CLASSES OF COMPLETE INTERSECTION NUMERICAL SEMIGROUPS
MARCO D’ANNA, VINCENZO MICALE AND ALESSIO SAMMARTANO

ABSTRACT. We consider several classes of complete intersection numerical semigroups, aris-
ing from many different contexts like algebraic geometry, commutative algebra, coding the-
ory and factorization theory. In particular, we determine all the logical implications among
these classes and provide examples. Most of these classes are shown to be well-behaved with
respect to the operation of gluing.

INTRODUCTION

The concept of complete intersection is one of the most prominent in algebraic geometry.
The notion of complete intersection for numerical semigroups (i.e. submonoids of (N, +))
was introduced by Herzog in [21], where he proved the celebrated theorem stating that a
three-generated semigroup is a complete intersection if and only if it is symmetric. Complete
intersection semigroups have been studied extensively since then (see e.g. [2], [7], [8], [16],
28], [30]).

Several subclasses of the complete intersections have been investigated, with different
motivations arising from algebra and geometry. The study of the value-semigroup of plane
algebroid branches was initiated by Apéry in his famous paper [I] and then continued by
several other authors (e.g. [4], [10], [31]). Bertin and Carbonne defined free numerical
semigroups in [6] in order to generalize a formula for the conductor of the local ring of a
plane branch in terms of its Puiseux expansion. Telescopic semigroups were introduced in [23]
for their applications to codes, but they have also been studied in connection with homology
(cf. [24]) and factorization theory (cf. [29]). Numerical semigroups with S-rectangular and
~-rectangular Apéry set were defined in [14] to characterize semigroup rings whose tangent
cone is a complete intersection. Finally, semigroups having a unique Betti element were
characterized in [20)].

The main purpose of this paper is to understand better the classes mentioned above and
the relations among them. We also introduce a new class which is naturally related to the
previous ones, semigroups with a-rectangular Apéry set. Our main result is Theorem [1.13]in
which we show that the implications in Figure [1] hold and provide counterexamples for the
“missing arrows”. Some of these implications are somewhat surprising: despite the fact that
the definitions of free and telescopic semigroups are very similar, two classes of semigroups
with rectangular Apéry sets sit between them. In Section 2 we study the operation of gluing,
which allows to produce new complete intersection semigroups from old ones. We show that
semigroups with a-rectangular Apéry sets are also, in some sense, well-behaved with respect
to gluing. We conclude with some applications to known results in literature.
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FIGURE 1. Logical implications in Theorem [I.13]

Computations were performed by using GAP (cf. [15],[18]). The tests for the properties
treated in this paper will be included in the next release of the package NumericalSgps.

1. THE CLASSES

We start by giving some preliminaries on numerical semigroups. Let N denote the set of
non-negative integers. A numerical semigroup is a subset S C N that is closed under
addition, contains 0 and has finite complement in N. The largest integer in Z \ S is called
Frobenius number of S and is denoted by f = f(5), whereas the smallest positive integer
in S is known as multiplicity of S and is denoted by m = m(S).

We define a partial order on S setting s =< t if there is an element u € S such that
t = u+s. The set of minimal elements in the poset (S \ {0}, <) is called minimal system
of generators of S. We define the embedding dimension of S as the cardinality of its
minimal system of generators and denote it by v = v(5); it is easy to see that v(S) < m(S).
A numerical semigroup minimally generated by {g¢1,...,¢,} will be denoted by (g1, ..., g.).
The condition |N\ S| < oo is equivalent to ged(gy,...,9,) = 1.

For any n € S we define the Apéry set of S with respect to n as Ap(S,n) = {s €
S|s—n ¢ S}, or equivalently Ap(S,n) = {wo,...,w,_1} where w; = min{s € S : s =i
(mod n)}. The smallest element in Ap(S,n) is 0, while the largest one is f(S) + n. If
n = m(S) is the multiplicity we just write Ap(S) in place of Ap(S,n), and we will refer to
it simply as the Apéry set of S.
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Two types of semigroups are among the most studied, mainly for their relevance in
algebraic geometry. A semigroup S is called symmetric if, for any = € Z, we have
r €S < f(S)—x ¢ 5; this condition is equivalent to the fact that f(S) + m(S) is
the unique maximal element of the poset (Ap(S),=). A semigroup S is called a complete
intersection if the semigroup ring k[[t°]] is complete intersection, or equivalently if the
cardinality of any of its minimal presentations equals v(S) — 1 (cf. [27], page 129).

