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Abstract

In this paper we investigate the multivariate orthogonal polynomials based
on the theory of interacting Fock spaces. Our framework is on the same stream
line of the recent paper by Accardi, Barhoumi, and Dhahri [1]. The (classical)
coordinate variables are decomposed into non-commuting (quantum) operators
called creation, annihilation, and preservation operators, in the interacting Fock
spaces. Getting the commutation relations, which follow from the commuting
property of the coordinate variables between themselves, we can develop the
reconstruction theory of the measure, namely the Favard’s theorem. We then
further develop some related problems including the marginal distributions and
the rank theory of the Jacobi operators. We will see that the deficiency rank of
the Jacobi operator implies that the underlying measure is supported on some

algebraic surface and vice versa. We will provide with some examples.
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1 Introduction

The aim of this paper is to develop the study of multivariate orthogonal polynomials

within the formalism of interacting Fock spaces.
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The univariate case has been studied in terms of one-mode interacting Fock spaces,
where the Jacobi’s three-term recurrence relation is transformed into annihilation,
creation and preservation operators through the quantum decomposition of the mul-
tiplication operator by z. This aspect traces back to Accardi and Bozejko [2], and is

now well understood with many applications, see e.g., [8] and references cited therein.

On the other hand, multivariate case has been also formulated within multi-mode
interacting Fock spaces, where the coordinate variables are decomposed into a sum
of creation, annihilation, and preservation operators in the interacting Fock space of
the gradations of polynomials. In that case the Jacobi coefficients appearing in the
three-term recurrence relation should be replaced with a pair of sequences of positive
definite matrices and Hermitian ones [1, 3, 4]. Following the formulation established
therein, we study multivariate version of Favard’s theorem, and discuss the relation
between the support of the probability measure and the Jacobi coefficients, where we

use a newly introduced concept of deficiency rank.

Given a probability measure on R? with finite moments of all orders, we perform
the Gram-Schmidt orthogonalization process and obtain the gradation spaces (spaces
of polynomials of degree n for each n > 0 in the orthogonalization process). As
is the case of univariate system, the coordinate variables x,y,... are decomposed
into the three (non-commuting) operators between gradation spaces, which are called
creation, annihilation, and preservation (or conservation) operators (called CAPs,
hereafter). The commutativity of the (classical) variables themselves require some
commutation relations for the CAPs. In view of this structure, we next consider
the converse problem, namely the Favard’s theory. Starting with an interacting Fock
space provided with CAP operators which satisfy suitable conditions, we reconstruct
a probability measure. For this we will use the spectral theory of mutually commuting
operators after Xu [19, 20]. We will see that the commutation relations are so strong
that already for the simplest case of product measures, they must obey some rules to
properly construct the measure. Moreover, we introduce a sequence {p, = rankQ,}
of the ranks of the Jacobi operators (matrices) and investigate the relation to the
support of the measures. It would be interesting question to characterize probability

measures in terms of the rank sequence {py,}.

There are tremendous works on multivariate orthogonal polynomials from various
aspects, see [7, 10, 11, 12, 17, 19, 20, 21, 22, 23] and references cited therein. Our
approach has an algebraic feature that enables us to use commutation relations of
CAP operators and to discuss the supports of probability measures.

The organization of the paper is as follows. In Section 2, we shortly recall the

univariate theory of orthogonal polynomials. In Section 3, we develop the interacting
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Fock spaces for the multivariate orthogonal polynomials by using CAPs. Section 4
deals with the reconstruction theory, which is a multivariate version of Favard’s the-
orem. In Section 5, we introduce the form generators for the gradation spaces in the
interacting Fock space. Section 6 is devoted to some examples. In Section 7 we deal
with the marginals. In Section 8, we introduce the concept of deficiency rank of Jacobi

operators and discuss the support of the measure.

2 Preliminary

In this section we briefly review the theory of univariate orthogonal polynomials. In
this paper, by a measure on R? we mean a Borel measure without specifying the
Borel o-field anymore. Let p be a probability measure on R such that the moments
of all orders exist. Let {p,(x)} be the monic orthogonal polynomials of u obtained by
Gram-Schmidt orthogonalization of {1,x, 2, ---}. Then there exist Jacobi sequences

{wn }n>1 and {ay, }n>1 such that the three-term recurrence relation holds:

po(z) = 1,
D1 (SU) = T — 0,
xpn(z) = ppy1(x) + angion(z) + wppn—1(z), n>1. (2.1)

Here we notice that w, > 0 for all n > 1 or there exists mg > 1 such that w,, = 0 for
all n > mg and w,, > 0 for all n < mp, and oy, € R, n > 1 [8].

The Favard theorem says the converse: if there are Jacobi sequences {wy, },>1 and
{an}n>1, then there is a probability measure on R for which the polynomials {py(z)},
constructed via the three-term recurrence relation (2.1), are orthogonal.

Orthogonal polynomials can also be understood by using an interacting Fock space
and CAP operators [2]. Let H be the direct sum Hilbert space:

H = EB?C;OZ()(C@”

For n > 0, let ®,, := e?”, where e; := 1 € C. Given a Jacobi sequence ({wp}, {an}),
define linear operators AT, A=, and A% on H by

AT, = Jop1®ni1, n >0, (2.2)
A%, = a1 ®,, n>0, (2.3)
A_(I)n = \/wnq)n,l, n 2 1, A_(I)O =0. (24)

The Jacobi coefficients, orthogonal polynomials, the interacting Fock space and the

CAP operators have the following relations [8]:
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Theorem 2.1 Let ({wy},{an}) be the Jacobi coefficients for a probability measure p
on R having finite moments of any order and let {p,(x)} be the corresponding monic
orthogonal polynomials, and let K be the closure of the polynomial space in L*(R, ).
Let H be the interacting Fock space with CAP operators in (2.2)-(2.4). Then the map

U:”HBCI)nb—)(wn-"wl)_l/QpnelC, n=12--,

and defined by linear extension, is a unitary operator. It holds also that the multipli-

cation operator by x defined on the polynomial space has a representation:
r=U(AT + A° + AT U™,

which we call a quantum decomposition. Furthermore, the following relation for the

moments holds:

/ l’md'u(l») = <(I)Oa (A+ + AO + A_)mq>0>'H> m=0,1,2,---. (25)

Remark 2.2 The space K is a proper subspace of L*(R, ) unless the polynomial
space is dense in L?(R, ). A sufficient condition for the equality X = L?(R, p) is that

w is the solution to a determinate moment problem [8].

In this paper we extend the theory to the multivariate functions.

3 Interacting Fock spaces

In this section, given a probability measure on R¢ with finite moments of any order,
we introduce an interacting Fock space and CAP operators. Then we represent the
moments via vacuum expectation, which is definitely an extension of one-dimensional
theory. All the basic ideas are already given in the reference [1], but here we deal with
in a canonical setting and this will make the argument more clear.

Throughout this section, we fix a probability measure p on R? such that the
moments of u of any order are finite. For a basic setting we follow [1]: we define
“gradation”spaces. Let P, be the space of all polynomials of degree n. Here we
emphasize that the spaces Py, n > 0, are understood as pre-Hilbert spaces equipped
with a pre-scalar product (-, -),, the L?-inner product. Thus any two polynomials f
and g are equivalent, or regarded as the same vector if [|f — g|?du =0, ie., f =g
p-a.e. Having this equivalence relation in mind we may think of P,’s as Hilbertian
subspaces of L*(R?, ).

We call P, := P, © Pp_q}, n=0,1,2,---, the nth gradation space (P_;; := {0}).

In other words, P, consists of polynomials of degree n subtracted by their orthogonal
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projections onto P,,_1;. We therefore get the following direct sum structure:
Pp) = ©r—oPr, n=0,1,2,---.

