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Fragmentation clouds from explosions or collision of payloads and rocket bodies in space pose a threat to objects in

Earth orbit. Most of the fragments are too small to be tracked and can only be accounted for statistically. Here, a

framework for the fully statistical treatment of a fragmentation cloud, its evolution and ramifications, without the

needof simplifying assumptions, is presented.The cloud ismodeledas anuncertainty arounda single fragment,which

can be propagated using any of the existing, nondeterministic, nonlinear orbital uncertainty propagation methods.

This work is focused on providing the initial distribution and the estimation of the statistical collision probability.

The NASA standard breakupmodel is revisited to derive a probability distribution of the initial fragment cloud. Two

density transformation methods are discussed to obtain the distribution in a subset of orbital elements, suitable for

mid- to long-term evolution. The fragment spatial density and the impact rates on targets in any orbit are obtained.

The method is applied to show the fragment cloud distribution of a payload collision in low Earth orbit (LEO). Its

collision probability with a satellite in LEO and a rocket body in the geostationary transfer orbit are estimated. The

result is compared against, and shows the limitations of, sampling and methods based on finite differences.

Nomenclature

A = cross-sectional area, m2

A∕m = area-to-mass ratio, m2∕kg
a = semimajor axis, m or km
e = eccentricity
f = true anomaly, rad or deg
h = specific angular momentum, m2∕s or km2∕s
I = inertial frame
i = inclination, rad or deg
J = Jacobian
m = mass, kg
N = number of fragments
nx = fragment phase space density function in x
p = semiparameter, m or km
px = probability density function in x
R = central planet radius, m or km
r; r = orbital radius and magnitude, m or km
s = state in Cartesian coordinates
T = satellite frame
u = argument of latitude, rad or deg
v; v = orbital velocity and magnitude, m/s or km/s
x = phase space
α = Keplerian elements
Δv;Δv = orbital velocity impulse and magnitude, m/s or km/s
η = number of impacts
μ = gravitational parameter, m3∕s2 or km3∕s2
Ω = right ascension of ascending node, rad or deg
ω = argument of perigee, rad or deg

I. Introduction

F OR many space applications, uncertainties around states in
general and velocity changes in particular need to be considered.

In spacecraft propulsion, the thrust impulse and direction are afflicted

with uncertainty [1]. Initial orbit determination dealswith uncertainty
in observations [2]. The impact probability used for theverification of
compliance with the planetary protection requirements is a function
of state uncertainties [3]. In asteroid deflection, the impulse imparted
onto the asteroid comeswith uncertainties inmagnitude and direction
[4]. The distribution of a cloud of fragments, or fragment continuum,
stemming from an explosion or collision can equally be treated as an
uncertainty, although a large one, around the parent object. The first
to publish a continuum approach in the context of space debris was
Heard in 1976 [5], modeling the fragment distribution originating
from an exploding satellite as a continuum of noninteracting par-
ticles. Considering linearized two-body dynamics for the short-term
evolution of fragments on circular orbits, he solves the Liouville’s
equation of the corresponding Hamiltonian system with the method
of characteristics.
Jehn [6] extends the approach for estimation of the short- to

midterm evolution through consideration of an extended phased
approach proposed by McKnight and Lorenzen [7]. The phased
approach separates the evolution of the cloud into different phases.
Right after the fragmentation, i.e., over the short-term, the particles
remain close to each other forming an ellipse. Because of differences
in energy, some fragments revolve faster than others. Over the
midterm, the fragments randomize in the mean anomaly, forming
a torus along the parent orbit and permitting the modeling of the
cloud independently of the anomaly. The various precession rates of
the node and line of apsides, caused by the nonspherical central body,
dissemble the torus over the long-term through randomization in
those two elements until finally the cloud forms a band around Earth,
limited in latitude by the parent inclination.
The long-term evolution of space debris and fragmentation clouds

can be solved analytically using the method of characteristics, if
circular orbits only are considered [8,9].However, the solution requires
further assumptions on the dynamics, such as a simple atmospheric
dragmodel. Alternatively, the solution can be propagated numerically,
however, requiring increasing complexity to obtain the density across
the full domain [10,11]. Insteadof finding the solution of the continuity
along the characteristic curves, the solution can be approximated via
discretization of the phase space. Within each bin the Liouville equa-
tion is (using finite differencing) replaced by its discretized version and
solved numerically [12–15]. Such methods become computationally
infeasible if the dimensionality of the phase space exceeds three; hence
they are not applicable to short- to midterm problems.
The collision probability, probabilistic in nature owing to themany

uncertainties present, can naturally be derived from a statistical
definition of the fragment distribution. Kessler and Cour-Palais [16]
applied the method developed by Öpik [17] for the estimation of the
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collision rate between satellites through their spatial density. A quick
review of the method is given in Appendix A. A similar statistical
and geometrical approach is applied to calculate the collision prob-
ability of the background population or a cloud of fragments with a
satellite flying through the particles [21–23]. Tools based on prob-
abilistic methods are computationally efficient; however, they suffer
from restricting assumptions and limitations on the force model,
orbital geometries, or dimensionality.
Today, the engineering tools to estimate the evolution of space

debris, and its effect on resident space objects in terms of collision
probability, are predominately based on deterministic techniques.
Through sampling of the NASA standard breakup model (SBM)
[24], fragments are drawn and propagated individually. Statistical
results are obtained through repeatedMonte Carlo simulations. Deter-
ministic tools, such as NASA’s LEGEND [25] or European Space
Agency’s DELTA [26], have prevailed over probabilistic techniques
because of their ease of use and flexibility. They can consider any force
model, any orbital region, and any dimensionality and are extendable
for various source and sink terms, such as active debris removal.
However, the propagation of many fragments is computationally
expensive.
To efficiently calculate the collision probability using deterministic

models, the CUBE algorithmwas developed [27], following thework
of Kessler [18]. The name comes from the discretization of the
physical space into spatial cubes. Instead of randomizing the node,
line of apsides, and anomaly term, the method randomly samples the
individual instances in time, i.e., in mean anomaly. Whenever two
objects end up in the same cube, the number of collisions is estimated
according to Eq. (A4). Doing so, the complexity of the problem rises
only linearly in the number of objects, rather than quadratically.
However, the collision probability scales with the cube size [28], a
nonphysical consequence of the estimation method. To be accurate
the cubes need to be small and the sampling intervals short, further
slowing down deterministic models. A further problem of determin-
istic methods is that they lack the sensitivity to well describe low
probabilistic events [29]. As such, they fail to give a good approxi-
mation of the effects of a fragmentation on a single mission.
In recent years, the topic of nondeterministic, nonlinear orbital

uncertainty propagation received increased attention [30]. It has the
potential to eliminate the assumptions and limitations of the probabi-
listic techniques for debris propagation introduced above,while keep-
ing the computational effort low [11]. Additionally, the application of
the Dirac delta function to calculate the spatial density of a single
object given a statistical description in orbital elements enables the
evaluation of the collision probability without any hypothesis on the
orbit geometry [31,32].
This work aids the development of a fully probabilistic fragmen-

tation cloud evolution model for estimation of the collision
hazard. Rather than introducing a method for the propagation of the
continuum (or uncertainty) itself, it provides the framework to do so.
The transformations of any density distribution given in Cartesian
coordinates to obtain densities in the frame suitable for mid- to long-
term propagation, or vice versa for the derivation of the collision
probability, are introduced in Sec. II. A probabilistic formulation of
the initial fragment density distribution, based on the NASA SBM, is
derived in Sec. III. A novel technique to calculate the fragment spatial
density and number of impacts directly from the density distribution
given in orbital elements (with only mild assumptions) is presented
in Sec. IV. Instead of considering the statistical distribution of the
target object, the technique evaluates the collision probability using
the density distribution of the fragment cloud. The application of
the technique to the case of a fragmentation from a payload collision
is illustrated and compared against sampling in terms of accuracy in
Sec. V. Finally, conclusions are drawn in Sec. VI.

II. Transformations

A. Preliminary Notes

Uncertainties are described using a probability density function,
px � p�x�, in the phase space x ∈ Rm, which by definition is
required to sum to unity if integrated over x, i.e.,

Z
Rm

px d
mx � 1 (1)

Here, px describes the probability to find a single fragment at any
location in x, where x can contain the position and velocity of a
fragment as well as its physical characteristics. Instead, the phase
space density nx � n�x� describes the number of fragments present
in an infinitesimal volume around x. Integration of nx over the full
domain yields the total number of fragments, N, i.e.,

Z
Rm

nx d
mx � N (2)

The fragment probability density function and the phase space
density function differ only in the normalization constant. Hence, the
phase space density function can be treated as a probability density
function.
For the derivation of the transformation, two different Cartesian

frames are required. The inertial frame I � fx̂; ŷ; ẑg is centered at
themain attracting body and is independent of the orbit configuration.
The Keplerian elements α � �a e i Ω ω f�T , consisting of semi-
major axis a; eccentricity e; inclination i; right ascension of ascend-
ing node,Ω; argument of perigee,ω; and true anomaly f, are defined
with respect to I . The elements in α can be found from a state in
Cartesian coordinates described in any frame, s � �rT vT�T , with the
orbital radial vector r and the orbital velocity vector v. The function
relating the two sets, α � φαs�s�, can be found in literature (e.g., [33]
Chap. 2.6).
The satellite frame T � ft̂; n̂; ĥg is centered at the orbiting body,

with its primary t̂ axis aligned with v. The tertiary ĥ axis is aligned
with the orbit normal, and the secondary n̂ axis, lying in the orbital
plane pointing inward, completes the coordinate system. Thus, the
rotation matrix from T to I is defined as

AIT � � t̂I n̂I ĥI � (3)

with

t̂I � vI
kvk ĥI � rI × v

kr × vk n̂I � n̂I × t̂I (4)

A depiction of the two coordinate frames is given in Fig. 1.

