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Abstract

To simulate coupled problems, composed of smooth and non-smooth particle subsystems, a tight,
i.e. iterative coupling scheme is implemented. In the proposed setup, the non-smooth solver
iterations are enclosed in each iteration of the smooth solver at every time step. The stability
properties of the coupling scheme are tested using Dahlquist’s test equations for co-simulation
methods, highlighting the higher degree of stability of the tight coupling scheme, compared to
the loose, non-iterative one. Results also denote that the properties of the solvers used to analyse
the subsystems play an important role in the stability of co-simulation. The performance of the
proposed scheme is further assessed by two illustrative examples: a particle damper subjected to
prescribed motion, and a cantilever beam, modelled using finite elements, with a particle damper
mounted at the free end. The proposed numerical solutions agree well with results from reduced
order models and experiments, which demonstrates that the proposed scheme can effectively
handle coupled problems of multibody systems and particle dampers.
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1. INTRODUCTION1

Particle dampers, consisting of particles in a cavity or container, are widely-used passive vi-2

bration suppression devices in engineering [1, 2]. Unlike traditional viscous dampers, particle3

dampers dissipate energy and transfer momentum through the non-smooth interaction among4

particles and walls [3], so they can be effective even in some harsh environments [4, 5]. How-5

ever, due to the frictional contacts among particles, modeling and theoretically studying parti-6

cle dampers is still a challenging problem, and much research focuses on numerical simulation7

[6, 7, 8]. The most popular numerical method in the study of particle dampers is the Discrete8

Element Method (DEM) [9]. It models particles as spheres with local deformation, and describes9
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contacts by the Hertz model or some modified Hertz models [10], where the contact force is a10

function of the penetration depth and velocity [11, 12].11

Another method, based on the non-smooth dynamics theory, is also available for simulat-12

ing interactions in rigid bodies through frictional contacts [13, 14]. According to this method,13

the equations of motion are expressed as measure differential equations, along with complemen-14

tarity conditions that describe frictional contacts [14]. After time discretization, the equations15

are transformed into equivalent linear/nonlinear complementarity problems (L/NCPs) [13, 14],16

which can be solved using optimization methods [15, 16]. Such non-smooth method is com-17

monly used in mechanical systems with unilateral constraints [17] or imperfect joints [18], where18

yet the number of frictional contacts is limited. For dense granular flows with a large number19

of frictional contacts, Tasora and Anitescu [19] proposed a novel non-smooth solver based on20

cone complementarity problems (CCPs), and released their method in the open-source library21

Chrono::Engine as a general method for coupled smooth/non-smooth systems. The solver can22

monolithically solve complete multibody-particles coupled systems [19, 20, 21], but the only23

available integrator in the method is the semi-implicit Euler scheme. If higher-order accuracy24

or tunable algorithmic dissipation is needed, an implicit non-smooth scheme may be preferable25

[21]. For this purpose, several non-smooth implicit methods that can provide tunable algorithm26

dissipation, such as the non-smooth generalized-α method [22], and the mixed non-smooth time-27

stepping schemes [23], were developed. The authors of the present work also improved the28

implicit integration methods to avoid accuracy loss induced by friction [24], and developed a29

framework of implicit integration for mechanical systems with frictional contacts [25]. However,30

these non-smooth implicit methods have been only applied to problems with a limited number31

of contacts so far.32

To investigate the interaction of mechanical systems with particle dampers, a common way33

is to reduce the primary system to an equivalent single degree-of-freedom (DoF) system and34

to model the particle damper using the DEM [6, 7, 26]. This approach cannot account for the35

complex motion of multi-DoF primary systems. For the latter case, Lu et al. [27] developed a36

modified numerical method based on the DEM, where the dynamics equations of the primary37

system, subjected to the contact forces resulting from the particle damper, are expressed as or-38

dinary differential equations. Their method was applied to simulate multi-story buildings with39

particle dampers [3]. For general mechanical systems, usually modelled as multibody systems40

with kinematic constraints, the dynamics equations are described as differential algebraic equa-41

tions (DAEs) [28] using the multibody dynamics (MBD) approach. However, since neither MBD42

nor DEM alone can effectively handle the coupled system, the primary system and the particle43

damper are often treated separately by means of co-simulation. In this case, different solvers,44

executed in parallel [29] or in series [30], exchange information with each other at discrete times45

[31] to obtain the coupled dynamical responses.46

To solve the coupled granular-multibody system, most studies use loose coupling schemes,47

also called explicit coupling schemes or non-iterative coupling schemes [32]. Among them, a48

two-way loose coupling method is commonly used, by which different solvers adopt individual49

time steps, with the synchronization at a macro time step. One such loose co-simulation scheme50

between MSC/ADAMS R©, a commercial software for MBD, and EDEM R©, a DEM tool, was51

tailored in [33], where the stability of the co-simulation is numerically assessed by several simple52

systems with particle dampers, which shows that a small communication interval is necessary53

to obtain algorithmically stable results. Using different MBD and DEM tools, loose coupling54

schemes for coupled dynamics of multibody systems with particles were also obtained in [8,55

34]. Apart from the co-simulation between MBD tools and DEM tools, a loose co-simulation56
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framework between the MBD method and the non-smooth method was proposed in [35] and57

implemented in the open-source code, Chrono::Engine. Different modules in the codes cooperate58

with each other in parallel, to efficiently study a vehicle-terrain interaction problem. However,59

for such loose/explicit co-simulation schemes, since only limited information is exchanged at a60

discrete time, in some cases stable results cannot be easily obtained.61

To study the stability of co-simulation methods, Kübler et al. [36] proposed the concept of62

zero-stability, and proved that a loose co-simulation method is stable if there is no algebraic loop63

among subsystems. For coupled systems with algebraic loops, they presented two tight coupling64

schemes, with iterations of the coupling equations and with iterations of the global integration65

step, to guarantee the zero-stability [37]. A semi-implicit co-simulation scheme consisting of66

two steps was proposed in [38], which first predicts the state variables, and then corrects the inte-67

gration using a Jacobian matrix. Using Dahlquist’s test equations for co-simulation methods, the68

stability properties of the semi-implicit scheme were discussed, finding that this semi-implicit69

scheme performs better than the explicit coupling scheme without the correction step [38, 39].70

In the above mentioned implicit/semi-implicit schemes, the sub-solvers are characterized as sim-71

ulation blocks with inputs and outputs, and all integrators need to be reinitialized and repeated72

at each time step. Peiret et al. [31] proposed reduced interface models (RIMs) for multi-physics73

systems, and applied RIMs to the loose co-simulation scheme of non-smooth multibody systems74

with hydraulic components [40]. Using RIMs, the influence of the extrapolation methods and75

integrators in each subsystem were also studied for two mechanical-hydraulic systems, which76

indicates that the accuracy of the co-simulation can be improved by an appropriate selection of77

the integration schemes [41]. The above mentioned techniques can all improve the stability of78

the co-simulation, but little attention has been paid so far to the co-simulation between a MBD79

solver and a DEM solver or a non-smooth solver.80

This paper aims at developing a stable co-simulation framework based on MBD and the81

non-smooth method, to study coupled systems composed of smooth multibody systems and82

non-smooth particle dampers. As opposed to the loose co-simulation framework used before83