From now on, the projection operators onto the spaces P,’s will be denoted by P,’s
and similarly by P,’s for the projection operators onto P,;’s. We let P the space of
all polynomials. Notice that P C K := ®;2,P,. Below the constant unit function
1 € P is explicitly exposed whenever some operation is done on it.

For each i« = 1,--- ,d, we understand the variable x; also as a multiplication
operator by x; defined on P. We notice here that when we consider x; as an operator
on L?(R%, ), it is an unbounded operator unless  is compact supported. In that case
we take P as a common domain of x;’s for i =1, - - , d, which is dense in = @22 Py,
We remark that K may not be equal to L?(R?, ).

It is easy to check and has been shown in [1, Theorem 4.2] that

xiPp = Poy12i P + Poxi Py + Pz Py (31)

We can thus define creation, preservation, and annihilation operators on P, denoted

by af, a?, a;,i=1,---,d, in that order, as follows.
aﬂpn = Pap1xiPy, (3.2)
a?‘pn = PPy, (3.3)
a’i_‘pn = Ppoawi Py, ai_‘Po = 0. (3.4)

Therefore we have the following relation, called quantum decomposition.
xi:a;r+a?+ai_, i1=1,---,d, on P. (3.5)

As was shown in [1], we notice that {a; : i = 1,--- ,d} is a set of mutually commuting
operators. Moreover, (a;r)*’P = a;, and a is a symmetric operator for each i =
1, ,d.

Now we transfer the story into the canonical interacting Fock space over C%. For

each n =0,1,2,---, we define the set of multi-indices:

T =7 = {n:=(ny,-- ,ng)ini > 0,i=1,--- ,d, |n| :==ny + - +ng =n}.
(3.6)
Let Ho := C and for each n > 1 let H,, be the symmetric tensor product (Cd)®”
equipped with a pre-scalar product (-, -),, defined as follows: forn = (ny,--- ,ng), m =

(mla" . ’md) GI(n),

(B Do, o™ B+ Bef ) = ((af )"+ (a4, (af )™ () )

(3.7)
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We identify Hy = (CCDO, where @ is any fixed unit vector (a symbol), called vacuum
vector. Notice that {e1 "ne .. ®e®”d :n = (ng,---,ng) € ZM} is an (not normal-
ized) orthogonal basis for ((Cd)®” with the canonical inner product, but it is not an
orthogonal system for H, in general. For each n > 0, we define a linear operator
U, :Hn — Pn by

Un (™8 - 857 := (af )™ -+ (af)™1, (3.8)

and by a linear extension. We easily check that U, is a unitary isomorphism. We

define an interacting Fock space:
H = EoloHn. (3.9)

By defining U := @©;2,Uy, the operator U : H — K becomes again a unitary isomor-
phism. We transfer the CAP operators into H by

Al =U"afU, A):=U*a)U, A =U* U, i=1,---,d (3.10)

Since the domain of CAP operators {a;",al,a; : i = 1,---,d} as well as z;, i =

,d, is P, the domain for the CAP operators {4, AY A7 1 i = 1,---,d} is

D := U~ 'P. Notice that any element >0 o &n € D with &, € H,, has at most finitely
many non-zero terms &,.

By definition the creation operator Aj has always a canonical form in the sense

that for n = (ny,--- ,ng) € (M,

Aty (e MG . Betr) = PG .. ®e®(’““)<§> o Belm, (3.11)
The set of CAP operators {A], A, A; : 1,---,d} inherits the properties
from the set of CAP operators {a ,al, a; 11 = 1, -+, d}. In particular we see that
{AF i =1,---,d} is a set of mutually commuting operators, (Aj)*‘p = A, and

A? is a symmetric operator for each ¢ = 1,--- ,d. Let us define
X, =A+ A+ 47, i=1,---,d, onD. (3.12)

Then

X; =U*zU, i=1,---.d, onD. (3.13)

From the commutativity of {z; : i =1,--- ,d}, we see that {X;:7=1,--- ,d} is a set

of commuting operators. Moreover, the following commutation relations hold on the
domain D (see [1]): for all j,k=1,--- ,d,

(AT A1 = 0, (3.14)

[AT, AQ] + [A}, Af] = o, (3.15)

(AT AT+ A A+ A7, A = 0. (3.16)
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Taking adjoint, the relation (3.15) is equivalent to [A}, A;] + [A], AV = 0.
Now we have an interacting Fock space H, the creation, annihilation, and preserva-
tion operators. It is then possible to compute the mixed moments of u by the vacuum

expectation.
Proposition 3.1 For anyn = (ny,--- ,nq) € (™, we have
/Rd it alddp = (Po, X7 X1 D0)o
= (Do, (A7 + AT+ AD)™ - (A7 + Ag + A7) ®o)o.(3.17)

Proof. We notice that

/Rd ot altdp = (L2t al ),

The result now follows from the relation (3.13) and the fact that U : H — K is a

unitary isomorphism. [

Remark 3.2 The relation (3.17) is an extension of the univariate formula (2.5). By

expansion, the r.h.s. of (3.17) is a linear combination of the terms:
<(I>0,Ail’1 ...Ail’”l ...AZ‘U . ..A;d’"d(l)0>07 cik € {+,0,—}.
It is clear that each term with €11 +---+ €1, + -+ €q1 + - + €qpn, # 0 is zero.

An example will be discussed in subsection 6.3.

4 Reconstruction theorem

In this section, we discuss the converse problem. That is, given an interacting Fock
space over C? equipped with CAP operators we discuss how we can construct a
probability measure on R¢ so that its interacting Fock space structure is the given
one. From the discussion of the previous section, it is clear what kind of ingredients

we must have at hand a priori. Suppose that we are given an interacting Fock space
H = @%O:()Hn, (4.1)

where H,, is the vector space ((Cd)@)" equipped with a pre-scalar product (-,-),. For
n > 0, let P, be the orthogonal projection onto nth component space, --- @® {0} ®
Hn @ {0} & +---. We set P, := >;_o P, The creation operators A : H — H,
i =1,---,d, with a dense domain D consisting of vectors with only finitely many

non-zero components, are defined as in (3.11). We also define the operators A, , i =
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1,---,d, on the domain D in such a way that A, ‘Hn+1 : Hpa1 — Hy is the adjoint of
AﬂHn Hyp — Hnt1- They are called the annihilation operators. By convention we let
A; &g := 0. Suppose that for i = 1,--- ,d, we are also given preservation operators
?‘Hn : Hy — Hy,. They may be all
zero operators. On the dense subspace D let us define the following operators

A? : H — H, which are symmetric operators and A

X =A + A2+ 47, i=1,--,d (4.2)

We notice that X;’s are symmetric operators on D.

We will use the spectral theory for commuting self-adjoint operators. The following
is sketched in [19, 20]. Recall that the self-adjoint operators 11, -+ , Ty on a separable
Hilbert space with spectral measures Fy, - - - , Ey, respectively, are said to be mutually

commuting if their spectral measures commute, i.e.,
Ei(B)E;(C) = E;(C)E(B), i,j=1,--,d, (4.3)
for any Borel sets B and C of R. If Ty, --- ,T; commute, then
E=FE®- --QFg (4.4)
is a spectral measure on R?, i.e., E is a projection valued measure such that

E(Bl X oo X Bd) = El(Bl) : '-Ed(Bd)

for any Borel sets By, -+, Bg C R. We call E the spectral measure of the commuting
operators 11, --- ,Ty.