B. Density Transformation Using Change of Variable

Considering a change of variables from two spaces with equal
dimensionality, y � φ�x�, x; y ∈ Rm,φ being differentiable, the den-
sity py can be derived from px by integrating over an infinitesimal
volume (considering that the integral is invariant under transformation)

pydVy � pxdVx (5)

and using integration by substitution, such that ([20] Chap. 5)

py�y� �
px�φ−1�y��
j detJj (6)

with the Jacobian J ∈ Rm×m, defined as

x̂
ŷ

ẑ

t̂

ĥ

n̂
r v

Fig. 1 Satellite frame T � ft̂; n̂; ĥg relative to the inertial frame

I � fx̂; ŷ; ẑg.
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Jij �
∂φi

∂xj
(7)

Some care needs to be taken if the functionφ is not invertible; i.e., an
output y results frommultiple different inputs xk. The probability then
is the sum of all the possible inputs:

py�y� �
X
k

px�xk�
j det Jkj

(8)

Transformations of densities from a higher- to a lower-dimensional
space using the change of variables approach involve integration
of joint probabilities to find the marginal probability. Such joint
probabilities cannot always be found. Alternatively, the variables can
be transformed using the Dirac generalized function, introduced in the
next section (Sec. II.C). Transformations from lower- to higher-dimen-
sional spaces are omitted here because they produce densities restricted
to a lower-dimensional hypersurface. The interested reader is referred
to the literature about geometric measure theory (e.g., [35] Chap. 3).

C. Density Transformation Using Dirac Generalized Function

For the purpose of estimating the spatial density or representation
of results, it is of interest to map a higher-dimensional distribution
into two or even one dimension. Instead of integrating in the target
space, the distribution can be directly transformed through integra-
tion of the initial space using the Dirac generalized function (e.g. see
[34]). Given a continuous transformation y � φ�x�, with φ:Rm →
Rw and m > w, the distribution function in y can be found by
integrating over Rm as

py �
Z
Rm

px × δ�φ�x� − y� dmx (9a)

�
Z
Rm

px ×δ�φ1�x�−y1� · · · × δ�φw�x�−yw�dx1 : : :dxm (9b)

where δ�⋅� is the Dirac delta function

δ�x� �
(
1; if x � 0

0; otherwise
(10)

with the propertiesZ
∞

−∞
f�x�δ�x − a� dx � f�a� (11a)

δ�g�x���
X
i

����∂g∂x�xi�
����−1δ�x−xi� g�xi��0;

∂g
∂x

�xi�≠0 (11b)

The evaluation requires to find the roots ofφ�x� − y � 0. Hence, the
method intrinsically deals with noninvertible functions. Each root
corresponds to a possible instance of xk that is transformed into y.
To promote the understandingof its application, an example is given

here, transforming the probability function pv, in v � �vx vy vz�T ∈
R3 to pa;e, in �a; e� ∈ R2, around the point r � �rx ry rz�T , i.e.,

pa;e �
Z
R3

pv × δ�φa�vx; vy; vz� − a�

× δ�φe�vx; vy; vz� − e� dvxdvydvz (12)

The roots in, say, vx and vy, given r; a; e, and vz, are found using the
following relationships ([36] p. 501 and [33] p. 27):

r ⋅ v � μ

h
re sin f � c (13a)

v2 � v2x � v2y � v3z �
2μ

r
−
μ

a
(13b)

with the gravitational parameter μ, arbitrarily introduced constant c,
and the specific angular momentum h, which can be calculated via the
semiparameter p as

p � a�1 − e2� (14a)

h � ������
μp

p
(14b)

Eliminating vx by inserting Eq. (13b) in the squared
form of Eq. (13a) allows to find a quadratic expression in, say,
vy, e.g.,

�r2x�r2y�v2y�2ry�rzvz−c�vy��c−rzvz�2�r2x�v2z −v2��0 (15)

Solving for the two roots v�y and v−y and inserting them
into either of the quadratic Eq. (13b) or Eq. (13a) give the four roots
in vx:

v��
x � v�x �v�y � v�−

x � v−x �v�y � (16a)

v−�x � v�x �v−y � v��x � v−x �v−y � (16b)

Special care needs to be taken for cases where rx vanishes, which in
the T frame occurs for circular orbits or around the apsides. Then,
Eq. (13a) becomes decoupled from vx, and vy can be directly inferred.
Finally, the distribution pa;e is found as

pa;e �
Z
R

X
ι∈	

X
κ∈	

1

j detJ�vικx ; vιy�j
pv�vικx ; vιy; vz� dvz (17)

where

J�vικx ; vιy� �

0
BBBBB@

∂a
∂vx

∂a
∂vy

∂e
∂vx

∂e
∂vy

1
CCCCCA

�����������vx�vικx

vy�vιy

(18)

and the derivatives of a and ewith respect to vx and vy can be found in
literature (e.g., [37]). The same result could be achieved by integration
of pa;e;i, obtained from pv using Eq. (6), over i. However, the Dirac
generalized method is more generally applicable, even if the joint
distribution in pa;e;i was not available.

D. Density Transformation from Cartesian Coordinates to Keplerian
Elements

If the partial derivatives of a transformation between two spaces of
the same dimension are known, the transformation of the density
function can be obtained through application of Eq. (6). A compila-
tion of partial derivatives of transformations between Cartesian coor-
dinates, spherical coordinates, Keplerian elements, and equinoctial
elements is given in [37] for the spaces defined relative to the I frame.
It is convenient to work in the T frame if impulses are to be added, as
most maneuvers are executed relative to v. Transformations into
Keplerian elements are discussed here due to the widespread use
and physical interpretability of the elements.
The Jacobian of theKeplerian elementswith respect to s, evaluated

at sT � �rt rn 0 v 0 0�T , using the argument of latitude,u � ω� f,
and abbreviating sγ � sin γ and cγ � cos γ, is [38]

JαsT � ∂α
∂s

����
T
�
�
∂α
∂r

����
T

∂α
∂v

����
T

�
(19a)
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�

0
BBBBBBBBBBBBBBBBBBBBBBB@

2a2

r3
rt

2a2

r3
rn 0

2a2v

μ
0 0

G21rt �
rsf
ah

v G21rn 0
2�e� cf�

v
−
rsf
av

0

0 0
su � esω

p
0 0

rcu
h

0 0 −
cu � ecω

psi
0 0

rsu
hsi

G51rt −
r�cf � e�

hep
v G51rn

�cu � ecω�ci
psi

2sf
ev

2

v
� rcf

eav
−

rsu
h tan i

G61rt �G62v G61rn 0 −
2sf
ev

−
2

v
−
rcf
eav

0

1
CCCCCCCCCCCCCCCCCCCCCCCA

(19b)

� �JαrT JαvT � (19c)

where JαrT ;JαvT ∈ R6×3 relate rT and vT to α, respectively, and

G21 �
1

μae

�
h2a

r3
− v2

�
(20a)

G51 � −
r sin f

h2e

�
h2�p� e2r�

pr3
−
�p� r�v2

r2

�
(20b)

G61 �
r sin f

h2e

μ

ar3
��r − a��p� r� − ra� (20c)

G62 �
r

h2e

�
h�cf � e�

p
� he

r

�
(20d)

Note thatJαsT is singular for e � 0 and/or i � 0∕180 deg, for which
some of the Keplerian elements are ill-defined. For the case of
fragmentations, only submatrices ofJαsT are required, some ofwhich
are nonsingular for any eor i, such as the Jacobian relating thevelocity
components to (a, e, i). Instead, this transformation is singular at
the perigee and apogee, i.e., at f � 0∕180 deg, and 90 deg away
from the crossing of the equatorial plane, i.e., at u � 	90 deg, as it
reduces the rank of the submatrix to below its dimension. Still, the
transformation of a distribution of fragments stemming from a parent
object residing on one of those singularities can be performed in
Keplerian elements, as the fragments themselves are ejected out of
the singularity. Furthermore, even for nonsingular elements, such as
equinoctial elements [39], the submatrices have a rank that is lower
than the dimension in the aforementioned singularities. Hence, oppo-
site to what their name suggests, nonsingular elements do not solve
the problem of singularity during transformation.
The density in Keplerian elements, pα, can now be found from the

density given in Cartesian coordinates, ps, by plugging JαsT into
Eq. (6):

pα �
ps�φsT α�α��
j det JαsT j

(21)

Equation (21) is valid for any Cartesian frame that is obtained by
rotation from T , as the volume is invariant under rotation. Thus, no
specific frame ismandated for the transformationφsα if it matches the
frame in which ps is defined. To increase readability, the subscript T
is dropped from the equations for the remainder of this work.
Equation (21) transforms a distribution fromCartesian coordinates

into oscillating Keplerian elements, α. The propagation, instead, is
preferably performed in mean Keplerian elements, α. Oscillating
elements can be obtained from mean orbital elements through