[33, 34, 35], a tight coupling scheme with iterative refinement process is established in the present84

work. In the tight coupling scheme, the non-smooth solver is embedded into the iteration process85

of the MBD solver, so the iterative process of the MBD solver can be employed and only the non-86

smooth solver’s step needs to be repeated during each iteration. The stability properties of the87

coupling scheme are studied using Dahlquist’s test equations for co-simulation methods, which88

are interpreted as the equations governing the dynamics of a linear two-mass oscillator system,89

from the mechanical point of view [39]. The influence of the two solvers on the stability proper-90

ties is discussed for different system parameters. The coupling scheme is subsequently evaluated91

using the experiment in [26], which consists of a particle damper subjected to prescribed motion.92

Good agreement of the numerical solution obtained using the proposed scheme, with that result-93

ing from the monolithic method, and with experimental results [26], can be observed. Finally, a94

detailed finite-volume model of a cantilever beam carrying a particle damper at the free end is95

simulated using the proposed scheme. The results corresponding to the first natural frequency96

are verified using a reduced model; the dynamic response in the proximity of higher-order nat-97

ural frequencies and under centrifugal loads can also be simulated by the proposed scheme and98

model, which shows the dissipation of the particle damper in various cases.99

This paper is organized as follows. In Section 2, the coupled system consisting of the multi-100

body system and the particle damper is decomposed using the force/displacement technique.101

Their equations are established using the MBD and the non-smooth method, respectively. Sec-102

tion 3 provides the proposed tight coupling scheme, and discusses relevant aspects of the imple-103
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Figure 1: Force/displacement decomposition of the coupled system.

mentation of the co-simulation. The stability properties of the coupling scheme are discussed104

using the two-mass oscillator in Section 4. In Section 5, two coupled systems, the one in the ex-105

periment [26] and a cantilever beam carrying a particle damper at the free end, are co-simulated106

using the proposed coupling scheme. Finally, conclusions are drawn in Section 6.107

2. FORMULATION108

A multibody system connected to a particle damper is decomposed into two subsystems, as109

shown in Fig. 1, according to the force/displacement decomposition technique [29]. Subsystem110

1 contains the multibody system and the container of the particle damper, which is excited by the111

forces and torques from the particles, denoted as f̃. Subsystem 2 includes the particle damper,112

where the motion of its container, q̃ and ˙̃q, is obtained from subsystem 1. After the decompo-113

sition, different solvers can be employed to deal with each subsystem. They communicate with114

each other by respectively exchanging the dynamic data f̃, and the kinematic data q̃ and ˙̃q.115

2.1. Formulation for multibody systems116

The dynamic equation of a general multibody system with constraints is formulated as a set of117

DAEs by MBD [28]118 
Mq̈ + φT

qλφ + ψT
q̇λψ − f = 0,

φ (q, t) = 0,
ψ (q, q̇, t) = 0,

(1)

where119

· M is the mass matrix;120

· q is the system’s generalized coordinates vector (the dot denotes the total derivative with121

respect to time t);122

· φ = 0 and ψ = 0 are the holonomic and non-holonomic constraint equations vectors; the123

corresponding Lagrangian multipliers vectors are λφ and λψ, respectively;124
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· f is the generalized force vector, including the input coupling variable f̃ resulting from the125

particles;126

· the operator (·)q denotes the partial derivative matrix with respect to vector q.127

To solve Eq. (1), the A/L stable implicit linear two-step scheme presented in [28] is employed,128

yn =
∑
i=1,2

aiyn−i + h
∑

i=0,1,2

biẏn−i, (2)

where129

· h is the time step size, and the subscript n ∈ N indicates the integration step at time t = tn;130

· y = [q; q̇; λφ; λψ] is the state vector;131

· ai and bi are the parameters of the integrator, defined as [28]:132

b0 = δ + 1/2,
a1 = 1 − β, b1 = β/2 + 1/2 − 2δ,
a2 = β, b2 = β/2 + δ,

(3)

with133 
β =

3(1 − |ρ∞|)2 + 4 (2 |ρ∞| − 1)

4 − (1 − |ρ∞|)2 ,

δ =
(1 − |ρ∞|)2

2
(
4 − (1 − |ρ∞|)2

) , (4)

where ρ∞ ∈ [0, 1] denotes the asymptotic spectral radius of the scheme. It denotes the134

degree of algorithmic dissipation; a smaller ρ∞ means stronger algorithmic dissipation.135

For general purpose applications, involving lightly damped structures, ρ∞ = 0.6 is recom-136

mended as a good trade-off between accuracy and algorithmic dissipation [28].137

This integrator is second-order accurate and A-stable (unconditionally stable) with the given138

parameters, as shown in Eq. (3). It offers tunable algorithmic dissipation by adjusting ρ∞, and139

becomes L-stable (with the maximum degree of algorithmic dissipation) when ρ∞ = 0 [28].140

Combined with the discrete DAEs at tn+1, the integration scheme can give the numerical results141

of yn+1 and ẏn+1. At each step, a nonlinear solver, such as the Newton-Raphson iteration, is also142

required to solve the implicit equations of DAEs, and to start the iteration, ẏ(0)
n+1 is predicted by143

the cubic Hermitian extrapolation144

ẏ(0)
n+1 = −

12
h

(yn − yn−1) + 8ẏn + 5ẏn−1, (5)

y(0)
n+1 is obtained by substituting Eq. (5) into the integration scheme (2), as145

y(0)
n+1 =

∑
i=1,2

aiyn+1−i + h
∑

i=1,2
biẏn+1−i + hb0

−12
h

(yn − yn−1) + 8ẏn + 5ẏn−1

 . (6)

The solution procedure has been embedded into the free, general-purpose multibody dynamics146

solver MBDyn1, which in the present work is adopted for subsystem 1.147

1http://www.mbdyn.org/, last accessed June 2020.
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2.2. Non-smooth method148

The non-smooth method is based on the assumption that particles are rigid, which is appropriate149

for very stiff particles, such as sand or steel balls, for instance [19]. This method has been widely150

used for granular systems, where a large number of particles are efficiently simulated [19, 20, 35],151

and is employed for the particle damper in subsystem 2, where it is reasonable to assume particles152

as rigid balls when they are stiff enough. With the assumption of rigid particles, the frictional153

contacts among particles are expressed as frictional unilateral constraints. Friction forces and154

contact forces are given based on the Coulomb friction model and the Signorini condition [14,155

42].156

2.2.1. System description157

According to the non-smooth theory, the particle damper, consisting of a rigid container and Nb158

particles, is formulated as (Nb + 1) rigid bodies. The corresponding generalized coordinates and159

velocities are defined as160  xP =
[

rT
0 εT

0 rT
1 εT

1 . . . rT
Nb

εT
Nb

]T
∈ R7(Nb+1),

ẋP =
[

ṙT
0 ε̇T

0 ṙT
1 ε̇T

1 . . . ṙT
Nb

ε̇T
Nb

]T
∈ R7(Nb+1),

(7)

where r j and ε j ( j = 0, 1, 2, ...,Nb) denote the displacements of the center of mass, and the Euler’s161

quaternion, of body j, respectively. Optionally, ε̇ j can be replaced by the angular velocity in the162

local coordinate ω̄ j; the generalized velocity can thus be rewritten as163

vP =
[

ṙT
0 ω̄T

0 ṙT
1 ω̄T

1 . . . ṙT
Nb

ω̄T
N

]T
∈ R6(Nb+1), (8)

The two expressions are related by a transformation ẋP = L (xP) vP.164

2.2.2. Signorini condition and Coulomb’s friction law165

For the contact i between any two rigid bodies A and B, as shown in Fig. 2, the non-penetration166

condition is defined by the unilateral constraint, Φi ≥ 0. When A and B are in contact, namely167