When T1,---,T; are bounded, the condition (4.3) is equivalent to T;T; = T;T;,
1,7 =1,---,d. However, if T1,--- ,T; are unbounded it is not the case in general, as

the famous example by Nelson shows [15]. The following is a general spectral theorem
which we will use, and it is summarized in [19]. Below, a vector @y is called a cyclic
vector with respect to a commuting family of self-adjoint operators 17, -+ ,T; on ‘H
meaning that the space consisting of the vectors P(Ty, -+ ,T,,)® is dense in H, where

P runs over the polynomials.

Theorem 4.1 Let H be a separable Hilbert space and T4, - - - , Ty be commuting family

of self-adjoint operators on H. If g is a cyclic vector in H with respect to T, -+ , 1y,
then Ty, --- Ty are unitarily equivalent to the multiplication operators My, --- , My,
respectively,

(Mif)(x) =i f(x), 1<i<d, (4.5)

defined on L*(R%, 1), where the measure u is defined by pu(B) = (®g, E(B)®g). In
particular if {Ti}f:l are bounded operators then u is supported on a compact set S C

S1 X -+ x Sq where for everyi=1,--- ,d, S; is the spectrum of T;.
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In order to construct a probability measure starting from an interacting Fock space
equipped with CAP operators, we will utilize the above theorem. Our main theorem

in this section reads as follows.

Theorem 4.2 Suppose that there is a symmetric interacting Fock space over C%
equipped with creation, annihilation, and preservation operators described in the begin-
ing of this section. Suppose that the operators A;r, A% and A7 i=1,---.d, satisfy

the following conditions:
(i) I Af |5y, En)llnsr = 0 and || AD[;, (&n)lln = 0 whenever [|&ln = 0;
(i) The commutation relations in (3.14)-(3.16) hold on D;

(i1i) The symmetric operators {X;:i=1,--- ,d} defined in (4.2) are essentially self-

adjoint. Moreover, the closures {X; :i=1,---,d} are mutually commuting.

Then there is a probability measure 1 on R® such that its interacting Fock space

constructed by the method in section 3 is the same as the one that we started with.

Remark 4.3 If the operators {X; : i = 1,---,d} are bounded, then the condition
(iii) is automatically satisfied by Lemma 4.4 below and the fact that commuting in
spectral measures is equivalent to commuting in operator themselves for bounded
operators. In the case when they are not bounded a sufficient condition for (iii) will

be given in Proposition 4.8.

For the proof of the theorem, we need the following observations.

Lemma 4.4 The operators X;, 1 =1,--- ,d, are mutually commuting on D:
(X, Xkl =0, j,k=1,---,d

Proof. It follows directly from the commutation relations (3.14)-(3.16). O

Lemma 4.5 Under the conditions (i) and (ii) of Theorem 4.2, ®qy is a cyclic vec-
tor w.r.t. {Xi,---,Xq} on the symmetric interacting Fock space H = @72 oHy. In

particular for any n = (ny, -+ ,ng) € I we have the equality
(AD)™ - (AD)M®y = P(Xy, -+, Xq)Po, (4.6)

where P(x1,- -+ ,2q) is a polynomial of degree n.
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Proof. Since any element of D is a linear combination of the vectors (A])™ - - - (A )" ®,
it is enough to prove the relation (4.6). For the proof we use an inductive argument.
For any i = 1,--- ,d, we see from (4.2) and the fact A; ®o = 0 that

Afdy = (X; - AD) D
= (XZ'—CL?)(I)(),

0

where a? € R is the matrix component of the one-dimensional linear operator A; ‘Ho'

Suppose now that for any k = (k1,--- ,kq) € Z®) for k < n, the claim holds:
(AP - (A])k®g = R(X1, -+, Xa)®o,

for some polynomial R of degree k. Now let n = (n1,--- ,nq) € Z(™) . Then for any
1=1,---,d,

AT ((AD)™ - (A7)") @ = (X; — AY — A7) ((A7)™ -+ (A7)") Do

For the second term in the r.h.s., A? ((Af)™ ---(A])") ®g, by definition of the
operator AY, it is a linear combination of the vectors (Af)™ .- (A;)™i®y, m =
(m1,- -+ ,mg) € Z™. Similarly by definition of A;, the third term A; ((A])™ -+ (A])"4) &
is a linear combination of the vectors (A7) - (A7)a®g, 1= (I, ,1g) € 7= By
the induction hypothesis, the sum of those two terms is of the form Q(Xy, -+, X4)®o
for some polynomial of degree n. The first term is obviously of the form X; P(X7, -, X4)®o,
where we assumed (Af)™ .-+ (AT)"®y = P(Xq,- -, X4)®o for some polynomial P
of degree n, which is also guaranteed by the induction hypothesis. The proof is now

completed. [J

We are ready to prove Theorem 4.2.

Proof of Theorem 4.2. By abuse of the notations let us denote the closures of {X;}4_,
by the same symbols. Therefore X;’s are mutually commuting self-adjoint operators.
By Lemma 4.5, we see that ®¢ is a cyclic vector in ‘H with respecto to the commuting
family of self-adjoint operators {X;}¢ ;. Thus by Theorem 4.1, each X; is unitarily
equivalent to a multiplication operator on L? (Rd, w) for a probability measure p on

R?. In particular, we have
(@0, P(X1,++ Xa)B0) = [ Plor,-+ a)du(x) (47)

for any polynomial P(x1,---,24). We notice that by Proposition 3.1 the interacting
Fock space structure defined by this measure p is unitarily equivalent to the one that

we started with. The reconstruction has been established. O
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We emphasize here that for a practical application of Theorem 4.2, it is in general
hard to show the essential self-adjointness of the operators {Xi}?:1 unless we have
some sufficient conditions for it. This is also observed in some other literature (see
[19], for example). Below we give some sufficient conditions. A criterion for essential
self-adjointness of semibounded operators developed by Jorgensen will be very much

useful.

Theorem 4.6 ([9, Theorem 1]) Let L be a semibounded and densely defined operator
on a Hilbert space H. Assume that there is an increasing sequence { P,} of self-adjoint

projections in H whose supremum coincides with the identity operator such that
(i) Ran (P,) is contained in Dom (L) for all n;

(ii) There is a positive integer k such that the range of LP, is contained in that of

Poik for all n;

(i17) ||(I — P,)LP,|| < ay, for some sequence {a,} of positive numbers satisfying

[eS)
-1/2 _

E a, '° = oo.

n=1

Then, the restriction of L to Uy,Ran (P,) is essentially self-adjont.

We also need the following lemma which is due to Nelson [13] (cf. [19]).

Lemma 4.7 Let T and S be symmetric operators on a Hilbert space H and let D be
a dense subspace of H such that D is contained in the domain of T2, S?, TS, and
ST, and TSy = ST for all ¢ € D. If the restriction of S + T? to D is essentially
self-adjoint then T and S are essentially self-adjoint and T and S commute, where T

stands for the closure of T.

Proposition 4.8 Suppose that there is a sequence {a,} of positive numbers satisfying

Zzozo aﬁl/z = 0o and such that
(T = ) X7 Pyll < an, i=1,---,d. (4.8)

Then {X; : i = 1,---,d} are essentially self-adjoint and the closures {X; : i =

1,---,d} are mutually commuting.

For a proof, we need the following.

Lemma 4.9 Under the hypothesis of Proposition 4.8 the operators Xi2 and their sums
{Xi2 + XJZ}, 1,7 =1,---,d, are essentially self-adjoint on the domain D.
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Proof. For each i = 1,--- ,d, since X; is symmetric X? is positive definite on D. Thus
it is bounded from below. Notice that U,>oRan(F,) = D and RanXZ?Pn] C RanP, .
The result now follows from Theorem 4.6. The same argument applies also to the sums
X2+ X2 0O

Proof of Proposition 4.8. The proof follows from Lemma 4.7 and Lemma 4.9. [

The following should be practically useful.