α � α� Δα�α� (22)

where Δα contains the short-period variations, which depend on the
considered force model. For example, in his artificial satellite theory,
Brouwer finds Δα analytically considering the perturbations from
the second-order zonal harmonic, J2 [40]. Usually no explicit trans-
formations from oscillating to mean elements are available, making
iterations necessary. Given Eq. (22), a distribution given in α,pα, can
be transformed into a distribution given in α, pα, using Eq. (6) as

pα � pα�α� Δα�j det Jααj (23)

with

Jαα �
�
∂αi
∂αj

�
i;j�1;: : : ;6

(24)

Plugging in Eq. (22) shows that

∂αi
∂αj

� δij �
∂Δαi
∂αj

∀ i; j � 1; : : : ; 6 (25)

where δij is the Kronecker delta. Noticing that �∂Δαi∕∂αj� ≪ 1, e.g.,
of the order of J2 in Brouwer’s theory, the Jacobian relating the mean
and oscillating state approximates the 6 × 6 identity matrix [41].
Hence, Eq. (23) can be approximated as

pα ≈ pα�α� Δα� (26)

The fragments obtained from the breakup model discussed in
Sec. III span large domains in α. Hence, it is justified to ignore the
relatively small displacements of Δα in the transformation to mean
elements.
It is important to mention that evaluating Jαs in SI units leads to an

ill-conditioned matrix. Calculating the determinant of such a matrix
might induce numerical errors. Therefore, it is advised to evaluateJαs
using adimensional variables, e.g.,

â � μ̂ � 1 → r̂ � r

a
; v̂ � v���������

μ∕a
p ; etc (27)

The resulting adimensional Jacobian then needs to be renormal-
ized again.

E. Density Transformation from Keplerian Elements to Cartesian
Coordinates

The fragment cloud potentially poses a risk to targets orbiting
nearby. The estimation of the number of impacts (and thus the collision
probability) is more conveniently performed in Cartesian coordinates
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(see Sec. IV). Hence, given a distribution in Keplerian elements, the
inverse transformation is required. The inverse density transformation
can be found by deriving the Jacobian of s with respect to α, or more
straightforwardly, it can be derived by inverting Eq. (21)

ps � pα�φαs�s��j det Jαsj (28)

where

φαs � φ−1
sα (29)

relates a Cartesian state to its Keplerian elements (e.g., [33]
Chap. 2.7)

III. Reformulation of the NASA Standard Breakup
Model

A. Probabilistic Description

TheNASASBM[24] can be used to sampledeterministic fragments
following an explosion or collision event in orbit. It is a semi-empirical
model based on evidence compiled from historical orbital data and
ground-based impact tests. The samples are described in characteristic
length L, area-to-mass ratio A∕m, and the ejection velocity Δv
imparted in random direct relative to the parent orbital velocity. Here
the NASA SBM is reformulated as a probability distribution function.
The number of objectswithL larger than a lower boundL0 produced in
the fragmentation event is

NL�L0� � k

�
L0�m�
1�m�

�−β
k; β > 0 (30)

where k and β are unitless parameters dependent on the type of
fragmentation and the physical characteristics of the involved objects.
All the parameters introduced in this section are given in Appendix B.
In the following, the normalization in the units, e.g.,

L0�m�
1�m� (31)

is omitted. Each variable is, if not stated otherwise, defined in SI units.
Equation (30) can be converted into a probability density function as

pL � kβ

N
L−�β�1� ∀ L0 ≤ L ≤ L1 (32)

where L1 is the upper boundary on the characteristic length, and

N � NL�L0� − NL�L1� (33)

is the total number of fragmentswithin this range.CombiningEqs. (32)
and (33) as

pL � β
L−�β�1�

L−β
0 − L−β

1

∀ L0 ≤ L ≤ L1 (34)

reveals thatpL is independent of the number of fragments involved and
thus solely dependent on the power factor β. Still, all the probability
distribution functions derived herein can be multiplied byN to obtain
the fragment phase space densities.
The conditional probabilities introducing the dependence on L,

A∕m, andΔv are given as a function of the logarithm to base 10 of the
characteristic length, λ � log10�L�; the logarithm to base 10 of the
area-to-mass ratio, χ � log10�A∕m�; and the logarithm to base 10 of
the absolute impulse, υ � log10�Δv�. Transforming Eq. (32) into a
function dependent on λ using Eq. (6) yields

pλ � log�10�10λpL�10λ� ∀λ0 � log10�L0� ≤ λ ≤ λ1 � log10�L1�
(35a)

� log�10�β 10−βλ

10−βλ0−10
−βλ1

(35b)

To sample λ from Eq. (35b), the cumulative distribution function

Pλ �
Z

λ

λ0

pλ�λ 0� dλ 0 � 10−βλ0 − 10−βλ

10−βλ0 − 10−βλ1
(36)

is inverted

λ � −
1

β
log10�10−βλ0 − Pλ�10−βλ0 − 10−βλ1�� (37)

Equation (37) enables the sampling of λ by samplingPλ uniformly
∈ �0; 1�. The conditional probabilities in χ and ν, dependent on λ and
χ, respectively, are as sum of normal distributions,N , as [24]

pχjλ �
X
i

αi�λ�N
�
μ�i�χ �λ�; σ�i�χ �λ�

� X
i

αi�λ� � 1 (38a)

pυjχ � N �μυ�χ�; συ�χ�� (38b)

where, again, the functions αi; μ
�i�
χ ; σ�i�χ ; μυ; συ are dependent on

the type of fragmentation, i.e., explosion or fragmentation, and the
type of the involved objects, i.e., payload or rocket body. Most
relevant mathematical libraries provide functions to sample normal
distributions. The joint probability in λ, χ, and υ is

pλ;χ;υ � pυj χpχ j λpλ (39)

Marginal distributions can be obtained by numerical integration,
e.g.,

pχ;υ � pυjχ

Z
λ1

λ0

pχjλpλ dλ (40a)

pυ �
Z
R
pχ;υ dχ (40b)

Finally, the distributions in L, A∕m, and Δv and their marginals can
be found through application of Eq. (6):

p
L;

A
m ;Δv �

pλ;χ;υ

�
log10�L�; log10

�
A

m

�
; log10�Δv�

�
log3�10�L A

m
Δv

L0 ≤ L ≤ L1

(41a)

pA
m ;Δv �

pχ;υ

�
log10

�
A

m

�
; log10�Δv�

�

log2�10� A
m
Δv

(41b)

pΔv �
pυ�log10 Δv�
log�10�Δv (41c)

The cross-sectional area A and the mass m follow directly from the
previously introduced random variables as

A � bLγ (42a)

m � A

A∕m
(42b)

where b and γ are parameters dependent on L, given in Appendix B.
To introduce a directional component, the impulse distributionpΔv

needs to be multiplied by a directional distribution pϕ;φjΔv with the
spherical angles
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ϕ ∈ �0; 2π� φ ∈
�
−
π

2
;
π

2

	
(43)

defined relative to the T frame. To find pϕ;φjΔv, isotropic direction is
assumed. Each infinitely small area dS on the sphere defined by the
radius Δv is equally likely; hence

pS � 1

4π�Δv�2 (44)

Using dS � �Δv�2 cosφdϕdφ and application of Eq. (5), resulting
in

pϕ;φjΔvdϕdφ � pSdS � cosφ

4π
dϕdφ (45)

shows that

pϕ;φjΔv � pϕ;φ � cosφ

4π
(46)

The marginals

pϕ �
Z π

2

−π
2

pϕ;φ dφ � 1

2π
(47a)

pφ �
Z

2π

0

pϕ;φ dϕ � cosφ

2
(47b)

show that only ϕ is uniformly distributed over ϕ ∈ �0; 2π�, but φ is
not uniformly distributed. To sample φ, the cumulative distribution
function Pφ, given as

Pφ �
Z

φ

−π
2

pφ�φ 0� dφ 0 � 1

2
�sinφ� 1� (48)

needs to be solved for φ, such that

sinφ � 2Pφ − 1 (49)

Hence, the distribution in spherical velocity coordinates is

pΔv;ϕ;φ � cosφ

4π
pΔv (50)

Transformation pΔv;ϕ;φ into Cartesian velocity coordinates in the
T frame, given as

Δvt � Δv cosφ cosϕ (51a)

Δvn � Δv cosφ sinϕ (51b)

Δvh � Δv sinφ (51c)

and, using Eq. (6), results in the directional distribution

pΔv �
pΔv;ϕ;φ

�Δv2� cosφ � pΔv

4π�Δv�2 (52)

Finally, a simple translation results in the desired density function

pv�v�� � pΔv�v� − v−� (53)

where v− and v� are the orbital velocities immediately before and
after the impulse. As the fragments are ejected equally likely in any
direction, the frame can be chosen freely.