Φi = 0, the normal contact force generated from the contact is expressed as168

FNi = γ̂ni · ni ≥ 0, (9)

where ni represents the normal vector at the contact point, and γ̂ni is the magnitude of the contact169

force. When the contact is inactive, Φi > 0, the normal contact force FNi vanishes. This set of170

relationships between Φi and FNi is described by the complementarity theory, i.e. the Signorini171

condition [14]172

0 ≤ γ̂ni ⊥ Φi ≥ 0. (10)

The Signorini condition needs to be expressed at the velocity level, when the equations of motion173

are formulated at the impulse level [20], i.e. the velocity Signorini condition [14]174

0 ≤ γni ⊥ vni ≥ 0, (11)

where γni = h · γ̂ni is the impulse generated by the contact force, and vni is the normal velocity175

magnitude at the contact point.176

The friction force vector of contact i is described as177

F̂Ti = γ̂ui ui + γ̂wi wi, (12)
6



where ui and wi are orthogonal unit vectors defined in the tangent plane, shown in Fig. 2, and178

γ̂ui and γ̂wi are the corresponding coordinates along ui and wi. The friction force vector F̂Ti179

is modeled by the Coulomb friction law with equal dynamical and static friction coefficient µi.180

This means that when the relative tangential velocity vTi is non-zero, the friction force acts in a181

direction opposite to vTi with magnitude µiγ̂ni , and when vTi is zero, the modulus of the friction182

force is not greater than µiγ̂ni . The relationship between F̂Ti and vTi can be expressed using the183

maximum dissipation principle [20], as184 (
γ̂ui , γ̂wi

)
= arg min
‖γ̂ui ui+γ̂wi wi‖≤µiγ̂ni

vT
Ti

(
γ̂ui ui + γ̂wi wi

)
. (13)

At the impulse-velocity level, it can be expressed as185 (
γui , γwi

)
= arg min
‖γui ui+γwi wi‖≤µiγni

vT
Ti

(
γui ui + γwi wi

)
, (14)

where γui = h · γ̂ui and γwi = h · γ̂wi represent the frictional impulse components along directions186

ui and wi.

O
y

x

z

Body
A

Body
B

yA
xA

zA

zB xB

yB

rA

rB

ni

ui

wi

,i As

,i Bs

Figure 2: Contact i between two rigid bodies A and B.
187

2.2.3. Equations of motion188

Based on the non-smooth method, the dynamics equations of the particle damper are formulated189

as differential variational inequalities [19]190 

ẋP = L (xP) vP,

MPv̇P = fP (xP, vP, t) + GT
vP
λ̂G +

∑
i∈Π(xP,δ)

Diγ̂i,

G (xP, q̃, t) = 0,
i ∈ Π (xP, δ) : 0 ≤ γni ⊥ vni ≥ 0,(
γui , γwi

)
= arg min
‖γui ui+γwi wi‖≤µiγni

vT
Ti

(
γui ui + γwi wi

) (15)

where191
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· MP is the mass matrix, and fP is the generalized force vector, yet not including the reaction192

forces of unilateral/bilateral constraints;193

· G (xP, q̃, t) = 0 denotes the bilateral constraints in this subsystem, and λ̂G is the corre-194

sponding Lagrangian multipliers vector. The constraint that prescribes the motion of the195

container according to the value of the input variable q̃ is included in G. The derivative of196

the constraint equation with respect to t is197

Ġ
(
xP, vP, q̃, ˙̃q, t

)
≡ GxP vP + Gt + Gq̃ ˙̃q, (16)

where198 

GxP =
∂G
∂xP
· L(xP),

Gt =
∂G
∂t
,

Gq̃ =
∂G
∂q̃

;

(17)

· Di is a coefficient matrix related to the vector xP, representing the generalized normal and199

tangential directions [17], and γ̂i =
[
γ̂ni , γ̂ui , γ̂wi

]T;200

· Π (xP, δ) ≡ { i|Φi ≤ δ} (δ is a small quantity) is the index set of all contact points at the201

current configuration;202

To avoid drift, the constraint stabilization method proposed in [19] is employed, which reformu-203

lates the bilateral constraint in Eq. (15) as204

G (xP, q̃, t)
h

+ Ġ
(
xP, vP, q̃, ˙̃q, t

)
= 0. (18)

The semi-implicit Euler scheme at the impulse-velocity level is used to solve the dynamic equa-205

tion in (15), as [19, 20, 42]206 

xP,n+1 = xP,n + h · LnvP,n+1,
MP

(
vP,n+1 − vP,n

)
= hfP + GT

vP,nλG,n+1 +
∑

i∈Πn

Di,nγi,n+1,

Gn

h
+ GxP,nvP,n+1 + Gt,n + Gq̃,n ˙̃qn+1 = 0,

i ∈ Πn : 0 ≤ γni,n+1 ⊥

Φi,n

h
+ vni,n+1 − µi‖vTi,n+1‖

 ≥ 0,(
γui,n+1, γwi,n+1

)
= arg min
‖γui ui+γwi wi‖≤µiγni

vT
Ti,n+1

(
γui,n+1ui,n+1 + γwi,n+1wi,n+1

)
,

(19)

where207

· γi =
[
γni , γui , γwi

]T
= h

[
γ̂ni , γ̂ui , γ̂wi

]T represents the impulse vector corresponding to the208

contact force vector;209

· For constraint stabilization, vni,n+1 ≥ 0 is replaced by an approximate formula
Φi,n

h
+210

vni,n+1 ≥ 0 [14], and a relaxation item −µi‖vTi,n+1‖ is added to transform Eq. (19) into a211

cone complementarity problem (CCP) [19, 43].212

8



Then, the discrete equations with bilateral constraints and unilateral constraints in Eq. (19) can be213

solved as a whole by cone optimization methods [16]. The above non-smooth solution method is214

implemented in the free software library Chrono::Engine2, which in the present work is utilized215

to deal with subsystem 2.216

It is worth mentioning here that this non-smooth solver can monolithically solve the complete217

non-smooth multibody system alone [19, 20, 21], but if higher-order accuracy or adjustable algo-218

rithmic dissipation is requested for solving the flexible multibody system, the multi-step implicit219

scheme in Eq. (2) may be preferable. Therefore, the coupling scheme using the smooth/non-220

smooth solvers MBDyn and Chrono::Engine together represents a valid choice to simulate multi-221

body systems coupled with particle dampers.222

3. CO-SIMULATION METHOD223

To achieve co-simulation of the two solvers, a tight coupling scheme is established in this Section.224

In the implementation, a few details, including the communication layer and the initial settings,225

are discussed as well.226

3.1. Tight coupling scheme227

A tight coupling scheme, also called the iterative coupling scheme [32], or the implicit cou-228

pling scheme [29], using the Gauss-Seidel configuration [32], is designed for the co-simulation229

between two solvers, MBDyn and Chrono::Engine. For the interface between two solvers,230

an embedded function approach [44] is used, by which Chrono::Engine is embedded into the231

iterative process of MBDyn. At each iteration, MBDyn provides the coupling motion, and232

Chrono::Engine performs a whole integration step to produce the resulting forces and torques,233

that are sent back to MBDyn. The flowchart of the tight coupling scheme is presented in Fig. 3,234

which is summarized as (from tn to tn+1)235

· Step 0: MBDyn predicts the motion of the multibody system as y(0)
n+1 and ẏ(0)

n+1, using236

Eqs. (5) and (6);237

· Step 1: MBDyn computes the motion of the container after iteration l(l ∈ N) from y(l)
n+1, as238

q̃(l)
n+1 and ˙̃q(l)

n+1, and sends them to Chrono::Engine;239

· Step 2: Chrono::Engine integrates Eq. (19) to produce the generalized force vector, as240

f̃(l+1)
n+1 , which is the resultant of the forces and torques that each particle exerts on the con-241

tainer, and sends it to MBDyn;242

· Step 3: MBDyn calculates the state vector y(l+1)
n+1 with the external force vector;243

· Step 4: if the convergence condition ‖f̃(l+1)
n+1 − f̃(l)

n+1‖ ≤ ε̃1 (ε̃1 > 0 is a small quantity repre-244

senting the maximum admissible error) is satisfied, or the maximum number of iterations245

is reached, the dynamics equation of subsystem 1 is computed in MBDyn with f̃(l+1)
n+1 until246

the solution converges; otherwise, Steps 1–3 are repeated.247

2http://projectchrono.org/, last accessed June 2020.
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Figure 3: Flowchart of the tight coupling scheme.