Numerical semigroups other than N are never unique factorization monoids, as there are
always elements with different decompositions into irreducibles (note that in our context an
irreducible element is the same thing as a minimal generator). If s = A;g; + - - + A, g, with
Ai € N we say that A\ig; +--- + A\ g, is a representation of s. Given s € S, we define
the M-adic order as ord(s) = max{) . _; \;| > ., \ig; is a representation of s}. We say
that s = A\jg1 + -+ + A\ g, is a maximal representation of s if Y ., \; = ord(s). We can
define an other partial order on S setting s <, t if there exists u € S such that s +u =t
and ord(s) + ord(u) = ord(t) (cf. [II]). The number of representations and of maximal
representations of elements in a semigroup is related to some of the objects of our study; see
[9] for more on factorization in numerical semigroups.

The book [27] is an exhaustive source on the subject of numerical semigroups.

We now give the main definitions of the paper.

Definitions 1.1. Let S be a numerical semigroup minimally generated by ¢g; < --- < g,.
For each 7 = 2,..., v define:

7, = 7:(S)=min{h € N|hg; € {(g1,...,9;-1)} — 1;
a; = o;(S) =max{h € N|hg; € Ap(5)};
Bi = Bi(S) =max{h € N|hg; € Ap(S) and ord(hg;) = h};
v = 7%(S) =max{h € N|hg; € Ap(S), ord(hg;) = h and
hg; has a unique maximal representation}.

If n = {ny,...,n,} is any rearrangement of the minimal generators (i.e., the minimal
system of generators not necessarily in increasing order), define for each i = 2,...,v:
¢i = ¢i(S,n) =min{h € N|hn; € (ny,...,n;_1)} — 1.

Remark 1.2. For each index i = 2, ..., v, we clearly have v; < 3; < «;. This, together with
the fact that Ap(S) C {ZZ.VZQ Xigi |0 < A\ < %-} (cf. [I4, Corollary 2.7]), implies that

Ap(S) C {i&gimﬁ)\iﬁ%} C {i&gimﬁ)\iﬂﬂi} C {i)\igilog)\iéai}~
=2 i=2 i=2

In particular, we have m = [Ap(S)| < [[/_,(vi +1) <[ (B +1) < [_(a; + 1).
Definitions 1.3. Let S be a numerical semigroup minimally generated by ¢g; < --- < g,.
(1) S is telescopic if Ap(S) = {ZZ-VZQ Aigi |0 <\ < Tz‘};

(2) S is associated to a plane branch if S is telescopic and (7; + 1)g; < g;11 for all
1=2,...,v—1;
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(3) S has a-rectangular Apéry set if Ap(S) = {2;2 Xigi |0 <\ < ai};
(4) S has p-rectangular Apéry set if Ap(S) = {22’22 Xigi |0 <\ < 61-};
(5) S has y-rectangular Apéry set if Ap(S) = {E;’:Q Aigi |0 <\ < ’yi};
(6)

6) S is free if there exists a rearrangement n = {ny,...,n,} of the minimal generators
such that Ap(S,n,) = {25:2 Aini |0 <\ < gb,}

Notice that the definitions of telescopic and free semigroups are not standard, but it is
proved in [27] that the conditions we state are equivalent to the classical definitions.

We turn now to the study of semigroups with a-rectangular Apéry set providing some
characterizations, then we collect analogous statements for classes (1), (4), (5) and (6). In
[25] Rosales introduced the following definition: a numerical semigroup S has Apéry set
of unique expression if every element in Ap(S) has a unique representation. We will see
that this condition is closely related to having a-rectangular Apéry set.

Lemma 1.4 ([I7], Lemma 6). If s <t and t € Ap(S), then s € Ap(S).

Lemma 1.5. If s <t and t has a unique representation, then s <p; t and s has a unique
representation.