B. Expectation Values

The NASA SBM does not inherently conserve physical quantities
such as mass and kinetic energy [42]. Given a fully probabilistic
description of the breakup model permits to check the conservation,
or enforce it, via the calculation of expectation values. In general,
the expectation value E of a function g�x� of the m-dimensional
continuous random variable x ∈ Rm and its joint probability density
function px is

E�g�x�� �
Z
Rm

g�x�px d
mx (54)

The integration can be performed in any frame.As the distributions
are mostly defined with regards to (λ, χ, υ), the expectation values are
most easily integrated in this frame too. The mass m and kinetic
energy of the impulse, Δϵ, are calculated as

m � A

A∕m
� b10λγ−χ (55a)

Δϵ � 1

2
mΔv2 � b

2
10λγ−χ�2υ (55b)

Hence, their expectation values are

E�m� �
Z
R

Z
λ1

λ0

b10λγ−χpχjλpλ dλ dχ (56a)

E�Δϵ� � 1

2

Z
R

Z
R

Z
λ1

λ0

b10λγ−χ�2υpυjχpχjλpλ dλ dχ dυ (56b)

The expectation values for the different fragmentation scenario are
given inTable 1 for different bins inL, alongside the respective shares,
PL, which is the integral over the given bins assuming L0 � 1 mm
and L1 � 1 m. Note that these values are independent of the total
number of fragments, N, given from Eq. (33). Instead, they can be
used to setN to enforce conservation in either mass or kinetic energy.
Conservation of mass means that the sum of the mass of all the
fragments equals the fragmenting massMi, i.e.,

Mi � NmE�m� (57)

where Nm is the total number of fragments respecting mass
conservation. The fragmenting mass is not simply the mass of the
parent object, as 2–8 fragments with L > 1 m, not following the
power law in Eq. (30), comprise the bulk of the mass [43]. For
example, for a payload collision, the mean mass for 1 mm < L <
1 m is E�m� � 4.13 × 10−4 kg. If the mass is set atMi � 100 kg it
follows from Eq. (57) that Nm � 2.4 × 105, given that the combined
mass in fragments smaller than L < 1 mm is negligible. The number
of fragments required to assure conservation of kinetic energy is
harder to estimate as losses due to heat and rotational velocities are
not known in this simple model [42]. Luckily, the cloud evolution,
from initial distribution, through propagation to estimation of the
number of impacts can be performed based on the distribution of a
single object only. Once an accurate estimate of N is available, the
results can be updated through multiplication with N.

C. Covariance in Velocity

For methods based on covariance propagation (e.g., see [30]),
the initial mean and covariance of the distribution are required. Here,
the mean and variance in Δvh are derived from the NASA SBM.
As isotropic directionality is assumed, the presented values are also
applicable in any other direction. To derive any moment in Δvh, its
probability distribution function is required. As becomes apparent
later, it is beneficial to transform the distribution in Eq. (52) into
cylindrical coordinates
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Δv⊥ �
��������������������������������
�Δv�2 − �Δvh�2

q
(58a)

ϕ � sin−1
�
Δvh
Δv

�
(58b)

Δvh � Δvh (58c)

yielding under application of Eq. (6), the distribution

pΔv⊥;ϕ;Δvh � Δv⊥pΔv �
Δv⊥

4π�Δv�2 pΔv (59)

Noticing that pΔv⊥;ϕ;Δvh is not dependent on ϕ, it can be readily
reduced as

pΔv⊥ ;Δvh �
Z

2π

0

pΔv⊥;ϕ;Δvh dϕ � Δv⊥
2�Δv�2 pΔv (60)

Thanks to the reduction, the distribution in Δvh requires integra-
tion in only one, rather than two, variables

pΔvh �
Z

∞

0

pΔv⊥ ;Δvh dΔv⊥ (61)

From Eq. (58a) it follows that Δv⊥dΔv⊥ � ΔvdΔv. Putting
together the pieces allows to find

pΔvh �
Z

∞

jΔvh j

pΔv

2Δv
dΔv (62)

The expectation value of Δvh is always zero as pΔh
�Δh� �

pΔh
�−Δh� is symmetrical, i.e.,

E�Δvh� �
Z

∞

−∞
ΔvhpΔvh dΔvh � 0 (63)

The variance σ2Δvh can be found as

σ2Δvh � Var�Δvh� �
Z

∞

−∞
�Δvh − E�Δvh��2pΔvh dΔvh (64a)

�2

Z
∞

0

�Δvh�2pΔvh dΔvh (64b)

where the symmetry is exploited again. Finally, the mean μ and
covariance matrix Σ of the NASA SBM velocity distribution are
given as

μΔv � 0 ΣΔv � diag�σ2Δvt σ2Δvn σ2Δvh� (65)

where σ2Δvt � σ2Δvn � σ2Δvh . The corresponding values for the
different cases and various characteristic length regimes (again valid
for any N) are listed in Table 1. Note that a normal distribution with
the given covariance matrix does not accurately describe pΔv, as can
be seen in Fig. 2 for the case of a payload collision. It underestimates
both the peak and the tail end of the distribution,while overestimating
the domain in between. Hence, application of the covariance needs to
be treated with caution.

IV. Spatial Density and Number of Impacts

The previous two sections discuss how to obtain an initial
distribution and transform it into Keplerian elements. Here, the focus
is changed to obtain the spatial density and the number of impacts
from any distribution in Keplerian elements. The step in between, the
density propagation (e.g., see [11]), is not addressed here other than
considering randomization in the node and line of apsides due to an
oblate central body.

Fig. 2 Transformed and sampled distribution in Δvh according
to the NASA SBM for a payload collision and fragments sized
1 mm < L < 1 m, and its comparison with the Gaussian approximation

with zero mean and variance, σ2Δvh .

Table 1 Expectation values for the mass and kinetic energy, and variance for the velocity impulse of the fragments according to the NASA SBM

Case L, m PL E�m�, kg E�Δϵ�, J σ2Δvh ; m2∕s2

Collision Payload 10−3 − 10−2 9.81 × 10−1 8.46 × 10−6 3.75 × 100 7.23 × 105

10−2 − 10−1 1.91 × 10−2 3.67 × 10−3 2.40 × 102 1.21 × 106

10−1 − 10−0 3.73 × 10−4 8.97 × 10−1 1.05 × 104 7.62 × 104

10−3 − 10−0 1 4.13 × 10−4 1.22 × 101 7.31 × 105

Rocket body 10−3 − 10−2 9.81 × 10−1 8.46 × 10−6 3.75 × 100 7.23 × 105

10−2 − 10−1 1.91 × 10−2 3.47 × 10−3 2.51 × 102 1.22 × 106

10−1 − 10−0 3.73 × 10−4 2.78 × 10−1 2.55 × 104 1.72 × 106

10−3 − 10−0 1 1.78 × 10−4 1.80 × 101 7.32 × 105

Explosion Payload 10−3 − 10−2 9.75 × 10−1 9.24 × 10−6 7.81 × 10−2 7.18 × 103

10−2 − 10−1 2.45 × 10−2 4.16 × 10−3 1.70 × 101 6.83 × 103

10−1 − 10−0 6.15 × 10−4 9.92 × 10−1 2.86 × 103 3.95 × 103

10−3 − 10−0 1 7.21 × 10−4 2.25 × 100 7.15 × 103

Rocket body 10−3 − 10−2 9.75 × 10−1 9.24 × 10−6 7.81 × 10−2 7.18 × 103

10−2 − 10−1 2.45 × 10−2 3.91 × 10−3 1.64 × 101 6.84 × 103

10−1 − 10−0 6.15 × 10−4 3.07 × 10−1 1.52 × 103 6.07 × 103

10−3 − 10−0 1 2.93 × 10−4 1.41 × 100 7.15 × 103
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A. Randomization

As observed by McKnight and Lorenzen, the evolution of a cloud
of fragments in low Earth orbit (LEO) can be considered in phases
[7]. Thus, for long-term propagation, only the distribution in a and e
is of importance. The randomization in the angles Ω, ω, and M is
used to derive the full phase space density, and spatial density. The
application of the assumptions directly in Keplerian elements
is straightforward. Each of the randomizations can be applied inde-
pendently of the other, and thus the extensions are valid for distribu-
tions given in any combination of α.
Start with a distribution na;e, given as a function of a and e. The

inclination i of the fragments can be approximated as the parent
inclination i0. In LEO, this assumption is reasonable because changes
in i require large Δvh and the perturbing forces on i are small. Thus,
the distribution can be extended to

na;e;i � δ�i − i0�na;e (66)

where δ is, again, the Dirac generalized function [see Eq. (10)].
Randomization of Ω due to nodal precession, ω due to apsidal
precession, and M due to differences in energy results in a uniform
distribution over �0; 2π� each as

na;e;i;Ω � 1

2π
na;e;i ∀ Ω ∈ �0; 2π� (67a)

na;e;i;Ω;ω � 1

2π
na;e;i;Ω ∀ ω ∈ �0; 2π�� (67b)

na;e;i;Ω;ω;M � 1

2π
na;e;i;Ω;ω ∀ M ∈ �0; 2π�� (67c)

Thus, the distribution in the full Keplerian element set α, using the
method of change of variables ([20] Chap. 5), is

nα � na;e;i;Ω;ω;f � dM

df
na;e;i;Ω;ω;M (68a)

� �1 − e2�3∕2
�1� e cos f�2 na;e;i;Ω;ω;M ∀ f ∈ �0; 2π�� (68b)

where the derivative of M with respect to f is given in literature
(e.g., [36] Chap. 5.3). Through application of Eq. (28), a distribution
in the full Keplerian element set is transformed into Cartesian coor-
dinates. Hence, the phase space density in Cartesian coordinates, ns,
can be found from a subset of α, given the dependence on a
and e and assumptions on randomization. The knowledge of the
full phase space density enables the derivation of products, such as
the spatial density and the impact rate of a fragment cloud on space
missions.

