Chapter 12

A Conformal Approach for Distribution-free
Prediction of Functional Data
Matteo Fontana, Simone Vantini, Massimo Tavoni and Alexander Gammerman

Abstract Interval prediction has always been a complex problem to solve in the realm
of Functional Data Analysis, and the solutions currently proposed to address this very
important theoretical and applied issue are not satisfactory. In this contribution we
propose a novel approach, based on a non-parametric forecasting approach coming
from machine learning, called Conformal Prediction. In the scalar setting, the method
is based on simple yet remarkable considerations about sample quantiles. After
having stated in a formal way the issue of forecasting for functional data, we develop
an algorithm that can be used to generate non-parametric prediction bands for a
functional-on-scalar linear regression model. These forecasts are proven to be valid
in a statistical sense (i.e., they guarantee a global coverage probability larger or equal
to a given threshold) under a very minimal set of assumptions, and thus extremely
useful in the statistical practice. The method is then tested on a real world application,
namely ensemble emulations for climate economy models, very used in the climate
change economics realm.
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12.1 Introduction
Functional Data Analysis (FDA) [16, 3] is a vibrant and dynamic field of statistics,
that aims to develop theory and methods dealing with data points that come in
the form of uni- or multivariate functions defined over a one or multi-dimensional
domain. The typical mathematical setting of functional data consists in a random
sample of independent real-valued univariate functions 𝑌1 (𝑡), . . . , 𝑌𝑛 (𝑡) defined over
the compact interval 𝑇 = [𝑡 0 , 𝑡1 ] ⊂ R. The most common embedding of such
functions is a Hilbert space such as 𝐿 2 , but other embeddings are possible, such
as Sobolev spaces ([18]) to deal with differential information or Bayes spaces for
functional compositions [6].
Still open in FDA research is the the definition and computation of meaningful
prediction bands. despite some attempts relying on a parametric setting have been
performed [7, 2], it can be argued that the distributional assumptions at the core of
these specific methods can’t be tested in the statistical practice, which makes these
forecasting methods not useful for many real world applications.
The main idea of the present work is to use a relatively new prediction framework,
called Conformal Prediction (CP) [19], to develop a statistical method able to produce global prediction bands for functional data, while having guarantees on their
statistical validity. Conformal Prediction was developed in the Machine Learning
community as a method to define prediction intervals for Support Vector Machines
[5]. It has been subsequently used by statisticians as a way to develop distributionfree prediction intervals for regression, both in the low [9] and high-dimensional
[10] setting.
This contribution is structured as follows: in Section 12.2 we extend the CP
framework to Functional Data Analysis, while in Section 12.3 we discuss the specific
role of the Conformity Measure (CM) in predicting functional data in a conformal
way, and how CMs define the shape of the prediction set calculated using CP. We
then provide an application to a problem arising in climate change economics in
Section 12.4.

12.2 Conformal Prediction for Functional Variables
Let us consider a regressive framework, in which we observe 𝑛 data points
𝑍1 , . . . , 𝑍 𝑛 ∼ 𝑃
where each 𝑍𝑖 , 𝑖 = 1, . . . , 𝑛 is IID. Each 𝑍𝑖 is a tuple {𝑋𝑖 , 𝑌𝑖 } in R 𝑝 × 𝐿 2 . 𝑌𝑖 is
the response, a function embedded in 𝐿 2 [𝑇] space, that is the space of 𝐿 2 functions
defined over the interval 𝑇 =  [𝑡 0 , 𝑡1 ]. 𝑋𝑖 is instead a 𝑝−dimensional vector of
covariates 𝑋𝑖 = 𝑋𝑖,1 , . . . , 𝑋 𝑝,1 .
The objective is predicting with confidence a new (functional) value 𝑌𝑛+1 from a
new vector of covariates 𝑋𝑛+1 by using a regression operator of the form
𝜇(𝑥) = E (𝑌 | 𝑋 = 𝑥) , 𝑌 ∈ 𝐿 2 [𝑇], 𝑥 ∈ R 𝑝 .

(12.1)
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In a more formal way, given a nominal type-1 error level 𝛼 ∈ (0, 1), the idea is to
identify sets C in 𝐿 2 [𝑇] for which the following property holds:
P (𝑌𝑛+1 ∈ C(𝑋𝑛+1 )) ≥ 1 − 𝛼

(12.2)