Proof. If an element has a unique representation then this must be maximal and the sum of
the coefficients equals the order of the element. Let t = "7 | A\jg; and s + u = ¢ for some
u € S. Since the representation of ¢ is unique, it follows that s = >, &grand u =Y., pigi,
with p; + & = \; for each i. These representations must be unique, otherwise ¢ has a double
representation, and we get ord(s) +ord(u) = > 7 &+ D pi = Y0 A = ord(t). O

Proposition 1.6. The following conditions are equivalent:
(i) Ap(S) is a-rectangular;
(1i) there is only one maximal element in (Ap(S), X) and it has a unique representation;

(111) S is symmetric and Ap(S) is of unique expression;

() f+m =3, aigi;

(v) m =T[iy(ei +1).
Proof. (i) = (i7) Since Ap(S) is a-rectangular, we immediately get that > ., a;g; is the
unique maximal element in (Ap(S), ). Let us suppose that >, , o;g; = >, u;g; for some
non-negative integers u;. By Lemma , w;g; € Ap(S) for each i and hence u; < «;, by
definition of «; it follows that u; = «; for each index ¢ and the two representations coincide.

(17) < (4i7) It follows by Lemma and by the fact that S is symmetric if and only if
f + m is the only maximal element of (Ap(S5), X).

(77) = (iv) The unique maximal element in (Ap(S), =) is necessarily f + m. Therefore
a;9; = f+m for each ¢« = 2,...,v. Since f + m has a unique representation, the thesis
follows immediately.

(iv) = (i) Since f +m € Ap(S) in general, it follows by Lemma

(i) = (v) It follows by m = |Ap(S)| and by the fact that Ap(S) is of unique expression.

(v) = (i) We already noticed that Ap(S) C {Z?:z Xigi |0 < A < ozi} and since m =

[Ti—5(c; + 1) = [Ap(S)|, we must have an equality. O
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Example 1.7. We apply the criterion above to show that the Apéry set of S = (12, 15,16, 18)
is a-rectangular, without even computing the whole Ap(S). We determine the «;’s:

215 = 12+18€¢ 12+ S

2.16 = 32¢12+ S

3:16 = 4-12€12+ S

2.-18 = 3-12€124+ S8
andsoas =1, a3 =2, gy =landm=12=2-2-3 =[[_,(a; + 1).

A semigroup is called M-pure if all the maximal elements in the poset (Ap(S), <)) have
the same order; M-pure semigroups were introduced in [11] along the way to the character-
ization of Gorenstein associated graded rings. In analogy to [25], we say that a semigroup
S has Apéry set of unique maximal expression if every element in Ap(.S) has a unique
maximal representation. In connection to this, the number of maximal representations of

elements in a semigroup has been investigated recently (cf. [12], [13]). Now we give the
criteria for the remaining classes.

Proposition 1.8 ([I4], Theorem 2.16). The following conditions are equivalent:
(i) Ap(S) is B-rectangular;
(11) S is M-pure, symmetric and Ap(S) is of unique mazximal expression;
(111) Ap(S) has a unique maximal element with respect to =<y and this element has a
unique maximal representation;

() f+m = > oo Bigis
(v) m=[[_,(Bi +1).
Proposition 1.9 ([14], Theorem 2.22). The following conditions are equivalent:
(i) Ap(S) is y-rectangular;
(“) f+m > Do Vibis
(1)) m = [[;_o(vi +1).
Proposition 1.10 ([27], Proposition 9.15). The following conditions are equivalent:
(i) S is telescopic;
(i) f+m=73 ", 7igi;
(iii) m = [[_o(7i + 1).
Proposition 1.11 ([27], Proposition 9.15). The following conditions are equivalent:
(i) S is free;
(ii) there is an arrangement n of the minimal generators such that f +mny =Y ., ¢ini;
(iii) there is an arrangement n of the minimal generators such that ny = [[_,(¢; + 1).

The next lemma is a crucial step in establishing one of the implications in Theorem [I.13]

Lemma 1.12. Let S have y-rectangular Apéry set. For eachi =2, ..., v there exist relations

() (Vi +1)gi = Nipgr + Xigga + -+ Xivgy
and a permutation o of {1,...,v} such that o(1) =1 and Aoy o) =0 if i < 7, 7 > 2.

