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Abstract

We propose a set of new indices to assist global sensitivity analysis (GSA) in the presence of data
allowing for interpretations based on a collection of diverse models whose parameters could be
affected by uncertainty. Our GSA metrics enable us to assess the sensitivity of various features (as
rendered through statistical moments) of the probability density function of a quantity of interest
with respect to imperfect knowledge of (i) the interpretive model employed to characterize the
system behavior and (ii) the ensuing model parameters. We exemplify our methodology for the case
of heavy metal sorption onto soil, for which we consider three broadly used (equilibrium isotherm)
models. Our analyses consider (a) an unconstrained case, i.e., when no data are available to
constrain parameter uncertainty and to evaluate the (relative) plausibility of each considered model,
and (b) a constrained case, i.e., when the analysis is constrained against experimental observations.
Our moment-based indices are structured according to two key components: (a) a model-choice
contribution, associated with the possibility of analyzing the system of interest by taking advantage
of multiple model conceptualizations (or mathematical renderings); and (b) a parameter-choice
contribution, related to the uncertainty in the parameters of a selected model. Our results indicate
that a given parameter can be associated with diverse degrees of importance, depending on the
considered statistical moment of the target model output. The influence on the latter of parameter
and model uncertainty evolves as a function of the available level of information about the modeled
system behavior.

Plain Language Summary

The quality and amount of data available in many practical situations justify the interpretation of the
system under investigation through a collection of alternative interpretative models. This is
reflected by the observation that there is uncertainty about model structure/format. The situation is
exacerbated by the observation that parameters associated with each model could also be affected
by uncertainty. In this context, quantification of the influence of these multiple sources of
uncertainties on environmental quantities of interest is key to increase our understanding and
confidence on model(s) functioning and guide further actions (including, e.g., model calibration or
collection of new data). We propose an original Global Sensitivity Analysis (GSA) approach that
enables us to quantify the sensitivity of a target quantity with respect to each of the parameters
stemming from situations where multiple interpretative models have been formulated. The proposed
GSA allows (i) investigating the sensitivity of model outputs through diverse aspects of uncertainty
(i.e., focusing on various statistical moments of the probability density function of the target output)
as well as (ii) discriminating between contributions to sensitivity due to our lack of knowledge in
(a) model format and (b) parameter values.

Highlights
e A novel Global Sensitivity Analysis in case of multiple alternative interpretive models is
proposed.
e The approach allows discriminating between contributions to sensitivity due to our lack of
knowledge in (a) model format and (b) parameter values.
e We analyze the evolution of the proposed sensitivity metrics as observations about the system
under investigation become available.



53

54
55
56
57
58
59
60
61
62
63
64
65
66
67
68
69
70
71
72
73
74
75
76
77
78
79
80
81
82
83

84
85
86
87
88
89
90
91
92
93
94
95
96
97
98
99
100
101
102
103

1. Introduction

Sensitivity analysis is key to assist understanding (and eventually improvement) of models
aiming at rendering the dynamics of environmental/hydrological systems. Challenges associated
with a sensitivity analysis are exacerbated by the increasing complexity of conceptual models, in
terms of model formulation and associated parametrization, which is in turn sustained by our
increased knowledge of environmental dynamics and by the exponentially increasing computational
power available for numerical model simulations (e.g., Paniconi and Putti, 2015; Forster et al.,
2014; Herman et al., 2013; Wagener and Montanari, 2011; Koutsoyiannis, 2010). Sensitivity
analysis techniques can be classified according to two categories, i.e., local and global methods
(e.g., Gupta and Razavi, 2018; Pianosi et al. 2016; Borgonovo and Plischke, 2016; Razavi and
Gupta, 2016a,b). According to the former approach, sensitivity (typically resting on the derivative
concept) is evaluated in the neighborhood of a given combination of parameters of a model. Global
sensitivity analysis (GSA) approaches rest on the evaluation of sensitivity (usually quantified
through metrics entailing the variability of the model response) across the entire support within
which model system parameters vary. As such, the typically encountered uncertainty about
parameters driving the behavior of environmental/hydrological systems can be readily
accommodated in this context (Saltelli et al., 2008). Our study is set within a GSA framework.

In this broad framework, it is important to note that the formal definition of a sensitivity
metric must be linked to the nature of the question(s) the GSA is intended to address.
Understanding of the way uncertainty associated with model parameters affects uncertainty of given
modeling goals / results can be useful to address various research questions, such as: Which are the
most important model parameters with respect to given model output(s) / response(s)? (e.g., Hill et
al., 2016; Ruano et al., 2012; Wagner et al., 2009; Pappenberger et al., 2008; Gupta et al., 2008;
Muleta and Nicklow, 2005); What are the relationships between key features of model output(s)
uncertainty and model parameter(s)? (e.g., Pianosi and Wagner, 2015; Borgonovo, 2007; Liu et al.,
2006); Could we set some parameter(s) (which are deemed as uninfluential) at prescribed value(s)
without significantly affecting model results? (e.g., Chu et al., 2015; Punzo et al., 2015; Nossent et
al., 2011; van Griensven et al., 2006; Degenring et al., 2004); At which space/time locations can
one expect the highest sensitivity of model output(s) to model parameters and which parameter(s)
data could be most beneficial for model calibration? (e.g., Holter et al., 2018; Wang et al., 2018;
Younes et al., 2016; Ciriello et al., 2015; Fajraoui et al., 2011; Yue et al., 2008).

