
Chapter 1
Advances in Wave Digital Modeling
of Linear and Nonlinear Systems: A
Summary

Alberto Bernardini

Abstract This brief summarizes some of the main research results that I obtained
during the three years, ranging from November 2015 to October 2018, as a Ph.D.
student at Politecnico di Milano under the supervision of Professor Augusto Sarti,
and that are contained inmy doctoral dissertation, entitled “Advances inWaveDigital
Modeling of Linear and Nonlinear Systems”. The thesis provides contributions to all
the main aspects of Wave Digital (WD) modeling of lumped systems: it introduces
generalized definitions of wave variables; it presents novel WD models of one- and
multi-port linear and nonlinear circuit elements; it discusses systematic techniques
for theWD implementation of arbitrary connection networks and it describes a novel
iterative method for the implementation of circuits with multiple nonlinear elements.
Though WD methods usually focus on the discrete-time implementation of analog
audio circuits; the methodologies addressed in the thesis are general enough as to be
applicable to whatever system that can be described by an equivalent electric circuit.

1.1 Introduction

My doctoral dissertation presents various contributions to the recent evolution of
modeling and implementation techniques of linear and nonlinear systems in the
Wave Digital (WD) domain. The overarching goal of WDmethods is to build digital
implementations of analog systems, which are able to emulate the behavior of their
analog counterpart in an efficient and accurate fashion. Though suchmethods usually
focus on the WD modeling of analog audio circuits; the methodologies addressed
in the thesis are general enough as to be applicable to whatever physical system
that can be described by an equivalent electric circuit, which includes any system
that can be thought of as a port-wise interconnection of lumped physical elements.
The possibility of describing systems through electrical equivalents has relevant
implications not only in the field of numerical simulation of physical phenomena,
but also in the field of digital signal processing, as it allows us to model different
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kinds of processing structures in a unified fashion and to easily manage the energetic
properties of their input-output signals. However, digitally implementing nonlinear
circuits in the Kirchhoff domain is not straightforward, because dual variables (cur-
rents and voltages) are related by implicit equations which make computability very
hard.MainstreamSpice-like software, based on theModifiedNodal Analysis (MNA)
framework [20], is not always suitable for realizing efficient and interactive digital
applications, mainly because it requires the use of iterative methods based on large
Jacobian matrices (e.g., Newton–Raphson) for solving multi-dimensional nonlinear
systems of equations.

WD Filters (WDFs) are a very attractive alternative. During the seventies, Alfred
Fettweis introduced WDFs as a special category of digital filters based on a lumped
discretization of reference analog circuits [19]. A WDF is created by port-wise con-
sideration of a reference circuit, i.e., decomposition into one-port and multi-port
circuit elements, a linear transformation of Kirchhoff variables to wave signals (in-
cident and reflected waves) with the introduction of a free parameter per port, called
reference port resistance, and a discretization of reactive elements via the bilinear
transform. Linear circuit elements, such as resistors, real sources, capacitors and in-
ductors, can be described through wave mappings without instantaneous reflections,
as they can be all “adapted” exploiting the mentioned free parameter; in such a way
that local Delay-Free Loops (DFLs), i.e., implicit relations between wave variables
are eliminated. Series and parallel topological connections between the elements are
implemented using scattering topological junctions called “adaptors”, which impose
special adaptation conditions to eliminate global DFLs and ensure computability.
It follows that WDFs, as opposed to approaches based on the MNA, allow us to
model separately the topology and the elements of the reference circuit. Moreover,
WDFs are characterized by stability, accuracy, pseudo-passivity, modularity and low
computational complexity, making many real-time interactive applications easy to
be realized. Most classical WD structures can be implemented in an explicit fashion,
using binary connection trees, whose leaves are linear one-ports, nodes are 3-port
adaptors and the root may be a nonlinear element. However, WDFs are also charac-
terized by important limitations. The first main weakness of state-of-the-art WDFs is
thatWD structures, characterized by explicit input-output relations, can contain only
one nonlinear element, as nonlinear elements cannot be adapted. In fact, the presence
of multiple nonlinear elements might affect computability, which characterizes clas-
sical linear WDFs, as DFLs arise. As a second main limitation of traditional WDFs,
up to three years ago, there were no systematic methods for modeling connection
networks which embed non-reciprocal linear multi-ports, such as nullors or con-
trolled sources. Finally, very few studies were presented on the use of discretization
methods alternative to the bilinear transform and potentially adjustable step-size in
WD structures.