Proposition 4.10 For each n > 0 and i = 1,--- ,d, define a,; := ||Aﬂ7_[ I and
b = HA?‘?—[ ||. Suppose that

o

1
> =00, 1<i<d.
= ni + o+ ang1i + bnga

Then, the inequality (4.8) holds with a, = (an; + bpi + ant14 + bn+1,i)2, and hence

the conclusion of Proposition 4.8 holds.
Proof. From the decomposition X; = A + AY + A we have

= (I =P ((AN)? + AT A} + AVAT) Py,
where we have used the property of the CAP operators and the gradation of the

projections. For example, Ran(AgAan]) belongs to P, and it is orthogonal to [ — F,;.

By the assumption, we see that

(I — Pn])Xy?Pn] | < @nitniti+ anibni + anibpi1i < (@ni + b+ ans1i + bps1i)?

The proof is completed. [

Remark 4.11 We notice that the condition in Proposition 4.10 is similar but slightly

stronger than the one given in [19, Theorem 2].

4.1 Example: univariate Favard’s theory and product measures

In this subsection we discuss one-dimensional theory and product measures.
Univariate Favard’s theorem. First we consider the one-mode interacting Fock
space. Let ({wn},{an}) be a Jacobi sequence as in section 2. Let Hp := C1 and for
n>1,let Hy, = cén equipped with the inner product defined by

(¥ e®™), = H Wi (4.9)
k=1
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and by linear extension. We define A+, A% and A~ as follows:

At e B ey

‘H e®" 5 o +1e® € Hy,
n

7‘7—[” ®"n—>w eBn— DeH, 1, n>1,
7‘?{0 ::0,

and by linear extension. It is promptly checked that A~ = (AT)* and the properties
(i) and (ii) in the statement of Theorem 4.2 are satisfied. Thus if the operator norms
of A*],, and AO'Hn are moderate to satisfy the condition (4.8), which amounts to
saying that the Jacobi sequences do not increase too fast, then by Theorem 4.2 there
is a probability measure p on R such that the sequences {w, } and {«,,} are the Jacobi

sequences corresponding to the measure pu.

Product measures. Let p; and pe be two probability measures on R with Jacobi
sequences ({wp}, {an}) and ({n,},{Bn}), respectively. Let H,, be the vector space
(C2)®" equipped with an inner product defined as follows: for n = (ny,n2), m =

(my,mg) € Ién),

< ®n1 ®e®n2 m1®e®m2>n — 5n1,m1 no,ma H Wk Hm, (4.10)
k=1 =1

and by linear extension. Define the creation, preservation, and annihilation operators

as follows: for n = (n1,ng) € IQ(n),

. o
Aﬂyn Lep™ ®e§®n2 = e1 B(m )® Bnz ¢ Hnt1,

+ ) @ Sa® B(na+1)

. ®711 ®na ®nq ®na
1|Hn : ®ey = 1€ ®e € Hnp,

Agl?—[” ‘e o ®e§®n2 = 5n2+161 " ®e§®”2 € Hn,

AT |y, L ePMBed s, 2 VG € A,y n > 1,
A2_"Hn : e?nl ®e®n2 = nme?m@e;@(m—l) eEHpn1, n>1,
Al_"Ho =0, ‘7—[ =0,

and by linear extension. It is easy to check that A; = (Aj)*, 1 = 1,2, and the
properties (i) and (ii) of Theorem 4.2 are satisfied. Thus by Theorem 4.2, if the Jacobi
sequences are moderate to satisfy (4.8) there is a probability measure y on R? whose
interacting Fock space structure reproduces the one given above. We can obviously
extend the argument to any d-dimensional product measures. We will consider other

example in subsection 6.3.
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5 CAP operators and the form generator

Recall that the pre-Hilbert space H,, in the interacting Fock space related to a prob-
ability measure on R? is the vector space (Cd)®" equipped with a pre-scalar product
(-, )n. As a reference, we also regard ((Cd)@” as a Hilbert space equipped with the
canonical inner product, which we denote by (-,-)o. We let H, o = ((Cd)@”7 (,)o)-
Since (-,-)n defines a positive definite quadratic form on H, o, there is a positive

definite operator 2, : H, 0 — Hp0 such that
<'7'>n = ('aQn')O- (5.1)

From the theory developed before we easily get a matrix representation of §2,, by using

the creation operators: for n = (ny,--- ,ng), m = (mq,--- ,my) € I,

(e?m@ . @ed Td Qne1 ™M .. ®e®md)o
= (¥ e, d™B - Bef ™),
= ((AN)" - (A7) o, (A])™ - (A]) ™ Do)y (5.2)

By this we see that given a probability measure on R? we get an interacting Fock
space H = @©o2yHn, a sequence of positive definite operators Q,, : H, 0 — Hp 0, and
sequences of Hermitian operators By, : Hn — Hyp, @ = 1,--+ ,d, which are in fact
defined by By, := A?‘ e It is worth mentioning that the creation and annihilation
operators play a role in the definition of €2, implicitly and moreover, the operators
satisfy the conditions (i), (ii), and (iii) in the statement of Theorem 4.2.

Next let us consider the converse problem. So, suppose that there is a sequence of
positive definite operators €, : H,, 0 — Hn,0, and for each i = 1,--- ,d, suppose that
there is a sequence of Hermitian operators By : Hno = Hno- Our purpose is to see
under what conditions one can construct a probability measure on R%. We proceed in

the following steps.

(i) Interacting Fock space. We can define an interacting Fock space as follows. De-
fine a pre-scalar product (-, ), := (-, Q)0 and let H,, := ((Cd)®”, (-,")n). The
interacting Fock space is denoted by H := ©;2 Hn.

(ii) Creation and annihilation operators. As usual we define A;“ T H = H, 1=
,d, by

ni+1) =

AﬂH :e?"1<§>-~®e ”d'—>e Mg Re; & ®- ®e®”d,

and by a linear extension. We let A;” be the adjoint of A;-|r fori=1,---,d, by
defining A;‘H = (AHH _1> and A;‘Ho = 0.
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(iii) Preservation operators. We let AY := OnloBipn, i =1, ,d.

We are now ready to state another reconstruction theorem:.

Theorem 5.1 Given a probability measure on R?, there is a sequence of positive
definite operators {Q,} satisfying (5.1)-(5.2), and for each i = 1,--- ,d, there is a
sequence of Hermitian operators By, @ Hn — Hp. On the other hand, suppose that
we are given a sequence of positive definite operators €, : Hpo — Hno, and for
each © = 1,---,d, a sequence of Hermitian operators By, : Hno — Hno so that
we could construct an interacting Fock space, creation, annihilation, and preservation
operators via the process (i)-(iii) described above. Suppose that the system of operators
{AF, A% A7 :i=1,--- ,d} satisfy the conditions (i), (ii), and (i) in the statement

of Theorem 4.2. Then there is a probability measure p on R* such that the operators

{Q.} and {B;,} are reconstructed from the measure fu.

Proof. By taking By, := A?{H , the forward direction was already observed above.