Dell’Oca et al. (2017) focus on these research questions by proposing a moment-based GSA
approach enabling quantification of the influence of uncertain model parameters on the (statistical)
moments of a target model output. In this sense, these authors (i) define sensitivity in terms of the
(average) variation of main statistical moments of the probability density function (pdf) of an output
due to model parameter uncertainty and (ii) propose summary sensitivity indices (termed AMA
indices after the Authors’ initials) to quantify the concept. Here, we extend the AMA indices to
embed the effect of uncertainties both in the system model conceptualization and in the model(s)
parameters. Our study rests on the observation that physical processes and natural systems within
which they take place are complex, making state variables amenable to a multiplicity of
interpretations and (conceptual/mathematical) descriptions, including system parameterizations. As
such, predictions and uncertainty analyses based on a unique model can yield statistical bias and
underestimation of uncertainty, thus justifying the assessment of multiple (competing) model
system conceptualizations (e.g., Clark et al., 2008; Wholing and Vrugt, 2008; Ye et al., 2008a;
Beven 2006; Poeter and Anderson, 2005; Bredehoeft, 2005; Burnham and Anderson, 2002). When
a collection of alternative models is available, one can then use various criteria to (a) rank such
models and/or (b) weigh model-based predictions (e.g., Hoge et al., 2019; Neuman, 2012; Ye et al.,
2008b, 2004; Neuman et al., 2003; Kass and Raftery, 1995). When prior information is unavailable,
one can assign equal prior probability (or a priori model weight) to each model. Otherwise, a
posterior model probability (or a posterior model weight) can be linked to each model when
observations on the state variables of interest are made available (e.g., Rodriguez-Escales et al.,
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2018; Hoge et al., 2018; Liu et al., 2016; Knuth et al., 2015; Schoniger et al., 2014; Ye et al.,
2008D).

In this context, the study of Dai and Ye (2015) highlights the importance of extending the
classical variance-based GSA approach to include the possibility that a collection of models can be
employed to assess a quantity of interest. In this multi-model framework, these authors introduce a
definition of sensitivity that combines the model-averaging approach with the variance-based
methodology to quantify an averaged (across the set of models) contribution of a parameter
(including its interaction with other parameters) to a model-averaged variance of the output of
interest. Dai et al. (2017) focus on the quantification (through a variance-based method) of the
sensitivity of model prediction(s) to the uncertainty in the conceptualization of diverse model
system processes, a setting corresponding to a lack of knowledge about the conceptualization of
differing processes (and eventually their controlling parameters) contributing to a model structure.
The GSA approach presented by Dai and Ye (2015) and Dai et al. (2017) is based on the rationale
that the definition of sensitivity is that of uncertainty (as rendered through the variance)
apportioning, i.e., the highest sensitivity is attributed to the factor providing the highest contribution
to the uncertainty of the output of interest.

A key element distinguishing our study from those of Dai and Ye (2015) and Dai et al. (2017)
is the definition of the metric employed to quantify sensitivity. Here, we identify sensitivity with the
(average) variation of a set of statistical moments of the pdf of a desired output (thus considering
various features of the uncertainty on the output) due to the uncertainty on (a) the conceptualization
of the system functioning (as rendered through various alternative model formulations) and (b)
model parameters. In this sense, our definition of sensitivity is more relevant for factor fixing
aspects (i.e., with reference to questions of the kind “How does a parameter affect a given statistical
moment of the output pdf?”” and/or “Is it possible to fix its value arbitrarily?”), rather than for the
uncertainty apportioning aspect. A comparison between the metrics at heart of our GSA approach
and those proposed by Dai and Ye (2015) and Dai et al. (2017) is provided in Appendix B-C.

Following the idea of uncertainty apportioning, Baroni and Tarantola (2014) present a
probabilistic framework for uncertainty and global sensitivity analysis focusing on hydrological
studies. These authors distinguish five sources of uncertainty, respectively corresponding to model
input (e.g., weather data), time-varying model parameters (e.g., crop height), scalar model
parameters (e.g., soil hydraulic properties), available observations (e.g., soil moisture), and model
structure. With reference to the latter, these authors identify model structure uncertainty with the
use of diverse levels of (space-time) refinement and descriptive detail of an otherwise
deterministically given mathematical model, i.e., they do not analyze the impact of considering a set
of alternative conceptual/mathematical formulations to render the investigated system. A GSA is
then performed upon relying on the Sobol indices. In a similar fashion, Schoups and Hopmans
(2006) present a sensitivity analysis methodology aimed at assessing the relative importance of
three common sources of uncertainty, i.e., parameters, observation error and the model structure,
here encompassing both the level of model refinement/details and the format of the
conceptual/mathematical formulation), and measurements error, by focusing on the fractional
contribution of each of these sources to the total predictive error between observations and
corresponding model outputs. As mentioned above, our multi-model GSA is guided by a diverse
rationale.