The thesis presents various techniques to overcome the aforementioned limita-
tions. After a review of the state of the art on WD methods up to 2015, the thesis
is organized in five parts and each part presents original contributions to a specific
important aspect of WD modeling. In the following, Sects. 1.2, 1.3, 1.4, 1.5 and 1.6
resume the content of Part I, Part II, Part III, Part IV and Part V of the thesis; each
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subsection providing a summary of a specific chapter. Section1.7 concludes this brief
and proposes some possible future developments.

1.2 Part I: Rethinking Definitions of Waves

Part I, containing Chaps. 2 and 3 of the thesis, discusses two families of definitions
of wave signals; one based on one free parameter per port, the other based on two
free parameters per port.

1.2.1 Mono-Parametric Definitions of Wave Variables

Chapter 2 presents a generalization of the traditional definitions of voltage waves,
current waves and power-normalized waves, characterized by one port resistance per
port. The generalization is done introducing a scalar parameter ρ in expressions at
the exponent of the port resistance. The generalized definition also includes novel
definitions of waves never appeared in the literature. Such a generalized definition
was firstly presented in [35] and it proved useful for modeling WD structures based
on waves with different units of measure in an unified fashion. In fact, it was used in
[30] and in [16] for modeling arbitrary reciprocal and non-reciprocal multi-port WD
junctions. Chapter 2 also includes the scattering relations of some fundamental circuit
elements and the scattering relations of series and parallel adaptors. It is shown that
some scattering relations are invariant to the wave type (e.g., voltage waves, current
waves, power-normalized waves), while other scattering relations are not invariant
to the wave type since they depend on ρ.

1.2.2 Biparametric Definitions of Wave Variables

Chapter 3 presents the content of the published journal article [7], which introduces
two dual definitions of power-normalized waves characterized by two free parame-
ters per port, instead of one as it happens in traditional WDFs. It is shown that such
dual definitions are two possible generalizations of the traditional definitions based
on one port resistance and that when the two free parameters at the same port are
set to be equal, they reduce to the traditional definition of waves. The WD struc-
tures based on the new definitions of wave variables are called Biparametric WDFs
(BWDFs). It is shown that since BWDFs are characterized by more degrees of free-
dom than WDFs, they enable a higher modeling flexibility. For instance, all ports of
adaptors based on biparametric definitions of waves can bemade reflection free at the
same time. This fact allows us to reduce the number of local DFLs in WD structures
and to design adaptors whose behavior is uniform at all ports. Moreover, when the
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free parameters are properly set, series adaptors can be described using scattering
matrices made of zeros in the diagonal entries and minus ones in the non-diagonal
entries, while parallel adaptors can be described using scattering matrices made of
zeros in the diagonal entries and ones in the non-diagonal entries. This further prop-
erty is useful in many situations for reducing the number of multiplies required for
implementing WD structures based on power-normalized waves. Finally, a discus-
sion on the implementation of nonlinear circuits with multiple nonlinearities using
BWDFs is provided. In particular, it is shown that, despite the use of adaptors with all
reflection-free ports and less multipliers simplifies the modeling of nonlinear circuits
with multiple nonlinearities in many aspects (e.g., considerably reducing the number
of local DFLs and, consequently, the complexity of the implicit equations describing
the circuit in the WD domain), not all global DFLs can be eliminated even using
BWDFs and iterative methods are still required.

1.3 Part II: Modeling Nonlinear One-Port and Multi-port
Elements

Part II, containing Chaps. 4, 5 and 6, is devoted to the modeling of nonlinear one-
ports and multi-ports in the WD domain. The common objective in all chapters
is searching for the conditions that allow us to use explicit scattering relations for
describing nonlinear one-ports and multi-ports in the WD domain. Also the use of
the Newton–Raphson (NR) method for finding the solution of implicit scattering
relations is discussed.

1.3.1 Canonical Piecewise-Linear Representation of Curves
in the Wave Digital Domain

Chapter 4 presents the content of the published article [8], where a method is dis-
cussed that, starting from certain parameterized PieceWise-Linear (PWL) i–v curves
of one-ports in the Kirchhoff domain, expresses them in the WD domain using a
global and explicit representation. Global, explicit representations of nonlinearities
allow us to implement their input-output relations without managing look-up ta-
bles, performing data interpolation and/or using local iterative solvers. It is shown
how certain curves (even some multi-valued functions in the Kirchhoff domain) can
be represented as functions in explicit canonical PWL form in the WD domain. A
general procedure is also provided that returns the conditions on the reference port
resistance under which it is possible to find explicit mappings in the WD domain.
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1.3.2 Wave Digital Modeling of Nonlinear Elements Using
the Lambert Function

Certain transcendental equations involving exponentials can be expressed in explicit
form using the Lambert W function. Chapter 5 presents the content of the published
journal article [15], which explores how theW function can be used to derive explicit
WD models of some one-ports [32] and multi-ports characterized by exponential
nonlinearities, such as banks of diodes in parallel and/or anti-parallel or BJTs in
certain amplifier configurations.

