
Piezo-Micro-Ultrasound-Transducers for Air-Coupled
Arrays: Modelling and Experiments in the Linear and

Non-Linear Regimes

Gianluca Massiminoa, Alessandro Colomboa, Raffaele Arditoa, Fabio
Quagliab, Alberto Coriglianoa,∗

aDepartment of Civil and Environmental Engineering, Politecnico di Milano, Piazza
Leonardo da Vinci, 32, 20133 Milan, Italy

bAnalog, MEMS & Sensors Group, ST Microelectronics, Via Tolomeo 1, 20010 Cornaredo,
Italy

Abstract

The paper is focused on the multi-physics modelling, via the finite element

method (FEM), of a 4x4 air-coupled array of Piezoelectric Micromachined Ul-

trasonic Transducers (PMUTs), and on its mechanical and acoustic validation

by means of the comparison, in the time domain, with experimental results.

A two-stage numerical procedure is employed, in order to evaluate the com-

plete performance of the device, by means of two FEM models. In the first

stage, the electro-mechanical-acoustic (EMA) problem is solved for the stand-

alone transducer, taking into account the fabrication induced residual stresses

and the multiple couplings between different physics. The numerical results are

compared with the experimental ones in terms of initial deflection and time

histories of pressure, in the linear and non-linear regime: the proposed model

correctly captures the reported phenomena and perfectly matches the experi-

mental trends.

The second stage is devoted to the simulation of the 4x4 PMUTs array

performance, belonging to the silicon die. The vibrating plates are modelled as

equivalent rigid pistons. The acceleration histories, computed in the first stage,

are imposed on the pistons, while a rigid baffle condition is enforced on the
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remaining part of the die surface. The model is adopted to predict the pressure

field for different patterns of the array’s activation.

Keywords: acoustic-structure interaction, array, multiphysics modelling,

non-linear dynamics, Piezoelectric Micromachined Ultrasonic Tranducers

(PMUTs), ultrasound

1. Introduction

Piezoelectric Micromachined Ultrasonic Transducers (PMUTs) are layered

diaphragms with a piezoelectric layer for emitting and receiving ultrasonic waves

[1, 2]. Nowadays, they are employed in several applications: in-air propagation is

exploited for gesture recognition and range-finding [3, 4, 5]; in-water propagation5

is used for micropumps [6, 7], sonography [8] and finger-printing recognition [9].

This work is focused on an air-coupled array of 4x4 circular transducers

(Fig. 1) with performing frequency of 100 kHz [10]. A piezoelectric thin film,

made of lead zirconate titanate (PZT) [11, 12] is deposited by the sol–gel tech-

nique in a coaxial hat configuration on the structural silicon diaphragm. Several10

examples of PMUTs operating in air are presented in the literature, with typical

performing frequency above 200 kHz [13]. The use of lower operating frequen-

cies is associated with wider plates and, as a consequence, a paramount role is

played by the geometric non-linearities, related to the very high aspect ratio

(diameter/thickness) of the considered transducers.15

The goal of this work is to simulate the non-linear dynamic oscillation due to

the involved large displacements of the system [14, 15], that generates the pres-

sure waves into the surrounding air [16]. The non-linear behaviour is associated

with a threshold of the applied voltage, above which the vibration amplitude

increases very slowly with respect to the increments of the input voltage. The20

simulation and experimental validation in the non-linear regime is an impor-

tant difference with respect to previously published works. As an example, in

[1] and [17] only the linearized small signal frequency response of the coupled

electromechanical-acoustic system is considered; hence, there is no reference to

2



Figure 1: View of 4x4 array of circular PMUTs.

the non-linear dynamic behaviour due to the involved large displacements.25

A two stage numerical technique is employed in order to evaluate the com-

plete performance of the system, based on the diaphragms response, by means

of two FEM models.

In the first stage, the 2D fully coupled electro-mechanical-acoustic (EMA)

problem is solved considering the stand-alone transducer in the transmitting30

(TX) phase, exploiting the axial symmetry. This FEM model provides the

transducer acceleration time history due to the imposed voltage perturbation.

The 4x4 array response is computed in a second step, in which an equivalent

rigid piston is considered instead of the PMUT diaphragm. The imposed vertical

accelerations are extracted from the analyses carried out with the initial model.35

Moreover, a hard wall condition is enforced on the silicon die surface in order

to simulate a rigid baffle.