We exemplify our approach by targeting a geochemical phenomenon associated with the
process of sorption of single metal onto a soil and considering three differing models that are
typically used in the literature, each associated with uncertain parameters. We structure our analyses
across two stages. We start in the absence of data/observations on the target model output against
which one would perform model calibration (i.e., an equal prior probability is assigned to each
candidate model and uncertainty of each model parameters is rendered through uniform pdfs
characterized by the same coefficient of variation). In this case, the purpose of a GSA is that of (i)
improving our understanding of the model functioning, in terms of the relevance of each model



155
156
157
158
159
160
161
162
163
164
165
166
167

168
169
170

171
172

173

174
175
176
177
178
179
180
181
182
183
184
185
186
187

188

189

190
191
192
193
194
195

196
197

198

parameter on the considered model output, and (ii) identifying parameters which might be
uninfluential and whose values could be fixed (and excluded from a subsequent calibration
procedure) without affecting the model output (e.g., Hutcheson and McAdams, 2010; Liu et al.,
2006). We then perform our GSA after model parameters and weights are estimated through model
calibration against system state observations. At this stage, the main purpose of the GSA is that of
identifying parameters having the largest impact on the variation in the statistical moments of the
output, thus guiding additional efforts for their characterization.

The rest of the work is organized as follows. Section 2.1 describes the sensitivity
metrics/indices at core of the proposed GSA; Section 2.2 provides the expressions for multi-model
statistical moments of a target quantity; and Section 2.3 details the computational approach
employed. Section 3.1 and Section 3.2 exemplify the proposed methodology for the unconstrained
and constrained cases, respectively. A discussion is given in Section 4, and Section 5 provides our
major conclusions.

2. Methodology
2.1 Sensitivity Index

We consider a quantity A (which represents a given modeling goal, e.g., concentration of
adsorbed metal onto soil or dissolved chemical in an aquifer, hydraulic head in a well, travel time of
a solute in a well-field, or other quantities of interest in an environmental scenario) that could be

rendered through a suite of N,, alternative (possibly competing) conceptual and mathematical

models collected in a model set M. The latter somehow represents our ability to interpret a given
process or a set of processes contributing to characterize A.

In the presence of observations of A, one can rely on various criteria to (a) rank available
models, and/or (b) weigh results rendered by these models (e.g., HOge et al., 2019; Neuman, et al.
2012; Clark et al., 2008; Ye et al., 2008a, 2005, 2004; Poeter and Hill, 2007; Neuman et al., 2003).
In this context, one can evaluate prior (before new data/information about the system under analysis
become available (e.g., Rodriguez-Escales et al., 2018; Ye et al., 2008b) and posterior (after
data/information from the system are available (e.g., Bianchi Janetti et al., 2019, 2012; Ranee et al.,
2016; Moghadesi et al., 2015; Ye et al., 2008a) weights associated with each model included in M.
Prior probability weights are usually taken to be equally apportioned amongst models or determined
on the basis of expert opinion. Posterior weights depend on the model discrimination criterion of
choice and on the prior weight associated with each model (e.g., Schoniger et al., 2014). Models
included in M can be ranked according to such posterior weights or can be employed to provide
model-averaged statistics of the quantity of choice A.

Each model M’ (j=1, ..., N,,) in M is characterized by a set of parameters, which we

collect in vector . We treat each parameter of model j, i.e., eii (i=1,..., N;) as arandom

variable to account for our incomplete knowledge of its exact value. It is then possible to evaluate
the impact of uncertainties associated with both the models and their parameters on a quantity of
interest (A) in terms of moment-based sensitivity indices. We do so by extending the AMA
sensitivity indices introduced by Dell’Oca et al. (2017), that considered a unique system model with
uncertain parameters, to the case of possible multiple interpretative models, as rendered by the
collection of models included in M.

Within this multi-model context, we quantify the sensitivity of a given statistical moment

(SM) to parameter 6’ij through the following index

AMASM,, :W(%j) ‘SM [A]-SM,,[A|M J]+ E, Hsmei [AIMT]-sM_,[a|M J]H

model-choice contribution parameter-choice contribution

1)
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with

_ |lsm[a] if sm[A]=0
‘s_{ 1 if SM[A]=0
Here, AMASMHEJ- is the AMA index associated with a given statistical moment SM (e.g., SM = E,

(2)

V, 7 k when considering the expected value, variance, skewness and kurtosis, respectively) of A
considering the i-th parameter of model M’ W(l\/l ’) is the (prior or posterior) probability of

model M!; E,; is the expectation operator in the space of variability of eij; SM_; [A| M ‘] and
SM,;, [A| M ‘1 correspond to the value of the statistical moment of A considering uncertainty of
(a) all parameters of model M J except Gij (i.e., the value of the statistical moment resulting from

conditioning to Hij) and (b) the whole set of parameters in ¢9j, respectively. The quantity SM[A]

in (1) represents the value of the given statistical moment of A evaluated in a multi-model context,
i.e., when both the model employed to interpret a given process and its associated parameters are
uncertain. In Section 2.2 we provide further details about the evaluation of the statistical moment of
A in a multi-model context. We note here that the first and the second terms in (1) are scalar
quantities that can be consistently summed (see also discussion of Figure 1 below).

