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ABSTRACT 

Lithium-Ion rechargeable batteries are widespread power sources with applications to consumer 

electronics, electrical vehicles, unmanned aerial and spatial vehicles, etc. The failure to supply the 

required power levels may lead to severe safety and economical consequences. Thus, in view of the 

implementation of adequate maintenance strategies, the development of diagnostic and prognostic 

tools for monitoring the state of health of the batteries and predicting their remaining useful life is 

becoming a crucial task. Here, we propose a method for predicting the end of discharge of Li-Ion 

batteries, which stems from the combination of particle filters with radial basis function neural 

networks. The major innovation lies in the fact that the radial basis function model is adaptively 

trained on-line, i.e., its parameters are identified in real time by the particle filter as new 

observations of the battery terminal voltage become available. By doing so, the prognostic 

algorithm achieves the flexibility needed to provide sound end-of-discharge time predictions as the 

charge-discharge cycles progress, even in presence of anomalous behaviors due to failures or 

unforeseen operating conditions. The method is demonstrated with reference to actual Li-Ion 

battery discharge data contained in the prognostics data repository of the NASA Ames Research 

Center database. 

Keywords: Lithium-ion batteries, Remaining Time to Discharge, Prognosis, Particle Filters, Radial 

Basis Functions, Neural Networks. 



1. INTRODUCTION

In the last years, lithium-ion (Li-ion) batteries have gained a dominant position with respect to other 

battery technologies, such as lead-acid, nickel-cadmium or nickel-metal-hydride cells. The main 

reason of this success is that they offer significant advantages with respect to the other battery 

types, such as, for example [1]: i) the lower weight, due to the lightweight lithium and carbon-made 

electrodes, and, at the same time, the larger energy density, due to the high chemical reactivity of 

lithium; ii) the possibility of being recharged also if they are not completely discharged without any 

detrimental effects (no memory effect); iii) the lower self-discharge rate, so that they better 

maintain their charge when not used; iv) the longer life cycle, since they can operate successfully 

even after hundreds of charge-discharge cycles. These characteristics have contributed to their 

widespread application to many different types of system, ranging from consumer electronics (cell 

phones, laptops, etc.), to hybrid/electric vehicles and even solar system exploration probes. 

Consequently, failures of Li-Ion batteries may have a wide range of possible consequences, 

characterized by very different degrees of severity, peaking in the two ill-famed accidents of the 

plane crash in April 2000 due to the failure of the power supply system of its landing gear and the 

loss of the Mars Global Surveyor in November 2006 due to an excessive heating of the battery 

radiators on-board [2][3]. Thus, in the last decade, many efforts have been made to develop 

methods for improving the reliability and the availability of Li-Ion batteries, thus benefiting the 

users’ satisfaction. 

In this context, a major role is played by prognostic and health management (PHM) methods, which 

aim at automatically monitoring the degradation state of the batteries, on the basis of different kinds 

of available information, such as sensor’s signals, physics-based dynamic models, past usage data 

of similar components, boundary conditions (environmental or operational), etc., and at predicting 

their remaining useful lifetime, possibly to support prediction-based maintenance actions. More 

specifically, as underlined in [4], PHM methods address the crucial problems of whether the 

batteries are capable of supplying an adequate power level during any discharge cycle, what kind of 

degradation mechanisms the batteries are undergoing and how many more charge-recharge cycles 

the batteries can withstand without reaching unacceptable levels of degradation of its performances. 

Eventually, attempting to answer these questions amounts to searching for possible strategies for the 

estimation of several battery parameters and/or health metrics, such as the state-of-health (SOH), 

state-of-charge (SOC), state-of-life (SOL), the end-of-discharge (EOD) time and the remaining-

useful-life (RUL) [4]. The SOH actually collects the measures/estimates of different internal battery 

physical parameters, such as its resistance, its impedance, its capacity, etc., internal operating 



conditions, such as current, terminal voltage, temperature, etc., as well as external operating 

conditions influencing the behavior and the degradation rate of the battery. The SOC, on the other 

hand, estimates the amount of charge (in [Ah] or in [%]) still available at the terminals as the 

battery is being used, i.e., in other words, during its discharge cycle. Note that the SOC is a very 

important diagnostic and prognostic metric for applications in Electric (or Hybrid) Vehicles (EV), 

since it is a fundamental input of modern battery management systems (BMSs) for performing 

voltage-limit-based control and it can be assumed as the equivalent of the fuel gauge in fossil fuel-

based vehicles, thus providing an indication of the remaining usage of the vehicle before the 

batteries need recharging [5]. Alternatively, in some applications, the terminal voltage variation 

during a discharge (in [V]), which is strictly related to the current and the SOC, is directly used as a 

diagnostic/prognostic indicator during the battery discharge phase, as for example done in [1] and in 

many other works of literature based on the NASA Ames database [6]. The SOL estimates the 

remaining capacity of the battery (usually in [Ah]) as it fades through the charge-discharge cycles 

due to different degradation processes. The EOD is usually defined as the time at which either the 

SOC or the terminal voltage reach some predefined thresholds, so that the battery needs to be 

charged, whereas the RUL is the remaining time at the end of which the battery capacity after 

recharge (SOL) will fade below a threshold, indicating that the battery must be replaced [4][6][8]. 

Many methods have been proposed in the recent years for the diagnosis and the prognosis of Li-Ion 

batteries, which consist either of (i) the direct measurements of the quantities of interest, such as, 

for example, electrochemical impedance spectroscopy (EIS) methods for impedance estimation or 

current pulses-based techniques for DC resistance estimation, or (ii) the use of some indirect, but 

more accessible observations, such as the current, the terminal voltage, etc., within different 

modeling/algorithmic schemes to infer the desired diagnostic/prognostic indicators [9]. While the 

former methods can hardly be used, in general, for the real-time operation typically required by 

PHM applications, due to the expensive and complex instrumentation required, the latter are, on the 

other hand, more suitable for performing on-line diagnosis and prognosis. 