As a matter of fact, the latter model is devoted to the 3D acoustic simulation

of the full set of PMUTs. This approach represents a useful tool to study

beam-forming problems with reduced computational cost, with respect to the40

time-consuming fully coupled electro-mechanical-acoustic FEM model.

In order to evaluate the influence of the static voltage on the initial de-

flected configuration and the fundamental frequency, an experimental campaign
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has been carried out by means of the Polytec MSA-500 interferometer and vi-

brometer. Additionally, the comparison between the experimental and numer-45

ical hard/soft spring frequency response functions (FRFs) curve of the system

is presented. The measurements are obtained by means of a set of frequency

sweeps at different constant bias voltages and voltage amplitudes. Then, the

steady state vertical displacement amplitudes at the center of the PMUT has

been collected for each input frequency, bias level and input voltage amplitude.50

The paper is organized as follows. In Section 2, the fully coupled EMA

numerical model for the clamped circular single transducer is described in the

2D axisymmetric meridian half plane, along with the 4x4 array of PMUTs 3D

acoustic model. In Section 3, the experimental tests and the measurements are

presented in order to validate the numerical model for the single diaphragm,55

in the mechanical and in the acoustic domains. Moreover, the numerical pre-

dictions in the case of the TX phase for the PMUTs array are presented and

compared with the single transducer ones. The last section is devoted to the

closing remarks.

2. Numerical modelling for the single transducer60

In this section the two FEM models, built in COMSOL Multiphysics 5.4

are presented. The former is referred to a single transducer, so that the axial

symmetry of the system is considered. Therefore, the EMA problem is solved

in the meridian half space, modelling the diaphragm and the air cavity. The

PMUT has a radius of 440 µm and an overall thickness equal to 8 µm, such65

that the diameter/thickness aspect ratio is 110. The thickest structural layer is

made of silicon with thickness equal to 4.25 µm. The PZT layer has thickness

equal to 1.06 µm and it is in a circular hat configuration with radius of 308

µm, coaxial with the structural diaphragm. The transducer is clamped over an

air-filled closed cylindrical cavity with height equal to 400 µm and the same70

radius of the upper diaphragm.

The FEM model, shown in Fig. 2, is characterized by the following physics:
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elastodynamics in the linear elastic layered system, electrostatics in the piezo-

electric layer with the enforced linear stress-charge law and linear pressure acous-

tics in the air cavity and in the half semi-circular air domain with radius equal75

to 2λ, where λ = c/f0 = 3434 µm is the in-air wavelength at the performing

frequency f0 = 100 kHz, c = 343 m/s is the in-air speed of sound at the ther-

modynamic reference state of Tref = 293.15 K and Pref = 1 atm. Furthermore,

the calculated Rayleigh distance, denoting the transition between the near-field

domain and the far-field domain is equal to DR = S/λ = 177.1 µm, where S is80

the PMUT area [18].

The layered diaphragm is subjected to a certain amount of initial stress due

to the micromachining fabrication process. Therefore, the residual stress state is

taken into account by an amount of initial stress isotropically distributed in the

plane of each layer. As a matter of fact, both tensile and compressive stresses85

are present in the PMUT cross section. The described pre-stress state has been

estimated by means of a set of static measurements, on reference structures

belonging to the silicon wafer, together with suitable finite element simulations.

Therefore, the procedure allows for the identification of the stress level in each

layer. The FE mesh consists of linear quadrilateral elements with maximum90

element size equal to 0.5 µm. Additionally, each layer is discretized using 1

element but for the PZT and the structural silicon layers, in which 2 and 10

finite elements through the thickness are employed, respectively. The acoustic

computational domain consists of triangular linear elements with a maximum

size equal to λ/6 = 572.33 µm. Therefore, the fully coupled electromechanical-95

acoustic model is characterized by a total number of degrees of freedom equal

to 74690.

A proper damping is enforced in the elastodynamics equations by means of

the Rayleigh formulation, in order to simulate the various energy losses such as

thermo-elastic losses, surface and interface dissipation, anchor losses. The acous-100

tic medium is considered non-dissipative, thus neglecting the thermo-viscous

properties of air [19, 20]. The computed Rayleigh damping parameters refer

to ξ = 1/(2Qstruct) where Qstruct is the imposed structural quality factor in
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Figure 2: 2D axial-symmetric single PMUT model (left); PMUT and acoustic mesh

detail: 3-node triangular elements, 4-node quadrilateral elements (right).

correspondence of the performing fundamental electro-mechanical eigenmode.