1.3.3 Wave Digital Modeling of Nonlinear 3-Terminal
Devices for Virtual Analog Applications

Chapter 6 presents the content of the article [11] submitted for publication and
currently in peer review. It discusses an approach for modeling circuits containing
arbitrary linear or nonlinear 3-terminal devices in theWD domain. Such an approach
leads us to the definition of a general and flexible WD model for 3-terminal devices,
whose number of ports ranges from 1 to 6. The WD models of 3-terminal devices
already discussed in the literature could be described as particular cases of the model
presented in this chapter. As examples of applications of the proposed approach,WD
models of the three most widespread types of transistors in audio circuitry, i.e., the
MOSFET, the JFET and the BJT are developed. These WD models are designed to
be used in Virtual Analog audio applications. It follows that the proposed models
are derived with the aim of minimizing computational complexity, and avoiding
implicit relations between port variables, as far as possible. Proposed MOSFET and
JFET models result into third order equations to solve; therefore, closed-form wave
scattering relations are obtained. Instead, the Ebers-Moll model describing the BJT is
characterized by transcendental equations which cannot be solved in closed-form in
theWDdomain; consequently, iterativemethods for finding their solutions have been
studied. The standard NR method recently used in the literature on WDFs [25] do
not satisfy all the requirements of robustness and efficiency needed in audio Virtual
Analog applications. For this reason, amodifiedNRmethod is developed that exhibits
a significantly higher robustness and convergence rate with respect to the traditional
NR method, without compromising its efficiency. In particular, the behavior of the
proposed modified NR method is far less sensitive to chosen initial guesses than
the traditional NR method. The proposed method converges for any initial guess
and any incident wave signal within reasonable ranges which are deduced from the
parameters of the implemented reference circuits.
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1.4 Part III: Modeling Connection Networks

Part III, containing Chaps. 7, 8 and 9, focuses on themodeling of arbitrary connection
networks in the WD domain. We refer to a connection network as a linear multi-port
whose ports are connected to arbitrary loads, which might be single circuit elements
or other networks. Connection networks in the WD domain are implemented using
scattering junctions called adaptors. In turn, suchWD junctions are characterized by
scattering matrices, whose properties depend on the characteristics of the modeled
reference connection network in the Kirchhoff domain and on the chosen definition
of wave variables. Connection networks can be classified in two main classes; the
class of reciprocal connection networks and the class of non-reciprocal connection
networks. In turn, the class of reciprocal connection networks includes “wire connec-
tions” of arbitrary complexity (i.e., series/parallel connections or interconnections
which are neither series nor parallel) and connection networks embedding recipro-
cal multi-ports, such as ideal two-winding or multi-winding transformers. On the
other hand, non-reciprocal connection networks, embed one or more non-reciprocal
multi-ports, such as nullors or controlled sources.

1.4.1 Modeling Sallen-Key Audio Filters in the Wave Digital
Domain

In [31, 34] a method based on theMNA analysis of the reference connection network
with instantaneous Thévenin equivalents connected to all its ports is presented. Ideal
sources of instantaneous Thévenin equivalents are set equal to the waves incident
to the WD junction and series resistances are set equal to reference port resistances
(free parameters). Chapter 7 presents the content of the published article [29], where
the MNA-based method is applied for implementing Sallen-Key filter circuits in the
WD domain. In particular, the eighteen filter models presented by Sallen and Key in
their historical 1955manuscript [26] are grouped into nine classes, according to their
topological properties. For each class the corresponding WD structure is derived.

1.4.2 Modeling Circuits with Arbitrary Topologies and Active
Linear Multiports Using Wave Digital Filters

Chapter 8 presents the content of the published journal article [30], where the MNA-
based method, presented in [31, 34] for modeling arbitrary connection networks
using WD adaptors based on voltage waves, is extended in such a way that it can
be applied to all mono-parametric definitions of waves using the generalized def-
inition described in Chap. 2. Moreover, it is shown that, connecting instantaneous
Norton equivalents to the ports of the connection network (instead of instantaneous
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Thévenin equivalents), in order to perform the MNA-based method, brings consid-
erable advantages in terms of computational cost because the number of nodes is
always reduced.