The rationale behind definition (1) is that the sensitivity of A, as grounded on a set of
statistical moments, to the parameter eij is proportional to the induced variations of these statistical
moments (with respect to their multi-model counterparts) due to the conditioning on the parameter
eii . As such, the rationale at the core of (1) is different from that employed in GSA methodologies
grounded on an uncertainty apportioning (e.g., Dai and Ye, 2015) or on a derivative based (e.g.,
Razavi and Gupta, 2019; Rakovec et al. 2014, within the single-model context) rationales.

In the context of the proposed GSA, we emphasize that conditioning to eij requires starting

with selecting/choosing a model M ! . It then follows that two terms contribute to index AMASM

(2): (i) the first one is related to the choice of model M J (within model vector M) and is termed
here as the model-choice contribution (note that this contribution is common to all parameters in

M and is non-zero in the presence of multiple models, even if each model is characterized by
deterministically known parameters); (ii) the second one is a parameter-choice contribution and

represents the contribution to AMASM,; due to uncertainty of parameter eij embedded in model

VE (note that this contribution does not vanish in the presence of uncertain model parameters even
in cases where there is only one available model; see also our discussion to Figure 1 below). It is
also important to remark that indices AMASM,; are particularly suited for factor fixing studies

because they allow highlighting those parameters that could potentially induce strong variations of
the investigated statistical moments of the target model output.

Note that relying on multiple statistical moments explicitly recognizes that variance is not an
exhaustive metric to quantify sensitivity (e.g., Dell’Oca et al., 2017; Pianosi and Wagner, 2015;
Borgonovo, 2007; Liu et al., 2006).

Figure 1 depicts a sketch of the overall concept underpinning (1) when one considers two
possible model choices, M* and M?, each associated with a set of two parameters, i.e., (011, 9%)

for M* and (6?12, 022) for M?. One can clearly visualize the nature of the diverse terms
contributing to index AMASM ; through the depiction of Figure 1. Let us consider, for example,
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index AMASM,, : (i) the distance between SM[A] and SM,, [A| MlJ (dark blue double pointed
arrow in Figure 1) corresponds to the model-choice contribution; (ii) the average (with respect to
49i1) distance between SM [A|Ml] and SM_gil [AlMl} (light blue and blue double pointed
arrows for 911 and 9%, respectively) corresponds to the parameter-choice contribution for parameter
6 (i = 1, 2); (iii) the sum of (i) and (ii), weighted by w(M") and normalized by SM[A], quantifies
the influence of eil on A, as expressed by index AMASM o The same line of reasoning can be

employed to describe the contributions of the parameters of M? to our sensitivity indices. Note
that, in the presence of a unique interpretive model, e.g., M", the distance between SM[A] and

SM,; [A| M,] vanishes, reflecting the deterministic choice of the model.

We recall here that when one considers only one interpretive model, the first term in (1)
vanishes and AMASM; coincides with index AMASM, defined by Dell’Oca et al. (2017), i.e.,

l . .
AMASM,, = AMASM, =~ E,, USMG,» [AIMI]-sM_,[A[M J]H 3)
Comparison of (3) and (1) suggests that some similarities in the indices AMASM,, and AMASM

are expected when the parameter-choice contribution in (1) is dominant.
2.2 Multi-model Statistical Moments
Here, we provide the details for the evaluation of the statistical moments of A in a multi-
model context, i.e., SM[A], leading to the evaluation of index (1). Introducing the probability

density function of A, p[A], as (e.g., Ye etal., 2004)
NM . .

p[a]=)_p[AIM! Jw(m) @
j=1

where p[Al M j] is the pdf of A given model M I the expected value (first statistical moment) of
A is defined as

NM . .
E[A]=Y w(MI)E, |AIM] | 5)
j=1
while the n-th order (central) moment can be evaluated as
n Ny AL (n . . n—k
sM )[A]:Z‘I w(M J);J[kj smy[AIMT](E, [aIMT]-E[a]) (6)
= =l

Variance, V =SM?) | skewness, » = SM® /v32 and kurtosis, k =SM ¥ V2 of A can then be
assessed from (5) as

v[A]:?zlw(Miym [MMJ'}%W(MJ')(E[A]_E&,. ami])

within-model between-model

(7)
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. VO{MMJ} " i TN j (E[A]_Eﬁj[AleD3
7[A]:JZ=‘1 “V[a] W(M )791 [A“V' ]‘%W(M ) (V[A])S/Z
NM Vol [AlMJ\Nj In—moae