Furthermore, the radiation into an infinite medium is simulated by means of105

the COMSOL absorbing boundary conditions (ABC), adopted on the acoustic

circular exterior boundary, while a rigid hard wall condition is imposed on the

surfaces of the air cavity and on the remaining acoustic boundary.

The initial deflected configuration of the system, due to the residual stress

state, is correctly captured, including the geometric non-linear effects by means110

of the adopted large displacements formulation. Additionally, the transducer

non-linear dynamic EMA response is computed under a sinusoidal voltage input

excitation at the previously estimated linearized fundamental electro-mechanical

frequency f0 [21, 22, 23, 24]. At this stage, the linear acoustic behavior is

considered for air, therefore, the non-linearities only refer to the employed large115

displacements formulation. To solve the problem, the generalized alpha implicit

time integration scheme is adopted with a time step equal to T0/64, where

T0 = 1/f0. Finally, the vertical spatial mean acceleration time history are

extracted at the acoustic-structure interaction surface.

In the second model, the behaviour of the complete set of PMUTs, arranged120
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in the 4x4 array configuration, is simulated. This system is characterized by two

orthogonal symmetry planes, passing through the device center (see a detail in

Fig. 3).

Figure 3: Acoustic 3D model, a quarter of a 4x4 array of PMUTs with imposed

vertical acceleration on the equivalent pistons (red arrows); acoustic mesh detail: 10-

node tetrahedral elements (right).

The linear acoustic 3D problem is solved in a quarter of a hemispherical non-

dissipative air domain [18, 25], with a radius of 3λ, considering the presence of125

a quarter of silicon die with full size equal to 7.2x7.2x0.4 mm3.

Accordingly, PMUTs belonging to a 2x2 set are modelled as equivalent vi-

brating baffled rigid pistons, on the die surface. They are characterized by the

same diaphragm area of the real transducers. The displacement of the pistons is

enforced by assigning the history of the spatial mean of the vertical acceleration,130

previously computed by means of the 2D EMA model for the complete PMUT

stack. Also in this case, the absorbing boundary conditions (ABC) are consid-

ered on the acoustic spherical boundary in order to simulate the radiation into

an infinite medium. Additionally, the symmetry boundary condition is enforced

on the two vertical planes while a hard wall condition, which corresponds to135

zero normal acoustic accelerations, is imposed on the bottom plane. The com-

putational domain consists of quadratic tetrahedra with a maximum elements

size equal to λ/6 = 572.33 µm. Additionally, a proper refinement is adopted

near the acoustic sources so that the circular piston area is discretized using 10
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elements along the radius. Therefore, the acoustic 3D model is characterized by140

a total number of degrees of freedom equal to 300139.

The array response is evaluated in the acoustic domain by means of the

generalized alpha implicit time integration scheme with a time step equal to

T0/32, where T0 = 1/f0. Hence, the results are computed in terms of pressure

maps and time histories along the vertical acoustic axis passing from the center145

of the device.

3. Results and experimental validation

The EMA single PMUT FEM model correctly estimates the initial deflection

and the linearized electro-mechanical fundamental eigenfrequency of the system.

The measured initial vertical displacement of the center of the plate is equal to150

5.2 µm (Fig. 4). The numerical prediction, on the other hand, is equal to 4.9

µm. Due to the residual stresses, a substantial shift of the fundamental mode

eigenfrequency is registered: it passes from 111.5 kHz, without the influence of

the initial stress state, to 100.0 kHz (see Fig. 10). The uncertainty in the values

of the residual stresses of the PMUT layers, determines the slight mismatch in155

the initial configuration.

In order to investigate the influence of the static voltage bias on the PMUT

deflection, an experimental campaign, by means of Polytec MSA-500 (Fig. 5),

has been carried out on 16 PMUTs. The initial deformed profiles along a di-

ameter, measured through the white-light interferometry, are shown in Fig. 6160

where the PZT hat layer appears about 2 µm thick, instead of 1.06 µm, due

to the silicon refractive index compared to the top electrode one. It is worth

noting that, because of the noise of the measure, a filter has been applied to the

case of Vbias = 0 V, to get a smoother profile, as a consequence no jump in the

PZT thickness appears.165

The topography of each membrane and the displacement profile, along the

diameter of the transducer, has been extracted. The test shows how the appli-

cation of a constant bias voltage affects the initial static configuration (Fig. 6).
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Figure 4: Initial static transversal displacement in µm: numerically computed by

means of COMSOL Multiphysics 5.4 (left); measurement by means of Polytec MSA-

500, top view (right);

The vertical static displacement at the center of the PMUTs has been mea-170

sured and plotted at different constant bias voltages. Fig. 7 (on the left)

shows the initial vertical displacement of each transducer, in correspondence

of VBias = 0 V, is in the upward direction and falls within a range of 3.5 µm

to 5.5 µm. The differences between the various curves are related to the spatial

distribution of the residual stress state on the wafer.175

Increasing the value of the constant bias voltage, starting from 0 V to 20

V, the value of the vertical displacement at the center of the transducer de-

creases. The displacement becomes negative and the initial deflected configura-

tion changes concavity (as shown in Fig. 6).