The converse follows from Theorem 4.2. O

Example 5.2 In this example let us consider the simplest example for two dimen-
sional space, namely we consider the case where (2;,’s are diagonal and B;,, = 0 for
alln >0 and i =1,2. For n = (ny,n2), m = (my,my) € Ién), let

(o™ Be5™, 2e ™ Be5™ )0 1= Gy iy Oomama i) (5.3)
where dl(cn)’s, k = 0,---,n, are positive diagonal components of €2,,. Recall by step

(i) mentioned in this section that the inner product (-,-), on (C2)®" is defined for

n = (ny,ng), m=(my,my) € I(n) by
< m1®e®m2 n1®e®n2> — ( m1®e®m2 Qnel n1®e®n2) 0, (5‘4)

and it defines the Hilbert space H,, := ((C2)®”, (-,)n). The creation operators A},

1 = 1,2, are canonically defined as
A7 (ef n1®e®"2) = e?("lﬂ)@eg’m, A5 (ef "1®e®”2) = "1®e2 Bnat1), (5.5)

Then it is easy to check that the annihilation operators, A; , ¢ = 1,2, which are the

7 ?

adjoints of AZTF, 1 = 1,2, respectively, are defined as

A7 (e ”1®e®”2) = (ml)e@)(n1 1)®e®"2, n=(ny,ng) € Ién), ny > 1, (5.6)
d\"-
ni1—1
A7 (ed™) = 0, (5.7)
i) B(na—1) (n)
Ay (efmBef™) = d<nl> e Ge; "N = (n1,n2) € T, ny > 1, (5.8)

A7 (8 = 0. (5.9)
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Now the commutation relations (3.14) and (3.15) are trivially satisfied. In order that
the commutation relation (3.16) is satisfied, from (5.5) to (5.9), the matrix components
d,gn) should satisfy

n n+1 n n
d( : dgll +1) d£11+1) d7(11)

ni
- ; = ;o nz2l 1<n<n-1L (5.10)
-1 1
IR R R G
Let us define
ni n—ni
dy) == Hwk H m, l<n<n-—1, (5.11)
k=1 =1

where {wy, }n>1 and {n,}n>1 are any sequences of positive numbers. Then one checks
easily that the conditions (5.10) are satisfied. We see that the measure p which is re-
constructed from {2, } is the product measure p1 @ p12 with Jacobi sequences {wy, }n>1

and {7y, }n>1, respectively. See subsection 4.1.

6 Examples

6.1 Uniform measure on the unit circle

Let u be a uniform measure on the unit circle C' of zy-plane. We start by finding a
system of orthonormal polynomials for p. For each n > 0, let u,(z,y) and v, (z,y) be

the real- and imaginary-parts of (x + iy)", respectively:
(@ +iy)" = un(z,y) + ivn (2, y).
Notice that u,(x,y) and v,(x,y) are polynomials of z and y of degree n. For n > 1,
we let pp(2,y) = vV2un(2,y) and ¢u(z,y) == V2v,(2,y).
Lemma 6.1 {1,p,,qn}5>, is an orthonormal system w.r.t. p.

Proof. By denoting z = x + iy, we have for m,n >0

1
/(a: +iy)" (x +iy) "dp = 7{ 2y
c

211
= Omn-
n __

On the other hand, since (z+1y)™ = up(x, y) +ivy(z,y) and (z+iy) ™" = (x —iy)" =

un(x,y) — ivy(z,y) on the circle, the above integral is equal to

/(umun + Uy )dp + i /(umvn — U Up, ) d L.
Thus we have

/(umun + vy )dp = S and /(umvn — Uy )dp = 0. (6.1)
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Similarly we have the relation
[+ i@+ iy dn = dnino

= /(umun — Uy Up )dpt + i /(umvn + Uy ) d .

Therefore,

/(umun — U Up )AL = gm0 and /(umvn + vy )dp = 0. (6.2)
The result now easily follows from (6.1) and (6.2). O

Recall the gradation spaces P, = P, © P,,_1}. Since we are working on two di-

mension, the (algebraic) dimension of P, is n + 1.

Lemma 6.2 For each n, the gradation P, has an (algebraic) basis {pn, qn, (x> +y? —
1)z*yP}, where a and § runs over a.+ = n — 2. Moreover, among them the vectors

(:1:2 + y2 — 1)x0‘y5 are zero-norm vectors.

Proof. All the polynomials in P, are of degree n. The vectors (2% + y? — 1)z%y?
are linearly independent and obviously of zero-norm vectors. Now by Lemma 6.1 the

result follows. [

Lemma 6.3 Forn > 1, the relations hold.

1 1
TUpy = §(Un+1 + un—1)7 Yun = 5(””"1‘1 - Un_l)
1
TUp = Q(UTL-{-I + Un—l)') YUn = 5(—Un+1 + un—l)'
Proof. From the decomposition (x + iy)"™ = u,, + v, we have the relations.

(Unt1 +ivpt1) = (T4 1Y) (uy + ivy)

Ty, — yvn) + i(xv, + yuy),

(Up—1 +ivn—1) = (z—1iy)(uy +ivy)

(
(
(
(Tun + yon) + i(Tvn — Yyun).

Equating the real- and imaginary-parts in the above relations, we easily get the results.
O

We are now in a position to compute the Jacobi operators. We denote the creation
operators by a} and a+ and similarly for the annihilation and preservation operators.

Notice that [a;,a,] = 0. We denote the constant function 1 by ®.
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Lemma 6.4 For the orthonormal polynomials p,, and q, in the gradation P, we have

the relation.

pa(z,y) = palal,a))®,
(r,y) = qnla

Proof. From the commutativity of a; and a;j we have the operator expansion:

(af + ia;)” = uy(a;, a;) +ivp(at, a;).

Then it is enough to show that
(z +iy)" = (af +ia))"®. (6.3)

In order to prove (6.3) we use induction. Since (a; +ia,)® = x + iy, we are done
with n = 1. Assume the relation (6.3) holds for n. Then by Lemma 6.3 we see that
(6.3) holds also for n +1. O

Let {e1, ez} be the canonical basis of C2. For each n > 0, let B™ := {bgn) Dio=
1,---,n + 1} be the canonical basis of (C2)®" consisting of e?il @e?h, i1+ iy =
n. Notice that the vectors of B(™ are orthogonal to each other, but they are not
normalized in general. Recall that we denote the inner product and the induced norm
of (C2)®” by (-,-)o and |- |, respectively. Let €, := [wg.l)]lgdgn be the matrix

representation of €, w.r.t. B". Then we have

(n) 1 (n) (n)
wyi© = ——————(b; ", Qnb; )0
’ by Jo[b{ o !
]- n n
(U™, U, by .. (6.4)

b |olb{™ g

Let us compute the matrices of 21 and 9, and €23. We have B = {e1,ea}. Notice
that Uje; = = = pi(z,9)/v2 and Ujez = y = q1(z,y)/v/2. By the formula (6.4) we

easily get
10
] . (6.5)

.
210 1

We see that the eigenvalue of ; is 1/2. To compute Qq, let
B2 = (b, by bP)} = {e15e1, e15e,, es8es),

in that order. We compute, for example, wg). We have |bg2)|(2) = 1/2. By Lemma 6.3

we have

1
Uzbg) = ﬁ%(% Y).
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Thus, by (6.4) we have wg) = 1/4. In this way we can compute all the components

of )9 and the result is

) 1 0 -1
QQ - g 0 2 0 . (66)
-1 0 1

The eigenvalues of Q9 are {1/4,0}. Next we let
= (b{”, by b b} = {e1Be1Ber, 01861 Bes, e1Beres, exBerEer},

in that order. We notice that \b |0 = ]b ]0 =1 and |b ]0 = |b |0 = 1/3. By

Lemma 6.3 we get

(3) 1 (3) 1
Usb;” = z,y), Usby’ = x,y),
301 4\/5273( y) 309 4\/§q3( y)
1 1
Usbl®) = -~ z,y), U b(3) = ———q3(x,y).
3P3 4\/§p3( y) 3 4\/§Q3< y)

Thus by (6.4) we get

T . (6.7)

0 -1 0 1

We can compute that the eigenvalues of {23 are {1/8,0}.
It turns out that the rank of €2, is 2. Thus, we don’t need to have such a big

matrix of size n + 1 for the representation of €2,,. Below we find a reduced form of §2,,.