—SEWW(Mj)(E[A]—Ee,- [A|MJ’]) (8)

mixed

u, (V,, [A]M) 2 | N J_(E[A]—Eﬁ,j[All\Ai})4
k[A] =2, % w(M ks [AIM J*J.Z:l‘”(“" ) (v[A])

a within-model between-model (9)
_ . \3/2
" | E[A]—EBJ[AIMj} 2 . _ }/0j|:A|MJ:|(V01|:A|MJ:|)
+4§W(MJ) V[A] 2V aIM ] E[A]-Eq [AIMI]

mixed

The first term on the right hand side of (7) is typically referred to as the within-model variance and
coincides with the average (across the collection of models) of the variances associated with each
model whereas the second term in (7) is denoted as the between-model variance and is proportional

to the off-set between E[A] and E, [A| M j} (e.g., Draper, 1995). Along the same line, one

recognizes that equations (8)-(9) show that, in a multi-model context, the shape of the distribution
of A, as quantified by skewness and kurtosis, is affected by the following three terms: (i) a within-
model component, which corresponds to the weighted average of the values (of skewness or

kurtosis) rendered by each model, the weights being proportional to w(M j) and the ratio between
Vi [A| M ‘] and V[A]; (i) a between-model component, which is proportional to the off-set

(E[A]—Eej [Ale]); and (iii) a mixed component, that takes into account the off-set

(E[A]—EGJ [A| M ‘}) (i.e., the between-model variability) as well as the variability within each
model, as quantified by V,, [Al M j] in (7) or by V,, [Al M j] and 7, [Al M j] in (8).

It is here important to note that (a) our definition of sensitivity in (1) is grounded on the
assessment of the (average) variation of a SM due to conditioning on a given parameter in a given
model while (b) formulations (7)-(9) serve uncertainty apportioning, i.e., (7)-(9) allow identifying
the main factors (between model format and model parameters) contributing to the uncertainty of an
output of interest.

2.3 Numerical Evaluation
Inspection of equation (1) reveals that one needs to evaluate SM_,, [All\/lj] i.e., the

statistical moment of A conditional to diverse values of eij, considering model M ! . Here, we do

so through a straightforward Monte Carlo sampling scheme. We (i) discretize the support of each
parameter by way of a given number of equal bins, i.e., Nyins (for simplicity we employ the same
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value of Nyps for all parameters) and (ii) evaluate the conditional statistical moment,
SM_,,; [A| M j], associated with each bin. We then proceed to evaluate the second term in (1) by

taking expectation with respect to 6’ij, i.e., E,i. The unconditional statistical moment, i.e.,

SMy; [A| M j] , 1s evaluated through the algebraic expressions (4)-(8). Convergence of the results

with respect to the Npins IS assessed by increased the latter by regular increments of 10 until the
relative variation of all investigated quantities is smaller than a fixed threshold. Here, for simplicity
and ease of implementation we select the median value within each bin as representative and
evaluate each model under investigation considering all of the combinations of the parameter values

identified according to this, i.e., we run model j for a total of (Nbins)Nj times. As such, while more

efficient sampling strategies can be employed, there are no particular constraints in the sampling
scheme one can employ in our GSA.

3. llustrative examples

As a showcase example to illustrate the application of the theoretical framework introduced in
Section 2, we focus on the geochemical process of sorption of metals onto soil matrices. We do so
by leveraging on the study of Bianchi Janetti et al. (2012) who analyze the ability of diverse
isotherm models to interpret experimental observations documenting copper sorption onto Bet
Dagan soil type (see Table 1 of Bianchi Janetti et al. (2012) for the description of the key
characteristics of the soil type). For each experiment, 1g of soil was mixed with 40 mL of a solution
containing copper.Seven diverse initial concentrations were considered. The same initial pH was set
for all experiments. The resulting mixture was then shaken for 48 h to attain equilibrium. A 10-mL
sample of the solution was then extracted and passed through a 0.22 um filter. Copper concentration
was evaluated by inductively coupled plasma-mass spectrometry. Three replicates were performed
for each initial concentration, the resulting average and variance (assumed to represent
measurement error variance) being employed in the calibration procedure. The complete description
of the details of the experimental set-up and conditions are offered by Bianchi Janetti et al. (2012).

The following three commonly used interpretive isotherm models have been considered by
Bianchi Janetti et al. (2012) to interpret the experimental results,

KFen

o=+ Freundlich (F) (10a)

& _1 amK e Langmuir (L) (10b)
Vi+K'ec

C :1 KFc —+C Redlich-Peterson (R) (10¢)
Vi1taRc?

Here, ¢, (mmol L™) and ¢ (mmol L™) are the concentration of solute initially dissolved in the fluid

and adsorbed onto the soil, respectively; V (L g™) is the ratio between the solution volume and the
soil mass considered in the batch experiments. The Freundlich model (Freundlich, 1906) is based on
the assumption that sorption energies are characterized by an exponential distribution. The model is

F F
parameterized by the partition coefficient K& (L" mmol*™" g™ and a dimensionless exponent 0 <

nf < 1. The Langmuir model (Langmuir, 1918) assumes that sorption takes place at a fixed

number of well-localized sites, all of which are characterized by uniformly distributed sorption
energies, whereas qr'; (mmol g*) corresponds to the saturation of all sorption sites and K" (L
mmol™) is the adsorption rate. The Redlich-Peterson model (Redlich-Peterson, 1959) is a
combination of the Freundlich and Langmuir models is parameterized by KR (L g™, o (
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L& mmol_ﬁR) and 0 < ﬂR <1. We follow Bianchi Janetti et al. (2012) and present our results in
terms of mass per volume of solute, i.e., C (mg L™).