The methods based on indirect measurements can be, in turn, classified in three families: model-

based, data-driven or hybrid methods [10]. Model-based methods aim at relating observable 

quantities to the indicators of interest by building either electro-chemical detailed model of the 

degradation processes affecting the battery life, or equivalent electrical circuits of the battery. Data-

driven methods, on the other hand, do not require the explicit derivation of a physics-based model, 

since they aim at mapping the relationships between the accessible observations and the hidden 

indicators by some approximating, general model adaptively built on the basis of available data, 

such as, for example, those relying on neural networks (NN), Gaussian process functional 



regressions, support vector regressions, fuzzy inference engines, etc. For thorough reviews of the 

existing model-based and data-driven methods, the interested reader may refer to the many recent 

works of literature, such as for example [6], [8], [9], or [11]. Both families of approaches have 

turned out to offer significant advantages in different practical situations. In this regard, the work in 

[12] provides useful guidelines for the identification of the best strategy to adopt, depending on the

amount of the information available, although in a context different from that of the PHM of Li-Ion 

batteries. Indeed, the successful application of model-based methods heavily depends on the 

physics-based model adopted, whose accuracy is, in general, the result of a trade-off between the 

reliability of the outcomes and the computational efforts required to obtain them; at the same time, 

the effectiveness of data-driven methods strongly relies on the amount and the quality of the data 

available. In this context, hybrid methods aim at combining model-based and data-driven methods, 

when possible, in an attempt to overcome the limitations of the individual methods and, thus, 

improve diagnostic and prognostic accuracies by better exploiting all the available information. A 

promising hybrid strategy seems, in particular, that of resorting to Bayesian filtering-based 

algorithms, where the required analytical models representing either the dynamic behavior of the 

system or the measurement equation are actually suitable data-driven surrogate models. For 

example, in [13] an extended Kalman filter (EKF) is coupled to a NN trained off-line to 

approximate the relationship between the observable battery terminal voltage at the present 

temporal step and the voltage, the current and the SOC at previous steps, in order to be able to 

estimate the present battery SOC; a similar approach is propounded also in [14] for the prognosis of 

gas turbine engines, where the EKF is substituted by the a more flexible particle filter (PF). The 

major drawback of these approaches is that the NNs have to be trained off-line, so that, if the 

battery operates in conditions different from those under which the training data are obtained, their 

performances may severely deteriorate. In [15], this problem is partially overcome by combining a 

PF with an exponential model of the battery SOL identified from data, but whose parameters are 

updated on line, thus guaranteeing a certain degree of adaptability. However, the functional form of 

the SOL model seems rather rigid, so that any sudden, unexpected changes in the SOL dynamics 

may hamper the filter performances.  

In this work, similarly to the work in [1], we tackle the problem of the real-time prognosis of the 

EOD time of a Li-Ion battery on the basis of terminal voltage observations. Differently from [1], 

where a PF was coupled to a classical electrical model of the battery discharge dynamics, with 

lumped parameters to be identified on line, here we aim at providing a fully adaptive scheme based 

on a combination of a PF with a NN. More specifically, we propose to resort here to the radial basis 

functions (RBF) networks, which were proven to be suitable for SOC estimation in some works of 



literature [16][17][18]. The algorithm represents an advancement with respect to the past works 

using particle filters (e.g. [1] or [15]) or NNs ([16], [17] or [18]) alone, or even their combination 

(e.g. [13] or [14]): in fact, the RBF training is performed by adapting the algorithm proposed in [19] 

for training general feed-forward NNs with particle filters. More specifically, the RBF’s parameters 

(centers, weights and biases) can be identified on-line on the basis of the input-output patterns as 

they are collected by the measurement system. The resulting algorithm is capable of adaptively 

calibrating itself, while performing its diagnostic and prognostic tasks, virtually with no need for 

off-line training. The use of a general NN (RBF) instead of other models whose functional form has 

been previously identified by regression on available data (as in [15]), provides more flexibility to 

the algorithm and, consequently, reduces its dependence on the laboratory data typically used for 

model (parameters and/or functional form) identification purposes. These data are usually obtained 

by means of experiments conducted in highly controlled conditions, hardly met in the realistic 

operation of most Li-Ion batteries. On the other hand, the larger flexibility of the proposed 

algorithm allows to effectively deal with unexpectedly accelerated aging scenarios, due, for 

example, to improper recharge or storage procedures. The algorithm is demonstrated with respect to 

the NASA Ames Research Center database available in the prognostics data repository [6]. 

The paper is structured as follows. Section 2 summarizes the methodology and its tailoring to deal 

with the specificity of the terminal voltage monitoring and prediction tasks. Section 3 discusses the 

performance of the method against experimental data available in [6]. The algorithm capabilities in 

estimating of the terminal voltage and in forecasting the EOD time are demonstrated in case of 

normal aging and unexpected, accelerating aging scenarios. Section 4 draws some conclusions on 

the proposed method and its further developments. 

2. METHODOLOGICAL APPROACH

This Section first briefly reviews the basics of the RBF networks functioning and illustrates our 

adaptation of the method proposed by [19], where a multi-layer perceptron NN model was 

sequentially trained by means of a sequential importance resampling (SIR)-based PF algorithm. The 

RBF-PF approach is then customized in order to predict the discharge dynamics of the terminal 

voltage of Li-Ion batteries under a constant current mode, until it reaches the predefined threshold 

𝑉𝑚𝑖𝑛. The interested reader is referred to [20] and [21], and to [22] and [23] for thorough 

descriptions of the functioning of RBFs and particle filters, respectively, and to [19] for further 

details on particle filtering-based NN training. 