B. Spatial Density

Given the phase space density in Cartesian coordinates,
ns � nr;v, the spatial density is obtained by integration over the
velocities:

nr �
Z
R3

nr;v d
3v (69)

It is worth noting that a fixed inclination constraint reduces
the possible incident velocities into an ascending and descending
crossing plane. Hence, the volume integral in Eq. (69) can be
reduced to an area integral by rotating into the satellite frame T
where the probability for nonzero out-of-plane velocities vh is zero.
Thus,

nrT �
Z
R2

nrT ;vT dvt dvn (70)

Instead, the spatial density can be directly obtained from integra-
tion in Keplerian elements using the Dirac generalized function (see
Sec. II.C)

nr�r
� �
Z
R6

nαδ�r�α� − r
� d6α (71)

where r
 is the position of interest. To find the roots of r�α� − r
, it is
important to find a three-dimensional subset ofα (the integrands) that
together with r
 permit to find the full α. Not all combinations of the
elements are possible. It needs to contain one of the elements defining
the orientation of the orbital plane, i.e., i orΩ. And it requires any two
of the other four elements, excluding the combination of ω and f,
because this combination does not permit to calculate the angular
momentumormechanical energy of the orbit. Here, the subset ofa, e,
and i is chosen because the limits are defined with respect to the point
of interest and the integral over i is trivial if assumed fixed. Given this
subset, four possible element sets are found (see Appendix C)

α
j �r
; a; e; i� � �a; e; i;Ωj;ωj; fj� j � 1; 2; 3; 4 (72)

Hence, Eq. (71) simplifies to

nr�r
� �
Z

∞

r
�R
2

Z j1−R
aj

j1−r

a j

Z
π−jθj

jθj

X4
j�1

nα�α

j �

j det J

j j

di de da (73)

where the Jacobian J
 relates r
 to �Ω
;ω
; f
� as

J
 �

0
BBBBBBB@

∂rx
∂Ω

∂rx
∂ω

∂rx
∂f

∂ry
∂Ω

∂ry
∂ω

∂ry
∂f

∂rz
∂Ω

∂rz
∂ω

∂rz
∂f

1
CCCCCCCA

�������������
α�α


(74)

After some derivations, the determinate is found as

det J
 � a3�1 − e2�3 cos�ω
 � f
� sin f
 sin i
�1� e cos f
�4 (75)

Equation (73) converts a phase space density given in Keplerian
elements directly into a spatial density. As before, the volume integral
simplifies to an area integral if the inclination of the fragments in the
cloud is fixed.

C. Impact Rate

Given the phase space density in Cartesian coordinates, the impact
rate _η on a target with �r
; v
� can accurately be estimated as

_η�r
; v
� �
Z
R3

Ac

�
v − v


kv − v
k
�
nr;v�r
; v�kv − v
k d3v (76)

with the cross-sectional area Ac exposed to the incoming flux. Equa-
tion (76) is generally valid, without any assumptions on the geom-
etries of chaser or target orbit and includes the possibility to consider
the spacecraft orientation. The only assumptions are that the area of
the fragments is small compared with the area of the target, and that
the flux is constant over Ac. The first assumption is valid, as ≥97.5%
of all fragments are smaller than L � 1 cm. Given the large variance
of fragment velocities, the second assumption is reasonable too,
especially compared with a default cube size of 10 km × 10 km ×
10 km in the CUBE algorithm [27]. As before, _η can be estimated
through integration directly in the Keplerian space. The number of
impacts, η, can be calculated by integrating Eq. (76) over time t:

η�t� �
Z

t

t0

_η�r
�t�; v
�t�� dt (77)
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Alternatively, the average number of impact rate, _�η, over the course
of one target orbit might be of interest and can be found as

_�η � 1

P

Z
P

0

_η�r
�t�; v
�t�� dt (78a)

� 1

2π

Z
2π

0

_η�r
�M�; v
�M�� dM (78b)

with the orbital period P.
Note that assumingAc to be constant in any direction, i.e., having a

spherical target, and given

nr;v � pvjrnr (79)

where pvjr is the conditional distribution of v given r and nr is
the spatial density that can be inferred from Eq. (69), Eq. (76) can
be reduced to

_η � AcnrΔv (80)

where

Δv �
Z
R3

kv − v
kpvjr d3v (81)

is the average collision velocity. Equation (80) is equivalent to the
time derivative of Eq. (A2). Still, Eq. (76) is preferred to calculate _η
because it requires only one integration and Ac is not required to be
constant in any direction.

V. Application of the Framework to the Cosmos-2251
Fragmentation Cloud

The transformation of the initial fragment distribution into subsets
ofKeplerian elements is shownon the example of a payload collision.
The analytical transformation is compared with the samplingmethod
in terms of accuracy. Finally, the spatial density and the collision
risk emanating from the cloud of fragments is estimated assuming
randomization.

A. Methodologies

Here, the transformations based on the method of change of
variable or the Dirac generalized function presented in Sec. II are
referred to as the analytical methods. Analytical methods provide
exact solutions and are scalable into higher dimensions. For compari-
son in terms of sensitivity and scalability, the analytical transforma-
tions are comparedwith densities derived from sampling. To calculate
the phase space density from samples, the individual instances, not
the density, are transformed into the target space, where they are
binned according to given bin geometries. The density is estimated by
dividing the number of samples in a bin,Ns�Vx�, by the total number
of samples, Ns, and by the bin volume, Vx

p̂x �
Ns�Vx�
NsVx

(82)

Here, the sampling method stands for two seemingly very different
methods: Monte Carlo sampling (e.g., [25]) and methods based on
finite differences (e.g., [15]). They both have in common that discre-
tization of the phase space is required to estimate densities, such as the

phase space or spatial density. As such, they both suffer from poor
sensitivity. First, if the number of samples is too small compared with
the number of bins,Nb, the bin might end up with a small number of
samples notwell representing the actual distribution. Second, binning
spreads out highly concentrated distributions over the full binvolume,
leading to inaccurate and averaged results, as will become evident
herein. Thus, the ideal bin size is a tradeoff between the sensitivity
(many small bins) and the accuracy (enough samples in each bin),
while keeping in mind that finite differencing methods suffer from
poor scalability in dimensions [44]. Hence, binning requires a careful
selection of the bin limits, which is dependent on the underlying
distribution. In the simplest case, the bins are equally spaced in each
separate dimension. Here, the outer bin limits, the range limits, are
chosen such as to contain a considerable fraction ϵ of the overall
distribution. Mathematically speaking, ϵ is defined as

ϵ �
R
B px dxR
∞
−∞ px dx

�
Z
B
px dx (83)

where B is the domain defined by the limits. The domain is regularly
discretized with the equal number of bins in each dimension.

B. Study Case

In February 2009, the two satellites Cosmos-2251 and Iridium 33
collided, resulting in two fragment cloudswith hundreds to thousands
of fragments large enough to be detected [45]. Here, the initial
Cosmos-2251 fragment cloud ismodeled and discussed. Considering
perturbations from the oblateness of Earth only, and assuming enough
time passed for full randomization in Ω, ω, and M, the collision
probability toward selected target orbits is estimated. Note that
atmospheric drag, which is not considered, considerably changes
the shape of the distribution. However, propagation of the cloud in
more realistic dynamics is out of the scope of this work. Thus, the
resulting collision probabilities are not accurate. The orbit for the
Cosmos-2251 parent object at the epoch of collision, and the target
orbits as of beginning of 2020 are given in Table 2.
The NASASBMdistribution is given as a function ofL,A∕m, and

Δv. Here, only the distribution in Δv � 10υ is used, as the depend-
ency on A∕m is independent of the transformation of the phase space
and no drag perturbations are considered. To facilitate reproduction
of the results, the initial distribution in υ is assumed to be normally
distributed as

υ ∼N �μυ; σ2υ� (84)

with the mean μυ � 2.63log10 m∕s and variance σ2υ �
0.482�log10 m∕s�2. This comes very close to the actual NASA
SBMdistribution for a payload collision, considering fragments with
a characteristic length between 1mm and 1m (see Fig. 3). The reason
is that small fragments, at around 1 mm, dominate the overall
distribution. Note that the resulting distribution gives the likelihood
of a fragment to be ejected with a certain impulse, not the fragment
density. The latter can be calculated by multiplying the likelihood
with the number of fragments, N. Given the distribution in Eq. (84),
50% of the fragments are modeled to be ejected with an impulse
larger than 423 m∕s, and 5% with an impulse larger than 2652 m∕s.
The transformed distribution is studied in three different target

spaces. The distribution pa;e, in a and e, useful when only the long-
term evolution of the cloud is to be studied, is found through integra-
tion using the Dirac generalized function described in Sec. II.C. The
distributionpa;e;Ω, ina, e, andΩ, to study themidterm consequences,

Table 2 Parent orbit before fragmentation, and target orbits as of beginning of 2020 and their cross-sectional areas, extracted from [46,47]

