtain a generalized eigenvalue problem whose eigenvalues Λ can be written in term of the
angular frequency 𝜔 through the formula Λ = 𝜔2. Grid dispersion errors are computed according to (117): (i) we solve the
generalized eigenvalue problem numerically and obtain the eigenvalues 𝜉 = 𝜔2

h that represent the best approximations
of the angular frequencies of the traveling waves; (ii) we identify the numerical eigenvalues 𝜉P and 𝜉S, that correspond
to the physical frequencies of the longitudinal and transversal displacement; (iii) we compute the numerical angular
frequencies 𝜔P,h =

√
𝜉P and 𝜔S,h =

√
𝜉S for the P-wave and the S-wave, respectively.

We now study the dispersion errors as a function of the polynomial degree k, the sampling ratio 𝛿 for the shortest
wavelength, the wavenumber vector k of the plane wave, that is, the angle 𝜃, and the ratio r = cP/cS. In this first test case,
we set 𝛿 = 0.2, that is, five nodes per shortest wavelength, 𝜃 = 𝜋∕4 and r = 2. Different choices of the angle 𝜃 provide
similar results as it is discussed later on. For all the considered grids, an exponential decay of the dispersion error with
respect to the polynomial degree k can be observed, cf. Figure 9. In particular for k≥ 4 the dispersion errors are below the
threshold value 10−6 for all the considered grids, with the composite grid C1 providing the best results.

However, if we look at the same results as a function of total number of degrees of freedom in Figure 10 we see
that the quadrilateral and triangular meshes outperform the other grid configurations. This result is important from the
computational point of view and should be taken into account for realistic applications. For completeness, in Table 1
we show the dispersion errors for r = 2, 5, 10 computed on the quadrilateral and triangular grid. Note that the same
exponential decay of the dispersion error is observed for r = 5 and r = 10. Moreover, on such grid and in the variation
range of r, the dispersion errors are negligible, that is, less than 10−6, when we use a polynomial approximation degree
k> 4. We obtained a similar behavior on the other grids (C1–C4), but we do not report the results here for the sake
of brevity.

In Figures 11, 12, and 13, we report the computed dispersion versus 𝛿 for different approximation degrees k= 2, 3, 4 and
r = 2. Similar results can be obtained for r = 5, 10 but we do not report them for the sake of brevity. By computing the slopes
of the eS- and eP-curves, we can obtain the following empirical estimate of the orders of convergence: |eP| = |eS| = (h2k)
for the VEM with odd polynomial degrees and |eP| = |eS| = (h2k−1) for the VEM with even polynomial degree. These
results are in agreement with previous quantitative estimates quadrilateral elements.64,70 From the reported result we can
infer that with a polynomial degree k= 4 and 𝛿 = 0.2, that is, five points per shortest wavelength, the dispersion error is
lower than the threshold 10−6 for all mesh elements (see Figure 13).

Finally, we study the dispersion errors as a function of the angle 𝜃 of the plane wave. In Figure 14 we show the
results obtained with the virtual element discretization for polynomial degree k= 4, the sampling ratio 𝛿 = 0.5 and r = 2.
Anisotropy ratios cP, h/cP and cS, h/cS have been computed with the same set of values, see Figure 14. Notice that with
quadrilateral and C4 grids the error is symmetric with respect to the origin of the axes, whereas with triangular grids
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F I G U R E 9 Computed dispersion errors |eS| and |eP| as a function of k for 𝛿 = 0.2, 𝜃 = 𝜋∕4, r = 2 and different mesh configuration. The
threshold value 10−6 is also reported with a black dotted line

F I G U R E 10 Computed dispersion errors |eS| and |eP| as a function of dofs for 𝛿 = 0.2, 𝜃 = 𝜋∕4, r = 2 and different mesh configuration.
The threshold value 10−6 is also reported with a black dotted line

the error grows along the direction in which the periodic cell Eref is split into triangles. This grid orientation effect is in
agreement with previous results available in the literature.5,7,64 Composite grids C1, C2, and C3 seem to perform better
than other configurations with respect to all incident angles: this fact can be traced back to the asymmetrical pattern
inside the reference cell Eref .