As one can see, the tight coupling scheme adopts a prediction-correction approach per step. The248

data communicated between the two solvers is corrected in each iteration, until the dynamics249

equations of the two subsystems are both satisfied in an approximate manner, either within the250

desired tolerance or a maximum number of iterations is reached. Of course, this coupling scheme251

can also be carried out without the iterative process, yielding the loose coupling scheme, as252

shown in Fig. 4, where the coupling forces produced from the predicted motion are employed for253

the calculation in MBDyn. In the following, this loose coupling scheme is used for comparison.254

3.2. Implementation255

3.2.1. Initial setting256

In the process of adding particles to the damper in Chrono::Engine, the particles are settled in257

a simple cubic arrangement with clearances, whereas in most experiments the particles in the258

damper are usually assumed to be initially at rest under gravity. Therefore, the initial setting is259

needed to make the initial condition consistent.260

Prior to the co-simulation, the particle damper, excited by a one-cycle sinusoidal perturba-261

tion, is simulated alone several times. In each simulation, when the kinetic energy of the particles262

vanishes to almost zero [34], the states are recorded as the initial positions for the next one, in263

which the height of the container is reduced while guaranteeing that it can hold all the parti-264

cles. When the total height of the particles no longer reduces, the states are saved as the initial265

conditions for the co-simulation. The whole initial setting process thus corresponds to slightly266

shaking the particle damper with a decreasing height, so that the particles can be arranged with a267

reasonably small total height.268
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Figure 4: Flowchart of the loose coupling scheme.

3.2.2. Coupling variables269

The two subsystems employ different global coordinate systems, as shown in Fig. 1, so a coor-270

dinate transformation is required during data exchange to keep the coupling variables consistent271

across the subsystems. The global coordinate system Ω1 of subsystem 1 can be described in the272

global coordinate system Ω2 of subsystem 2 by the position vector r̃1−2 and the orientation ma-273

trix R̃1−2. The transformation formula of the coupling variables, q̃ and f̃, in the two subsystems,274

can be written as:275 
q̃r,2 = R̃1−2q̃r,1 + r̃1−2,
q̃R,2 = R̃1−2q̃R,1,

f̃2 = R̃1−2 f̃1,
(20)

where q̃r and q̃R denote the position vector and the rotation matrix corresponding to the gener-276

alized coordinate q̃, and the subscript ĩ (ĩ = 1, 2) indicates the subsystem.277

In the co-simulation, the transformation is executed before the coupling variables are sent to278

the corresponding solver, so the variables used in Eq. (18) are q̃r,2 and q̃R,2. Specifically, since279

Chrono::Engine employs quaternions [20] to represent rotations, q̃R,2 needs to be transformed280

into the quaternion q̃Q,2 after the coordinate transformation in Eq. (20). In MBDyn, on the281

contrary, although the incremental Cayley-Gibbs-Rodriguez (CGR) parameters [28] are used in282

the solution process, orientation is accumulated in form of rotation matrices, so no additional283

operations are required.284

Another essential aspect of the coupling variables is how they enter the solution process in285

the corresponding solvers. In MBDyn, the input f̃1 is implemented as an external structural286

force element [28], directly applied to the nodes of the model. In Chrono::Engine, to prescribe287

the motion of the container using constraints in Eq. (18), the displacement q̃ is obtained from288
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MBDyn, whereas the velocity ˙̃q is approximated using a forward finite difference scheme289

˙̃q(t) =
q̃(t + ∆t) − q̃(t)

∆t
, (21)

where ∆t � h is a small time interval, and the function q̃(·) is obtained by interpolation. For290

the displacement q̃r,2, linear interpolation during [tn, tn + h] is employed to evaluate function291

q̃r,2(·), whereas for the quaternion q̃Q,2, the function q̃Q,2(·) is obtained using a first-order SLERP292

interpolation [45].293

3.2.3. Communication tool294

To practically couple the solvers, a stable and reliable two-way communication layer must be295

established to exchange data. Among the several possible architectural choices, standard sock-296

ets [46], based on the Transmission Control Protocol/Internet Protocol (TCP/IP) connection, are297

adopted in the proposed co-simulation scheme, owing to their reliability and stability. Before the298

co-simulation starts, the data-exchange channel is created in MBDyn, since it provides a sim-299

ple scripting syntax and a full-featured multi-language library (libmbc) for establishing sockets300

through local (UNIX) / INET sockets [46] and to exchange the required data. For convenience,301

MBDyn is selected as the host. Considering that Chrono::Engine is distributed as a collection of302

C++ libraries, rather than a monolithic software like MBDyn, the C++ API of MBDyn’s multi-303

body data interchange library is used to connect to the inter-process communication channel and304

exchange information through it.305

4. STABILITY ANALYSIS306

Dahlquist’s test equation is commonly employed to study the stability of a monolithic simulation307

scheme [47], which can be interpreted as the mathematical representation of a linear single-mass308

oscillator [29]. Following that idea, Dahlquist’s test equations for co-simulation methods can be309

understood as the equations governing the dynamical responses of a linear two-mass oscillator310

[29, 39], which is employed as the testing system to study the stability of a coupling scheme.311

4.1. Two-mass oscillator312

As in Fig. 5, the two-mass oscillator is decomposed into two subsystems. Subsystem 1 is simu-313

lated in MBDyn with the external force λ̃, calculated in subsystem 2. The simulation of subsys-314

tem 2 is based on Chrono::Engine with the rheonomic constraints that have been set up for the315

co-simulation. The dynamics equations of the two subsystems can be formulated as:316

ẏ1 = F11y1 + F12λ̃, (22)

and317 {
ẏ2 = F21λ + F22y2,
D11y2 = x̃1,

(23)

with the coupling conditions:318 {
x1 − x̃1 = 0,
λ − λ̃ = 0, (24)

where yi = [xi, vi]T (i = 1, 2, xi and vi denote the position and velocity) is the state vector of mass
i; λ is the Lagrangian multiplier corresponding to the constraint equation in Eq. (23); λ̃ and x̃1

12
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are coupling variables; D11 = [1, 0] is the constant coefficient matrix and D11y2 = x̃1 denotes the
input position that is prescribed to subsystem 2 as a constraint; Fi j (i = 1, 2, j = 1, 2) depend on
the system parameters as

F11 =


0 1

−
k1

m1
−

c1

m1

 , F12 =


0
1

m1

 , F21 =


0

−
1

m2

 , F22 =


0 1

−
k2

m2
−

c2

m2

 ,
where mi, ki and ci represent the mass, stiffness, and damping coefficient, as shown in Fig. 5.319

4.2. Recurrence equations320

The discrete equation of Eq. (22) at time tn+1 (n ∈ N ≥ 2) is321

ẏ1,n+1 = F11y1,n+1 + F12λ̃n+1, (25)

which is solved using the implicit multi-step scheme, Eq. (2), in MBDyn. In Chrono::Engine,322

using the Euler semi-implicit scheme, Eq. (23) is discretized as323 
y2,n+1 = y2,n + hA0y2,n+1 + hA1F22y2,n + hA1F21λn+1,
1
h
(
D11y2,n − x̃1,n

)
+

D12y2,n+1 −
x̃1,n+1 − x̃1,n

h

 = 0,
(26)

where

A0 =

[
0 1
0 0

]
, A1 =

[
0 0
0 1

]
, D12=

[
0
1

] T

.