Going further, the fundamental frequency of the system has been measured180

by means of the Polytec MSA-500 laser-doppler vibrometer applying a pseudo-

random excitation. Fig. 7 reports that the resonance frequency decreases reach-

ing the minimum value between 14− 16 V. The mechanical explanation of this

phenomenon is related to the fact that the application of the constant volt-

age bias determines an internal bending moment that compensates the bending185

moment due to the initial stress, bringing the system back to the undeformed
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Figure 5: Polytec MSA-500 (left); setup for the time histories measurements (center);

external generator for the actuation of the membranes (right).

Figure 6: Topography of one membrane of the array for different constant bias voltages:

0 V DC (top left), 15 V DC (top center), 20 V DC (top right); initial static transversal

displacement in µm: experimental measurement by means of Polytec MSA-500 for each

case (bottom).
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reference flat configuration. Through this process, the stiffness of the system

decreases, due to the fact that the stress resultant due to the voltage bias load

is negative and it reaches its minimum values when the diaphragm is flat. By

increasing the voltage beyond this point, the system goes downward, the reverse190

sign deformation appears in the plate cross-section, subsequently the stress re-

sultant due to the voltage bias load increases and the stiffness starts increasing

as well as the PMUT fundamental frequency.

Figure 7: Experimental measurements: constant bias voltage influence on the vertical

displacement (left); constant bias voltage influence on the resonance frequency (right).

Hence, the application of a constant voltage difference to the PZT electrodes

yields an imposed stress distribution that determines the deformed configura-195

tion. Considering a set of 9 measured diaphragms, the trend in Fig. 7 shows that

the reversed static configuration of the plate occurs by increasing the voltage

beyond a specific threshold for each PMUT, in the range of 15 V to 17.5 V. The

fundamental resonance frequency of the system is affected by the membrane

stresses [26, 23, 27] by means of the geometric stiffness. The initial stress state,200

in correspondence of VBias = 0 V at the center of the membrane, is characterized

by a negative membrane stress resultant that becomes larger and larger, increas-

ing the voltage while the system tends to the flat configuration. Hence, the fun-

damental frequency decreases with the voltage until the diaphragm approaches

the flat configuration. By increasing the voltage beyond the flat threshold, the205
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diaphragm shows the reversed configuration and consequently the opposite de-

formation state. Going further, the stress resultant at the PMUT center due to

the applied voltage bias increases as well as the fundamental frequency, while

the displacement becomes larger and oriented downward. A set of analyses in

the time domain have been performed with the purpose of investigating the volt-210

age threshold amplitude, over which the oscillating behavior of the transducer

shows a non-linear dynamic response [28, 29, 30, 31]. The considered excitation

consists of 100 sinusoidal cycles at the linearized fundamental eigenfrequency.

The results are reported in terms of pressure time histories at 3 cm, on the ver-

tical axis of the diaphragm, for different provided input voltage. The responses215

have been computed assuming a 1/r decreasing relation, where r is the distance

from the die center, beyond the acoustic computational domain in which the

propagation can be considered spherical [18]. The results include the damped

free decay oscillating part after the excitation stops.

Figures 8 and 9 show the comparison between the experimental and nu-220

merical results in terms of pressure time histories with 2 V DC constant bias

voltage. The time histories of pressure have been measured through the Brüel

& Kjær 1/8” microphone type 4138 with sensitivity equal to 89.12 mV/Pa at

100 kHz. The numerical and the experimental results are in good agreement.