Please note that our objective is more ambitious than the one described in [8],
where the authors aim to identify a prediction set not for 𝑌𝑛+1 itself, but for Π (𝑌𝑛+1 ),
its projection over a basis of 𝐿 2 [𝑇].
The driving example in our case is Linear Function-on-Scalar regression , a
specific case of a Functional Linear Model (FLM) [16] in which the covariates are
scalars, the response is a function, and 𝜇(𝑥) is approximated using a 𝑡-dependent
linear combination of the covariates 𝑥. Please note that in the specified setting we
do not require 𝜇 to be the exact conditional mean: all the results presented still stand
also in the case of poorly estimated or even mis-specified regression model.
A Conformal Prediction framework is quite apt to address the problem of identification of prediction sets as described by Equation 12.2. Moreover, the use of CP
requires a very minimal set of assumptions (namely, the data tuples being IID).
The basic reasoning behind the developement of CP is due to an intuitive yet remarkable result about the probabilistic properties of sample quantiles. Let 𝑈1 , . . . , 𝑈𝑛
be IID samples of a random scalar variable1. For a given level 𝛼 and after having
independentely sampled 𝑈𝑛+1 from the same distribution, it can be noted that
P (𝑈𝑛+1 ≤ 𝑞ˆ 1−𝛼 ) ≥ 1 − 𝛼
where 𝑞ˆ 1−𝛼 is the sample quantile defined as
(
𝑈 ( d(𝑛+1) (1−𝛼) e) , if d(𝑛 + 1) (1 − 𝛼)e ≤ 𝑛
𝑞ˆ 1−𝛼 =
+∞
otherwise.

(12.3)

(12.4)

where 𝑈 (1) , . . . , 𝑈 (𝑛) is a order statistic of 𝑈1 , . . . , 𝑈𝑛 . The previous result is valid
not only in the univariate setting, where the order statistic is of straightforward
definition, but also in the multivariate and functional case, after having defined a
suitable notion of ordering. The statement in 12.3 is easy to verify: If 𝑈1 , . . . , 𝑈𝑛 are
exchangeable, the rank of 𝑈𝑛+1 among the previous observations will be distributed
as a discrete uniform over {1, . . . , 𝑛, 𝑛 + 1}. As shown by [10], starting from this
simple result, one can build with relative ease prediction sets for linear regression
models, with the only assumption of the data being IID and that the regression
operator being invariant to permutations of the training data.
We now provide an extension of the framework in [10] to the functional case. Let
𝑦 ∈ 𝐿 2 be a new (trial) value. For each 𝑦 we train the regression estimator 𝜇ˆ 𝑦 on the
dataset 𝑍1 , . . . , 𝑍 𝑛 , (𝑋𝑛+1 , 𝑦). We then define the functional regression residuals

1 Please note that the IID assumption is actually too strict, and the whole argument stands also
under the weaker notion of exchangeability
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𝐸 𝑦,𝑖 = 𝑌𝑖 − 𝜇ˆ 𝑦 (𝑋𝑖 ) , 𝑖 = 1, . . . , 𝑛

𝐸 𝑦,𝑛+1 = 𝑦 − 𝜇ˆ 𝑦 (𝑋𝑛+1 ) .

(12.5)

Please note that, being 𝑌𝑖 and 𝑦 objects in 𝐿 2 , also the residuals are actually
residual functions, not scalars. For this reason, the ranking step proposed at this point
in [10] is now non-trivial, and its choice will have important
consequences on the


interpretability of the forecast bands provided. Let R 𝐸 𝑦,1 , . . . , 𝐸 𝑦,𝑛 , 𝐸 𝑦,𝑛+1 :
(𝐿 2 [𝑇]) 𝑛+1 → R𝑛+1 be a functional able to provide a scoring criterion among
𝐸 𝑦,1 , . . . , 𝐸 𝑦,𝑛 , 𝐸 𝑦,𝑛+1 , and 𝜌(𝐸 𝑦,𝑖 ) the value of this score for the function 𝐸 𝑦,𝑖 . Let
us assume that the criterion behaves like a depth measure, assigning high values to
points that are deep in the point cloud, and low values to shallow points. We can
then build a statistic 𝜋(𝑦) by computing
𝑛+1

𝜋(𝑦) =

1 Õ 
1 𝜌(𝐸 𝑦,𝑖 ) ≤ 𝜌(𝐸 𝑦,𝑛+1 )
𝑛 + 1 𝑖=1

(12.6)

where 1{·} is the indicator function. Essentially, 𝜋(𝑦) represents the proportion of
fitted residuals in the augmented sample that have a lower score than the last one
𝑅 𝑦,𝑛+1 . By exchangeability of 𝑍1 , . . . , 𝑍 𝑛+1 and the permutational invariance
of 𝜇ˆ we
 1
2
can see that 𝜋(𝑌𝑛+1 is distributed as a uniform defined over the set 𝑛+1
, 𝑛+1
,...,1 .
This means that
P ((𝑛 + 1)𝜋(𝑌𝑛+1 ) ≤ d(1 − 𝛼) (𝑛 + 1)e) ≥ 1 − 𝛼

(12.7)

which can be alternatively interpreted by saying that 1 − 𝜋(𝑌𝑛+1 ) is a valid (conservative) 𝑝−value to test the null hypothesis 𝐻0 : 𝑌𝑛+1 = 𝑦. By calculating such
𝑝−value over all possible values of 𝑦 ∈ 𝐿 2 and then perform a thresholding to the
desired level, we can define in a fairly straightforward way our conformal prediction
interval for 𝑋𝑛+1 in the following way.