Using the tight coupling scheme with the iterative process, the coupling condition (24) is approx-324

imately satisfied within the admissible error ε̃1, so its recurrence equations can be obtained from325

Eqs. (25) and (26) , as326

Λ1,Tight


y1,n+1
y2,n+1
λn+1

 = Λ2,Tight


y1,n
y2,n
λk

 + Λ3,Tight


y1,n−1
y2,n−1
λn−1

 , (27)
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with327

Λ1,Tight =


I − hb0F11 O −hb0F12

O I − hA0 −hA1F21

−
1
h
D11 D12 O

 ,

Λ2,Tight =


a1I + hb1F11 O hb1F12

O I + hA1F22 O

O −
1
h

D11 O

 ,
Λ3,Tight =

 a2I + hb2F11 O hb2F12
O O O
O O O

 ,

(28)

where I is the identity matrix, O is the zero matrix, and ai (i = 1, 2) and bi (i = 0, 1, 2) are the328

coefficients defined in Eq. (3). Following the calculation steps of the loose coupling scheme , the329

recurrence equations are derived as330

Λ1,Loose


y1,n+1
y2,n+1
λn+1

 = Λ2,Loose


y1,n
y2,n
λn

 + Λ3,Loose


y1,n−1
y2,n−1
λn−1

 , (29)

with331

Λ1,Loose =

 I − hb0F11 O −hb0F12
O I − hA0 −hA1F21
O D12 O

 ,
Λ2,Loose =


a1I + hb1F11 O hb1F12

O I + hA1F22 O
1
h

D11 [(8b0 + b1)hF11 + (a1 − 12b0)I] −
1
h
D11 (8b0 + b1) D11F12

 ,

Λ3,Loose =


a2I + hb2F11 O hb2F12

O O O
1
h

D11 [(5b0 + b2)hF11 + (a2 + 12b0)I] O (5b0 + b2) D11F12

 .
(30)

To facilitate the analysis, Eqs. (27) and (29) are uniformly rewritten as:332

zn+1 = Λzn, (31)

with zn =
[

yT
1,n yT

2,n λT
1,n yT

1,n−1 yT
2,n−1 λT

1,n−1

]T
(n ≥ 2), and333

Λ =

[
Λ−1

1 Λ2 Λ−1
1 Λ3

I O

]
. (32)

4.3. Stability analysis334

When the parameters in Eqs. (22)−(23) satisfy m1,m2, k1, k2, c1, c2 > 0, the two-mass oscillator335

system is asymptotically stable. Under this condition, applying the coupling scheme to the equa-336

tions of motion in Eqs. (22)−(23) yields a set of recurrence equations, as in Eqs. (27) and (29).337
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Figure 6: Stability plots with ξ1 = 0.0, rm = 1.0, rk = 0.0 and rc = 0.0 of different coupling schemes.

The coupling scheme is called stable when the recurrence equations give stable numerical so-338

lutions [29], which can be determined considering the spectral radius of the coefficient matrix339

Λ in Eq. (31), defined as ρ̃ = max {|s̃i|} (i = 1, 2, . . . , 10), where s̃i are the eigenvalues of Λ.340

When ρ̃ ≤ 1, which is relaxed as ρ̃ ≤ (1 + ε̃2) (ε̃2 is a small quantity, set as 10−6) in the anal-341

ysis due to small numerical errors in computing the eigenvalues, the scheme is stable, since the342

numerical solutions remain bounded and do not diverge over time; otherwise, the scheme is un-343

stable [29, 39]. In this way, the effect of the parameters of the sub-integrator, that is ρ∞ of the344

implicit multi-step scheme of Eq. (2), as well as the system parameters, that is mi, ki, ci (i = 1, 2),345

on the stability of the coupling scheme is discussed in this section.346

In the analysis, the system parameters are expressed as ki = miω
2
0i N/m, ci = 2miω0iξi N · s/m,347

where ω0i and ξi are the natural frequency and the damping ratio of subsystem i. Besides, some348

ratios reflecting the relationship between the parameters of the two subsystems are defined, as349

rm =
m2

m1
, rk =

ω02

ω01
, rc =

ξ2

ξ1
, (33)

and m1 = 1 kg is assumed.350

The case of a conservative system, with ξ1 = 0 (no structural damping), rm = 1.0, rk = 0.0351

(i.e. k2 = 0), rc = 0.0 (i.e. c2 = 0) is addressed first. The stability plots of the tight and loose352

coupling schemes in the region ρ∞ ∈ [0, 1] and ω01h ∈ [0, 10] are shown in Fig. 6, where the353

blue squares indicate that the stability condition ρ̃ ≤ (1 + ε̃2) is met. As expected, the tight354

coupling scheme possesses a stability region greater than that of the loose one, because the355

coupling conditions of Eq. (24) cannot be satisfied without iterations at each time step, leading356

to instability of the loose coupling scheme in broad portion of the dissipation/frequency plane.357

In addition, choosing the appropriate degree of algorithmic dissipation is also helpful to obtain358

stable results, as shown in Fig. 6(a). When ρ∞ ∈ [0.32, 0.52], the loose coupling scheme is stable359

regardless of ω01h, whereas when ρ∞ < [0.32, 0.52], it is stable only for large values of ω01h. As360

a result, ρ∞ ∈ [0.32, 0.52] is recommended if the loose coupling scheme is employed, instead of361

ρ∞ = 0.6, a value suitable for the monolithic simulation [28].362

With the same ξ1, rm, and rc, the stability plots of the tight coupling scheme with different rk363

are shown in Fig. 7. An increase of rk, namely a larger k2 with respect to the same ω01h, shrinks364
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Figure 7: Stability plots with ξ1 = 0.0, rm = 1.0, rc = 0.0 and different rk varying from rk = 0.1 to rk = 0.7 using the
tight coupling scheme.

the stability region, because the errors caused by x̃1 during the co-simulation can lead to greater365

changes in the acceleration with a larger k2, resulting in algorithmic instability. For a specific rk,366

the unstable cases occur with large ω01h, namely a larger time step or natural frequency. Besides,367

the proneness to instability can be mitigated by employing a smaller ρ∞, to introduce stronger368

algorithmic dissipation in subsystem 1.369

Figure 8 shows the stability plots of the tight coupling scheme with ξ1 = 0.6, rk = 1.0,370

rm = 1.0, and different values of rc. Trends similar to those highlighted above can be observed.371