In particular the non-linearity threshold voltage amplitude is 300 mV.225

Once the non-linearity shows up, the amplitude modulation appears. This

phenomenon is due to the fact that the excitation frequency is kept fixed at the

linearized resonance frequency while the real resonance frequency of the system

depends on the oscillation amplitude, in the non-linear regime, and it slightly

shifts. The measured sample shows a non-linear dynamic threshold around230

300 mV. It is worth noting that, with the application of the static voltage

bias of 2 V the non-linear phenomenon occurs in correspondence of lower VAC

than the values previously reported in [16]. As a matter of fact, the imposed

constant voltage reduces the stiffness of the system. As a consequence, the

fundamental frequency decreases and the vibration amplitude, that affect the235

stiffness, increases.
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Figure 8: Experimental pressure time histories at 3 cm on the vertical acoustic axis of

the transducer. VAC = 100 mV (top left), 200 mV (top center), 300 mV (top right),

400 mV (bottom left), 500 mV (bottom center), 1 V (bottom right).

Figure 9: Numerical pressure time histories at 3 cm on the vertical acoustic axis of

the transducer. VAC = 100 mV (top left), 200 mV (top center), 300 mV (top right),

400 mV (bottom left), 500 mV (bottom center), 1 V (bottom right).
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The damping property of the system has been measured through a free

vibration decay test. In particular the total quality factor, associated with the

first mode, is equal to Qtot = 74. Generally, several sources of energy losses sum

up during the vibration, namely: structural losses, related to a proper quality240

factor Qstruct, that encompasses thermoelastic, support and surface layer losses,

and fluid losses associated with the quality factor Qfluid, related to the energy

radiation into an infinite air medium. In the electromechanical-acoustic single

PMUT model, considering the absorbing condition at the fluid boundary, a

numerical Qstruct = 104, related to the fundamental mode has been imposed,245

in order to get the match between the numerical and the experimental total

quality factor Qtot. Accordingly, the numerical Qfluid = 258 has been computed

subtracting the inverse of Qstruct to the inverse of the Qtot and extracting the

inverse of the result (as common in parallel impedance reduction) [32].

To investigate the non-linear behaviour a new set of measurements and cor-250

responding analyses in the time domain have been performed, confirming the

robustness of the procedure. The applied excitation has been set to 90 sinu-

soidal cycles at the linearized fundamental eigenfrequency f0 = 87.3 kHz. The

electromechanical-acoustic frequency sweep analysis has been performed with

a harmonic voltage excitation amplitude of 200 mV and 2 V DC voltage bias,255

around the fundamental frequency. The result of the numerical study, in terms

of normalized vertical displacement amplitude spectrum of the center of the

PMUT, is reported in Fig. 10. The experimental counterpart is reported in

Fig. 11 together with the first transducers mode shapes. The measured spec-

trum is obtained through the Polytec MSA-500 laser-doppler vibrometer and it260

is related to a pseudo-random noise excitation with 1V amplitude and 2 V DC

voltage bias, provided to the PZT electrodes, ranging from 10 kHz to 1 MHz.

The non-linear dynamic behavior of the system has been investigated by

evaluating the frequency response function of the transducer at different volt-

age amplitudes. The experimental data have been obtained by means of a series265

of time domain vibrometer measures through the Polytec MSA-500. The exper-

imental procedure consists in collecting the steady-state vertical displacement
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Figure 10: Transversal displacement normalized amplitude frequency spectrum, at the

PMUT center. Numerically computed by means of COMSOL Multiphysics 5.4

Figure 11: Transversal displacement normalized amplitude frequency spectrum, at the

PMUT center. Experimentally measured by means of Polytec MSA-500; first mode

shape of the transducers recorded by means of Polytec MSA-500 (inset).
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oscillation amplitude, sweeping up the excitation input frequency at different

voltage amplitude VAC . Hence, the frequency response functions (FRFs) in

terms of displacement amplitudes at different input frequencies have been re-270

constructed and reported in Fig. 12. The linearized fundamental resonance fre-

quencies have been previously measured by means of pseudo-random vibration

tests (see Figs. 7 on the right and 11).

Figure 12: Experimental soft-spring curve: VDC = 2 V, VAC sweep. Red vertical line is

associated with the linearized resonance frequency f0 = 87.3 kHz (left); experimental

hard-spring curve: VDC = 12 V, VAC sweep. Red vertical line is associated with the

resonance frequency f0 = 61.3 kHz (right). Arrows refer to the jump direction.