Lemma 6.5 The isomorphism operator U, : (Cd)®” — Py, is given by
Un(e; “® ®e®“) = x’f . azzl‘i — Pn_l](xill . led), i1+ +ig=n.
Proof. We use induction. For n = 1,
Ul(ei) = aj@ = Pix; =x; — <1,$¢> =T; — PO} (.7}1)

Suppose the statement of the Lemma holds for n. Without loss it is enough to check

the relation for e?(“Jrl)(ge@’2 . ®e®zd i1+ - -+19 = n. By the induction assumption,

Unii(ef 085 - Bel)
= a;i(ail)“ - (af,)
= 0l Un(el"@ - Bef)
- P <$11+1 ozl — gy Py (- 'fUsz))
= a:i”Ll e xild —P }(:c’11+1 ‘-xff) — Poyi(z1P,y_q) (xlll : :1:2‘1))

_ i1+1 iq i1+1 iq
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where we have used PnH(acan_H(acil1 e :czld)) = 0 because 715,y (8- acfid) € Py

and Pp41 is orthogonal to Py;. U

Recall from Lemma 6.2 that the basis of P, consists of vectors p,, g., and r,’s,
where 7, is any function of the form (22 + y? — 1)2%y® with a + 8 = n — 2. We let
p§ (e1,€2), qf?(el, ez), and rg’ (e1, e2) be the unique elements of (C2)®" such that their
image under U, are p,(z,y), qn(z,y), and r,(x,y), respectively. By using Lemma 6.5
it is obvious to see how they look like. Indeed, it inherits the form only from the
the part of degree-n monomials. For example, for p3(z,y) = v2(x3 — 329?), since
Pg](\/i(;zc3 —3z9?%)) = 0, p?(el,eg) = V2(e;Re1®e; — 3e1Rex®es). For m,(z,y) =
(2% +y* =12y’ a4 = n—2, since ry (z,y) = (¢° +y°)2*y’ — Po_y) (2% +4?)2*y”),
we have r;gf(el, e) = (e1<§>e1 + @@eﬂ@e?a(@egﬁ. Notice that the part of degree-n

monomials of 7, (z,%) is (22 4+ 3?)2%y? and from this the form of rf?(el, e2) inherits.

Definition 6.6 We say that a linearly independent set C™ = {c1,--- ,ci}, 1 <k <
n + 1, is closed for €, if for any vector c; € C(”), Q,c; is a linear combination of the

vectors of C(.

Once one has any closed independent subset C(™ for Q,,, then it is enough to represent
(), in the basis of cm,

Proposition 6.7 For each n > 0, C™ := {pg(el,eg),qgj(el,eg)} s closed for Qy,

and Qn, the representation of Q, in the basis of C™), is given by

1
1 0
- [p% (e1,e2)|2 (6.8)
n — 0 1 . .

gy (e1,e2) 2

Proof. 1t is easy to see that pg(el,eg), qf?(el,eg), and rf?(el,eg)’s constitute the
orthogonal basis of (C2)®". By definition we see that

Un(p3 (e1,€2)) = pn(z,y),
and similar relations for ¢, and r,’s. For any r§ (e1,e2), we have
(P (€1, €2), Qnry) (€1, €2))0 = (Un(p}; (€1, €2)), Un(r (€1, €2)))u = (P, )y = 0.

Similarly we have (¢2(ey, e3), Qnr§(e1, e2))o = 0. Thus we see that C(™ is closed for
,,. The representation (6.8) follows directly from the definition of €2,,. O

Here are some examples. We have C1) = {V2e1,v/2e5} and ]\/iellg = \\/ieg\% =

2. Thus
~ 1110
0 == . 6.9
1 2[0 1] (6.9)
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We have C?) = {/2(e;®e1 — ex@e2), 2v/2(e1®es)} and
\\@(61@361 — er0e0)|2 = 4 = [2v2(e ®ey) 2.

Thus,

ﬁzzi[é (1)] (6.10)

Now for n = 3, we have C®) = {ﬂ(el®e1®e1 - 3e1<§>e2<§>e2),\/§(3e1®e1®e2 —
esDes®er)} and

|\f2(e1(§>e1(§>e1 — 381@)82@82”% =8 = |\/§(3e1®e1®e2 — 82®82®82)|(2).

63:;[(1) (1)] (6.11)

We remark that the non-zero spectrum of €2,,’s and ﬁn’s are equal to each other for

Thus,

n =1,2,3. Of course it must be the case for any n.

6.2 Uniform measure on the half circle

Let u be the probability measure uniformly distributed on the half circle on the zy-
plane; {(z,y) € R? : 22 + y? = 1, y > 0}. Let us find an orthogonal polynomials for
this measure. Let u,(z,y) and v, (z,y) be the polynomials introduced in the previous
subsection, i.e., they satisfy the equation (z +iy)" = un(z,y) +iv,(x,y). It turns out
that the gradation structure for this measure is very similar to that of the uniform
measure on the circle, which we investigated in the previous section. For each n > 1

let us define the following polynomials.

( ) un(xay)7 n, odd
™ \(Z, Y = )
un/2 (.’L‘2 - y27 2Iy)7 n, even
on(2, ), n odd
Sn(l‘, y) =

Un/?(xQ - y27 2Iy)7 n, even

For each n > 1, let Q,, := {ry, s, }. We have the following result.

Lemma 6.8 For anyn,m >1, Q, L Q. if both n and m are even, or both of them

are odd.

Proof. We deal separately with odd and even cases. First observe from the definition
that

(ZE - Zy)n = Un(x, _y) + ivn(a:? _y)
= up(z,y) —ivp(z,y).
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From this we get

un(@, —y) = un(2,y), on(r, —y) = —vn(z,y). (6.12)
Similarly we get
tun(=2,y) = (=1)"un(2,), vn(~2,y) = (=1)"va(2,y). (6.13)
Therefore, if n is odd, we get
Un(—z,y) = —up(z,y), vn(—z,9) =vn(z,y), (n,odd). (6.14)

Let us just show the orthogonality of 7, and s,,. When n and m are odd, by (6.12)
and (6.14), we have u,(—z, —y) = —un(z,y) and vy, (—2x, —y) = —vp(z,y). That is,
the product u,v,, is symmetric w.r.t. the origin and hence when we integrate out
the product u,v,, over the unit circle, the integral on the upper half circle and the

integral on the lower half circle are the same. Thus,

1 2m

0 = — Up, (cos 0, sin ) vy, (cos 0, sin §)db
2T 0
1 ¥

= / U (cos @, sin 0)v,, (cos 6, sin 0)do
0

™

= /un(x,y)vm(ivay)dﬂ(way)-

Now for each n,m > 1, we see by change of variables that
[ e =2 2agyon (e 2 20)due.

= 1/ Uy, (cos 20, sin 20)v,, (cos 26, sin 260)d0
0

T
1 2w
= up,(cos 6, sin ) vy, (cos 6, sin 6)df

2 Jo
= 0.
So, if n and m are both even, then (ry,, s,,),, = 0. This ends the proof. [J

Now we can state gradation spaces for the measure u.

Proposition 6.9 Forn > 1, the gradation space P, has a (algebraic) basis {pn, gn, (2*+
y? — 1)zy® :a+ B =n—2}, where p, =1, — Py_yyrn and gy := 8n — Py_1)5n.

Proof. Note that any vector of the form (22 +y?—1)2%y%, a4 = n—2, is a polynomial
of degree n and it is a u-zero norm vector. p, and ¢, are monomials of degree n, and

altogether they have full rank for P,. We complete the proof by Lemma 6.8. [J
From Proposition 6.9 the following holds.