Object International designator a, km e i, deg Ω, deg ω, deg f, deg A, m2

Cosmos-2251 1993-036A 7,166.1 0.0016 74.04 19.5 98.7 358.6 — —

Sentinel-1A 2014-016A 7,067.0 0.00014 98.18 —— —— — — 23.45
Ariane 5 2015-039C 23,840.0 0.7221 5.06 —— 131.1 — — 42.12
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is found through the transformation described in Sec. II.D, by using a
submatrix of Jαs defined by the first, second, and fourth row and the
last three columns, relatingΔv to (a, e,Ω). For near-circular orbits, or
also for eccentric orbits fragmenting close to the apsides, a large part
of the transformed distribution is concentrated into a small subspace
of the domain. Thus, the distribution in a, e, and Ω, is further trans-
formed into pξp;ξa;Ω, in ξa, ξp, and Ω, with the auxiliary variables
defined as

ξp � log10�r0 − rp� � log10�r0 − a�1 − e�� (85a)

ξa � log10�ra − r0� � log10�a�1� e� − r0� (85b)

where r0 is the radius of fragmentation. The determinate of the
Jacobian of the transformation, omitting the one-to-one relationship
of Ω, is

det J� det

0
BBB@
2
6664
∂ξp
∂a

∂ξp
∂e

∂ξa
∂a

∂ξa
∂e

3
7775
1
CCCA� 1

log2�10� det

0
BBB@
2
6664
−1� e

r0− rp

a

r0− rp

1� e

ra− r0

a

ra− r0

3
7775
1
CCCA

�−
2a

�r0− rp��ra− r0�log2�10�
(86)

The following relationships can be found by taking the exponential
of base 10 and summing and subtracting both sides of Eqs. (85):

r0 − rp � 10ξp (87a)

ra − r0 � 10ξa (87b)

2r0 − 2a � 10ξp − 10ξa (87c)

2ae � 10ξp � 10ξa (87d)

Hence, the distribution function in the new space is obtained
according to Eq. (6) as

pξp;ξa;Ω � 10ξp�ξa log2�10�
2r0 − 10ξp � 10ξa

pa;e;Ω

�
a � 2r0 − 10ξp � 10ξa

2
;

e � 10ξp � 10ξa

2r0 − 10ξp � 10ξa
;Ω � Ω

�
∀ 10ξp < r0 (88)

with the domain restricted to positive values of the perigee radius, i.e.,
rp � a�1 − e� > 0. The range limits for all three target spaces can be
found in Table 3. The defined domains contain ≥90% of the total
distribution.

C. Resulting Fragment Distribution

1. Marginalized Target Space

The fragment cloud distribution in (a, e) is depicted in Fig. 4
for both the sampled and analytically derived transformation. Bins
with zero probability, i.e., not affected by the collision or with a
lack of samples, are transparent. Large parts of the probability are
confined to a small region in the a − e domain (note that the scale is
logarithmic). Within just a few bin lengths, the density grows and
shrinks by orders of magnitudes. This is a result of both the parent
orbit geometry and the log-based breakup model. From the Jacobian
in Eq. (19), it becomes evident that, in a first-order approximation,
�Δa;Δe� are independent of Δvh. Furthermore, the dependence of
Δe on Δvn nearly vanishes at the point of fragmentation, i.e.,

 Δa

Δe

!
≈

2
666664

2a2v

μ
0

2�e� cf�
v

−
rsf
av

3
777775
 
Δvt

Δvn

!

�
2
4 1.92 × 103 0

2.68 × 10−4 3.35 × 10−6

3
5 Δvt

Δvn

!
(89)

Hence, impulses along the velocity direction have a large effect,
dominating the effect of impulses in other directions and producing
nearly linearly dependent (Δa, Δe). Thus, many samples are found
near the physical boundary defined by the radius of the parent orbit;

Table 3 Range limits for bin geometries

Space x x1 x2 x3 ϵ

(a, e) 4800–17000 km 0–0.65 —— 97%

(a, e, Ω) 4800–17000 km 0–0.65 0–40 deg 96%

(ξp, ξa, Ω) 1.5 − 6.7 log10 (m) 1.8 − 7.3 log10 (m) 0–40 deg 94 deg

The fraction ϵ describes the share of the distribution located within the limits.

Fig. 3 Integration of the NASA SBM overL ∈ �1 mm; 1 m� andA∕m,
and its Gaussian approximation, given as a function of the logarithm to
base 10 of Δv.

Fig. 4 Themarginalizeddistribution in (a, e) estimated throughbinning

ofN � 105 samples (color map) and analytical transformation using the
Dirac generalized function (contours). The dotted line marks rp � R,
i.e., fragments with e > e�rp � R� reenter within a single orbit from the

fragmentation.
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e.g., either the perigee or apogee radius of the sample is close theparent
orbit radius.As the impulse follows a log-normal distribution,much of
the distribution remains close to the origin, whereas the tail end of the
distribution produces few fragments that are far away from it. It is
noteworthy that large parts of the distribution re-enter directly; i.e., the
fragments have a perigee below the radius of Earth, R � 6371 km.
The underlying function poses problems to the sampling method.

The physical boundary is not well captured by the bins. Some of the
bins extend outward of the boundary spreading probability into a
forbidden domain; e.g., fragment probability is added for a perigee
above the parent orbit perigee, and vice versa for the apogee, which is
physically not feasible. The steep increase and decrease of the under-
lying distribution lead to order of magnitude jumps in the estimated
density. Further from the boundary, where the underlying density
becomes small, more and more empty bins can be discerned. A few
bins still contain a sample or two, but as a result they overestimate
their densities. The analytically derived distribution, instead, exactly
represents the underlying distribution in any region and captures the
boundary smoothly.

2. Keplerian Target Space

The distribution of a fragment in (a; e;Ω) is shown in Figs. 5a
and 5b for both the estimated and analytical solution, for N � 107

samples and n � 100 × 100 × 100 � 106 bins. Only three slices
are shown in the Ω direction at Ω � 10, 20, and 30 deg. The color
bar is again logarithmic, and zero probability is depicted through
transparent bins. The distribution is largely identical to the margin-
alized distribution, with the major part of the distribution again
located near the radial boundary. As small impulses are more likely,
the majority remains close to the parent node.
To answer the question about the proper bin size, it is worth

investigating the convergence rates at various locations in the domain
as the binvolumedecreases, i.e.,Nb → ∞, and the number of samples
increases, i.e., Ns → ∞. The bins for the comparison are defined
around a shortlist ofNs � 1000 random samples representing a wide
range of density values, equally spaced in the logarithmicweight up to
the sample carrying the maximum weight, pmax

a;e;Ω. Figure 6a shows a
projection of the samples and the selected bins, with a binvolume that
would accommodate Nb � 103, i.e., 10 bins in each dimension. The
diagonal subplots show the samples projected into a single dimension.
Off-diagonal subplots show the projection into two dimensions. All
the subplots use a logarithmic (color-) scale in order to distinguish
features. The “V” shape in thea − e plane can be readily observed.As
before, the rectangular bins extend over the physical boundary.

Hence, the estimated value is expected to underestimate the true
density, as the bin incorporates a domain of zero probability.
The convergence of the binned distribution as a function of

Nb and Ns is shown in Figs. 6b and 6c for Ns � 109 samples
and Nb � 1003 � 106, respectively. The estimates for bins around
small densities converge already with a relatively large bin volume,
corresponding to Nb ≥ 105, well capturing the underlying density.
This is because these samples are produced at the tail end of the
log-normal distribution where change in the density is slow; i.e.,
the density is nearly constant over the bin. Bins closer to the peak
of the distribution do not converge even for small bins corresponding
to Nb ≥ 10003 � 109 because the underlying distribution is too
variable. For Nb � 1003 � 106, the density around the bin with the
maximum density is averaged out to a degree that evaluation of the
estimated density underestimates the real density by three orders of
magnitude.Any product that is derived fromsuch an averageddensity
in (a, e), with or withoutΩ, such as collision probability estimations,
will suffer from this inaccuracy. The averaging of the peak over the
bin volume will lead to the under- or overestimation of the collision
probability, again by orders of magnitude. Hence, for algorithms
based on finite differences, the choice of target space is critical.