Fig. 12 shows the effect of increasing the VAC excitation voltage amplitude

at two different constant bias voltages. Focusing the attention on the graph for275

VDC = 2 V (left), the system, for low values of VAC shows a linear behavior

and the maximum value occurs very close to the linearized measured resonance

frequency. Increasing the excitation amplitude above VAC = 400 mV, the non-

linear soft spring behavior arises and a jump in the amplitude appears. For

the case of VDC = 12 V, the relative mismatch between the reported resonance280

frequency of 61.3 kHz and the peak frequency of 60.1 kHz is less than 2%: such a

discrepancy might be attributed to a too fast measurement technique that is not

allowing for the vibration amplitudes to settle to the steady state. It is worth

noting that, in the case of VDC = 12, V the non-linear hardening behaviour
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occurs above the voltage threshold of VAC = 700 mV.285

This behavior is related to the influence of the vertical oscillation amplitude,

on the stiffness of the pre-stressed and pre-deflected system, as it happens in

the large bending vibrations of the initially stressed shallow shells and arches

[14, 33, 34, 35, 36]. As the vertical oscillation becomes relevant, it affects the

stiffness and consequently the resonance frequency of the system subsequently290

the initial amplitude modulated transient vibrations occur, as reported in the

measured pressure histories in Fig. 8, resulting in transverse displacement FRFs

which depend on the displacement amplitude.

Considering the transducer as a circular layered plate [37] with radius R,

we report the weak formulation of the electromechanical problem, in the trans-295

mission phase. To this scope, the Kirchhoff kinematics and the axisymmetric

hypothesis are exploited, considering each layer as a linear elastic isotropic ma-

terial but for the PZT layer, in which an isotropic linear stress-charge constitu-

tive law is employed. Hence, the influence on the transverse oscillation w(r, t)

of a uniform static electric field EDC , in the piezoelectric thin film and the ra-300

dial residual stress σr0 are taken into account, by means of the adopted large

displacement formulation [24]. Furthermore, the effect of a uniform alternate

electric field EAC and the acoustic pressure load pac are considered.

Assuming w0 as the equilibrium configuration, under the pre-stress state and

the static electric field, the weak formulation of motion becomes:305

17



find w(r, t) ∈ C(0), such that∫ R

0
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+
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0
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)
∂δw
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0
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(
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)
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∫ R
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∀δw ∈ C(0)

with

C(0) = {v | v sufficiently regular in (0, R) and v(0) = 0, v(R) = 0,
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∂r
(0) = 0 ,

∂v

∂r
(R) = 0}
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Moreover, the following equalities hold:

ρ̄ =

n∑
k=1

∫ tk

tk−1

ρ dz

Nσ0
r =

n∑
k=1

∫ tk

tk−1

σr0 dz

ē = −
n∑
k=1

∫ tk

tk−1

e31 dz

D =

n∑
k=1

∫ tk

tk−1

z2E

1− ν2
dz

F =

n∑
k=1

∫ tk

tk−1

z2νE

1− ν2
dz

Ē =

n∑
k=1

∫ tk

tk−1

E

1− ν2
dz

ψ = −
n∑
k=1

∫ tk

tk−1

ze31 dz

ζ = −
n∑
k=1

∫ tk

tk−1

ze32 dz

EDC = −VDC
tpzt

EAC = −VAC(t)

tpzt

in which ρ is the mass density of the system, e31 is the piezoelectric coupling

coefficient, E and ν are the Young’s modulus and the Poisson ratio, n is total

number of layer and tk is the thickness of the k-th layer. Furthermore, the

following inequality holds:
tpzt
R

<< 1 (2)

Hence, it is reasonable to approximate the transverse component of the electric

field, in the piezoelectric layer, with the one of a capacitor with thickness tpzt,

with a good accuracy but for the cylindrical lateral boundary [38]. Therefore,

assuming VDC and VAC(t) respectively the static and the alternate voltage,
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applied to the top electrode of the piezoelectric layer, the static and alternate

electric fields become:

EDC = −VDC
tpzt

EAC = −VAC(t)

tpzt
(3)

Considering (1), the non-linear trend is determined by the contribution to the

linear stiffness of the internal membrane axial force, associated with the lin-

earized resonance frequency. The axial force is induced by the combination of

the residual stresses and the static voltage VDC load. Furthermore, assuming

the large displacement formulations in the elastodynamics equations, the initial

deformed reference equilibrium configuration influences the non-linear second

order stiffness terms, around which the system oscillates and it is induced by

the combination of the pre-stress state and the static voltage, as well. Moreover,

the amplitude of transverse motion affects the third order non-linear stiffness

term. The combination of the two non-linear stiffness terms determines the type

of non-linear trend in the FRF. Furthermore, the third order stiffness term can

be considered as a source of hardening in the FRF while the second order one as

a source of softening. More precisely, the latter contribution becomes dominant

beyond a certain threshold of the ratio between the initial transverse deflection

and the oscillation steady state amplitude [39, 40]. Finally, the acoustic pres-

sure pac play a role on the stiffness as well. As a matter of fact, it increases the

mass term and, consequently, it affects the stiffness. The phenomenon is due

to its proportionality to the accelerations, by means of the acoustic-structural

coupling condition [18]

∂pac
∂z

= −ρf ẅ (4)

where ρf is the fluid mass density.