In the following we focus on to two diverse cases: unconstrained (Section 3.1; i.e., no data are
employed to constrain model parameters and weights) and constrained (Section 3.2; i.e., model
parameters and weights are evaluated on the basis of the experimental results).

3.1 Unconstrained case

Here, we perform the (moment-based) global sensitivity analysis detailed in Section 2 by
considering the statistical moment of C before the parameters and weights of the candidate models
are constrained through calibration against available observations. We term this case as

unconstrained. In this context, we assign an equal weight, W(M j)=1/3, to each of the models

(10a)-(10c). We treat parameter uncertainties by assuming model parameters 6’ij as independent

identically distributed (iid) random variables, characterized by a uniform probability density
function (reflecting the lack of prior knowledge about model parameters) and a constant coefficient

of variation, CV,; (to reduce biases in the analysis arising from considering diverse relative

intervals of variation for each Hij). Note that our proposed GSA approach is not limited to the
specific choices we consider in this study, whereas the use of diverse formats of the prior
distribution of @ and of diverse values of CV,; are fully compatible with the approach. We set

CV,, =0.7, to consider a relatively wide parameter space defined as

[1—\/§cv@,-,1+\/§cv@j }E[@ii], E[6!] being the expected value of & listed in Table 1,

taken to coincide with the corresponding parameter estimate evaluated by Bianchi Janetti et al.
(2012). Regarding the convergence of the results, we verified that that considering Npins = 100 (i.e.,

10* or 10° evaluations of the Freundlich and Langmuir models or the Redlich-Peterson model,

respectively) was sufficient to ensure a relative variation smaller than 1% for all of the considered
results.

Figure 2 depicts the (a) expected value, E, [Cle], (b) variance, V,, [Cle], (©)
skewness, 7, [C |M j], and (d) kurtosis ky, [C |M j], of the adsorbed concentration C versus the

initial solute concentration, C,, conditional to the Freundlich (black curve), the Langmuir (blue

curves) or the Redlich-Peterson (red curves) model. The corresponding multi-model statistical
moments are also depicted (purple curves). For all statistical moments of order larger than one we
also depict the within-model (dashed purple curves) and the between-model (dotted purple curves)
contributions. Figures 2c-d also include the mixed terms (dash-dotted curves, see definition in (8)-
(9)).

Overall inspection of Figure 2 shows that in each model all statistical moments (hence the
shape of the pdf) of C depends on C,. All centered SMs (see Figure 2b-d) are well approximated

by their within-model contributions, the between-model contribution for the variance being at least
an order of magnitude smaller than the within-model terms, and the between-model and mixed
terms for skewness and kurtosis being close to zero. As such, the uncertainty about the model (as
imbued in the variability of the center of mass of the pdfs of C) to describe the adsorbed
concentrations has a minor role on the ensuing uncertainty in C (as rendered through the centered
SMs here analyzed) than our lack of knowledge about the model parameters.

Figure 3a depicts indices AMAE . (black continuous curve) and AMAE - (blue curve)
together with the corresponding model-choice (red continuous curve) and parameter-choice
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(symbols) contributions as a function of C,. These results are complemented by Figure 3b,
depicting indices AMAE, - (black curve) and AMAE - (blue curve), which are obtained by

assuming that the Freundlich isotherm is associated with a unit weight (i.e., corresponding to a
single model approach). Figures 3c, d and Figures 3e, f show the corresponding results performed
for the Langmuir and Redlich-Peterson models, respectively.

Joint inspection of Figures 3a, c, e reveals that the parameter-choice contributions (linked to
parameter variability given a selected model) practically coincide with indices AMAE ; , the model-

choice contribution being at least one order of magnitude smaller than the parameter-choice
contribution. Comparison of indices AMAE, - and AMAE ¢ in Figure 3a reveals that the influence

of KF on the expected value of C is larger than that of n for all values of C, . This suggests that

the uncertainty of K™ has, on average, a stronger impact than that of n" on the mean of C. Figure
3c shows that K" influences the expected value of C to a greater extent than q. for low C,,

these two parameters tending to be equally influential as C, increases. Figure 3e shows that
indices AMAE - and AMAEﬁR are significantly smaller than AMAE, . and all three indices

decrease with increasing C,. One can also note that index AMAE,, (Figure 3a, c, €) and its

counterpart AMAE, (Figures 3D, d, f) display a similar trend when plotted versus C, . This result

suggests that for this unconstrained setting (where each model is associated with the same weight)
the uncertainty in the model parameters induces very similar contributions to the relative change of
the expected value of C, regardless of whether one relies on a multi- or a single-model approach.

Similar results have been obtained for indices AMAV,; (see Figure 4), AMAy,; (see Figure
A.1) and AMAK, (see Figure A.2).