A larger rc, namely a larger c2, can make the coupling scheme unstable in some cases, since372

the error caused by the coupling velocity ṽ1 is magnified during the co-simulation, resulting in373

algorithmic instability. However, the damping ratios improve the stability of the co-simulation.374

With rm = 1, rk = 1, rc = 1.0 and different values of ξ1 = ξ2 , the stability plots of the tight375

coupling scheme are presented in Fig. 9. It can be clearly seen that when ξi = 0.0, stability of the376

co-simulation is lost in most cases, whereas as ξi increases, the stability region grows.377

The influence of the mass ratio rm on stability is studied in a similar manner. Figure 10378

presents the stability plots of the tight coupling scheme with rk = 0.7, rc = 0.0, ξ1 = 0.0 and379

different values of rm. It follows that as rm decreases, the stability region grows, which can be380
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Figure 8: Stability plots with ξ1 = 0.6, rm = 1.0, rk = 1.0 and different rc varying from rc = 0.1 to rc = 0.7 using the
tight coupling scheme.

interpreted with a reduction of the co-simulation error with the decrease of m2. When rm = 0.0,381

the co-simulation indeed becomes monolithic, based on the scheme of Eq. (2).382

To verify the results of the stability analysis, a co-simulation is carried out, with the parame-383

ters ρ∞ = 0.60, ξi = 0.0, rm = 1.0, rk = 0.0, rc = 0.0, h = 1×10−4 s, ω01 = 10, and the maximum384

admissible error ε̃1 = 1 × 10−6 for the tight coupling scheme. At the initial time, the oscillator is385

released at x1 = x2 = 0.0 m and v1 = v2 = 1.0 m/s. The time histories of v1 obtained by the loose386

coupling scheme and the tight coupling scheme are presented in Fig. 11, which shows that for387

the loose coupling scheme, since in this case the spectral radius ρ̃ is larger than 1, as shown in388

Fig. 6(a), the results are divergent, while for the tight coupling scheme, oscillations with sensibly389

constant amplitude are observed because in this case ρ̃ < 1, as shown in Fig. 6(b).390

This set of parameters is employed to illustrate the convergence rate of the tight coupling391

scheme. With a fixed value ω2
01 = 5000 s−2, the relative errors with different time steps h392

for simulations in the interval [0, 0.1]s are summarized in Table 1, where the relative error is393
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Figure 9: Stability plots with rm = 1.0, rc = 1.0, rk = 1.0 and different ξ1 varying from ξ1 = 0.0 to ξ1 = 0.6 using the
tight coupling scheme.

evaluated as the L1 norm, as [24]:394

‖error‖1 =

N∑
n=0

∣∣∣x2,n − x2 (tn)
∣∣∣/ N∑

n=0

|x2 (tn)|, (34)

where N is the number of steps, x2,n and x2(tn) denote the co-simulation and analytical solution395

of x2 at time tn. From the results, the proposed coupling scheme can approximately achieve396

first-order accuracy. In this table, the number of required iterations, namely the number of times397

Chrono::Engine is called, the elapsed time and the CPU time during the co-simulation are also398

listed in the last two columns, to illustrate the computational cost of the tight coupling method.399

It follows that the computational cost mainly depends on the number of iterations, because as400

the time step size decreases, the computational cost of Chrono::Engine in each iteration, that is401

a whole integration from tn to tn+1, remains almost unchanged. When a smaller time step size402

is employed, each solver shows higher accuracy; thus, less iterations are required to achieve the403

admissible error ε̃1 and less time is required for each step. However, with a smaller step size,404

more steps are needed to reach the final time, resulting in higher overall computational cost, and405
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Figure 10: Stability plots with ξ1 = 0.0, rc = 0.0, rk = 0.7 and different rm varying from rm = 0.1 to rm = 0.7 using the
tight coupling scheme.

more iterations are traded for the higher accuracy.406

In conclusion, the stability of the proposed coupling scheme has been assessed using a simple407

two-mass oscillator. As expected, the tight coupling scheme shows a degree of algorithmic408

stability higher than that of the loose scheme. The algorithmic stability of the tight coupling409

scheme is affected by the parameters of the two subsystems, including the mass ratio, the natural410

frequency, and the damping ratio, as well as the asymptotic spectral radius ρ∞ of the implicit411

integration method. Schemes with a smaller ρ∞ can introduce higher algorithmic dissipation,412

which is helpful and convenient to avoid instability. The numerical results from co-simulation413

using the tight coupling scheme are consistent with the stability analysis; they also show that the414

proposed scheme approximately has first-order convergence rate.415

5. RESULTS416

In this section, two illustrative examples, the single-DoF primary system, used in the experiments417

reported in [26], and a cantilever beam modeled using finite volume elements [48], coupled with418

a particle damper, are simulated using the proposed co-simulation method discussed in Section 3,419
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Figure 11: Time histories of v1 using different coupling schemes with ω01h = 0.001.

Table 1: Relative error and time consumption of the tight coupling scheme during [0 0.1] s.

Time step size (s) ‖error‖1 Number of iterations Elapsed time (s) CPU time (s)

1.0 × 10−3 3.23 × 10−2 1732 9.8 67.3
1.0 × 10−4 3.29 × 10−3 13957 82.0 644.2
1.0 × 10−5 3.30 × 10−4 87733 538.7 4192.0
1.0 × 10−6 3.30 × 10−5 367001 2569.8 20199.9

to assess its effectiveness. To improve the accuracy of the results, in Chrono::Engine millimeters420

and grams are used, whereas in MBDyn meters and kilograms are used. In the tight coupling421

scheme, the maximum admissible error ε̃1 for Chrono::Engine is set to 0.001, and a maximum of422

20 iterations is used.423

5.1. Single-DoF system with the particle damper424

5.1.1. System description425

The system is decoupled into two subsystems, as shown in Fig. 12. Subsystem 1, subjected to426

the external excitation xp1, is simulated by MBDyn with the coupling variable F̃. Subsystem 2,427

the particle damper, is simulated using Chrono::Engine with the rheonomic constraint xp2 = x̃p2.428

The system parameters of the experiment reported in [26], listed in Table 2, are used; mr is429

the mass ratio of particles and container; about 200–250 particles are employed in the present430

simulation. At the initial time, the container of the particle damper is at rest on the ground. The431

sliding point of the primary system is excited by the sinusoidal signal xp1 = Xp1 sin(2π f t).432

5.1.2. Co-simulation results433

After initialization, the two codes are connected with Unix sockets for data exchange. A434

fixed time step h = 10−4 s is employed in the co-simulation. Results with f = 12 Hz and435

mr = 0.115 are shown in Fig. 13, which presents the time histories of xp2 and vp2 at steady state436

resulting from three different methods: the monolithic simulation using the non-smooth method437

in Chrono::Engine, the loose coupling scheme (LCS), and the tight coupling scheme (TCS).438
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Figure 13: Time histories of displacement xp2 and velocity vp2 using different numerical methods.

The amplitudes of xp2 and vp2 are almost unchanged, since the energy absorbed by the particle439

and viscous dampers is approximately equal to that input by the excitation at steady state. The440

results obtained by the different methods overlap one another, illustrating the effectiveness of the441

coupling schemes.442

Figure 14 shows the curves of the root mean square (rms) of xp2 versus the excitation fre-443

quency f with two mass ratios, mr = 0.092 and mr = 0.115. The co-simulation method (Cosim)444

using the tight coupling scheme gives a trend of the amplitude-frequency curve similar to that of445

the experimental one (Exp). For comparison, the frequency-amplitude curve for the case without446

particles is also plotted in Fig. 14 as the reference. Although the coupled system shows an ampli-447

tude slightly larger than that obtained without particles over the low frequency range, the particle448

damper effectively suppresses the resonance peak around the natural frequency of the main sys-449

tem. Results also show that the damper with mr = 0.115 performs better than the damper with450

mr = 0.092, as observed in the experiment [26].451
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Figure 14: Curves of r.m.s. of the container amplitude versus frequency with different mass ratios mr .