Proof. Fix an index i € {2,...,v}. By definition of 7; we have two possible cases:
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(I) If (; + 1)g; € Ap(S), then the representation (v; + 1)g; is not maximal or it is not
the unique maximal one; hence there is a different representation 25:1 Aijg; of the
same element with ~; +1 < Z;’Zl Aij- Notice that (v; +1)g; € Ap(S) forces A\;; = 0.
(IT) If (yi+1)g: ¢ Ap(S), then we can write (y;+1)g; = >_7_; A jg; for some non-negative
integers \; j, with A;; > 0.
It is useful to consider the square matrix obtained from the relations (i) found in (I) and
(IT) leaving out the coefficients of g,

A2 Aa3 A2
L — Az2 As3 A3
Av2 Aus oo Ay
Now we construct a permutation o of {1,2,...,v} satisfying o(1) = 1 and As(),0() = 0
whenever ¢ < 7 and 7 > 2, or equivalently such that the square matrix
Ao(2.02) Ao@,03) -+ Ao(2)0()
L, = | Y@@ Ao Ao(3).0(v)
As@)o(2) Aow)o(3) -+ Aow)ow)

is lower triangular with zeros in the diagonal. We proceed by decreasing induction on h.

For the basis of the induction h = v it is enough to show that there exists a column in L
with all zero entries. Let us suppose by contradiction that every column in L has a non zero
clement, that is, for every j > 2 there exists 7(j) such that A, ; > 0. Taking the sum over
all the relatlons @ we obtain

RCESITED ) SR
1=2

1=2 j=1

and subtracting )., g; from both sides we get

u:zz%gz Z Z )‘,]g]+z
1=2

J=1i#Lr(4)

As u € Ap(S) by y-rectangularity, we necessarily have \;; = 0 and hence case (II) above
is not possible for any i € {2,...,v}. We get by (I) that 37 | A\i; > v + 1 for every i.
Furthermore, the representation u = >, ,;¢; is maximal by [14, Lemma 2.19] and so if
there exists ¢ such that ZV‘: Aij > i + 1 then it follows

ord(u Z% < Z Z Aij+ Z rG).d ) < ord(u)

J=1i#1,7(4)

yielding a contradiction; thus Z _1Aij = Vi + 1 for every ¢. In particular for the index of
the largest generator we have

(7w +1)g Z)\,,jg] and Z)‘m‘:%‘i‘l-
=1
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But g; < g, for j # v forces A\, ; = 0 and \,, =7, + 1, contradicting the fact that in (I) we
found a different representation. So the p-th column of L consists of zeros for some p > 2,
and we let o(v) = p.

Now let 1 < h < v and suppose that for every j € {o(v),o(v—1),...,0(h+1)}andi < j
we have \,(;)0(j) = 0. By repeating the same argument as in the basis of the induction for
the submatrix of L indexed by i,j € {2,...,v}\{o(v),c(v—1),...,0(h+1)} we get a new
index o(h) for which the statement is true, and the inductive step follows. O

In order to present the main theorem of the paper, we need to give one more definition. A
numerical semigroup S has a unique Betti element if the first syzygies of the semigroup
ring k[[t°]] have all the same degree (in the S-grading; see [20] for a purely numerical defini-
tion). In [20] the authors prove that S = (g1, ..., ¢,) has a unique Betti element if and only
if there exist pairwise coprime integers ay,...,a, greater than one such that g; = [] i Wi
these semigroups are shown to be complete intersection. Moreover in [5] it is shown that for
such a semigroup S the tangent cone of the semigroup ring k[[t°]] is a complete intersection,
implying thus that Ap(S) is y-rectangular by [I4, Theorem 3.6].

Theorem 1.13. Let S be a numerical semigroup. Consider the following conditions:

(1) S is associated to a plane branch;
(2) S has a unique Betti element;
(3) S is telescopic;
(4) S has a-rectangular Apéry set;
(5) S has [-rectangular Apéry set;
(6) S has y-rectangular Apéry set;
(7) S is free;
(8) S is complete intersection.
Then (1) = (3) = (5), (2) = (1) = (5), (1) > (), 2) = (), () = (6) > () = (8)

(compare Figure . Moreover, all the implications are strict.