2.1. RBF neural networks 

Compared to other types of artificial NNs, such as the multi-layer perceptrons [20], RBF networks 

possess the property of best approximation, can be trained with substantially faster procedures  and 

are characterized by simpler structures, which make them attractive for time series prediction 

[20][24]. In fact, focusing on their structures, RBF networks are typically built with one hidden 

layer with non-linear activation functions and a linear output layer, in order to maintain a fast 

training procedure [21]. A schematic view of the RBF network is shown in Figure 1, specifically 

tailored for this application, where the RBF model aims at approximating the decreasing terminal 

voltage as a function of time. The input node represents the time (t) at which the terminal voltage is 

measured, whereas the terminal voltage measure (z) is associated to the output node. The output 

node collects the non-linear outputs from a generic number M of hidden nodes, each one weighted 

by a factor w, and the bias w0. In a RBF network, each hidden node consists of a basis function 𝛷, 

which provides a non-linear activation dependent on the distance between the input (t) and a 

prototype vector, hereafter referred to as the basis function center. The output of the RBF network 

in Figure 1 is calculated as: 

𝑧 = ∑ 𝑤𝑗  𝛷𝑗(𝑡, 𝜉𝑗) + 𝑤0
𝑀
𝑗=1  (1) 

The vector 𝜉𝑗 contains the parameters of the j-th basis function 𝛷𝑗. Here we choose a RBF network 

structure with a basis function 𝛷 = 𝑟4 log 𝑟 [21], written as a function of the radial distance of the

input from the basis function center (𝑐𝑗), so that 𝜉𝑗 only contains 𝑐𝑗 and 𝑟 = ‖𝑡 − 𝑐𝑗‖. Equation (1) 

can thus be written as: 

𝑧 = ∑ 𝑤𝑗  ‖𝑡 − 𝑐𝑗‖
4

log(‖𝑡 − 𝑐𝑗‖) + 𝑤0
𝑀
𝑗=1 (2) 

As a general principle, M should be sized according to the complexity of the relationship that has to 

be learnt. The terminal voltage dynamics are, in general, well represented by three different 

behaviors as a function of time: a sudden drop at the beginning of the discharge, a slower decrease 

in the central part of the process and another sudden drop at the end of the discharge curve, with a 

curvature opposite to that of the first drop (see Figure 2 (a) for some examples). Intuitively, the 

larger the number of hidden neurons, the higher the capability of the algorithm in approximating 

complex relationships [20]. However, a large number of hidden neurons may give rise to data 



overfitting issues, thus strongly limiting the generalization capability of the NN on new data, 

especially for prediction outside the training domain. Furthermore, increasing M also induces a 

larger number of unknown parameters to be optimized during training, which may significantly 

increase the computational burden of the updating process described later. In this application, the 

number of hidden neurons has been empirically set to five based on a trial and error procedure. 

According to a qualitative sensitivity analysis performed by the authors, and not shown here for 

brevity’s sake, a slightly smaller or larger hidden layer (e.g., 4-7 neurons) still provides satisfactory 

results.  

With this choice of the RBF network structure, we can collect the 𝑛𝑥 = 11 network parameters in a 

vector 𝒙 = [𝑥1, 𝑥2, … , 𝑥11]𝑇, where the elements 𝒙1:5 are the five centers of the basis function

(𝒄1:5), the 𝒙6:10 are the five RBF weights (𝒘1:5) and 𝑥11 is the RBF network bias (𝑤0). Note that

the weights in 𝒙6:10 are different from the importance weights of the PF algorithm described later 

on. 

Figure 1. Example of RBF neural network, with one input (t), M hidden nodes and one output (z). 

2.2. The RBF-PF algorithm 

The Bayesian framework for the sequential training of the RBF model grounds on a state-space 

representation of the time evolution of the 𝑛𝑥 RBF model parameters, which are collected in the 

state vector 𝒙 ∈  ℝ𝑛𝑥×1. The set of the NN parameters 𝒙 will be called RBF model parameter vector

or system state vector henceforth. The filtering problem presented here differs from most of the 

Bayesian filtering problems analyzed in the prognostic literature, where the objective was the 

estimation of physical quantities collected in the system state vector [25]. In this application, the 

state vector collects the parameters of the RBF NN model in (2), so that the filtering process aims at 

training the NN sequentially. Note that the “time evolution” of the RBF parameters refers to the 



updating procedure driven by the particle filter, as it will be described later. This evolution is then 

governed by the time instants at which the process to be approximated is observed. Under the 

common operative assumption that the process observations are available at discrete times, the state 

space representation then reads: 

𝒙𝑘 = 𝒙𝑘−1 + 𝝎𝑘−1

𝑧𝑘 = 𝑔(𝒙𝑘, 𝑡𝑘) + 𝜂𝑘  
(3) 

where the subscript 𝑘 is the index of the discrete time step, 𝑡𝑘 and 𝑧𝑘 are the input and the output of 

the non-linear RBF mapping 𝑔(⋅) in (2), i.e. the time instant and the corresponding value of the 

terminal voltage, respectively, the random process 𝝎𝑘 ∈ ℝ𝑛𝑥×1 is the stochastic component of the

RBF model parameter evolution and 𝜂𝑘 ∈ ℝ is the measurement noise [22]. Thus, according to [19] 

and to many other works of literature (e.g. [15]) on fixed parameter estimation by particle filtering, 

the evolution of the network weights during their updating process is modeled as a discrete Markov 

chain driven by a process noise 𝝎𝑘 which allows to properly “explore” the parameters’ space in 

order to identify a satisfactory set of values and, at the same time, guarantees a certain degree of 

flexibility in order to be able to possibly adapt to any, possibly unexpected, changes in the process 

dynamics. 

Note that this procedure bears some similarities with that presented in [15], the major difference 

lying on the use of a more general RBF network instead of a previously identified, but less flexible, 

double exponential model. 

The final objective of this Bayesian framework is the recursive estimation of the posterior 

probability density function (pdf) of the RBF model weights 𝒙𝑘 given the set of observations 𝒛0:𝑘 

up to the current time step 𝑘, i.e., the posterior pdf of the state vector 𝑝(𝒙𝑘|𝒛0:𝑘). The optimal

solution of this problem requires is the well-known optimal Bayesian recursion, which involves a 

prediction and an update stage, defined by the Chapman-Kolmogorov equation and the Bayes’ rule, 

respectively [22][23]: 

𝑝(𝒙𝑘|𝒛0:𝑘−1) = ∫ 𝑝(𝒙𝑘|𝒙𝑘−1)𝑝(𝒙𝑘−1|𝒛0:𝑘−1)d𝒙𝑘−1

𝑝(𝒙𝑘|𝒛0:𝑘) =
𝑝(𝒛𝑘|𝒙𝑘)𝑝(𝒙𝑘|𝒛0:𝑘−1)

𝑝(𝒛𝑘|𝒛0:𝑘−1)