Considering the case of VDC = 2 V, characterized by an upward initially

deflected system, the combination of the non-linear stiffness terms implies the

softening behaviour (refer to Fig. 12 on the left). Concerning the case in Fig.

12 on the right, related to constant bias voltage VDC = 12 V, the associated310

initial deflection is close to the flat configuration, as it is shown in Fig. 7. As
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a matter of fact, at the center of the PMUT the membrane stress resultant due

to the static voltage is compressive and, for an almost flat configuration, that

entails the reduction of the stiffness and of the linearized resonance frequency.

Therefore, the system shows higher displacement amplitudes at the same applied315

VAC than the case with VDC = 2 V; the non-linear dominant stiffness term, in

this case, is the third order one and the FRF is characterized by the hardening

trend. The described mechanical interpretation is typical of the linear elastic

flat axial-symmetric plates and rectilinear beams [31] under large transverse

oscillations.320

Going further, the numerical results, for the two cases of VAC = 0.7 mV

and VAC = 1.4 mV are reported in the following Fig. 13. The presented trends

are obtained by computing the steady state vibration amplitudes at different

excitation frequencies. It is worth noting that, around the reported linearized

resonance frequencies (refer to the red lines) the system doesn’t show a symmet-325

ric behaviour. Therefore, considering the bias level of VDC = 2 and VDC = 12

it respectively corresponds to softening and hardening, as the measured FRFs

in Fig. 12 reveal. Hence, the fully coupled EMA model is able to capture the

non-linear trend.

As a result of the 2D axisymmetric single transducer TX simulation, the330

spatial mean vertical acceleration of the PMUT, over the acoustic-structure

interaction surface, can be extracted. They provides the input acceleration for

the next simulation stage with the 4x4 PMUTs array.

In particular, in the 3D acoustic array model, the previously calculated spa-

tial mean vertical acceleration, has been imposed on the diaphragms sites be-335

longing to the die. This reduces each vibrating transducer to an oscillating rigid

baffled piston.

For the case of VAC = 100 mV TX actuation, the numerical pressure maps

at t = 1.02 ms, i.e. just before the excitation stops, are shown on the top part of

Fig. 14. Additionally the numerical pressure time histories are reported, on the340

bottom part of Fig. 14, at the point P, placed on the vertical acoustic axis which

crosses the center of the system at the distance of 2λ. As it can be noticed, the
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Figure 13: Numerical soft-spring curve: VDC = 2 V, VAC = 700 mV (blue line),

VAC = 1.4 V (yellow line). Red vertical line is associated with the linearized resonance

frequency f0 = 87.3 kHz (left); numerical soft-spring curve: VDC = 12 V, VAC = 700

mV (blue line), VAC = 1.4 V (yellow line). Red vertical line is associated with the

resonance frequency f0 = 61.3 kHz (left). Arrows refer to the jump direction.

wave front is flat close to the die and become spherical at large distance.

It is interesting to compare this results in order to evaluate the performance

of the in parallel actuation of the complete set of 4x4 PMUTs with respect to345

the single transducer one.

It is worth noting that, in the array case, the pressure amplitude is 10 times

higher than the case of the single diaphragm. This can be attributed to the

fact that 16 transducers are active and the wave front tends to the spherical

configuration for which the 1/r decreasing pressure amplitude relation holds, at350

a larger distance with respect to that one related to the wave front created by

the single transducer actuation. This is confirmed by the corresponding pressure

map at the time instant t = 1.02 ms represented in Fig. 14 on top right, where

the pressure propagation becomes rapidly spherical.

To investigate the simulation capability of the 4x4 array model, different355

kinds of actuation have been considered, as illustrated in Fig. 15. The actuation

type affects the pressure maps in the acoustic domain and each case is associated

with a proper propagation pattern reported in Fig. 16.