Proof. In each of the proofs below, let S be minimally generated by g; < --- < g,.

e Plane branch = Telescopic.

It follows from Definitions [1.3] The semigroup S = (6,10, 15) is not associated to a plane
branch, as (72 + 1)go = 3-10 > 15 = g3; however S has a unique Betti element, in particular
it is telescopic and with a-rectangular Apéry set (see below).

e Plane branch = a-rectangular Apéry set.

We prove that (7; + 1)g; ¢ Ap(S) by induction on i € {2,...,v}. Since (72 + 1)g2 € (g1) we
get (19 4+ 1)go ¢ Ap(S). Given i > 2, we have (1, + 1)g; = Ag1 + -+ + Ai—19;—1 for some
A; € N. Assume by contradiction (7; +1)g; € Ap(S), then by induction and Lemma we
must have \; =0 and \; <7, for j = 2,...,7 — 1. By definition of semigroup associated to
a plane branch, we have the following chain of inequalities:

(i+1)g > 2g;>2(ric1+1)gi1 > (1ic1 + 1)gio1 +2gi1 >
> (Tic1+1)gica +2(rie +1)gio > -+ >
> (it g+ -+ (t+1l)g> g+ -+ Aagia=(1i+1)g

reaching a contradiction. Hence (7; + 1)g; ¢ Ap(S) and «; < 7. Finally Ap(S) is a-
rectangular by Proposition [1.6| (v) as m < [[\_,(a; + 1) < [[_o(7; +1) = m, where we used



8 MARCO D’ANNA, VINCENZO MICALE AND ALESSIO SAMMARTANO

Remark and the fact that S is telescopic.

e Unique Betti element = a-rectangular Apéry set.

Let ay > ay > --- > a, > 1 be pairwise coprime integers such that ¢g; = H#i a;. Similarly
to the previous proof, it suffices to show that a; + 1 < a;. But this is trivial as a;9; =
a1g1 ¢ Ap(S). Now let S = (4,6,13): we have Ap(S) = {0,6,13,19}, 7 = 73 = 1, and
m = (p+ 1)(m3 + 1), (o + 1)ga < g3. So S is associated to a plane branch and hence
telescopic and with a-rectangular Apéry set, but S does not have a unique Betti element.
e Unique Betti element = Telescopic.

Let a; > ag > -+ > a, > 1 be pairwise coprime integers such that g; = [] i 0 We show
that 7, = a; — 1 for each ¢ > 2, from which it follows that S is telescopic by Proposition
1.10] (i27). Since the a;’s are coprime, a; does not divide hg; for h < a; — 1, hence hg; ¢
(g1,...,9i—1). However a;g; = a1g1 € {g1,...,9i—1) so that 7, = a; — 1.

e a-rectangular Apéry set = [-rectangular Apéry set = 7-rectangular Apéry set.

It follows from Remark . The semigroup S = (8,10, 15) is telescopic and therefore Ap(.S)
is B-rectangular (see below), but it is not a-rectangular: Ap(S) = {0, 10, 15, 20, 25, 30, 35, 45}
and it is easy to check that oy = a3 = 3 and 7 = 3,75 = 1 so that m = (72 + 1)(73 + 1)
but m # (a2 + 1)(as + 1). The Apéry set of S = (8,10, 11,12) is y-rectangular but not
p-rectangular: we have Ap(S) = {0,10,11,12,21,22,23,33} and we get 5 = 1,03 = 3,54 =
Lye =73 =" =1, hence m = (12 + 1)(73 + 1)(74 + 1) and m # (B2 + 1)(B5 + 1)(B1 + 1).
e Telescopic = f[-rectangular Apéry set.

For each i € {2,...,v} we have (1, +1)g; = A\g1 + - -+ + \i_1g;—1 for some \; € N. The fact
that gy < -+ < gi_1 < g; forces A\ ++--+ X\;_1 > 7, + 1 and therefore ord((7; +1)g;) > 7 + 1.
It follows that f; < 7; and by Remark we get m < [[_,(Bi+1) < [[i,(n+1) =
m and hence Ap(S) is f-rectangular by Proposition (v). Let S = (4,5,6): we have
Ap(S) ={0,5,6,11} and thus ap = a3 = 1, 79 = 3,73 = 1 so that Ap(S) is a-rectangular as
m = (ag + 1)(ag + 1) (hence S-rectangular) but S is not telescopic as m # (72 + 1)(73 + 1).
e y-rectangular Apéry set = Free.