(4) 

Since the perturbation 𝝎 is the only source of uncertainty in the process equation and it is assumed 

independent of the state vector, the transition pdf can be written as: 



𝑝(𝒙𝑘|𝒙𝑘−1) = ∫ 𝛿(𝒙𝑘 − 𝝎𝑘−1 − 𝒙𝑘−1) 𝑝(𝝎𝑘−1) d𝝎𝑘−1 (5) 

where 𝛿(∙) denotes the delta Dirac function. Similarly, the likelihood function and the evidence 

become [22]: 

𝑝(𝑧𝑘|𝒙𝑘) = ∫ 𝛿(𝑧𝑘 − 𝑔(𝒙𝑘, 𝑡𝑘) − 𝜼𝑘) 𝑝(𝜼𝑘) d𝜼𝑘 (6) 

𝑝(𝑧𝑘|𝒛0:𝑘−1) = ∫ 𝑝(𝑧𝑘|𝒙𝑘)𝑝(𝒙𝑘|𝒛0:𝑘−1) d𝒙𝑘

(7) 

As extensively discussed in many works of literature, the nonlinearity of the dynamic state-space 

model in (3) and/or any non-Gaussianity of the process and/or measurement noises are such that 

analytical solutions of the optimal prediction-update recursion in (4) cannot be obtained. Thus, the 

estimation of a sub-optimal solution for the posterior pdf 𝑝(𝒙𝑘|𝒛0:𝑘) is typically achieved by means

of numerical methods, such as direct numerical integration, Gaussian approximations and Monte 

Carlo (or particle filters methods). Here, we resort to the solution based on the sampling importance 

resampling (SIR) PF algorithm proposed in [22]. 

A Monte Carlo estimator of the RBF weights posterior pdf can then be obtained as: 

�̂�(𝒙𝑘|𝒛0:𝑘) ≈ ∑ 𝑤𝑘
(𝑖)

𝛿(𝒙𝑘 − 𝒙𝑘
(𝑖)

)
𝑁𝑠
𝑖=1 (8) 

where the importance samples 𝒙𝑘
(𝑖)

, 𝑖 = 1, … , 𝑁𝑠 are 𝑁𝑠 independent and identically distributed

realizations of the system state vector, drawn from the importance pdf 𝑝(𝒙𝑘|𝒙𝑘−1). The terms

𝑤𝑘
(𝑖)

, 𝑖 = 1, … , 𝑁𝑠 are the normalized importance weights and 𝛿(⋅) is the Kronecker delta.

As proven in [23], the normalized importance weights can be recursively computed as 

𝑤𝑘
(𝑖)

=
�̃�𝑘

(𝑖)

∑ �̃�𝑘
(𝑖)𝑁𝑠

𝑖=1

(9) 

where the non-normalized weights �̃�𝑘
(𝑖)

 are given by

�̃�𝑘
(𝑖)

= 𝑤𝑘−1
(𝑖)

𝑝(𝑧𝑘|𝒙𝑘
(𝑖)

) (10)



The function 𝑝(𝑧𝑘|𝒙𝑘
(𝑖)

) is the likelihood of the observation 𝑧𝑘, i.e., the probability of observing 𝑧𝑘

given the underlying non-linear mapping 𝑔(𝒙𝑘, 𝑡𝑘) is approximated by the 𝑖-th RBF model defined

by the parameters 𝒙𝑘
(𝑖)

.

Finally, in order to avoid the sample impoverishment problem [22][23], which dramatically reduces 

the number of samples with non-negligible weights, thus hampering the posterior pdf 

representation, a resampling scheme is implemented after the weight normalization. Here, a 

systematic resampling approach is adopted, which generates a new pool of 𝑁𝑠 samples by picking 

(with replacement) the 𝑖-th sample with probability Pr {𝒙𝑘
(𝑗)

= 𝒙𝑘
(𝑖)

} = 𝑤𝑘
(𝑖)

 , ∀ 𝑗 = 1, … , 𝑁𝑠 from the

original set.  

The estimation of the posterior distribution 𝑝(𝒙𝑘|𝒛0:𝑘) is carried out each time 𝑘 a new observation

𝑧𝑘 becomes available. The set of samples and associated weights {𝒙𝑘
(𝑖)

, 𝑤𝑘
(𝑖)

} defines a set of 𝑁𝑠

RBF network models, which can be used also to predict the future terminal voltage behavior over 

time and, consequently, the EOD, as it shall be discussed later. 

Operatively, we assume that the random walk in (3) is driven by uncorrelated, zero-mean Gaussian 

noises, i.e., 𝝎𝑘~𝒩(0, Σ𝝎𝑘
), where the covariance matrix Σ𝝎𝑘

 is diagonal. In general, the choice of

the noise variances is not an easy task: too small values may hamper a proper (and reasonably fast) 

exploration of the state-space, whereas too large values do not guarantee a satisfactory state 

estimation, as discussed by many authors in literature. A common approach for achieving a 

satisfactory trade-off is that of letting the variances decrease from an initial value as the estimation 

process progresses, so as to guarantee the convergence of the algorithm [25][27]. In this work, we 

propose the following expression for the process noise covariance matrix as a function of the 

discrete time step index 𝑘: 

Σ𝝎𝑘
= (𝜎0 𝑒

−
𝑘

𝜎1 + 𝜎2) ∙ I (11) 

where all the variances are taken to be the same. The parameter 𝜎0 is such that Σ𝝎0
= (𝜎0 + 𝜎2) is

the initial value of the variances, 𝜎1 regulates their rate of decrease and 𝜎2 is their asymptotic value; 

𝐼 is the 𝑛𝑥 × 𝑛𝑥 identity matrix. 