Table 2: Parameters of the system including particles in experiments [26].

Parameters Value Parameters Value

Subsystem 1 kp (N/m) 1602.7 cp (N · s/m) 0.116
mp (kg) 0.293

Container Length (mm) 58 Width (mm) 38
Height (mm) 38

Particles Density (kg/m3) 1190 Radius (m) 0.003
mr 0.092/0.115 Friction coefficient 0.52

Other Xp1 (m) 0.001 g (m/s2) 9.8

5.2. Cantilever with the particle damper452

5.2.1. System description453

The cantilever beam coupled with a particle damper shown in Fig. 15(a) is studied in this454

Section. One end of the beam is constrained to the wall; a particle damper is attached at the other455

end. The beam is assumed to be uniform and made of isotropic material. Its parameters are listed456

in Table 3. The particle damper consists of lead particles encased in a cylindrical container, which457

is designed to have tunable clearance hc between the particles and the ceiling. The parameters458

of the particle damper, including the material properties and the radius of the particles, are also459

shown in Table 3.460

The system is decoupled in two subsystems, respectively simulated using MBDyn and Chrono::Engine,461

as shown in Fig. 15(a). The clamped end of the beam is established as the global coordinate for462

subsystem 1. The beam is modeled in MBDyn as a three-dimensional cantilever, meshed us-463

ing 10 three-node beam elements, for a total of 21 nodes, without any structural damping. The464

container is modeled as a three-dimensional rigid body, whose rotary inertia with respect to the465

free end of the beam is assumed to be constant, as listed in Table 3. The external generalized466

force vector representing the reaction force and torque produced by the particles simulated in467

Chrono::Engine is applied to the container.468

As a reference, the reduced model, which can be simulated using the monolithic method, is469

also used to reproduce the first bending mode, as shown in Fig. 15(b). It is composed of a two-470
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Figure 15: (a) Decomposition of the coupled model between a beam and a particle damper; (b) the reduced model.

Table 3: Parameters for the beam and the particle damper.

Parameters Value Parameters Value

Beam Young’s modulus Eb (GPa) 210 Poisson’s ratio νb 0.33
Destiny ρb (kg/m3) 7845 Height hb (m) 0.002
Length Lb (m) 0.25 Width wb (m) 0.03
Mass mb (g) 117.7

Container Mass mc (g) 48.5 Inner radius rc (m) 0.01
Jcx (kg ·mm2)* 2.66 Jcy (kg ·mm2)* 4.85
Jcz (kg ·mm2)* 2.66

Particles Radius rp (m) 0.001 Destiny ρp (kg/m3) 11344
Friction coefficient µp 0.52 Total mass mp (g) 7.0

* Jcx, Jcy, and Jcz are the components of the moment of inertia relative to the free
end of the beam.

dimensional single-DoF primary structure, obtained from the cantilever. The rotary inertia of the471

particle damper’s container is neglected, as in the model adopted in [7, 49, 50]. The equivalent472

mass Me and stiffness Ke of the reduced model are obtained from [49, 50]:473 
Me = 0.24mb + mc + mp,

Ke =
3EbIbz

L3
b

, (35)

where Ibz = (wbh3
b)/12 is the moment of inertia with respect to axis z. Since in the original model474

the structural damping of the beam is ignored, the equivalent damping Ce is also set as zero in475

the reduced model. The natural frequency of the reduced model is
√

Ke/Me/2π = 15.618 Hz.476

5.2.2. Co-simulation results477

The modal analysis for the coupled model is performed in MBDyn using the method pre-478

sented in [51]. In the analysis, the mass of the particles in the damper is added to that of the con-479

tainer. The resulting mode shapes of the first three bending modes in the x − y plane are plotted480
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Figure 16: First three calculated bending modes in the x − y plane of the system with a lumped mass.
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Figure 17: Time histories of the vertical displacement Yc, and the vertical velocity Vyc using the coupled model and the
reduced model with a lumped mass.

in Fig. 16. The corresponding natural frequencies are 15.619 Hz, 127.460 Hz and 381.082 Hz.481

The natural frequency of the reduced model is very close to that of the first bending mode.482

With the particles modelled as additional lumped masses attached to the container, numerical483

simulations are carried out to compare the results of the two models excited by the external484

force Fb = Ab sin(2π fbt) N. In the coupled analysis, the force is applied to the free end of the485

beam, whereas it is applied to the container in the reduced model. The time histories of the486

vertical displacement Yc and velocity Vyc of the container with h = 1 × 10−4 s, Ab = 0.25 N487

and fb = 15.5 Hz are plotted in Fig. 17. Since the excitation frequency is close to the first488

natural frequency, resonant response can be observed in both models. The numerical results of489

the two models overlap; this proves the equivalence of the reduced and coupled models in dealing490

with response close to the first normal vibration mode. Therefore, when the coupled model is491

subjected to an excitation close to the first natural frequency, the reduced model can be employed492

to check the performance of the coupling scheme.493

The coupled model and the reduced model with the particle damper are then numerically sim-494
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Figure 18: Time histories of the vertical velocity Vyc of the container obtained by the coupled model and the reduced
model with different clearances hc varying from hc = 4.0 mm to hc = 10.0 mm.
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Figure 19: Time histories of the vertical displacement Yc, and velocity Vyc using the coupled model with a lumped mass
or with particles under high-frequency excitation.

ulated using the tight coupling scheme and the monolithic method, respectively. The parameters495

are set as h = 1 × 10−4 s, Ab = 0.25 N, fb = 15.5 Hz, and hc changed from 4 mm to 10 mm. The496

time histories of the vertical velocities Vyc of the container are summarized in Fig. 18 with differ-497

ent clearances. The results of the coupled model using the tight coupling scheme are consistent498

with those of the reduced model using the monolithic method, which further validates the effec-499

tiveness of the coupling scheme. The results also show that the particle damper can effectively500

suppress the response at resonance; its damping effect is influenced by the clearance hc. When501

hc is less than 8 mm, the amplitude during [1.0, 2.0]s decreases along with the increase of hc.502

When hc is increased to values larger than 8 mm, the amplitude at steady state remains essentially503

constant. This phenomenon was also observed in the experiments [50], which indicates that the504

particle damper produces an increasingly significant damping effect as the clearance increases up505

to some threshold, after which, when the clearance is large enough, the damping effect remains506

constant. Therefore, the numerical results obtained in this work appear to be reasonable.507

5.2.3. Vibration under high-frequency excitation508

The damping effect of the particle damper under high-frequency excitation is then investi-509

gated using the tight coupling scheme. At higher frequencies, the high-order modes of the beam510

cannot be ignored; as such, the reduced model is not capable of reproducing the correct dy-511

namic behavior. Figure 19 shows the result of the tight coupling scheme applied to the coupled512

beam/particle damper model. To suppress the oscillations resulting from the sudden application513

of gravity, artificial damping is applied to the beam during an initial transient, and gradually514

removed in the interval between 0 s and 0.4 s.515

High-frequency excitation, with Ab = 2.0 N and fb = 127.0 Hz, is then applied. With the516

parameters ∆t = 0.4 s, hc = 4 mm, and h = 1 × 10−5 s, the time histories of the displacement Yc517

and the velocity Vyc of the container are plotted in Fig. 19. When the damping factor is reduced518

to a very small, constant value, resonance occurs when an equivalent lumped mass is added519

to the container instead of the particles, because now the excitation frequency is close to the520

second bending frequency of the beam. The results show that the particle damper can effectively521
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Figure 20: Spectrum of the vertical displacement Yc, and the vertical velocity Vyc by the coupled model and the reduced
model with a lumped mass under high-frequency excitation.