Assume S has y-rectangular Apéry set. Let o be the permutation of {1,...,v} as in Lemma
1.12) and consider the rearrangement of the minimal generators n = {ny,...,n,} with
n; = go(i)- By relations (ED for each 1 = 2,..., v we get

Yoty + D = (o) + 1)9ota) Z Ao(i) 05 = Z Ao = Aotrei

j=1
thus ¢; < 7,¢;) by the triangularity of the matrix L,. Following the notation of [27], let
¢, = min {h e N\ {0} | ged(ng, ..., n;—q) divides hni}.

In [27, Lemma 9.13] it is proved that n; = [[,_,¢ and ¢ < ¢; + 1. On the other hand
n1 = [[[_y(vi + 1) = [[{_y(70() + 1) by Proposition (7). We conclude that

ny = H@‘ < H(¢z +1) < H(%(i) +1) =
i=2 i=2 i=2

hence ny = [];_,(¢; + 1) and S is free by Proposition [L.11] (iii).
Let S = (5,6,9). Since 5 is prime, we cannot have m = (72 + 1)(73 + 1), therefore Ap(S)
is not v-rectangular. Consider the arrangement n = {6,9,5}: we have ¢y = 1,03 = 2 so
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that S is free as ny = (¢o + 1)(d3 + 1).

e Free = Complete intersection.

This is well-known and is proven e.g. in [27, Corollary 9.17] by means of gluing. Counterex-
amples for the inverse implication are provided at the beginning of the next section. O

2. GLUING AND OTHER APPLICATIONS

In this section we explore an operation that allows to construct new (more complicated)
semigroups from old ones. Let S; and S5 be two numerical semigroups minimally generated
by ni,...,n, and my, ..., mg, respectively. Given positive integers d; € Sy \ {n1,...,n,}
and dy € Sy \ {mq,...,ms} such that ged(dy, ds) = 1, the semigroup

S = d2SI -+ d152 = <d2n1, ce ,dQﬂT, dlml, Ce ,d1m5>

is called a gluing of S; and Ss. Notice that v(S) = v(S1) + v(S2). The importance of
gluing was first highlighted in [16], where the author proved that a semigroup is a complete
intersection if and only if it is a gluing of two complete intersection semigroups, formulating
thus a recursive characterization. A gluing of two symmetric semigroups is again symmetric.
Although the gluing of two free semigroups needs not be free, a semigroup of embedding
dimension v is free if and only if it is a gluing of N and a free semigroup of embedding
dimension v — 1 (cf. [27, Theorem 9.16]). We remark that gluing has other interesting
applications, e.g. to Rossi’s conjecture (cf. [3], [22]) and to Huneke-Wiegand conjecture (cf.

[19]).
Example 2.1. As an illustration, we construct a family of complete intersection semigroups
that are not free. Let pi, pa, p3, ps be distinct primes such that ps, py > pi1ps. Consider

S = (p1P3; P2p3; P1pa; papa) = doT + i T

where T' = (p1, pa), di = ps and da = p3 (note p3, ps € T'\ {p1,p2} as f(T) = pip2 — p1 — p2).
Now T'is a complete intersection being two-generated, therefore S is a complete intersection.
However, there is no hope of expressing S as a gluing of N and a three-generated semigroup
because any three generators of S are coprime; by the characterization above .S is not free.

Remark 2.2. By [27, Theorem 9.16] and by definition, it is easy to see that a semigroup S

is telescopic if and only if it is a gluing of N and a telescopic semigroup T' = (nq,...,n,_1)
with dQ > dln,/_l.

Furthermore, it is also easy to check that a semigroup S = (g, ..., g,) has a unique Betti
element if and only if it is the gluing d,7"+ d2N where T' = (n4,...,n,_1) has a unique Betti
element, dy = lem(ny,...,n,_1) and ged(n;, d;) = 1 for each 1.