We further assume that the measurement noise 𝜂𝑘 is also zero-mean, Gaussian with variance 𝜎𝜂
2 and

independent from k, i.e., 𝜂𝑘~𝒩(0, 𝜎𝜂
2). The likelihood function in (10) then becomes [19]:



𝑝(𝑧𝑘|𝒙𝑘
(𝑖)

) = (2𝜋𝜎𝜂
2)

−0.5
 exp {−

1

2𝜎𝜂
2 (𝑧𝑘 − 𝑔(𝒙𝑘

(𝑖)
, 𝑡𝑘))} (12) 

where 𝑧𝑘 represents the observation of the terminal voltage in correspondence of the discrete time 

steps 𝑡𝑘 and 𝑔(𝒙𝑘
(𝑖)

, 𝑡𝑘) is the correspondent prediction by the i-th RBF network with parameters

𝒙𝑘
(𝑖)

. Operatively, we have observed that the adoption of a systematic resampling strategy combined 

with a relatively high number of parameters in the state vector 𝒙 and a limited number of samples 

𝑁𝑠 hampers the convergence of the filter if only the last observation is included in the likelihood 

function. In practice, the procedure for the sequential updating of the system state vector gives rise 

to a “loss of memory”, which, in turn, makes the filtered RBF network parameter unstable and, 

consequently, the prediction of the system future evolution more unreliable.  

Thus, we modify the weight updating equation in (10) in order for the particles weights to account 

for the whole sequence of terminal voltage observations up to the current step k. By doing so, in 

fact, it is possible to obtain a more robust estimation of the RBF network parameters and, as a 

consequence, a more robust prediction of the battery discharge dynamics, as verified by the authors. 

To this aim, we introduce a 𝑘 × 𝑘 diagonal covariance matrix Σ𝜂, whose diagonal elements are all 

assumed equal to 𝜎𝜂
2 and we define the modified likelihood function in (10) as follows:

𝑝(𝑧0:𝑘|𝒙𝑘
(𝑖)

) = ((2𝜋)𝑘+1|Σ𝜂|)
−0.5

 exp {−
1

2
(𝑧0:𝑘 − 𝑔(𝒙𝑘

(𝑖)
, 𝑡0:𝑘))

𝑇

Σ𝜂
−1 (𝑧0:𝑘 − 𝑔(𝒙𝑘

(𝑖)
, 𝑡0:𝑘))} (13)

where the term 𝑧0:𝑘 represents the sequence of terminal voltage observations in correspondence of 

the discrete time steps 𝑡0:𝑘 and the terms 𝑔(𝒙𝑘
(𝑖)

, 𝑡0:𝑘) are the correspondent predictions of the i-th

RBF network with parameters 𝒙𝑘
(𝑖)

.

As a result of the filtering process, 𝑁𝑠 samples of the RBF parameter vector 𝒙𝑘 and their 𝑁𝑠 

associated importance weights 𝒘𝑘 are available at the current time step 𝑘. 

2.3. Particle projection in the future 

After the identification of the RBF model parameters (included in the state vector 𝒙𝑘) at the current 

time step 𝑘 in Section 2.2, now we discuss how they can be used to predict the future evolution of 

the battery discharge dynamics. Following the approach proposed in [28], at the current time step 𝑘 

the posterior pdf of the end of discharge time (i.e. EOD𝑘) is estimated by projecting in the future the 



predictions of the 𝑁𝑠 RBF networks associated to the 𝑁𝑠 parameter samples (particles) 𝒙𝑘
(𝑖)

, 𝑖 =

1, … , 𝑁𝑠. Operatively, a set of discrete future times [𝑡𝑘+1, … , 𝑡𝑘+𝑝] is fed to each of the 𝑁𝑠 RBF 

networks; the corresponding outputs, i.e., the terminal voltage predictions at the different time 

instants, are used to build the sample posterior pdf of the terminal voltage at future times. At the 

same time, the EOD𝑘
(𝑖)

, 𝑖 = 1, … , 𝑁𝑠 predicted by each RBF network are used to build the sample

posterior pdf of the EOD𝑘. The EOD𝑘
(𝑖)

 are found as the time 𝑡𝑘𝐸𝑂𝐷

(𝑖)
 at which the predicted terminal

voltages 𝑔(𝒙𝑘
(𝑖)

, 𝑡𝑘𝐸𝑂𝐷

(𝑖)
 ) become lower than the threshold 𝑉𝑚𝑖𝑛 for the first time. Thus, the index 𝑝 is 

chosen so as to be reasonably sure that 𝑡𝑘𝐸𝑂𝐷

(𝑖)
< 𝑡𝑘+𝑝, ∀ 𝑖 = 1, … , 𝑁𝑠.

The estimates of the posterior pdfs of the future terminal voltages �̃�𝑘+𝑙, 𝑙 = 1, 2, …, and of the EOD

are operatively obtained as: 

�̂�(�̃�𝑘+𝑙|𝒛0:𝑘) ≈ ∑ 𝑤𝑘
(𝑖)

𝛿 (�̃�𝑘+𝑙 − 𝑔(𝒙𝑘
(𝑖)

, 𝑡𝑘+𝑙 ))
𝑁𝑠
𝑖=1 (14) 

�̂�(EOD𝑘|𝒛0:𝑘) ≈ ∑ 𝑤𝑘
(𝑖)

𝛿(EOD𝑘 − EOD𝑘
(𝑖)

)
𝑁𝑠
𝑖=1 (15) 

Consequently, if we define the remaining time to discharge (RTD) at the current time step 𝑘 as 

RTD𝑘 = (EOD𝑘 − 𝑡𝑘), its estimated posterior pdf is the same as �̂�(EOD𝑘|𝒛0:𝑘), but shifted by 𝑡𝑘.

3. RESULTS

In this Section, we demonstrate the prediction capabilities of the proposed RBF-PF algorithm using 

run-to-failure data of Li-ion batteries, generated during discharge-charge experiments in a 

laboratory controlled environment. The dataset is available in the prognostic data repository  

provided by the Prognostics Center of Excellence at NASA Ames Research Center [6]. The 

progressive discharge of the batteries during the discharge-charge experimental cycles was 

monitored by recording terminal voltage, capacity and impedance over time. The terminal voltage 

measurements are used to monitor and predict the EOD during several discharge-charge cycles. In 

particular, the dataset battery 5 (B005.mat) of the prognostics data repository is here analyzed. The 

experiments were carried out under the following operational assumptions: 

 The discharge was performed at a constant current level of 𝐼 = 2 𝐴 and at room temperature.

 The discharges were stopped when the battery terminal voltage reached approximately 2.7 𝑉.



