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ABSTRACT

Breaking reciprocity in wave propagation problems is of great interest within the research community, given the
opportunity to design new devices for one-way communication with unprecedent performances. In the context of
mechanics and phonon transport, directional wave manipulation can be achieved exploiting space-time periodic
materials. Namely, structures whose elastic or physical properties are functions of space and time.
In this work we experimentally study nonreciprocal wave propagation in a space-time modulated beam based on
piezoelectric actuation. The system is made of an aluminum beam with an array of piezoelectric patches bonded
on its top and bottom surface. Each patch is attached to a negative capacitance (NC) shunt driven by switching
circuit, which is able to provide a square-wave stiffness profile in time to the layered material. Spatiotempo-
ral modulation is induced by phase shifting the temporal modulation law of three consecutive piezo-elements,
generating a traveling Young’s modulus that mimics the propagation of a wave along the beam dimension. As
a result, we achieved 1kHz directional bandgaps, i.e. bandgaps at different frequencies for counter propagating
waves, which can be moved in a range spanning 8-11 kHz.

Keywords: Nonreciprocal wave propagation; Mechanical diode; Space-time modulation; Phononic crystal.

1. INTRODUCTION

The principle of reciprocity in wave propagation problems states that, if a system is linear time-invariant (LTI),
waves propagate from a point A to B in the same way they travel from B to A. The violation of such hypothesis
is de facto a way to break the reciprocity principle and a method to design new devices that exhibit different
propagation properties along apposite directions. Thus (A→ B) 6= (A← B), which also implies a break of
time reversal symmetry (T-symmetry), i.e. the physical laws are no longer invariant under the transformation
T : t→ −t. In analogy with the electrical counterpart, this effect is generally known as acoustic wave diode and
is nowadays considered as an ”hot topic” within the research community.
Several mechanisms have been investigated in the past in order to conceive and physically realize such class
of devices. One possibility is to exploit nonlinear phenomena,1–3 such as internal resonances,4 metastability,5

bifurcation and chaos6 which, on one hand, allow for a broadband nonreciprocal behaviors. On the other hand,
their low-scale or on-chip implementation can be difficult to conceive and physically realize. This limitation
results from the high displacements and forces that are often required in order to establish non-linear effects in
the wave propagation.
An effective way to break the reciprocity principle is offered by space-time modulated materials. Compared to
moving media and the aforementioned examples, this strategy relies on motionless structures with space-time
dependent properties, which is very convenient from an engineering perspective. In this context, one can tailor
the material’s physical parameters to be periodic functions of space, which reflects in the formation of a bandgap
in reciprocal domain. It is demonstrated that, upon addition of an appropriate temporal modulation, the gap
central position shifts toward either lower or higher frequencies for waves propagating along opposite directions,
therefore achieving one-way filtering effects.7

In mechanics, the study of nonreciprocal effects through spatiotemporal materials has been explored by Trainiti
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& Ruzzene8 proposing a modified Plane Wave Expansion Method (PWEM). In this work, useful relationships
between modulation’s critical parameters and formation of nonreciprocal gaps are provided. In this context,
the PWEM is also suitable for the analysis of 2D space-time varying membranes9 and discretely modulated
materials.10,11 An alternative way to compute the band structure of space-time materials is offered by Finite
Element Method (FEM) based procedures12 which, on one side is a more versatile approach and can be applied to
a multitude of modulated materials. On the other hand, it provides less physical insight in the wave propagation
behavior.
Even though several theoretical works have been proposed, the physical implementation of such logic can be very
difficult to conceive and experimentally realize, especially in mechanics. For this reason, only few experimental
demonstrations are nowadays present in the literature. Viable solutions have been recently explored by C.
Daraio’s group by exploiting magneto-mechanical lattices13 or employing tunable magnetic resonators attached
on otherwise plain beams.14 An alternative approach is proposed by Attarzadeh et. al. and consists in the
exploitation of an array of rotating resonators15 placed on a passive beam. The non-axisymmetric moment
of inertia of the resonator’s beams generate traveling-like properties, which reflect on T-symmetry break. In
acoustic, a similar behavior is obtained with space-time when time varying boundary conditions16 are applied to
an otherwise passive acoustic channel.
All the aforementioned configurations rely on properly phase shifted modulation signals, which are able to control
the effective parameters of consecutive sub-elements. This strategy allows to establish a traveling like profile
which is responsible for a frequency bias in reciprocal space.
This study concerns the experimental realization of an elastic wave diode, which consists in an array of patches
bonded on an otherwise plain beam. Each patch is connected to a NC circuit which is able to locally alter the
effective sandwich stiffness, while temporal modulation is achieved through analog switches placed between a DC
power supply and the active NC circuits. A traveling stiffness profile is established by phase-shifting consecutive
time-modulated piezo-pairs, providing nonzero momentum to the medium and therefore generating directional
gaps in the frequency-wavenumber domain.