Finally, by definition, a semigroup is associated to a plane branch if and only if it is a
gluing of N and a semigroup associated to a plane branch 7" = (nq,...,n,_1) with dy >

dy(1,—1(T) + 1)ny, 1.

Our aim at this point is to push this study further: we use gluing to prove a recursive
characterization for semigroups with a-rectangular Apéry sets.

Theorem 2.3. Let T be a semigroup with a-rectangular Apéry set and dy,ds € N such that
dy ¢ Ap(T), di > dom(T); then the gluing S = doT + diN has a-rectangular Apéry set.
Conversely, every semigroup S # N with a-rectangular Apéry set arises in this way.
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Proof. Assume that S is the gluing doT+d;N where T' = (n; < - -+ < n,_1) has a-rectangular
Apéry set and d; € T\{n1,...,n,_1},d2 € N\ {1} are coprime integers satisfying d; ¢ Ap(T)
and d; > dom(T); in particular we have m(S) = dom(T). In the proof of this implication
a;(S) denotes, with an abuse of notation, the integer o from Defintions relative to the
minimal generator don; of S (which is not necessarily the i-th generator of S in increasing
order). By Proposition (v), n1 = [[/2 (u(T) + 1). We claim that a;(S) < ay(T) for
eachi=2,...,v—1. In fact

(OéZ(T) + 1)712 = )\1711 + -+ )\l,_lnl,_l — (ozz(T) + 1)d2nz = /\1d2n1 + -+ /\l,_ldQnV_l

for some A\; € N with A\; > 0. Since m(S) = dony we get (a;(T) 4+ 1)dan; ¢ Ap(S), proving
that ;(S) < a;(T"). Now we show that o, (S) < dy — 1: we have d; —ny € T as d; ¢ Ap(T),
therefore dod; — dony € S and dad; ¢ Ap(S). By Remark

v—1

) < H a;(S) + 1) < dp [ J(ai(T) + 1) = dany = m(S)

1=2

and hence Ap(S) is a-rectangular by m(S) = [[._,(a;(5) + 1).

Assume now that S = (g1 < --- < g,) # N has a-rectangular Apéry set. By Theorem [1.13]
Ap(9) is y-rectangular and thus there is a rearrangement n = {ny,...,n,} of the minimal
generators such that g; = ny and fulfilling the conditions of Proposition [I.1T} let o be the
permutation such that n; = g,i). Let d = ged(ng,...,n,—1). Then S is the gluing of

T = < Y REEEE "”d*1> and N, with integers d; = n, and dy = d; furthermore T is free by [27),

Theorem 9.16]. We prove that Ap(T') is a-rectangular.
Let | = o(v); it is shown in [27, Lemma 9.13 (3), Proposition 9.15 (4)] that

d:min{hEN}hgle(gl,...,@,...,gy)}.

By unique expression of Ap(S) we get hg; & (g1,...,q1,--.,9,) for all b < (9), so y(S) <
d — 1. On the other hand (o (S) + 1)g; ¢ Ap(S), so it has another representation involving
the multiplicity g;, and by maximality of «;(.S) this representation does not involve g;. Thus
(aq(S)+Dgi € (g1,---,q1,---,90) and (S) +1 > d. Hence d = oy(S) + 1.

Let us show now that o;(T) < ay(;)(S) for each @ = 2,...,v (here o;(T") denotes the
integer o relative to the minimal generator % of T'). If a;(T) > aa(i)(S), then

Go (i)

(a0 (S) +1)= L e Ap(T) = (a0 (9) + )P0 ¢T

d

because m(1") = %. By definition of a,(;), we have
(o) (S) + Doty — 91 € 5 = (0@ (S) + Doy = 91 + >_ &95 + &1
i
hence d divides & g;, but ged(d, g;) = ged(S) = 1, therefore d actually divides &. It follows

(t) (ao@ (S) +1) ga( L = + > 53
J#l
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By definition of gluing g, = dy € T\ {%&,..., 2
last equation in we obtain the contradiction

' 9ol 91 _ n;&\ 9i
(a0 ($) + P2 - & Eﬂ: (G+2H % er
J

= Z#l n;%. Substituting this

Putting all the inequalities together, we get by Remark and a-rectangularity of Ap(S)
e (i) +1) s
7 <[] (OC@‘(T) + 1) <11 <Oé<7(z‘)(S) + 1) - _ m(S)

i=2 i#l

ozl(S) + 1 N d
concluding that Ap(7T) is a-rectangular by Proposition (v).