Concerning the dissipation error we study the amplitude of the numerical displacement and take the plane wave
u(x, t) = ei(k⋅x−𝜔t) as exact solution of (3). On the one hand, since Im(𝜔) = 0, its amplitude is equal to 1 for all times t.
On the other hand, the numerical approximation will give in general Im(𝜔h) ≠ 0. Then, the scheme is nondissipative if
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T A B L E 1 Dispersion errors |eP| and |eS| as a function of k with 𝛿 = 0.2, 𝜃 = 𝜋∕4

r = 2 r = 2 r = 5 r = 5 r = 10 r = 10

Grid k |eP| |eS| |eP| |eS| |eP| |eS|

Quads 1 6.0577e−04 1.0492e−02 1.5137e−05 1.0492e−02 9.4273e−07 1.0492e−02

2 3.9826e−04 5.4411e−03 9.7574e−06 1.6753e−03 6.0481e−07 1.5893e−03

3 2.7291e−05 5.1136e−04 6.0824e−08 6.3829e−05 8.6845e−10 6.0938e−05

4 3.7419e−09 1.9706e−07 3.8492e−13 1.0884e−06 6.8826e−14 1.0457e−06

5 9.1927e−12 1.7140e−08 8.5619e−14 1.2832e−08 1.9577e−13 1.1718e−08

6 4.4075e−15 1.2488e−11 1.2882e−13 1.2736e−10 1.2404e−12 1.0704e−10

7 2.9477e−14 3.6223e−14 3.0194e−13 5.1265e−13 8.5984e−13 4.5778e−13

8 1.0372e−13 7.6169e−14 4.6899e−13 1.5753e−13 8.5753e−13 9.5340e−13

Tria 1 8.2437e−03 3.3135e−02 1.3165e−03 3.3135e−02 3.2902e−04 3.3135e−02

2 1.5669e−06 2.3285e−04 5.2817e−08 1.8368e−04 3.3775e−09 1.7914e−04

3 5.0853e−08 2.1675e−07 1.0534e−10 3.1105e−06 1.8894e−12 2.4701e−06

4 5.4010e−11 1.5845e−09 8.6515e−14 4.7236e−09 2.2625e−13 4.2769e−09

5 1.1938e−13 3.5012e−12 1.5574e−13 3.2109e−11 7.6318e−13 1.5237e−11

6 1.8481e−14 2.6318e−14 2.4079e−13 3.2615e−13 1.2960e−12 1.3384e−12

7 1.0408e−13 7.4694e−14 5.2719e−13 7.0126e−13 4.8367e−13 5.6891e−13

8 1.0693e−13 1.5421e−13 9.3388e−13 5.4632e−13 1.1880e−12 6.9274e−13

F I G U R E 11 Computed dispersion errors as a function of 𝛿 with k= 2 for all grid configurations. The threshold value 10−6 is also
reported with a black dotted line
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F I G U R E 12 Computed dispersion errors versus 𝛿 with k= 3 for all grid configurations. The threshold value 10−6 is also reported with a
black dotted line

F I G U R E 13 Computed dispersion errors versus 𝛿 with k= 4 for all grid configurations. The threshold value 10−6 is also reported with a
black dotted line

Im(𝜔h) = 0, whereas it is dissipative if Im(𝜔h) < 0. In our case, since the mass and the stiffness matrices appearing in
(119) are symmetric and positive definite, the computed eigenvalues are all real. This leads to nondissipative schemes.

5.2.2 Numerical dispersion and dissipation analysis: Space–time discretization

We present first some numerical tests for assessing a quantitative estimate of the parameter qCFL. In the following, we
consider cP =

√
2, r = 2, 𝜃 ∈ (0, 2𝜋) and 𝛿 = 0.2. Analogous conclusions can be drawn for r = 5 and r = 10.
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(A) Quadrilateral grid (B) Triangular grid

(C) C1 grid (D) C2 grid

(E) C3 grid (F) C4 grid

F I G U R E 14 Anisotropy ratios cS, h/cS (left) and cP, h/cP (right) as a function of the incidence angles 𝜃 for k= 4 and 𝛿 = 0.5 for all grid
configurations. For visualization purposes dispersion errors are magnified by factors 𝜎S = 200 and 𝜎P = 104

F I G U R E 15 Stability parameter qCFL as a function of the
polynomial degree k for all grid configurations
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(A) Triangular mesh

(B) C3 mesh

F I G U R E 16 Computed dispersion errors |eS| (left) and |eP| (right) as a function of 𝛿 using triangular (A) and composite C3 (B) grids,
with k= 4. The continuous red lines refer to the semidiscrete approximation, while the others to the fully discrete approximation with
qrel = 0.2, 0.25, 0.5, 1

Figure 15 shows that the decay rate of qCFL is approximately proportional to k−3/2 for all the mesh element configura-
tions. This result appears to be slightly better than the one obtained in previous works.5,7,65,68,71 In addition, for a given
polynomial degree, quadrilateral and C1 grid elements are subjected to a slightly more restrictive stability condition, that
is, lower values of qCFL are obtained.