3.2 Constrained case
Here, we perform our GSA after adsorption data become available and model parameters and
weights are estimated by means of model calibration. We term this as constrained case and diagnose
the influence of the residual (i.e., following model calibration) uncertainty associated with model
parameters on the statistical moments of C in the presence of various models.
We rely on the model calibration results of Bianchi Janetti et al. (2012) who estimate model
parameters through a Maximum Likelihood (ML) (see e.g., Carrera and Neuman, 1986) procedure

and (posterior) model weights W(M j) on the bases of the Kashyap (1982) model discrimination

criterion (KIC), allowing to consider (i) measurement error variance in the parameter estimation
process as well as (ii) conceptual model uncertainty (see e.g., Hoge et al., 2019; Moghadasi et al.,
2015; Bianch Janetti et al., 2012; Ye et al., 2004). Parameter estimates and posterior weights are
listed in Table 1. Consistent with the ML procedure adopted for model calibration, a Gaussian
density is associated with each model parameter, which is then characterized by its (estimated)
mean and standard deviation.

All our results are based on Npins = 100, a value that is consistent with the unconstrained case
and is sufficient to ensure a relative variation smaller than 1% for all of the considered results.

Table 1. Results of the ML model calibrations (from Bianchi Janetti et al. (2012)).

Model Parameter  Estimated Mean Standard Coefficient Model weight
Value Deviation of Variation

Freundlich KF 0.99 0.04 0.04 0.8851
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(10a) nF 0.26 0.05 0.19

Langmuir KL 0.28 0.41 1.46
(10b) o 2.86 0.09 0.03 0.0369
Redlich- KR 3.89 0.14 0.04
Peterson aR 3.28 0.16 0.05 0.0780
(10c) BR 0.79 0.01 0.01

Figure 5 is the counterpart of Figure 2 based on the ML model calibration results and
posterior model weights of Table 1. Figure 5a also includes the experimental data (black dots).

A striking feature of Figure 5a is the marked/modest relative differences observed for
low/high C, between the expected values of C resulting from the diverse interpretive models
considered. Note that such relative differences tend to be larger/smaller than those recorded for the
unconstrained case (see Figure 2a) for the lowest/largest values of C,. These features are

consistent with the observation that only few data are available for model calibration at low C, .

Comparison of V, [C|M j] and V[C] in Figure 5b and in Figure 2b reveals that both
quantities are smaller for the constrained than for the unconstrained scenario, with the exception of
Ve [C |M L]. This result is consistent with the reduced relative uncertainty (as expressed through

the coefficient of variation) associated with the parameter values estimated through model
calibration (with the exception of CV,.) with respect to their prior (or unconstrained) counterparts

(for which CV, =0.7). We further note that in the constrained case the between-model

contribution to V[C] can be of the same order of magnitude of (or even larger than) the

corresponding within-model contribution. The latter result is a consequence of model calibration
that causes a redistribution of the relative importance of the lack of knowledge about (a) model
parameters and (b) model structure on the variability of C.

The comparison of y,; [C |M j] in Figure 5c and in Figure 2c reveals a reduction of the

skewness of the pdfs of C as rendered by the Freundlich and Redlich-Peterson models (
Yo [C | M F] and 7 [C | M R] almost vanished in the constrained scenario), and an increase of

¥ [CIL] for the constrained respect to the unconstrained scenario. On the other hand, y[C]

(purple curve) is significantly larger (~ one order of magnitude) in the constrained than in the
unconstrained scenario. Figure 5c also indicates that the within-model contributions (dashed purple

curve) are dominant to y[C], followed by the mixed term (dot-dashed purple curve). The major

factor causing the dominance of the within-model contribution (see the first term in (8)) is the term
associated with the Langmuir model which, despite having a low model weight (= 0.0369), exhibits

a high ratio between V L[C|ML} and V[C]. This observation is sustained by the observed
similarity in the trend of 7, [C M L] and y[C], as a function of C, . A similar behavior emerges

also from the comparison of k,, [C |M j] and k[C] (see Figure 5d and Figure 2d), and is again due

to the dominance of the factor associated with the Langmuir model in the within-model contribution
in (9).
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Comparison of the sensitivity indices in Figure 6 with their counterparts in Figure 3 provides
an indication of the way the influence of each model parameter on the expected value of C, as
expressed in terms of AMAE; , evolves as information about the system under investigation are

acquired. Itis possible to note that (a) the parameter-choice contributions to AMAE,; in Figures 6a,

c, e are smaller than in the uniformed case (Figure 3a, c, €), as a consequence of the model
calibration procedure (with exception of the term associated with K"); and (b) the model-choice
contribution increases and becomes dominant for most of the parameters for low C,, in agreement

with the previously noted marked relative discrepancies between the E,, [C | Mj] for the three

considered models (see Figure 5). Results included in Figure 7 complement those of Figure 4 for
the constrained case. Comparison of these two sets of results clearly indicates that, following data

acquisition, the major factor contributing to each index AMAV,; tends to be the model-choice

contribution rather than the component associated with the parameter-choice contributions, a sole
exception being given by AMAV, .. Inspection of sensitivity indices grounded on the skewness,

AMAy,; (Figure A.3), and the kurtosis, AMAk,; (Figure A.4), provides results in line with those

for the expected value and the variance (see Appendix A).
Comparison of AMASM,; (Figure 6-7a, c, e ) and their counterparts AMASM,, (Figure 6-