Now if d; = n, € Ap(T), then n, = 37°) At with Ay < a;(T) and hence n, =
S A2 with A < oy(T) < i) (S), by the previous part of the proof. Since Ap(S) is
a-rectangular, it follows that dn, € Ap(S ), contradicting, again by the previous part of the
proof, the definition of «4.

The fact that dy = n, > dom(T) follows from dom(T) =n; = g1 < g1 = ny. O

=m(T)

Example 2.4. Let T' = (18,21, 27, 35), then it is possible to check that as = 2,53 = 1,4 =
2 from which it follows that Ap(T') is a-rectangular. Let S = 2T + 69N = (36,42, 54, 69, 70);
then we have s = 2,03 = 1,04 = 3,a5 = 2 so that Ap(S) is not a-rectangular. This
example shows the property of having a-rectangular Apéry set is not preserved by gluing
with N if we drop the hypothesis d; ¢ Ap(7’) in Theorem (notice that 69 € Ap(T)).

Question 2.5. Is it possible to characterize semigroups with [-rectangular and y-rectangular
Apéry set in terms of gluing?

We conclude the paper by relating our work to a theorem of Watanabe and one of Rosales
and Branco. In [30, Theorem 1] the author proves that there exist complete intersection
semigroups S with prescrlbed values of multiplicty and embedding dimension, satisfying the
condition m(S) > 2v)~1. We want to apply Theorem [2.3] H to prove a Slmllar statement for
semigroups with a- rectangular Apéry set. However we need the stronger condition ¢(m(.S)) >
v(S) — 1, where £(-) denotes the length of the factorization into primes of an integer. Note
that this condition is implied if Ap(S) is a-rectangular, as it follows from Propostion |1.6] (v).

Corollary 2.6. Given m,v € N with {(m) > v — 1,v > 2, there exists a semigroup S with
m(S) =m, v(S) = v such that Ap(S) is a-rectangular.

Proof. Since £(m) > v—1 we can write m = ayas - - - a,_1, with a; > 2 integers, not necessarily
prime. Let SU = (a;,b) where b > a; and ged(ap,b) = 1, then Ap(SW) is a-rectangular.
Assume we constructed SUY with j > 1 fulfilling m(SU=Y) = a; - --a;_1, v(SU=Y) = j and
with Ap(SU=Y) a-rectangular. Glue SU~Y and N with integers d; and dy = a;, choosing
dy sufficiently large. By Theorem the result SY) has still a-rectangular Apéry set, and
furthermore m(SY) = a; - --a; and v(SY) = j + 1. Finally take S = S¥~1. O

Now we analyze a family of semigroups introduced in [26], where the authors provide
families of free semigroups with arbitrary embedding dimension.
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Proposition 2.7. Let a,b,p € N be such that ged(a,b) =1 and a,b,p > 1. The semigroup
S = {(aP,aP +b,aP + ab,...,a? + aP~'b) has a-rectangular Apéry set and is not telescopic.

Proof. We have that {a?,a? + b,aP + ab, . ..,aP + aP~1b} are the minimal generators of S.
Let us assume that g, = a?,g; = a? + a"2b for all 1 € {2,...,p+1}. If i < p, we have
agi — g1 = a(a? +a"?b) —a? = (a — )a? +a" b= g;y1 + (a —2)g1 € S. If i = p+ 1 then
agi—g1 = a(a?+a?~'b)—a? = (a+b—1)g; € S. In both cases we have ag; ¢ Ap(S) and hence
a; <a—1. Thus g; = a? > Hf;l(ai—l— 1). But we have in general g; = a? < Hf;l(ai—kl) (cf.
Remark and therefore Ap(S) is a-rectangular by Proposition (v). These semigroups
are never telescopic: since ged(a,b) = 1 we necessarily have 7, + 1 = a” and since p > 1 it
follows that [[24) (7, + 1) > 7 + 1 = a” = m. O
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