 The experiments were stopped when the batteries met the end-of-life criteria, i.e. a 30% fade in

rated capacity (from 2Ahr to 1.4Ahr) [6].

Repeated discharge and charge cycles thus resulted in a progressive aging of the batteries, i.e. in a 

degradation of their performance (rated capacities). Further details on the experimental setup are out 

of the scope of this work: the interested reader may refer to [6] for additional information. 

The battery 5 dataset contains 168 discharge transients monitored through measures of the terminal 

voltage 𝑉. After 168 discharge-charge cycles, the test ended. Figure 2 (a) shows all the discharge 

curves, where the longest curve refers to the pristine battery and the shortest one refers to the last 

discharge before the end of the test. The terminal voltage measures are characterized by very little 

noise due to the extreme level of control of the experimental procedure. 

However, in real applications, in general, terminal voltage (or other battery health indicators) 

observations are much noisier, as it shall be shown in our application, so that real-time health 

monitoring becomes more challenging. For instance, impedance measures using electromechanical 

impedance spectroscopy have proven to be particularly noisy in practical applications [1], and the 

work in [29] shows noisy experimental terminal voltage measures used to predict the RTD of the 

battery. As a consequence, discharge prognosis may request the filtering of noisy observations of 

health indicators [30][31] to guarantee high performance and reliable predictions. 

In order to test the robustness of our algorithm, we simulate a more realistic, real-time scenario by 

corrupting the original terminal voltage measurements of Figure 2 (a) with an artificial noise, as 

shown in Figure 2 (b). In correspondence of each curve, a new set of noisy terminal voltage data is 

then generated. The artificial noise is modeled as a Gaussian random variable with zero-mean and 

variance proportional to the slope of the discharge curve. 

Figure 2. (a) Discharge curves from the battery 5 dataset of the prognostics data repository, [6] 

and (b) example of original and artificially corrupted terminal voltage data. 



3.1. Algorithm initialization and run 

The proposed algorithm is run with 𝑁𝑠 = 4000, 𝜎0 = 10−5, 𝜎1 = 500 and 𝜎2 = 10−6, respectively.

The measurement noise variance is assumed to be equal to 𝜎𝜂
2 = 0.05. These choices were driven

by authors’ experience and by the order of magnitudes of the quantities involved in the process, but 

they might vary on a case-basis.   

The initialization of the state vector 𝒙0 (the RBF’s parameters) is crucial for the convergence of the 

RBF-PF algorithm during operation. As verified by the authors, but not shown here for brevity’s 

sake, the RBF-PF algorithm does not always reach convergence if the RBF model features 𝒙0 are 

randomly initialized. Therefore, the system state vector is initialized by resorting to the classical 

two-step method for RBF network training provided by the Netlab tool [21]. The initial centers, 

weights and biases of the RBF model are tuned on a single discharge curve corresponding to the 

first discharge curve of the dataset (i.e., the longest curve in Figure 2 (a)). The RBF model features 

identified by the two-step training method are then modified by adding a zero-mean Gaussian noise 

with variance in (11) to generate a pool of possible features 𝒙0
(𝑖)

, ∀  𝑖 = 1, … , 𝑁𝑠. This a priori

tuning of the RBF network parameters aims at concentrating the samples in a potentially more 

useful region in the 11-dimensional state-space, thus favoring the convergence of the filter. Then, 

the discharge curve used for the initialization is discarded and the prediction capabilities of the 

algorithm are assessed starting from the second discharge curve available in the dataset. In 

principle, one could avoid the initial tuning of the parameters and let the RBF-PF adjusts its state 

vector starting from random values, but this procedure would require a much larger set of particles 

in order to be able to properly explore the parameters’ space, thus incurring in heavier 

computational expenses. 

After the algorithm is initialized, it updates the RBF model features according to the sequential 

information gathered on the terminal voltage over time. The EOD posterior distribution is also 

updated when new observations become available, and the algorithm stops as the last terminal 

voltage observation is collected. Before the start of the next discharge cycle, the system state vector 

is initialized using the last sample obtained in the previous run, i.e., 𝒙0
(𝑖)

= 𝒙𝐾
(𝑖)

 (where 𝐾 is the last

time-step of the previous discharge cycle) and the initial covariance matrix of the perturbation Σ𝝎0
.

The pseudo-code in Table 1 summarizes the algorithm operative procedure for the prediction of the 

RTD. 

Figure 3 visually represents the algorithm functioning during a single discharge cycle. The 

reference trajectory, i.e., the terminal voltage discharge curve from the dataset [6], is shown as a 

grey line (note that these data are not used in any step of the algorithm). The observations 



artificially generated from the reference trajectory are represented by the blue dots. The limit 

threshold at which the battery is considered exhausted is set to 70% of the initial terminal voltage 

𝑉𝑖𝑛 = 4.2 𝑉, i.e., 𝑉𝑚𝑖𝑛 = 2.95 𝑉. Two examples of decreasing terminal voltage trajectories 

predicted by two different RBFs of the RBF-PF pool are shown as dashed, gray lines in Figure 3. 

1. Collect a discharge curve 𝑉(𝑡) representative of the operative condition of the

battery (e.g., first discharge curve). 

2. Initialize the RBF features 𝒙0 using the two-stage training method (Netlab)

3. Initialize the state vector 𝒙0 = 𝒙0 + 𝒩(0, Σ𝜔0
)

4. SOC prognosis:

4.1. For every time step k from 0 to K

4.1.1. Perform the transition 𝒙𝑘 = 𝒙𝑘−1 + 𝒩(0, Σ𝝎𝑘−1
)

4.1.2. Update the covariance matrix Σ𝝎𝑘
 using (11)

4.1.3. Evaluate the likelihood using (13), the weights and the posterior 

distribution of the system state 

4.1.4. Predict the evolution of the terminal voltage using (14) 

4.1.5. Estimate the remaining time before that the terminal voltage drops 

below 𝑉𝑚𝑖𝑛 using (15) for all the samples 

4.1.6. Compute the sample RTD posterior pdf using the pairs {𝑅𝑇𝐷𝑘
(𝑖)

, 𝑤𝑘
(𝑖)

}

4.1.7. Resample the system state vector using the systematic resampling 

method [23] 

4.2. When the algorithm processes the last observation, 

4.2.1. Wait for the next charge 

4.2.2. Initialize the RBF model features for the next discharge using the last 

estimated RBF model features  

5. Repeat step 4 for every discharge cycle

Table 1. RBF-PF algorithm pseudo-code. 