𝐶𝑐𝑜𝑛 𝑓 𝑜𝑟 𝑚𝑎𝑙 (𝑋𝑛+1 ) = 𝑦 ∈ 𝐿 2 : (𝑛 + 1)𝜋(𝑌𝑛+1 ) ≤ d(1 − 𝛼) (𝑛 + 1)e
(12.8)
The whole procedure is summarised in Algorithm 1 of [4]. [22] prove that conformal
prediction sets defined as in 12.8 have valid finite-sample coverage: in fact, Vovk
et al. proofs are valid for very general covariates and responses (i.e. elements of
measurable sets), much more general than the relatively well-behaved 𝐿 2 functions.
While being theoretically valid, this version of Conformal Prediction is very hard
and computationally intensive to be implemented: As noted by [22], the "search"
step has to be performed on a regular grid on the set in which the 𝑌𝑖 , 𝑖 = 1, . . . , 𝑛 are
embedded. Defining a regular grid in 𝐿 2 is a nontrivial task, and will reasonably yield
a grid of points of such a size that will render any real-world implementation of the
full version of CP non-feasible. For this reason, instead of the Full or Transductive
Conformal Prediction framework, we will use the Split [8] or Inductive [15, 22]
Conformal Prediction that is able to ease, by a smarter use of the training data, the
computational burden associated to CP. The essential idea behind Split Conformal
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Prediction is, as the name suggests, random splitting the training data in two samples,
a proper training one and a calibration one. We present the Split Conformal prediction
version of the method in Algorithm 2 of [4].

12.3 Functional Conformity Measures
To perform a Conformal Prediction task we need to choose a method to order residual
curves. While for data lying in R this issue is straightforward, this is no longer the case
even on the Euclidean plane R2 . The most common idea to perform such ordering is
the use of data depth, which allows also generalizations of univariate concepts such
as medians and quantiles in the multivariate setting ([11] and references therein).
While many choices for a functional conformity or non-conformity measures can
be performed, such as the use of small-ball probabilities ([3], specifically Chapter 4
and 13) used as a proxy for density in the 𝐿 2 case, we are focusing our attention to
depth measures for functional data, and specifically the Band Depth ([12]).
As shown by Lopez-Pintado and Romo in [12] and by [20], the concept of depth
in the functional setting can be effectively used to develop functional versions of
univariate nonparametric techniques and visualization methods such as rank tests
and boxplots. In fact, Band Depth is particularly apt to be used for identifying 𝛼regions (in the sense of [11]) in the shape of bands. and thus very effective in reaching
the goal of identifying prediction bands for functional data. Additional information
about the choice of band depth can be found in [4]. The concept of band depth can be
then effectively used as the ordering criterion in CP: we present the specific version
of the algorithm in [4]
We have argued in favour of the validity of set predictions calculated through CP
methods: it should also be noted that the bands identified using CP are valid also in
a global sense, meaning that its coverage properties are valid for ∀𝑡 ∈ 𝑇. The proof,
along some considerations about the pratical identification of the prediction set are
presented in [4]

12.4 Application to IAM Ensemble Forecasting
As a test case for this newly developed method, we present an application to climate
change economics, in which we create a statistically valid scenario and policy emulator via the use of functional on scalar linear models and the forecasting methods
described in Section 12.3.
Climate Change is by far, the greatest policy challenge the humankind is facing:
according to the last Intergovernmental Panel for Climate Change (IPCC) report [1]
more decisive actions must be undertaken now, if we want to contain the average
increase of the World surface temperature by 1.5°C, and avoid severe disruptions to
the earth climate system. A fundamental tool to understand and explore the complex
dynamics that regulates this phenomenon is the use of computer models, such as
Integrated Assessment Models [14]. By integrating an economic and a climatic
module, these models are able to simulate the profile of a variable of interest on a
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given timescale (usually 𝐶𝑂 2 over the next century). Predicting a quantity for such a
long time scale is a notoriously hard task, with a great degree of uncertainty involved.
Many efforts have been undertaken to model and control this uncertainty, such as
the development of standardized scenarios of future developement, called Shared
Socioeconomic Pathways (SSPs) [21, 17] or the use of model ensembles to tackle
the issue of model uncertainty. All the details about the application can be found in
[4], while an example of prediction bands generated using the described version of
CP for functional data can be seen in Figure 12.1
Prediction and Conformal confidence bands for SSPs, Alpha=0.1
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Fig. 12.1 Prediction Bands for SSP1, SSP2 and SSP3, 𝛼 = 0.10
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