3. Bin-Optimized Target Space

Figure 7 shows the distribution in the (ξp; ξa;Ω) space. The
changes in density to neighboring bins are small compared with the
previous space.Additionally, only a small part of thedomain describes
re-entering fragments, as depicted with the dotted line corresponding
to ξp�rp � R�. Still, large parts of the domain contain empty bins,
dotted by nonempty bins with very few samples.
The slow convergence for low-probability events is evident

when comparing the densities derived from sampling and analytically
in selected bins. Figure 8a shows again Ns � 1000 transformed
samples of the distribution and the projections of the 4 bins, with a
volume corresponding to Nb � 103 or 10 bins in each dimension,
selected to represent regions of different probabilities. As before, the
selected samples are spread equally in the logarithmic density up
to the maximum sample density pmax

ξp;ξa;Ω. The rate of convergence as

Nb → ∞ can be seen in Fig. 8c for Ns � 109 samples. As the
underlying distribution is not concentrated in small parts of the
domain, convergence is achieved for a relatively large bin volume
accommodating Nb ≥ 105 over all regions with large or small prob-
ability. Hence, this space is well suited for estimating the underlying
distribution function through sampling, as concentrated peaks
are nonexistent. Looking at the convergence rate in terms of Ns for

a) The majority of the Ns = 107 samples end up
along the boundary, thus leaving large parts of
the domain with empty (transparent) bins

b) The analtyically derived transformation finds
a probability even in the domains with near-zero
probability, resulting in a high sensitivity

Fig. 5 Comparison between the samples-based and analytically transformed distribution in (a, e, Ω). Only three slices are shown in Ω direction.
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a) The sampling leads to a nonsmooth estimate of
the distribution

b) Transformed analytically, the distribution can be
estimated smoothly

Fig. 7 Comparison between the samples-based and analytically transformed distribution in (ξp, ξa, Ω). Only three slices are shown in Ω direction.
Fragments with ξp > ξp�rp � R� reenter within a single orbit from the fragmentation.

a) Projection of samples and bins chosen for comparison of the two estimation
techniques. The represented bin limits show the bin volume accommodating Nb = 103

b) The distribution, being unequally distributed,
converges only in domains with small densities

c) Hence, it is not possible to find a single bin
volume that fits all the domain

Fig. 6 Distribution and convergence rates of the samples-based method (solid) against the analytical solution (dotted) in x � �a e Ω�.
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Nb � 106 (see Fig. 8c) shows that the estimated densities require
more thanNs ≥ 108 for convergence, showing the lack of sensitivity
to capture low probabilities (or rare events) from deterministic sam-
ples [29]. Even with large numbers of drawn samples, convergence
toward an accurate value of the low density is slow. Extensions
to Monte Carlo sampling, such as importance sampling or subset
simulation [29], could be used, however, at the expense of global
applicability of the method; i.e., each target object would have to be
considered individually when calculating the collision probability.

D. Collision Probability Estimates

The collision probability is estimated from the analytical, margin-
alized two-dimensional distribution pa;e. Randomization in Ω, ω,
and M is assumed, and a fixed i � i0. Hence, the distribution in α
and can be obtained as explained in Sec. IV. As before, the densities
are transformed into Cartesian coordinates analytically and through
sampling. To increase the understanding of the method, the collision
probability is derived in a stepwise approach. For the first step, con-
sider a point p in spherical coordinates relative to the inertial frame I

p �

0
B@
r

λ

θ

1
CA �

0
B@
7150 km

0 deg

0 deg

1
CA (90)

just below the radius of fragmentation, r0 � 7154.6 km. The
fragments are incident from two planes only, corresponding to the
ascending and descending node. The distribution is studied in a frame
coplanar to the orbital plane appertaining to the ascending node,which
is found through rotation of the inertial frame for i0 around the x̂ axis.
The two coplanar velocity components, vk � �vr vn�, describe the
fragment velocity inp in radial direction and perpendicular to it in the
direction of v. The out-of-plane velocity vh is always zero. Note that
for circular orbits, this frame is identical to the satellite frame T .
The Cartesian distribution pr;vk can be found from pα through

sampling or analytical transformation. For the sampling, all instances
to be found in the bin defined by the ranges

r ∈ 7150 km	 Δr
2

λ ∈ 	1 deg θ ∈ 	1 deg (91)

are considered, where the λ of each fragment needs to be mapped
to 	180 deg before the filtering. The resulting distributions for
Δr � 10 km and Δr � 5 km are shown in Figs. 9a and 9b. The
dotted and the dashed lines mark the minimum vn � vn�vr� required
for rp > R and ra > r0, respectively. Two observations can bemade.
A large number of instances are required to obtain enough samples in
the volume to describe the velocity distribution. From the originally
sampled Ns � 2 × 1010 instances, only 3.9 × 104 and 1.8 × 104 are

a) Projection of samples and bins chosen for comparison of the two estimation
techniques. The represented bin limits show the bin volume accommodating Nb = 103

b) The distribution, being smoothly distributed,
converges using an Nb    105 for all regions

c) However, for Nb = 1003 bins, convergence still
requires N     108

Fig. 8 Distribution and convergence rates of the samples-based method (solid) against the analytical solution (dotted) in x � �ξp ξa Ω�.

Article in Advance / FREYAND COLOMBO 13

D
ow

nl
oa

de
d 

by
 P

O
L

IT
E

C
N

IC
O

 D
E

 M
IL

A
N

O
 o

n 
Se

pt
em

be
r 

17
, 2

02
0 

| h
ttp

://
ar

c.
ai

aa
.o

rg
 | 

D
O

I:
 1

0.
25

14
/1

.G
00

49
39

 



found within the ranges for Δr � 10 km and Δr � 5 km, respec-
tively, corresponding to less than 0.0002% of all the samples. The
propagation of this many samples is not feasible. Even if 105 samples
were to be propagated per second in a parallelized setup, it would still
take more than 2 days to propagate all the samples. Hence, Monte
Carlo sampling-based methods are not capable of finding such a five-
dimensional distribution in a useful time. The second observation is
that if the volume is too large, it includes nonphysical impacts. For
example, the volume defined byΔr � 10 km extends above r0, so it
includes samples with rp > r0, even though the point of interest,p, is
nearly 4.6 km below r0. Filtering techniques exist to avoid consider-
ing such collisions [48], at the expense of further complicating any
deterministic-based method. The analytical transformation is per-
formed by application of Eq. (28), by removing the third row and
last column of J corresponding to i and vh, respectively. Its distri-
bution is given in Fig. 9c. No integration is required and the resulting
distribution is found nearly instantaneously.
The second step is to estimate the spatial density nr. Instead of

considering only one fragment, the spatial density is estimated con-
sidering the total number of fragments, N. According to the NASA
SBM, the number of fragments in the Cosmos-2251 cloud sized
1 mm ≤ L ≤ 1 m is N � 2.2 × 106, assuming that Mc � 900 kg

[49]. For the sampling, a grid in spherical coordinates is defined,
splitting the space into bin volumes of 50 equally spaced bins in each
direction for

r ∈ �R� 100 km; R� 2000 km� λ ∈ �0 deg; 360 deg�
θ ∈ �−90 deg; 90 deg� (92)

The density obtained through sampling is shown in Fig. 10a
for Ns � 107 instances, showing the spatial density of a single
Cosmos-2251 fragment. Given the large bin volumes allows the
bin densities to converge quickly with increasing Ns. However, the
distribution is confined to a narrow altitude band, not well captured
with the large bins. The analytical spatial density could be obtained
by integration of pr;vk over vr and vn. Instead, it is calculated using

Eq. (73), for which the integration limits natively ignore re-entered
fragments. Its resulting distribution is found in Fig. 10b.
The final step is to calculate the number of impacts and probability

of collision for target objects of interest. Because of the large number
of instances required to find thevelocity distribution in each point, the
sampling method is not performed for this derivation. The rate of
impact, _η, is estimated for Sentinel-1A and the Ariane 5 rocket body

a) Given the large bin volumes, few instances
are required to converge to an average over each bin

b) As most of the distribution is found in a narrow
altitude band, analytical transformation is used to
avoid averaging

Fig. 10 Spatial density of the Cosmos-2251 collision fragments, assuming randomization in Ω, ω, andM (not drawn to scale).

a) If the volume is chosen too large,
nonphysical impacts are considered

b) If it is chosen too small, only few
samples (–) here less than 0.0001% of
Ns (–) remain

c) The analytical transformation does
depend on averaging over a volume

Fig. 9 Incident velocity distribution at chosen point forNs � 2 × 1010 samples. The dotted and dashed lines depict the minimum vn � vn�vr� required
for rp > R and ra > r0, respectively.
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according to Eq. (76). Their orbits and cross-sectional areas are
reported in Table 2. The resulting impact rate is depicted in Fig. 11.
As can be seen, the impact rate is highest when crossing the frag-
mentation altitude and at high latitudes. The analytical transformation
can calculate the impact rate even atGEOaltitudes.Averaged over the
full target orbit, the fragment impact rate is _�η � 2.75 × 10−2 1

year
for

Sentinel-1A and _�η � 4.48 × 10−4 1
year

for the Ariane 5. In terms of

collision probability, these impact rates correspond to p1� � 2.7%
and p1� � 0.045%, respectively, if integrated over a year.

VI. Conclusions

The framework for a fully statistical treatment of the evolution
of fragmentation clouds, stemming from explosions or collisions
of objects in orbit, and their consequences in terms of collision
probability is presented. The NASA SDM is reformulated as a
probability distribution function serving as the initial distribution.
The discussed transformations enable the propagation of the density
in a subset of elements sufficient to describe the mid- to long-term
evolution. Furthermore, they are useful in the derivation of the spatial
density and the impact rate of the fragments on targets in any orbit.
Knowing the impact rate, the collision probability can be obtained.
The collision probability can even be calculated, through the ran-
domization of angles, from a distribution defined in few Keplerian
elements only. The method is presented on the case of a collision
fragmentation cloud and the risk it poses toward a payload in LEO
and a rocket body in thegeostationary transfer orbit. The sensitivity of
themethod is high, and it does not suffer from the high computational
demand of Monte Carlo–based methods or the inaccuracies of meth-
ods based on finite differences and their restriction to low-dimen-
sional problems. The presented framework enables the application of
elaborate uncertainty propagation techniques, such as the method of
the characteristics, for probabilistic propagation of fragmentation
clouds in any dimension and statistical estimation of their ramifica-
tions in terms of collision probability with other orbiting objects.