The considered acoustic domain has radius equal to 9λ and the numeri-
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Figure 14: Numerical pressure map [Pa] at t = 1.02 ms: 3D acoustic 4x4 array

model (top left), 2D axisymmetric PMUT EMA model (top right). Numerical pressure

time histories at point P=(0, 0, 2λ): 3D acoustic 4x4 array model (bottom left), 2D

axisymmetric PMUT EMA model (bottom right).
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Figure 15: Different cases studies: diagonal actuation (top left), external actuation

(top right), internal actuation (bottom left), delayed actuation (bottom right)

24



cal pressure time histories evaluated at the point P=(0, 0, 9λ) belongs to the360

acoustic boundary, are extracted. Hence, the pressure comparison is reported

in Fig. 17.

Figure 16: Pressure map for the different cases study: a) diagonal actuation (top

left), b) external actuation (top right), c) internal actuation (bottom left), d) delayed

actuation (bottom right)

The computed pressure time histories at the point P are similar. The vertical

acoustic axis of the transducer, passing through the die centre, always represents

one of the preferential propagation direction, due to the transverse diaphragms365

oscillation. On the other hand, the actuation procedure strongly affects the

3D propagation. Consequently, the pressure maps are deeply different on the

other directions as shown in Fig. 16. The model correctly captures the initial

rest time, corresponding to the so-called time of flight (TOF), that represents

the time a wave takes to cover the distance between the acoustic source and370

the pressure evaluation point. The case a) results in a slightly higher steady

state pressure than the other ones. This is due to the fact that, accordingly the

analyzed actuation, the acoustic waves mainly propagate along the vertical axis
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Figure 17: Pressure time history at point P(0, 0, 9λ) for the different cases study:

diagonal actuation (top left), external actuation (top right), internal actuation (bottom

left), delayed actuation (bottom right)

26



of the device with the presence of side lobes of propagation.

This procedure can be used to preliminarily assess the wave propagation375

coming from an array of oscillating transducers. Therefore, the presented ap-

proach represents a suitable technique to solve beamforming and steering acous-

tic problems.

4. Closing remarks

This work presents the results obtained by means of a two stages simulation380

procedure involving two proper FEM models of Piezoelectric Micromachined

Ultrasonic Transducers (PMUTs), at two different modelling scales.

In the first one the fully coupled ElectroMechanical-Acoustics problem (EMA)

is solved considering the single diaphragm behaviour. At this stage the response

is obtained in the time domain, account taken the non-linear involved dynam-385

ics, by means of the adopted large displacement formulation. Furthermore, the

results of an experimental campaign in the mechanical and acoustic domains,

for the air-coupled PMUT, are reported. In particular, static interferometric

and dynamic vibrometric measurements are presented. Therefore, the effect of

the residual stresses and the DC voltage bias influence, on the PMUT deflected390

configuration and the resonance frequency, has been thoroughly investigated.

The experiments show the fundamental frequency variation and the concavity

change of the reference configuration, due to the static voltage load. Moreover,

the non-linear displacement frequency response functions (FRFs) have been

evaluated, considering a set of applied AC voltage input amplitudes and DC395

bias voltages. The observed phenomena are exhaustively described and proper

mechanical explanations are provided. Thus, the FEM PMUT fully coupled

non-linear model successfully captures the analysed experimental trends.

The influence of non-linearity on the diaphragm vibration is studied in the

first stage, providing the linearity limit in the transducer dynamic behaviour.400

As a matter of fact, loading the system with an increasing voltage at the fixed

linearized fundamental electromechanical resonance frequency, the recorded ex-
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perimental and the numerical pressure histories show a initial non-linear am-

plitude modulated dynamic behavior. Hence, the proposed single transducer

model represents a suitable tool to estimate the non-linear coupled response405

and subsequently the non-linear amplitude voltage threshold, over which any

linear equivalent transducers model fails.

As the main result of this simulations, the coupled acceleration time his-

tory is extracted and subsequently the spatial mean history over the acoustic-

structure interaction surface is computed. Furthermore, the 4x4 PMUTs array410

performance is simulated through the second FEM 3D model. As a matter of

fact, the pressure propagation and beamforming problem is solved by means of

a 3D acoustic model of the complete set of transducers. At this final stage, the

equivalent piston-like modelling of the transducers is considered. As the result

of the 3D acoustic array simulation, the device performance is studied consid-415

ering different kinds of actuation and the single PMUT behaviour is compared

to the 4x4 PMUTs array response.

Work in progress includes the numerical simulations of different beamform-

ing and the RX phases, including the package influence, together with their

experimental validations.420
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