Figure 3. Visual description of the input and output quantities of the RBF-PF algorithm. 

3.2. Prediction results 

Figure 4 (a-c) show an example of discharge predictions at different time steps, i.e. ~800 s (a), 

~1800 s (b) and ~3000 s (c). They refer to the first run, so the first discharge curve that has to be 

monitored (which is the curve #2 of the dataset, since the first has been used to initialize the 

algorithm). The state estimation, i.e., the a posteriori expected value of the terminal voltage at the 

times ~800 s, ~1800 s and ~3000 s (solid red lines with triangles), along with their confidence 

intervals (dashed, red lines), are compared to the synthetic terminal voltage measurements (blue 

dots) gathered up to the prediction time. Some samples of terminal voltage trajectories predicted by 

the RBFs in the pool are also shown (dashed, light gray lines; only a limited number of predicted 

trajectories is shown for the readability of the figure). The gray histogram at the end of the 

discharge transients is the estimate of the posterior EOD pdf. 

In order to emphasize the advantage of the proposed method against more traditional usage of NN 

models, the prognostic of the terminal voltage curve using the two-step training method of RBF 

networks has been plot on the same Figures (a-c). It has been called trivial prediction, since it does 

not involve any stochastic or probabilistic approach to predict the future terminal voltage dynamics. 

The standard RBF network is built by using the parameters of the RBF-PF initialization, and then 

updates such features with the sequential terminal voltage observations (blue dots) to perform the 

forecast (thick, dashed and green line). The poor prediction performance of the RBF model trained 

with the two-stage method are evident in this comparison; the predictions are never able to project 

reasonable trajectories outside the training domain (the latter stopping at the last, k-th observation). 



Figure 4 (d) shows the RTD prediction (i.e., the RTD sample posterior PDF mean) of the first 

algorithm run as a function of the prediction time (dashed and thick red lines) along with its 95% 

confidence intervals (dashed and thin red lines) with respect to the actual RTD (blue line). 

The prediction slightly underestimates the true RTD, the largest error occurring in correspondence 

of the plateau of the transient. After ~2000 s, the predictions drastically improve and the confidence 

intervals shrink around the target RTD. When the first discharge ends, the battery is recharged and 

the new prediction starts as soon as the algorithm receives new terminal voltage observations. 

Figure 4. Filtered terminal voltage after ~800 (a), ~1800 (b) and ~3000 (c) seconds, and RTD 

prediction (d). 

3.3. Prediction under unexpected accelerated aging 

We now demonstrate the RBF-PF capabilities to deal with unexpected changes in the discharge 

behavior possibly occurring during the functioning of the battery. In order to do so, we simulate an 

accelerated discharge of the battery as follows. We initially predict the first discharge transient, 

which refers to the pristine battery, as done before. Then, instead of running the RBF-PF on the 

subsequent discharge curve, we select the curve #101 of the dataset as the new observation 

sequence. Indeed, the transient #101 is characterized by a much faster discharge rate than the first 



one, due to the fact that, at this stage, the battery has already undergone 100 discharge-charge 

cycles, thus significantly degrading its performances. By doing so, we force the RBF-PF to operate 

in an unexpectedly accelerated aging scenario, due, for example, to improper recharge, storage 

procedures or temperature-induced intensified degradation. It is to be kept in mind, in fact, that real 

discharge-charge cycles are characterized by behaviors different from those observed in highly 

controlled laboratory experiments. Figure 5 (a) shows the two transients used to simulate the 

accelerated degradation scenario. 

Since the first discharge transient is the same as before, the first terminal voltage prediction 

performance is similar to the previous one (see Figure 4 (a-c)). The predictions in correspondence 

of the accelerated degradation scenario are shown in Figure 5 (b-d). At the beginning of the second 

discharge, the algorithm seems not to be capable of identifying the unexpected behavior (Figure 5 

(b)): this is due to both the similarity of the two observation curves at the initial discharge stages 

and to the fact that the RBF model parameters at the beginning of the prediction are the same of 

those at the end of the previous cycle, as illustrated above. As soon as the RBF-PF algorithm 

receives more observations, the prediction moves towards the new curve, thus quickly adapting to 

the new, unexpected discharge dynamics (Figure 5 (c)). Figure 5 (d) shows the predicted RTD (red, 

dashed line) and its confidence intervals (red, light dotted lines) with respect to the true RTD (blue, 

solid line). As expected, initially the prediction overestimates the reference RTD, but, eventually, it 

converges, due to the adaptation capabilities of the RBF-PF. 



Figure 5. (a) Two discharge curves used to simulate an accelerated aging scenario, the first 

(longer) referring to the pristine battery, and the second (accelerated discharge) corresponding to the 

curve #101 of the dataset [6]. (b) Filtered terminal voltage and EOD predictions under accelerated 

aging after ~500 s and (c) after ~2200 s. (d) RTD prediction under unexpected accelerated aging. 

3.4. Analysis of RTD prognostic performance during repeated discharges 

We now test the RBF-PF algorithm performances when sequentially applied to a series of repeated 

discharges of the battery. In order to do so, we refer again to the two scenarios of normal and 

accelerated aging previously described. First, the normal aging scenario is addressed by sequentially 

applying the RBF-PF to all the 167 discharge curves available in the dataset. Then, an accelerated 

aging scenario is simulated by sequentially feeding the RBF-PF algorithm with only the discharge 

curves #1, 51, 101 and 151, thus assuming that the depletion of the battery occurs after only 4 

discharges (EOL). As in the previous Section, the reference transients are corrupted by artificial 

noise. 

Figure 6 (b-d) compares the RTD predictions obtained in the nominal scenario with those obtained 

in the accelerated aging scenario, in correspondence of the same discharge transients, i.e., curves 



#51, #101 and #151 (shown in Figure 6 (a)). The RTD prediction obtained for the transient #1 is 

obviously very similar to that already shown in Figure 4 (d). 