Appendix A: Estimation of Collision Probability

In their seminal work about the formation of a debris ring around
Earth, Kessler and Cour-Palais [16] extend the method developed by
Öpik [17] for the estimation of the collision probability from the
spatial density. The flux F within a given control volume ΔV is
(analogous to the kinetic gas theory) estimated as [18]

F � nrΔ �v (A1)

with the fragment spatial density nr assumed constant over ΔV and
the average relative velocity Δ �v between the particles in the control
volume and a target object of interest. The number of impacts, η, for
an object traversing the volume within Δt is then

η � FAcΔt (A2)

where Ac is the average collisional cross-sectional area between the
fragments and the target. The spatial density in the control volume for

a single deterministic object, n�i�r , is estimated as [16]

n�i�r � Δt�i�

P�i�
1

ΔV
(A3)

with the time interval Δt the fragment spends within ΔV and the
orbital period P. The collision rate between two objects in a single
volume is then calculated as

_ηij�ΔV� � n�i�r n�j�r ΔvijAcΔV (A4)

where Δvij is the relative velocity between the two objects. To
estimate the total collision rate between two objects, Eq. (A4) is
summed over all the volumes accessible to both objects. The spatial
density estimate approximated by Eq. (A3) can be further simplified,
assuming (just like Öpik [17] and McKnight and Lorenzen [7]) the
node and the line of apsides to be fully randomized. Then, the spatial
density of an object with given perigee altitude, apogee altitude, and
inclination can be found geometrically as a function of radius and
latitude only [16].
Finally, the collision probability is found through application of

the Poisson function [19]. The Poisson distribution is used to
describe, for a specific interval of time, how often an event occurs
[20]. Hence, the distribution

pk�η� �
ηk exp�−η�

k!
(A5)

gives a measure of the probability of observing k collisions for a
certain time span for which the estimated number of collisions, η, is
valid. The probability of witnessing one or more collision is thus

p1� � 1 − p0 � 1 − exp�−η� (A6)

Appendix B: NASA SBM Parameters

The parameters presented here are compiled from [24]. Table B1
contains the parameters required to calculate the number of fragments
with Eq. (30). The fragmenting mass in the collision, Mc, is depen-
dent on the impact energy per target mass [50]

ϵ � 1

2

mc

mt

v2c (B1)

with the mass of the chaser,mc, the mass of the target,mt > mc, and
the impact velocity vc. If ϵ > 40 J∕g, the collision is considered
catastrophic; i.e., both chaser and target are completely fragmented,
and Mc is the sum of both objects:

Mc � mc �mt (B2)

If ϵ > 40 J∕g, a noncatastrophic collision occurred; i.e., the target
is cratered only. The fragmenting mass is composed of the chaser
mass scaled with the square of vc, as

Mc � mc

�
vc�km∕s�
1�km∕s�

�
2

(B3)

Note that this formulation differs from the one given in the original
publication; however, it was corrected to be of the form given in
Eq. (B3) in [43]. The empirically derived, unitless scaling factor,
0.1 ≤ s ≤ 1, is dependent on the explosion body type.

Table B1 Unitless parameters related to the number of fragments,
with the massMc and a scaling factor s

Fragmentation k β

Collision
0.1

�
Mc�kg�
1�kg�

�
0.75 1.71

Explosion 6 s 1.6

Fig. 11 Impact (Imp.) rates along the orbits of Sentinel-1AandAriane 5.
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Theparameters required to calculate χ as a functionof λ inEq. (38a)
are dependent on the parent type, i.e., rocket body or payload, and on
the size regime. The distributions for objects larger than L > 11 cm
were derived by analyzing decay rates of orbital fragments. For both
rocket bodies and payloads, the distribution for large objects is
bimodal, composed of two normal distributions. For rocket bodies,
the parameters for large objects are

α1 �

8>><
>>:
1 λ ≤ −1.4

1 − 0.3571�λ� 1.4� −1.4 < λ < 0

0.5 0 ≤ λ

(B4a)

μ�1�χ �

8>><
>>:
−0.45 λ ≤ −0.5

−0.45 − 0.9�λ� 0.5� −0.5 < λ < 0

−0.9 0 ≤ λ

(B4b)

σ�1�χ � 0.55 (B4c)

α2 � 1 − α1 (B4d)

μ�2�χ � −0.9 (B4e)

σ�2�χ �

8>><
>>:
0.28 λ ≤ −1.0

0.28 − 0.1636�λ� 1� −1.0 < λ < 0.1

0.1 0.1 ≤ λ

(B4f)

For payloads, the parameters for large objects are

α1 �

8>><
>>:
0 λ ≤ −1.95

0.3� 0.4�λ� 1.2� −1.95 < λ < 0.55

1 0.55 ≤ λ

(B5a)

μ�1�χ �

8>><
>>:
−0.6 λ ≤ −1.1

−0.6 − 0.318�λ� 1.1� −1.1 < λ < 0

−0.95 0 ≤ λ

(B5b)

σ�1�χ �

8>><
>>:
0.1 λ ≤ −1.3

0.1� 0.2�λ� 1.3� −1.3 < λ < −0.3

0.3 −0.3 ≤ λ

(B5c)

α2 � 1 − α1 (B5d)

μ�2�χ �

8>><
>>:
−1.2 λ ≤ −0.7

−1.2 − 1.333�λ� 0.7� −0.7 < λ < −0.1

−2.0 −0.1 ≤ λ

(B5e)

σ�2�χ �

8>><
>>:
0.5 λ ≤ −0.5

0.5 − �λ� 0.5� −0.5 < λ < −0.3

0.3 −0.3 ≤ λ

(B5f)

For small objects (L < 8 cm), the distribution (composed of one
normal distribution only) is identical for rocket bodies and payloads.
The parameters are

α1 � 1 (B6a)

μ�1�χ �

8>><
>>:
−0.3 λ ≤ −1.75

−0.3 − 1.4�λ� 1.75� −1.75 < λ < −1.25

−1.0 −1.25 ≤ λ

(B6b)

σ�1�χ �
(
0.2 λ ≤ −3.5
0.2� 0.1333�λ� 3.5� −3.5 ≤ λ

(B6c)

For the range between 8 cm < L < 11 cm, the original paper
simply states that a transition function is being used but does not
elaborate on the type of function. For the sake of simplicity, here, a
linear transition function in λ

αλ �
λ − λl
λu − λl

∀ λl � log10�0.08� ≤ λ ≤ λu � log10�0.11� (B7)

is employed, such that

ptransition
χjλ � αλp

large
χjλ � �1 − αλ�psmall

χjλ ∀ λl ≤ λ ≤ λu (B8)

The parameters required to calculate υ as a function of χ in
Eq. (38b), depending on the fragmentation type, are given in
Table B2. Finally, the parameters required to calculateA as a function
of L in Eq. (42a) are

b∕γ �
(
0.540424∕2 L ≤ 0.00167 m

0.556945∕2.0047077 else
(B9)

Appendix C: Intersecting Orbits

Given a point in space, r, that needs to be intersected puts a
limit on theKeplerian elements. If the point itself is described through
Keplerian elements, the radius r > 0 can be found via

r � p

1� e cos f
(C1)

the latitude, θ ∈ �−π∕2; π∕2�, via

sin θ � sin i sin u (C2)

and the longitude, λ ∈ �0; 2π�, via

sin�λ − Ω� � tan θ

tan i
cos�λ −Ω� � cos u

cos θ
(C3)

using any two-argument arctangent routine. The point is then defined
as

r �

0
B@
r cos θ cos λ

r cos θ sin λ

r sin θ

1
CA (C4)

All the orbits that cross r can be found with simple geometrical
considerations.

Table B2 Parameters for the derivation of the ejection velocity

Type μυ συ

Collision 0.9χ � 2.9 0.4

Explosion 0.2χ � 1.85 0.4
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C.1. Orbital Planes

First, note that the inclination needs to be larger than the latitude of
the point to be evaluated, resulting in the following range:

i ∈ �i0 � jθj; i1 � π − jθj� (C5)

The node Ω is a function of θ, λ, and i. From spherical trigonom-
etry, the following dependence can be derived

sin�λ −Ω� � tan θ

tan i
(C6)

For each i, there exists another orbital plane at Ω 0 � Ω�λ; θ;
π − i� � π for ascending/descending crossing of r. If the point is
located over the poles, Ω is ill-defined.

C.2. Orbit Geometries

Choosing a and e within the bounds that follow from
R ≤ rp � a�1 − e� ≤ r ≤ ra � a�1� e�

a ∈
�
a0 �

R� r

2

	
;

�
a1 � ∞

�
(C7a)

e ∈
�
e0 �

����1 − r

a

����
	
;

�
e1 � 1 −

R

a

�
(C7b)

imposes the following rule on f

cos f � 1

e

�
p

r
− 1

�
(C8)

To intersect with r, the orbit needs to be rotated into the right angle
with

ω � u − f � sin−1
�
sin θ

sin i

�
− f (C9)

Again, due to symmetry, another f 0 � 2π − f exists and thus
another ω 0 � u − f 0.
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