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Fig. 9 Accuracy of the navigation set-up: reference orbits from numerical integration in 30×30

gravity �eld and remaining orbital perturbations.

the orbital dynamics is perturbed only by a degree-6 order-6 gravity �eld. The 99 cases are plotted

altogether to show the error dispersion due to the di�erent initial conditions, and the y-axis shows

the trend over time of each νi(∆t) of the population as de�ned in Eq. (12). As discussed in [25], a

remarkable improvement is already achievable by including J2 to the second order. In this case the

transformations employed in Fig. 7.b) account for the same geopotential terms of the environment

(i.e., 6×6). In such limit case, the fully analytical propagation of the relative motion would remain

accurate at meter level even after 2 days.

Once veri�ed the e�ectiveness of the proposed approach, the remaining simulations of Fig. 8

and 9 address the trade-o� between transformation complexity (i.e., in the sense on included terms

KA-6×6 or KA-10×10) and achievable accuracy performance when the dynamics resembles a more

realistic environment. One can see that the propagation accuracy improves considering more terms

in the transformations. In Fig. 9, the obtained error is also due to the lack of inclusion of the

additional perturbations in the relative motion model, as well as in the transformations.

Figures 10 and 11 address the achievable accuracy for the guidance set-up. Again, the bene�ts

of using the proposed orbital elements' conversion algorithm is remarkable, as one can see from

the comparison in the order-6 degree-6 gravity �eld. Nevertheless, the overall accuracy is worsened

compared to the navigation set-up, due to the error introduced in the propagation of the absolute
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Fig. 10 Accuracy of the guidance set-up: reference orbits from numerical integration in 6×6

gravity �eld.
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Fig. 11 Accuracy of the guidance set-up: in both simulation environments the KA-6×6 trans-

formation is used.

orbital elements of the chief. The considerations concerning the trade-o� between model complexity

and realistic achievable performance, as well as the impact of non-modeled phenomena apply as

before.
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B. Performance of the ROE-based model

This section focuses on the propagation performance of the developed ROE-based second-order

model accounting for zonal harmonics up to J6. To this end, a relative orbit of the family of Fig. 6,

with |aδa| = 200 m is considered, which is also the case presented in [20]. Figure 12 shows the

evolution over time of the propagation error de�ned as e = a(δα − δαtrue), being the δαtrue term

computed from the numerically integrated reference orbit. The environment accounts only for an

order-6 degree-6 gravity �eld and the KA-6×6 algorithm is used for the transformations T2. This

set-up is used to focus only on the performance of the core block of the framework. The error is

considered for the ROE-based developed model (in black) as well as for the model of Yang et al. [15]

(in light gray). Thus, both models include the second-order expansion of the unperturbed orbit and

of the J2 �rst-order term. The remaining, tiny, discrepancy - for this scenario appreciable only for

the relative mean longitude component - is due to the relative contribution of the considered �rst-

order higher zonal terms. Indeed, at practical level, in the application case of a far-range rendezvous

to a noncooperative target (as the scenario considered, inspired from the AVANTI demonstration),

the relative e�ects of higher zonal terms can be neglected to minimize the complexity of the model.

Thus, the proposed model behaves as Yang et al. [15], though with the simpler structure of Φ and Ψ

discussed in the previous sections. This last aspect is bene�cial for designing the GNC algorithms

for onboard applications.

VI. Conclusion

This paper presented a framework to model analytically and precisely the relative motion in

low Earth orbits taking into account the perturbations due to the non-spherically symmetric mass

of the Earth. With focus on formation-�ying applications, where the relative GNC algorithms are

conveniently developed in the orbital elements' space, the main functionalities of the framework

include the extraction of mean orbital elements, out of the orbit of the chief satellite known in a

Cartesian inertial frame, and the propagation of the relative motion in the mean state variables.

In the paper, an accurate description of the interfaces between those functions is provided, since

consistency in reference systems and transformation errors is crucial to assess the true achievable
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Fig. 12 ROEs propagation error: in black for the model of Eq. (10), in gray for the model of

Yang et al. [15].

modeling precision.

In the framework one can choose order and degree of the geopotential �eld considered in the

mean/osculating elements' transformations, order of zonal terms considered in the propagation of

the mean relative motion, as well as order of the Taylor expansion employed to model the relative

dynamics (e.g., �rst-order state transition matrix or second-order state transition tensor). These

design parameters have to be chosen to meet the propagation requirements posed by the speci�c

application under consideration (e.g., sensitivity of relative navigation sensors, large recon�gurations

or station keeping, size of the relative orbit, average time between successive orbit corrections, impact

of additional orbit perturbations).

About the trade-o� between complexity of the algorithms involved in the relative motion model

and achievable modeling accuracy, the paper showed that for almost bounded, centered, relative

orbits the e�ect of the second-order expansion of the terms due to J2 is larger than the e�ect of

�rst-order higher zonal terms (i.e., J2
2 , J4, and J6) for relative orbits of size larger than 5000-9000

m. For far-range rendezvous applications exploiting passively safe relative orbits of small size (i.e.,
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300 m), the second-order expansion of the Keplerian term is advised for relative semi-major axis

larger than 130 m.

For what concerns the mean/osculating elements' transformations, the consideration of J2 to

the second order is strongly advised. This, in fact, allows computing more precisely the value of the

initial relative semi-major axis, and therefore allows improving remarkably the propagation accuracy

over time. The approach proposed in the paper combines a Hamiltonian technique applied to the

J2 problem with Kaula's linear perturbation method for the remaining terms of the geopotential.

The resulting algorithm is compact, fully analytical in both transformation directions, and free

from singularities (but not applicable in the vicinity of the critical inclination). The improvements

proposed in this work are not strictly required in the case of station keeping of almost bounded

relative orbits, since in this case the value of relative semi-major axis is close to zero and orbit

corrections are anyway performed frequently (i.e., in less than an orbital period of time). The

inclusion of additional terms to J2 up to given order and degree has to be traded-o� considering the

orbit scenario and the time elapse of the propagation. If only the geopotential e�ect is meaningful

(e.g., up to 30 × 30), then transformations with 6 × 6 terms guarantee a worst-case propagation

error within 15 m after one day and 10 × 10 transformations reduce it to the half. Whenever meter

level precision is required for 1-day or 2-day propagation legs, the modeling of the e�ects on the

relative motion produced by the remaining orbital perturbations becomes necessary. In this case,

the framework can be straightway complemented including available ROE-based formulations from

the literature, exploiting its modular structure. Note that in this case additional terms/parameters

have to be included in the state variable.

Several recent in-�ight demonstrations of formation-�ying and noncooperative rendezvous ex-

ploited the relative orbital elements' parametrization for their spaceborne relative GNC algorithms.

The relative motion model developed in this paper improves ROE-based available methods in terms

of: validity (applicable also to eccentric reference orbits with no inclusion of approximations), in-

cluded zonal terms (up to p-order), and order of the expansion (up to second-order state transition

tensor). Therefore, the developed framework can be readily used to enhance the performances of

available GNC algorithms, with little impact on the complexity of their code.
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