suppress also the resonance of the high-order modes. The dynamic response in the [0.5, 2.0] s522

interval in Fig. 19 is transformed into the frequency domain by the Fast Fourier Transform (FFT).523

The resulting amplitude-frequency curves of Yc and Vy,c are shown in Fig. 20. Owing to the effect524

of the particles, the amplitude of the coupled model is reduced compared with that with a lumped525

mass, consistent with Fig. 19.526

5.2.4. Vibration under centrifugal loads527

A test case in which the beam rotates about the y axis with constant angular velocity Ω =528

2π ≈ 6.28 rad/s is also co-simulated, to show the ability to predict the damping produced by the529

particle damper under large full three-dimensional motion and centrifugal loads. The parameters530

of the system are listed in Table 3. The excitation is set as Ab = 0.25 N, fb = 15.5 Hz. Co-531

simulation results for the particle damper with hc = 8 mm are shown in Figs. 21 and 22, which532

present the trajectory of the container of the particle damper for t ∈ [1.0, 1.5] s, and the time533

histories of the container’s position components along the x, y, z axes. With the same angular534

velocity Ω = 2π ≈ 6.28 rad/s, results with the particle damper replaced by a rigid body of535

equivalent mass are also shown in Figs. 21and 22, to illustrate the damping produced by the536

particle damper. It follows that under centrifugal loads the particle damper can still suppress537

vibrations in the direction of the rotation axis. Co-simulation results without centrifugal loads,538

namely Ω = 0.0 rad/s, are also provided in Fig. 22. It can be seen that the damping effect of539

the particle damper is weakened. This can be justified by the perturbation the centrifugal loads540

introduce in the trajectory of the particles, as illustrated in the following. To further illustrate541

the influences of centrifugal loads, snapshots of particles in the local reference of the container542

are also presented in Fig. 23 for the non-rotating case, and in Fig. 24 for the rotating one. The543

snapshots show that in both cases, in the initial condition, the particles lie at the bottom of the544

container (a); close to the top of an oscillation (t = 0.6 s, as shown in Fig. 22(b)), they gather at545

the bottom of the container (b), whereas close to the bottom of an oscillation (t = 1.6 s, as shown546

in Fig. 22(b)), they gather at the top of the container (c). However, when subjected to centrifugal547

loads directed toward the right (outward direction, Fig. 24), the particles tend to pile up in that548

direction.549
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Figure 21: Trajectory of the container of the particle damper with constant angular velocity Ω = 2π ≈ 6.28 rad/s during
t ∈ [1.0, 1.5] s.
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Figure 22: Time histories of the container’s position components along (a) x axis; (b) y axis; (c) z axis.
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(a) t = 0.0 s (initial position) (b) t = 0.6 s (close to top of os-
cillation)

(c) t = 1.6 s (close to bottom of
oscillation)

Figure 23: Snapshots of particles for Ω = 0.0 rad/s: (a) t = 0.0 s (initial position); (b) t = 0.6 s (close to top of oscillation:
particles gather at bottom of container); (c) t = 1.6 s (close to bottom of oscillation: particles gather at top of container)

(a) t = 0.0 s (initial position) (b) t = 0.6 s (close to top of os-
cillation)

(c) t = 1.6 s (close to bottom of
oscillation)

Figure 24: Snapshots of particles for Ω = 2.0π ≈ 6.28 rad/s: (a) t = 0.0 s (initial position); (b) t = 0.6 s (close to top of
oscillation: particles gather at bottom of container); (c) t = 1.6 s (close to bottom of oscillation: particles gather at top of
container)

Overall, when applied to the coupled model composed of a cantilever and a particle damper,550

the proposed tight coupling scheme shows satisfactory performance, which is checked using the551

reduced model and experimental results. The numerical results also illustrate that the particle552

damper is effective in damping resonance at different frequencies and under centrifugal loads.553

6. CONCLUSIONS554

A tight coupling scheme with iterations using two free general-purpose solvers, MBDyn and555

Chrono::Engine, is established to study the coupled dynamics of multibody systems with particle556

dampers. In the coupled configuration, Chrono::Engine is embedded into the iterative solution557

process of MBDyn to obtain algorithmically stable results, where only the non-smooth solver558

needs to be repeated in each step. The coupled system is decomposed in two subsystems using559

the force-displacement decomposition technique. The subsystem including the multibody sys-560

tem is simulated using the implicit A/L stable linear multi-step scheme implemented in MBDyn,561

whereas the subsystem including the particle damper is simulated using the non-smooth method562

based on the complementarity theory implemented in Chrono::Engine. The two solvers are con-563

nected by the coupling variables: the motion of the container produced by MBDyn is prescribed564

using rheonomic constraints in Chrono::Engine, and the forces and torques of the particles ob-565

tained from Chrono::Engine are applied to MBDyn as external forces. The data exchange is566

carried out at each iteration using a stable two-way communication protocol, established using567

sockets.568

To assess the numerical stability of the proposed coupling scheme, Dahlquist’s test equations569

for co-simulation methods, which can be regarded as the equation of a linear two-mass oscilla-570

tor, is used. The corresponding recurrence scheme of the coupling approach is deduced. Using571
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the recurrence scheme, the algorithmic stability properties can be easily obtained by detecting572

whether the spectral radius of the recurrence scheme is greater than 1. It follows that the tight573

coupling scheme with iterations shows greatly improved algorithmic stability compared with the574

loose coupling scheme without iterations. Algorithmic stability is also influenced by the parame-575

ters of the subsystems and of the solvers. Excessive mass, natural frequency, or damping ratio in576

the subsystem built in Chrono::Engine, can lead to unstable co-simulation, whereas for subsys-577

tems with equal damping ratio, the stability region grows as the viscous damping increases. The578

algorithmic dissipation of the implicit integrator in MBDyn is beneficial to improve the stability579

of the coupling scheme. It provides a very convenient way to enhance the stability by just adopt-580

ing a smaller asymptotic spectral radius ρ∞ in the integrator. Based on this example, the results of581

numerical simulations also show that the proposed coupling scheme has first-order convergence582

rate, approximately.583

Finally, the tight coupling scheme is applied to two illustrative models: a single-DoF primary584

system and a cantilever beam, both coupled to a particle damper. In the first example, the effec-585

tiveness of the proposed scheme is verified by comparing the results with those obtained from586

monolithic simulation and experiments. For the cantilever example, meshed using finite volume587

elements, the proposed scheme gives results consistent with the monolithic simulation applied588

to the reduced model, when the excitation frequency is close to the first natural frequency of the589

system. When higher natural frequencies are excited, or the beam rotates about a fixed axis, all590

aspects that cannot be included in the reduced model, the coupled model can still obtain stable591

and qualitatively sound solutions using the proposed scheme. The results show that the particle592

damper produces the desirable effect of appreciably suppressing the resonant response in various593

cases, such as at multiple bending natural frequencies, or under centrifugal loads.594
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