Next, we present the results of the dispersion and dissipation analysis for the fully discrete approximation by varying
the parameters k, 𝛿 and the stability parameter q. For the sake of conciseness, we will show only the results related to
the triangular and the composite C3 grids. Similar results have been obtained with the quadrilateral or composite C1, C2,
and C4 meshes. First, we address the behavior of the dispersion error by varying the sampling ratio 𝛿 with fix values of
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F I G U R E 17 Computed dispersion errors |eS| (left) and |eP| (right) as a function of 𝛿, fixing k= 4 and qrel = 0.2

k= 4 and 𝜃 = 𝜋∕4. The relative stability parameter qrel = q/qCFL is in the range (0.2, 1), and qCFL is computed in agreement
with (121). In practice, we first compute qCFL (see (121)) for any specific values 𝛿, cf. also Figure 15; then, we choose
q∈ (0, qCFL) and finally we sample the values of the dispersion errors eS and eP as a function of q. As Δt (and then qrel)
goes to 0, the fully discrete curves tend to the semidiscrete ones, see Figure 16. In Figure 17, we compare the results
obtained with all mesh element configurations for qrel = 0.2. On all the considered grids, the VEM reaches the same level
of accuracy, and, in particular 𝛿 ≤ 0.2, that is, five points per wavelength, are sufficient to obtain dispersion errors lower
than 10−6.

Next, by letting varying the polynomial degree k for 𝛿 = 0.2 and 𝜃 = 𝜋∕4 we analyze the dispersion error. In Figure 18,
we observe the exponential convergence that was noted in the semidiscrete case, cf. Figure 9, qrel goes to zero. Indeed, for
sufficiently small values of q, the following asymptotic relation holds.71

𝜔h ≈
√
Λ + (Δt2).

Thus 𝜔h decays as in the semidiscrete case until the term Δt2 becomes dominant. In Figure 19, we compare the
behavior of the fully discrete scheme obtained on all the considered grids for qrel = 0.2. We notice that for all the grid con-
figurations the same level of accuracy is achieved with a polynomial degree k≥ 4, with a better performance of triangular
and quadrilateral grids.

Regarding the dissipation error of the space–time discretized scheme, the considerations made for the space dis-
cretized case remain valid.

6 CONCLUSIONS

In this work, we extended the conforming virtual element method for the numerical simulation of two-dimensional
time-dependent elastodynamics problems. The formulation of the VEM is investigated both theoretically and numer-
ically. From the theoretical side, we proved the stability and the convergence of the semidiscrete approximation in
the energy norm and obtain optimal rate of convergence. We also derive L2 error estimates with optimal conver-
gence rate for both the h- and p-refinement. From the numerical side, we assessed the accuracy of the conforming
VEM on a set of different computational meshes, including nonconvex cells. Optimal convergence rates in the energy
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(A) Triangular mesh

(B) C3 mesh

F I G U R E 18 Computed dispersion errors |eS| (left) and |eP| (right) as a function of k using triangular (A) and composite C3 (B) grids,
with a fixed sampling ratio 𝛿 = 0.2. The red lines refer to the semidiscrete approximation, while the others to the fully discrete approximation
with qrel = 0.2, 0.25, 0.5, 1

norm and L2 norm in the h-refinement are numerically validated, and exponential convergence is experimentally
observed in both norms in the p-refinement setting. Moreover, a thorough comparison with standard VEM schemes
on simplicial/quadrilateral grids is presented in term of a dispersion-dissipation and stability analysis, showing that
polygonal meshes behave as classical simplicial/quadrilateral grids in terms of dispersion-dissipation and stability
properties.
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F I G U R E 19 Computed dispersion errors |eS| (left) and |eP| (right) as a function of k, for 𝛿 = 0.2 and qrel = 0.2
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