Corollary 6.10 For the uniform measure on the half circle, the ranks of €, are all
2 forn > 1.
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6.3 Moments of uniform measure on the unit circle

In this subsection we revisit the example of uniform measure on the unit circle which
we discussed in subsection 6.1. Here we compute the CAP operators and find a for-
mula for the moments. We have seen that the gradation spaces P, has dimension
2 consisting of orthonormal basis {p,, gy} for n > 1. Notice that once the creation
operators come from the measure, that is by the relation AT =U *ajU , it is easy
to see that || AH”H” (&) |ln+1 = 0 whenever |||, = 0. Thus it is enough and very
convenient if we represent AﬂHn : Hn — Hpg1 w.r.t. an orthonormal basis, whenever

we can find it easily. Recall the notations
® o TTH ® o TTH
D, (elv 62) = Un(pn)u qn (e17 62) = Un(qn)
Then B,, := {p;{?(el, e2), q§ (e1,e2)} constitutes an orthonormal basis for H,,. We have

Lemma 6.11 By using the bases By, (By := {1}) above we have the following matriz

representation for CAP operators.

=t 0] e a5
| AR 1
AHH”:%[; (1)] n>2, A;\le\}?:l 0],
AQ_‘H":;lol (1)] n>2, A;\le\g:o 1],

Proof. The proof follows easily from Lemma 6.3. O

As an example let us compute [ z2y%du(z,y):

/nyzdu(x,y) = (1,2%%1),
= (P, XZX2®g)g
= (Do, (A] + A])* (AT + A7) ®0)o

= (®o, (AT AT AT AT + AT AT AT AT)®o)o
1 1 1

4 8 8
In the last line we have used the formula in Lemma 6.11 and in the line before it,
we notice that among all 16 terms there are only two terms that contribute to the

integral. By directly computing, we get also [ z?y*du(z,y) = 1/8.
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7 Marginals

In this section we discuss the marginals of a given measure. Let u be a probability
measure on R?. For any 1 < k < d, let S = {iy,---,ip} C {1,---,d} be a subset.
Without loss we may assume S = {1,--- ,k}. Let 1S) be the marginal of y onto
[Tics R. That is, for any Borel set A C [[;csR, p5)(A) = u(A x (ITigsR)). From
the general theory developed in sections 3-5, it is straightforward how to construct

the CAP operators and form generators (operators €, in (5.1)) for u(5). Let P(S) be

the space of all polynomials of x; for i = 1,--- | k. Likely we let 777(;]9) be the space of
all polynomials of x;, i = 1,--- , k, of degree less than or equal to n. 77,({9) denotes the
nth gradation space:
S S
P =P ep
As before we let Pr(f) and Pé‘s) the projections onto 777(;]9) and PT(LS) , respectively. We
notice that PT(L‘]S) is a subspace of P, and for any (n1,--+,ng) € I]gn), the vector
(af)™ - (af)™® = 22k — Py_q(z]' - 2*) belongs to Py, but it may not
+,S\n1 +S\npd 01 ne _ plS)  m ng +5

equal to (a;"”)™ ---(a,")"*® = xi" -2} P70 ()" - -xF), where a; s are

creation operators for us. Now we define CAP operators by

+8 _ pS) S
S ’ S .
Bl R +7
aO7S [y T; — a+78 _ _73
% 7)7(;9) T ? 7 T(LS) % 737(;5) )
for ¢ = 1,--- , k. These operators enable us to define the form generator Qﬁf): for
(n1, - ,ng) € I,gn) and (my,---,myg) € I,gn),
(e?m@ . Belne ) Bmg @efmk)o
+,8 +S +,8 +,S
= (] Sy (@S, (@) @S )me) (7.1)

I

In the right hand side, the integration w.r.t. u is equal to the integration w.r.t. (S
because the integrand is a function of variables x; for 7 € S. Below we consider some

examples.

Product measures. Let p := 1y ® po on R? where pq and o are one-dimensional
measures with Jacobi sequences ({wn}, {an}) and ({m.},{Bn}), respectively. Let S :=
{1} c {1,2}. Then obviously x5} = ;. We will recover this by constructing )
in (7.1). Let {pn(z1)} be the orthogonal polynomials for x; satisfying the three-term

recurrence relation in (2.1). By using the fact that Q,’s are diagonal, as noted in
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Example 5.2, we can inductively see that

n S n
Ly — P,(L,)l](xl) = pn(r1).

(S)

Therefore, wy, ’, the matrix component of 1x1 matrix Q,({S)

,is equal to (pn (1), pn (1)), =
[1_; wk. This is the Jacobi coefficients of p;.

Uniform measure on the unit circle. We come back to the uniform measure on
the unit circle discussed in subsection 6.1. Let u be the uniform measure on the unit
circle and let S := {1} C {1,2}. We want to compute (5. Recall the notations in

subsection 6.1:

(l' + Zy)n = un($a y) + ivn(m, y),

and p,(z,9) = V2un(z,y), gu(z,y) = V2vs(x,%), which are orthonormal functions

for p. The following lemma will be useful.

Lemma 7.1 On the unit circle x® +y* = 1, u,(x,y) is a polynomial of z, say U, (x),

of degree n and the coefficient of the leading term is 2" 1.

By directly computing a few number of functions we see that

ui(z,y) = w(r) =z,

ug(w,y) = ug(x) =22% -1,
us(z,y) = () = 42° — 3u,
ug(z,y) = ug(x) =8z — 8% 41,

and so on.
Proof of Lemma 7.1. On the unit circle, using polar coordinates we get
Un(x,y) = Re (™) = cosné.
Recall an identity for trigonometric functions:
cos(n + 1)8 = 2 cosnb cos @ — cos(n — 1)6.
The statement of the lemma is shown by an induction with the above identity. [

Proposition 7.2 Forn > 1 let p;‘s)(m) = 2= (=07, (x) and let p(()s)(:zc) := 1. Then

{pﬁ{s) (x) : m > 0} is an orthogonal polynomials for u(‘s)

ficients of u'S) are {w, 122, = {1/2,1/4,1/4,---} and a,, = 0. Therefore () is the

Kesten distribution pys1/4, or an arcsine law with density %\/11_7, |z| < 1.

. Moreover, the Jacobi coef-
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Proof. up(z,y) belongs to Py, the nth gradation space for the original measure p.
Now by Lemma 7.1, u,(z,y) = u,(x) is also a polynomial of the variable z only,
thus @, (n) belongs to PO that is p'd) (z) == 2=V, (z) = 2" — Pfi)l} (™), that
is p,(f) (x) = (af’s)n ®. In order to compute the Jacobi coefficients, we see that for
n>1

Mo = () o (r)'s),,
= (IO @2.p (@)2)
“D

2—2(77,—1) <un(x, y)» un(xa y)>ﬂ

1
272(n71)7.
2

Thus we get {w, 22, ={1/2,1/4,1/4,---}. O

A non-symmetric measure. Let p := %(5(2,0) + 01,1y + 60,00 + d(1,—1)), a point
mass on R%. We notice that w1 is the rotation of the product measure v; ® v, where
v = Uy = %(51/\/5 + 6_1/\/5), followed by a translation by 1 in the z-axis. Since
the orthonormal system of vy ® vy is {1,v/2,v/2, 2xy}, the orthonormal system of y is
{1,(z—1)—y, (z—1)+y, (r—1)2—y?}. Since we aim at the z-marginal, we may rewrite
the orthogonal system in the following way. For the degree 1 polynomials we use linear
combinations and for the degree 2 polynomial we use the identity (z — 1)2 +¢% =1

which holds for p-a.e.. Thus we have another orthonormal system for y of the form
{1,V2(z — 1),V2y,2(x — 1)® — 1}.
Thus, the orthonormal polynomials for 4!, the z-marginal of p, are
{1,V2(z —1),2(x — 1) = 1}.
Thus the monic bases [1] for p and p!) are
{1, (x—1),y, (x—1)* - ;} and {1, (x—1),(x—1)* - ;} , (7.2)

respectively. From (7.2) we easily compute the Jacobi operators as follows.