1.4.3 Generalized Wave Digital Filter Realizations of
Arbitrary Reciprocal Connection Networks

Chapter 9 presents the content of the published journal article [16] in which the ap-
proach developed by Martens et al. [23] for modeling and efficiently implementing
arbitrary reciprocal connection networks using WD scattering junctions based on
voltage waves is extended to be used in WDFs based on the generalized monopara-
metric and biparametric definitions of waves discussed in Part I. The method pre-
sented in this chapter is less general than the one presented in Chap. 8 (and pub-
lished in [30]), since it is limited to the modeling of reciprocal connection networks.
However, as far as reciprocal connection networks are concerned, the computational
efficiency of the proposed method generally surpasses or at least matches that of the
method in [30], both when the cost of scattering and the sizes of linear systems to be
inverted in order to form the scattering matrix are considered.

1.5 Part IV: Implementation of Circuits with Multiple
Nonlinearities

As outlined in the introduction, circuits with one nonlinear element can be imple-
mented using the trapezoidal discretizationmethod obtaining explicitWD structures,
i.e., digital structures without DFLs [24]. This is a considerable advantage of WD
modeling over alternative Virtual Analog modeling approaches developed in the
domain of voltages and currents, since they are typically characterized by implicit
equations and require the use of iterative solvers. Unfortunately, such a great benefit
is not preserved when circuits with multiple nonlinearities are considered because
all DFLs cannot be eliminated [7]. However, even in those cases, working in the
WD domain have proven to bring advantages. For instance, in [33] a method is in-
troduced that allows us to group all the nonlinear elements “at the root” of the WD
structure, enabling the possibility of separating the nonlinear part of the circuit from
the linear one; then, the multivariate nonlinear system of equations describing the
nonlinear part is solved using tabulation [13, 14, 33] or multivariate NR solvers
[25]. Another approach is presented in [28], where multidimensional WDFs and the
multivariate NR method are combined for solving nonlinear lumped circuits. An
alternative approach, described in [27], exploits the contractivity property of certain
WD structures for accommodating multiple nonlinearities using fixed point iteration
schemes. However, from a theoretical stand point, in [27], contractivity ensuring
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convergence of the fixed point algorithm is proven and analyzed only considering
linear WD structures.

Part IV, containing Chaps. 10, 11 and 12, is mainly devoted to the WD imple-
mentation of circuits with multiple nonlinearities using a further method called Scat-
tering Iterative Method (SIM) that has been recently developed starting from the
preliminary results presented in [6]. SIM is a relaxation method characterized by an
iterative procedure that alternates a local scattering stage, devoted to the computa-
tion of waves reflected from each element, and a global scattering stage, devoted to
the computation of waves reflected from a WD junction to which all elements are
connected. Similarly to what happens in the implementation methods described in
[27], wave signals circulate in the WD structure back and forth up to convergence.
A proven theorem guarantees that SIM converges when applied to whichever circuit
characterized by a reciprocal connection network and an arbitrary number of linear
or nonlinear one-ports whose i-v characteristic is monotonic increasing. It is worth
noticing that the absence of guarantee of convergence when it comes to implement
a nonlinear circuit using a whichever iterative method, does not necessarily imply
that the method cannot be used for solving that circuit anyway; as a matter of fact,
this happens in most situations in Spice-like software. The proven theorem not only
helps in identifying a class of nonlinear circuits for which the convergence of SIM
is theoretically ensured, but it also gives us insights about a strategy for increasing
its convergence speed, properly setting the free parameters (port resistances). SIM is
able to solve circuits with an arbitrary number Nnl of 2-terminal nonlinear elements
using Nnl independent one-dimensional NR solvers instead of one Nnl-dimensional
NR solver. This fact implies a number of interesting features that greatly differen-
tiate SIM from techniques based on high-dimensional NR solvers [25], like higher
robustness (or even convergence guarantee, when dealing with elements with mono-
tonically increasing i-v curves), higher efficiency and the possibility of solving the
nonlinearities in parallel threads of execution.