It can be qualitatively seen that the performances in the normal and the accelerated aging scenarios 

during all the transients considered are very similar, even when reaching the battery EOL. However, 

in order to quantitatively compare the RTD predictions during the entire battery life cycle, we 

compute, at each time step k, the relative prediction error [32] as:  

𝑒𝑟𝑟𝑘(𝑅𝑇𝐷𝑘) =
| 𝑅𝑇�̂�𝑘 −𝑅𝑇𝐷𝑘|

𝑅𝑇𝐷𝑘
 100 (16) 

where 𝑅𝑇𝐷𝑘 is the target remaining time to discharge and 𝑅𝑇�̂�𝑘 its prediction. By averaging

𝑒𝑟𝑟𝑘(𝑅𝑇𝐷𝑘) over all the time steps of a single transient, we then compute the average relative

prediction error, 𝑒𝑟𝑟(𝑅𝑇𝐷𝑘) = ∑ 𝑒𝑟𝑟𝑘(𝑅𝑇𝐷𝑘)𝐾
𝑘=0 𝐾⁄ , which is used as a performance metric for

comparing the performances over different transients. Figure 7 shows the average relative 

prediction errors for the normal aging scenario and for the accelerated aging scenario as functions 

of all the sequential 167 available discharge curves and of the selected 4 discharge curves, 

respectively. As expected from the qualitative considerations, the two relative errors are 

comparable. The 𝑒𝑟𝑟𝑘(𝑅𝑇𝐷𝑘) in the normal aging scenario appears to increase as the discharge

transients predictions progress, up to approximately the transients #80-100. Then, it stabilizes, as 

also shown by its moving average computed over 15 discharge transients. This increase of the 

𝑒𝑟𝑟𝑘(𝑅𝑇𝐷𝑘) may be physiologically due to the progressive reduction of the EOD time (and,

consequently, of the RTD), which renders relative errors more fluctuating, since the RTD appears at 

the denominator of (16). The 𝑒𝑟𝑟(𝑅𝑇𝐷) in the accelerated aging scenario shows a similar trend. 

Note that the similarity of behaviors in the two scenarios analyzed suggests a satisfactory 

performance of the RBF-PF algorithm in terms of its capability to adapt to unforeseen situations. 



Figure 6. Discharge curves simulating the accelerated case scenario (a), and RTD predictions in 

case of normal and accelerated aging at different life stages: discharge curve #51 (b), #101 (c) and 

#151 (d). 

Figure 7. Average relative prediction error (%) of the normal (blue, solid and black, dashed 

lines) and accelerated aging (red, dashed line and triangles) scenarios. 



4. CONCLUSIONS

In this work, we have proposed a novel approach to Lithium-Ion batteries prognosis, which relies 

on the combination of radial basis function neural networks and particle filtering (RBF-PF 

algorithm). More specifically, the method has been used to predict the future behavior of the 

batteries terminal voltage and, consequently, to estimate the end of discharge time and the 

remaining time to discharge over several discharge cycles. The basic idea was that of exploiting the 

capabilities offered by PFs of performing real-time identification, estimation and prediction and, at 

the same time, those offered by RBFs of approximating a wide variety of different dynamics, thus 

avoiding the use of pre-identified physics-based or empirical models, which, albeit possibly more 

accurate, lack of the flexibility needed when unforeseen behaviors occur. In fact, the major interest 

in the application of the RBF-PF algorithm lies in its large on-line adaptation capability, which is a 

fundamental property whenever a prognostic tool must work outside the limits of its “comfort 

zone”, or, in other words, outside its training region, such as, for example, in presence of sudden, 

unforeseen changes in the battery dynamic behavior due to failures, errors, or extreme boundary 

conditions. 

The RBF-PF algorithm has been demonstrated on a publicly available dataset containing 

measurements of the voltage at the terminals of a Li-Ion battery, collected during a charge-

discharge laboratory tests conducted at constant current. Before its use, the dataset has been 

significantly corrupted by adding artificial, Gaussian, but not i.i.d. noise. Nonetheless, the RBF-PF 

algorithm has shown to be capable of providing satisfactory estimates of the RTD over all the 

discharge cycles considered, thus being able to capture also the normal aging dynamics, i.e. the 

slow, but progressive, decrease in the terminal voltage eventually leading to the battery end of life.  

Moreover, the adaptation capability of the algorithm has been proven by applying the RBF-PF to an 

artificial scenario simulating sudden, unforeseen changes in the discharge behavior of the Li-Ion 

battery, due, for example, to some accelerated aging process. The performance of the algorithm has 

been satisfactory, with the predicted RTDs being comparable to that shown in the previous normal 

aging scenario. 

These promising results suggest us continuing the investigation of these approach along several 

lines. First, we are currently studying the possibility of applying the RBF-PF algorithm to the 

prediction of the remaining useful life, or, alternatively, the end of life time, of Li-Ion batteries. The 

aim is that of comparing the performances of the RBF-PF algorithm with those of other PF-based 



approaches, where physics-based are used; we expect slightly worse prediction results in terms of 

accuracy, due to the larger approximations inherent the data-driven RBF models, but larger 

capabilities of adapting to changed dynamics and, possibly, of performing change detection. Then, 

the RBF-PF algorithm should be also demonstrated for predicting the EOD in Li-Ion batteries 

discharging at varying, mode-dependent levels of current; possibly, the algorithm should be used to 

estimate in real-time the SOC and the EOD (especially useful for diagnosis and prognosis in 

electrical vehicles), on the basis of the available current and terminal voltage observations, which, 

in general, depend on the battery operating mode. Finally, in order to further increase the adaptation 

capabilities of the proposed algorithm, we are investigating the possibilities of combining the PF 

module with other metamodels, such as for example Gaussian process regressions, support vector 

machines, etc. and/or of adapting on-line also the architecture (e.g., the number of hidden nodes) of 

the metamodel on the basis of the information gathered. 

It is worth noticing that the proposed method is very flexible and, as such, bears the potential to be 

applied to many other different engineering prognostic problems. 
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