L 9 1

1 0 4 4

=1, U%=|> |, =|0 0 0

0 2 1 g 1

4 4
and . .
Q(l) -1 Q(l) _ Q(l) _——
0 ’ 1 2’ 2 4

We promptly see that p) = %50 + %51 + %52 and the Jacobi sequences are {w,} =
{1/2,1/2,0,---} and {a,,} = {1,1,1,0,--- }.
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8 Deficiency rank of Jacobi operator and support of the

measure

In the examples of section 6, we see that the rank of Q, is 2 for all n > 1, i.e., it is
uniformly bounded by a constant, or at least, it is less than d,,, the possible full rank
of ,,. Below we discuss this phenomenon. On R%, we say that a subset S C R? is an
algebraic level surface if there is a polynomial p such that S = {(zy,--- ,z4) € R?:
p(x1, -+ ,xq) = 0}.

Definition 8.1 Let u be a probability measure on RY with finite moments of all
orders. By defining p,, := rank Q,,, we call p := (pp)n>1 the rank sequence of p. We
say that ;o has deficiency rank if there is ng such that rank (2, is strictly less than

dny = ("O(j_dl_ 1), the possible maximum rank of €2,,,,.

Notice that once rank Q,,, < dy,, it is the case for all n > ny.

Theorem 8.2 Let p be a probability measure on R with finite moments of all orders.
Then u has deficiency rank if and only if the measure u is supported on an algebraic

level surface.

Proof. Suppose that p has deficiency rank. Then €2, has an eigenvalue 0 with corre-

sponding eigenvector, say & € (Cd)®". Let p:=U,(§) € Pp. Then,

/Iplgdu = (pp

= (&8
0.

)i

This means that p = 0 p-a.e. Therefore p is supported on the algebraic level surface
{p = 0}. Conversely, suppose that p is supported on an algebraic level surface, say
{p = 0}, for a polynomial p of degree n. We may assume p € P,. Let & = U*(p) € Hy.
By the equality (8.1) we have

0= / Ip2dp = (€, 2.

Thus v/, = 0, and hence 2, = \/Qn2§ = 0, i.e., Q, has a zero eigenvalue and
therefore rank §2,, < d,,. This ends the proof. [

Remark 8.3 (1) When p has deficiency rank, the ranks of €, may be uniformly
bounded by a constant or may increase monotonically. The case of uniform mea-

sure on the unit circle is an example of uniform bound. Now consider the measure
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du(x,y)dn(z) on R3. Here du(z,y) is the uniform measure on the unit circle on the
xy-plane and dm(z) is a measure of infinite orthogonal polynomials, e.g., a Gaus-
sian measure on the z-axis. Let {pn(z,y), gn(2,y) }n>0 be the orthogonal systems for
p(dzdy) as above and let {r,(z)},>0 be the orthogonal polynomials for 7(dz). Then
the orthogonal system for P, is {pr(z, y)rn—r(2)}1_o U {ax(x, v)rn—k(2)}}_o- So, the
rank of €, is 2(2n+1) which is less than d,, = ("JQFZ) = (n+2)(n+1)/2, and hence the
measure du(x,y)dm(z) has deficiency rank, but the ranks increase to infinity. Notice
that the cylinder {22 + y? = 1} is an algebraic level surface on R3.

(2) Although the ranks may increase to infinity for a measure of deficiency rank, the
increase is negligible in the sense that lim,,_,~ rank Q,,/d,, = 0. In fact, suppose that
w is supported on an algebraic level surface p = 0, where p is a polynomial of degree
k. Then the dimension of null space of P, is at least ("_Sfld_l) for n > k. Thus

lim,, o rank Q,, /d,, = 0 since lim,, (nfsirffl)/dn =1.

Example 8.4 (1) Any measure with finitely many point masses has deficiency rank
because there always exists an algebraic level surface that contains all the mass points.
(2) Let uy be a discrete measure with support the natural numbers, e.g., let pu; =
>0 | 5w0n. Let po be a copy of py and let du(z,y) := dpy(z)dps(y) be the product
measure. We see that the support of u is the two-dimensional lattice points on the
first quadrant. Now there is no algebraic level curve that contains all the lattice points
on the first quadrant. In fact, let {p,(x)}n>0 be the orthogonal polynomials for .
Then an orthogonal system for P, for u is {py(x)pn—r(y)};_y, which is of dimension
n+ 1 =d,. Thus p is not a measure of deficiency rank.

(3) Let du(x,y) be the image measure on the curve y = sinz of the Gaussian measure
on the z-axis by the map = — (z,sinz). Notice that p is singular w.r.t. Lebesgue
measure on the plane (it lives on a curve). But u is not a measure of deficiency rank,

because any polynomial of z and y can’t be a zero function on the curve y = sinx.

Let us now more closely look at the relation between the deficiency rank and
support of the measure. As we have seen in Theorem 8.2, if a measure u has deficiency
rank then there exist polynomials with zero norm. Let u be a probability measure on

R? which has finite moments of all orders. Suppose that p has deficiency rank and let
N=N,={peP :/]p|2du:0}.

We call p € N a base null polynomial (simply base) if p has no more factor of zero
norm, i.e., there is no pair h € N and p; € P such that degree of p; is greater than
or equal to 1 and p = hp;. When p is a base, the level surface {p = 0} we call a base
level surface.

We recall some of basic facts for polynomial algebra.
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Proposition 8.5 Any ideal of the polynomial algebra P is finitely generated.

The above fundamental result on polynomial rings traces back to Hilbert. In fact,
the coefficients of our polynomials are taken from the real number field which is
Noetherian, so is the polynomial.

We also recall the following

Proposition 8.6 The polynomial algebra P is a unique factorization ring.

Hence for the null kernel N there exist a finite number of polynomials f1, ..., fx
such that i
N =) [P, (8.2)
i=1
where fi,..., fr are linearly independent. The algebraic set corresponding to N is
defined by

k
SW) = {fi =0}, (8.3)
i=1

where
{fi =0} = {(21,20,...,3q) ER? : fi(z1,22,...,2q4) =0}

The support of 4 is a closed subset of R? defined by
supp p = ]Rd\ U{U . an open set in R? such that u(U) = 0}

The following is a fundamental relation between deficiency rank and support of the

measure.

Theorem 8.7 Let i be a probability measure on R? with finite moments of all orders.

If 1 has deficiency rank then supp u C S(N).

Proof. 1t follows easily from Theorem 8.2. [

Example 8.8 (1) Let p be the uniform measure on the unit circle or the uniform
measure on the half circle of R2. We have seen that in both cases the polynomial
22 4+ y? — 1 is the unique base null polynomial. Thus in two cases the measures are
supported on this base level surface; 22 + y? = 1.

(2) On R2, let p = %((5(171) + 01,1y + 6(—1,—1) + d(1,—1))- It is not hard to see that
the base null polynomials are 22 — 1, 2 — 1, 22 — y2, and 22 + y? — 2. (the last two
are the linear combinations of the first two). Now the intersection of the base level
surfaces are exactly four points {(1,1),(—1,1),(—1,—1),(1,—1)}, the support of the

measure. In general, let {a; = (ai, - ,afi) €R?:i=1,---,k} be a finite subset and
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let p := Zle m;0a, wWith Zle m; = 1. Then for each j = 1,--- ,d, the polynomial
Hi-“:l(xj — a;-) is a base null polynomial. The intersection of the base level surfaces

Hle(xj — aé) =0,j=1,---,d, gives rise to the support of the measure.
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