1.5.1 Wave-Based Analysis of Large Nonlinear Photovoltaic
Arrays

Chapter 10 presents the content of the published journal article [4] in which SIM
is employed for modeling and efficiently simulating large nonlinear photovoltaic
(PV) arrays under partial shading conditions. Given the irradiation pattern and the
nonlinear PV unit model (e.g., exponential junction model with bypass diode) with
the corresponding parameters, the WDmethod rapidly computes the current-voltage
curve at the load of the PV array [10]. The main features of the WD method are the
use of a scattering matrix modeling the arbitrary PV array topology and the adoption
of one-dimensional solvers to locally handle the nonlinear constitutive equations of
PV units. A rigorous analysis of SIM shows that it can be considered as a fixed-point
method that always converges to the PV array solution. Compared with standard
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Spice-like simulators, the WDmethod is up to 35 times faster for PV arrays made of
thousands of units. This makes the proposed method palatable for the development
of dedicated systems for the real time control and optimization of large PV plants,
e.g, maximum power point trackers based on the rapid exploration of the i-v curve
at the load.

1.5.2 Wave Digital Modeling of the Diode-Based Ring
Modulator

Chapter 11 presents the content of the published article [12] in which SIM is shown
to be suitable also for the discrete-time emulation of audio circuits for Virtual Analog
applications since it is robust and comparable to or more efficient than state-of-the-
art strategies in terms of computational cost. In particular, a WD model of a ring
modulator circuit constituted of four diodes and two multi-winding transformers is
derived. An implementation of the WD model based on SIM is then discussed and a
proof of convergence is provided.

1.5.3 Linear Multi-step Discretization Methods with Variable
Step-Size in Nonlinear Wave Digital Structures

Circuitmodeling in theWDdomain typically entails the implementationof capacitors
and inductors employing the trapezoidal discretization method with fixed sampling
step. However, in many cases, alternative discretization techniques, eventually based
on adaptive sampling step,might be preferable. Chapter 12 presents the content of the
journal article, inwhich an unified approach for implementingWDdynamic elements
based on arbitrary linear multi-step discretization methods with variable step-size as
time-varyingWDThévenin or Norton equivalents is discussed.Moreover, it is shown
that such an approach is particularly suitable to be combined with SIM for solving
circuits with multiple nonlinearities.

1.6 Part V: New Applications of WD Principles

Physical systems that do not come in the form of electrical circuits can often be
accurately represented by electrical equivalents, and then modeled and implemented
as WD structures. In some applications, it is even possible to define an electrical
circuit that models a digital signal processing structure, and use its WD model to
implement such system more efficiently. As an example of the sort, in Part V con-
taining Chap. 13, it is shown how certain first-order beamforming systems can be
represented using electrical equivalents and then implemented in the WD domain.
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1.6.1 Wave Digital Implementation of Robust First-Order
Differential Microphone Arrays

As a secondary research project during my Ph.D., I worked on the modeling of
Differential Microphone Arrays (DMAs) [2, 3, 17, 22]. In this regard, Chap. 13,
presents the content of the published journal article [1], in which a novel time-domain
WD implementation of robust first-order DMAs with uniform linear array geometry
[36] is described. In particular, it is shown that the reference beamforming system,
composed of an array of sensors and a bank of filters (one per sensor) designed
in the frequency domain, can be exactly represented by a bank of simple electrical
circuits. This fact allows us to derive a bank of WDFs, one per sensor, and obtain
a time-domain realization of the same beamformer which is less computationally
demanding than its counterpart implemented in the frequency domain. The proposed
beamformingmethod is extremely efficient, as it requires at most twomultipliers and
one delay for each filter, where the necessary number of filters equals the number
of physical microphones of the array, and it avoids the use of fractional delays. The
update of the coefficients of the filters, required for reshaping the beampattern, has
a significantly lower computational cost with respect to the time-domain methods
presented in the literature [18]. Thismakes the proposedmethod suitable for real-time
DMA applications with time-varying beampatterns.

1.7 Conclusions and Future Works

In this brief, I resumed the main contributions to WD modeling of lumped systems
presented in my doctoral dissertation. As far as future work is concerned, I think the
properties of BWDFs should be explored further. For instance, two parameters per
port could be exploited for increasing the speed of convergence of SIM. Moreover,
it is worth extending the applicability of SIM to circuits containing multi-port non-
linearities and nonreciprocal linear elements. Such extensions would pave the way
towards the realization of new general purpose circuit simulators that are potentially
more efficient, robust and parallelizable than mainstream Spice-like software.

Another promising application of the presented WD modeling techniques is the
design of inverse nonlinear systems, given direct systems represented as electrical
equivalent circuits. In fact, the inverse of a nonlinear circuit system can be obtained
by properly adding a nullor to the direct system itself [21]. In this regard, preliminary
results published in the conference paper [9] show how the approach for modeling
non-reciproca junctions in the WD domain, presented in [30], can be exploited for
modeling the inverse of certain single-input-single-output audio circuits.
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