2. SYSTEM DESIGN

We start considering a plain aluminum beam with N = 24 pairs of piezoelectric patches of size lp × hp × b =
22×1×20 mm bonded on the top and bottom surfaces and spaced by a distance of ls = 2 mm between each other.
The array of patches has a total length of l = 576 mm and is separated from left and right clamps by l1 = 690 mm
and l2 = 1134 mm respectively, to minimize reflections during the wave propagation analysis. Each patch is
connected to a Negative Capacitance (NC) shunt, which constitute an inherit feedback law able to decrease the
effective stiffness of the piezoelectric material, according to the schematic in Fig. 1(a). Temporal modulation
is practically determined switching between ON and OFF conditions the NC circuits, therefore alternating the
effective sandwich stiffness between Es,ON and Es,OFF :
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Ep and Eal are the piezo short circuit and substrate Young’s moduli. Instead, the shunted Young’s modulus
ESU

p for a patch in 31 operational mode can be computed starting from the material’s constitutive equations:

S1 = sE11T1 + d31E3

D3 = d31T1 + εT33E3

(2)
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Figure 1. (a) Schematic of the sandwich stiffness modulation in time. A representation of the real unit cell parameters is
shown alongside the modulation scheme. (b-c) Schematic of the shunted piezoelectric patch, along with a detailed view
of the circuit.

Figure 2. Comparison between ideal (red line) and non-ideal (black curve) effective shunted Young’s modulus. Real part
(left) and imaginary part (right). The vertical dashed line corresponds to the frequency pole of the system.

Considering the schematic in Fig. 1 (c), we can write the current balance of the circuit as:

d

dt

∫
A

D3dA = − V

ZSU
. (3)

Combining Eqs. (2) and (3), one can write the following expression for the Young’s modulus in Laplace domain:

ESU
p =

[
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]
Ep, (4)

where CT
p = ε33A/hp is the piezoelectric capacitance and k31 is the coupling coefficient. We now consider the

negative impedance ZSU resulting from the circuit displayed in Fig 1(b):

ZSU = −Z1

Z2
Z0. (5)

being Z1 = R1 and Z2 = R2 passive resistors, while Z0 = (1/R0 + sC0)−1. The combination of Eqns. 4-5 and
enforcing s = jω yields a compact expression for the frequency dependent Young’s modulus:
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that is characterized by a real part (effective stiffness modulation) and an imaginary part (negative loss factor)
which, on one hand, can be suitably employed to favor lossless wave propagation. On the other hand it must
be limited in amplitude in order to guarantee a global positive loss factor of the electromechanical system. This



Name Value Units Description
R1 7.5 kΩ −
R2 13.7 kΩ −
R0 1000 kΩ Bias resistance
C0 4.4 nF NC capacitance
Cp 7 nF piezo patch capacitance
d31 -1740 pm/V piezo strain coefficient
k31 0.351 − piezo coupling coefficient

Table 1. NC shunt circuit parameters.

non-ideal behavior is practically linked to the presence of a finite value of R0, i.e. for R0 → ∞ the imaginary
part is nullified and the effective stiffness modulation writes:

ESU
p =

CN − CT
p

CN − CS
p

Ep (7)

A comparison between ideal and real behavior in frequency is illustrated in Fig. 2 for a value of R0 = 1 MΩ,
demonstrating that in the range of interest (highlighted in green) the circuit operates ideally. Interestingly, the
circuits dynamic mainly affects low frequencies, while for frequencies higher than fSU = 1/2πR0(CN − CS

p )
(which is the electrical pole of shunt) the real dynamic behavior converges to the ideal case.
A spatiotemporal unit cell is constituted by three consecutive pairs of modulated patches, which are driven by
phase shifted switching signals provided by Quad CMOS DG11B switches through the controller NI Compact-
RIO. The capability of the shunt to decrease the effective stiffness of the patch results in the following equivalent
Young’s modulus function:

Es,k (t) = Es,0 [1 + αmsign (cos (2πfmt+ (k − 1)π/3))] (8)

with k = 1, 2, 3 denoting the sub-cell number, while π/3 is the phase shift between the three consecutive active
elements. fm = 1/Tm is the temporal switching frequency and Tm the temporal period. Interestingly, positive
and negative switching frequencies reflect on left or right traveling modulation profiles, which allow to mimic the
propagation of a wave though the material and to induce nonreciprocal effects.8 αm = Em/Es,0 = 27.5% is the
achieved modulation amplitude, with Es,0 = (Es,ON + Es,OFF ) /2 and Em = (Es,ON − Es,OFF ) /2. In contrast,
the equivalent material density is independent on time:

ρs =
ρalAal + 2ρpAp

Aal + 2Ap
(9)

being ρal = 2700 Kg/m3 and ρp = 2700 Kg/m3 and Aal, Ap are the substrate and piezo cross-section area.
Additional circuit parameters are listed in Table 1.

3. EXPERIMENTAL RESULTS

The wave propagation properties associated to the unit cell are investigated exploiting the PWEM presented
in ref.10 applied to a Timoshenko beam model and compared to the experimental results, as shown in Fig. 3.
In particular, it is experimentally and numerically demonstrated that the electroelastic beam supports a non-
reciprocal bandgaps at approximately 8.5 − 10.5 kHz for a switching frequency of ±2 kHz. The experimental
data are obtained imposing right traveling waves and changing the modulation’s direction of propagation, which
matches the expected results. Specifically, the system is forced using a wide spectrum tone burst excitation in
correspondence of one of the clamps. The out of plane velocity field is measured in the modulated region by
way of a Polytec 3D Scanner Laser Doppler Vibrometer (SLDV) and the dispersion relation ŵ (µ, f) is recovered
through a 2D Fourier Transform (FT). µ = κλm is the dimensionless wavenumber and λm = 3ls + 3lp is the
spatiotemporal unit cell size. The measurement, excitation and modulation are synchronized in order to assure
each experiment is performed under the same condition, while consecutive tests are averaged in time, to decrease
the noise.



Figure 3. Comparison between experimental dispersion relation (colored contours) and numerical solution (white dots).
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Figure 4. Waterfall plots for the modulated beam for excitation frequencies of 8.4 and 10.5 kHz in case of (a-b) fm > 0
and (c-d) fm < 0.
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Figure 5. Spectrum of the signal exiting the modulated medium for a frequency of excitation (a) fIN = 10.5 kHz and (b)
fIN = 8.4 kHz. Dashed blue line is relative to fm < 0, while fm > 0 is represented with a red solid line. The input signal
is displayed below the output spectrum.

Nonreciprocity is also tested exploiting a narrow spectrum tone burst excitation centered at the bandgap fre-
quencies of fIN = 8.4 kHz and fIN = 10.5 kHz with a width of ∆f = 1 kHz approximately. The resulting time
histories for negative switching frequency are reported in Fig. 4(a-b) in terms of waterfall plots. Specifically, it is
shown that for fIN = 10.5 kHz wave propagation is allowed, while, due to the presence of a nonreciprocal gap,
waves are attenuated in space for an excitation frequency of fIN = 8.4 kHz. A similar but opposite behavior
is observed for positive switching frequencies as shown in Figs. 4(c-d) confirming that the system operates as a
mechanical diode.
The performance of the electroelastic beam are further confirmed processing the signal exiting the modulated
medium. The corresponding spectrum is displayed in Fig. 5(a-b) in which, positive and negative traveling
modulation profiles (±fm) are compared for the same excitation frequency. It is worth noticing how, thanks
to the directional filtering behavior, the system is able to perform one-way decay of approximately 1 order of
magnitude.

4. CONCLUSIONS

In this work we have shown the design of an electroelastic beam with space-time varying properties able to break
the reciprocity principle for elastic waves. In particular, stiffness modulation has been successfully realized by
way of NC shunts, which are properly controlled in time to establish a traveling elasticity profile. This configu-
ration allows for the formation of directional gaps that are here exploited to achieve one-way filtering.
The proposed setup can be easily integrated into micro electro-mechanical systems (MEMS), opening new pos-
sibilities for wave control in phononic communication devices.
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