7b, d, f) reveals that for the constrained case the influence of i-th parameter on the mean and
variance of C could either change markedly (when the model-choice contribution is the dominant
one) or only marginally (when the parameter-choice contribution is dominant) as a consequence of
considering only one or multiple models. These aspects are encapsulated, for example, in the results
depicting the behavior of (i) the Freundlich and Redlich-Peterson models, where the model-choice

contribution to AMAV,; is the most relevant component, or (ii) the results for K " in the Langmuir

model, where the parameter-choice contribution to AMAV, . is the dominant term. Similar results

are detected for the sensitivity indices grounded on the skewness and the kurtosis of the pdfs of C
(see Appendix A).
4. Discussion

The comparison of the importance of the model-choice and parameter-choice contributions
for the unconstrained and constrained cases highlights that: (a) in the former case, where all models
are associated with equal weight, the influence of the choice of the model on the statistical moments
of C are negligible with respect to the impact of the uncertainty of the model parameters; (b) in the
latter case, the variability of the first four statistical moments of C is more strongly controlled by the
residual lack of knowledge about the adequacy of each of the candidate models to interpret the
system rather than by the residual uncertainty about the estimated model parameters; (c) an
exception to the observed decreased influence of the parameter-choice contributions is noted with

reference to K-, whereas the quality of the estimate of this parameter is quite modest (i.e., the
corresponding coefficient of variation is higher than that considered for the unconstrained case, see

Table 1), thus leading to a strong sensitivity of the SMs of C to K" even as the Langmuir model is
associated with a low posterior model weight. From a practical perspective, these observations
suggest that the variability in the SMs of C here analyzed could be further constrained by: (i)
collecting additional data with the aim of reducing uncertainty associated with estimates of K" or
(i) excluding the Langmuir model from model set M, in light of its low model weight.

We note that the results could be impacted by considering diverse formats of the pdfs of the

parameters either in the unconstrained or in the constrained case (whereas we rely on a uniform and
Gaussian distribution, respectively). Diverse studies, performed in a single-model context, highlight
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the relevance of the choice of the parameters’ distributions on the results of a GSA (e.g., Paleari and
Confalonieri, 2016; Shin et al., 2013; Wang et al., 2013; Kelleher et al., 2011). Furthermore, it has
to be recognized that the results of the GSA here performed could also depend on the method
employed to estimate model weights (here we resort to the Kashyap (1982) model discrimination
criterion (KIC), as described in Section 3.2). It would then be of interest to analyze in future studies
the relevance of diverse choices for these elements within the context of multi-model GSAs.

For the sake of clarity in the interpretation of the results, we recall here that (a) the sensitivity
index in (1) corresponds to the (average) variation of a SM due to conditioning on a given
parameter in a given model while (b) formulations (7)-(9) allow quantifying the contribution to the
uncertainty of an output stemming from the model format and parameters. Thus, it is not surprising
that, for the constrained case here examined, even as the behavior of the multi-model skewness and
kurtosis of C (see Figure 5) (and, to a lesser extent, that of the multi-model variance) are clearly
dictated by the terms associated with the Langmuir model in the within-model contributions in (8)-
(9), it is yet possible that the major contributing factor to the sensitivity index for a parameter (e.g.,

BR or q#,) is the model-choice contribution.

From a physical perspective, the results for the unconstrained case suggest an overall major

relevance of parameter K! (with j = F, L, R) on the modeling goals. While this parameter is
associated with a different specific meaning depending on the model, it can be generally understood
as a constant of proportionality driving the intensity of the sorption process. As mentioned in
Section 1, we focus on the unconstrained case to gain insight about model functioning, and it is in
such a set-up that we can mitigate possible bias about parameter relevance associated with diverse
relative sizes of the pdfs’ supports (i.e., we impose the same coefficient of variation for each
parameter) and with diverse model weights (i.e., each model has the same weight). Otherwise,
results for the constrained case are more suited to guide further system investigations.

With reference to the numerical sampling scheme, we point out that the formulation in (1)
does not prevent the use of other, and possibly more efficient, sampling strategies, as compared to
the one we detail in Section 2.3. We further note that considering complex and computationally
expensive models might require reducing the computational burden by leveraging on the use of a
surrogate model, given the ability of the latter to successfully render the required statistical
moments (see e.g., Dell’Oca et al. 2017).

As a final remark, we note that it could be of interest to evaluate the way a (statistical)
moment of A is influenced by (a) a parameter (synthesizing some properties/features of the
investigated system) in cases where the latter appears in more than one model in M; or (b) diverse
conceptualizations and/or mathematical formulations of the various processes embedded in a model
of the system under investigation. These aspects might assist in exploring answers to questions of
the kind ‘to which processes are the statistical moments of A most sensitive? Is such a sensitivity
due to the uncertainty about process conceptualization or is it mainly due to parametric uncertainty
employed in our conceptualization of each process?’. We present the mathematical formulation
associated with these aspects in Appendix B and C, respectively. Comparisons of the present
methodology with other multi-model GSAs (e.g., Dai et al., 2017; Dai and Ye, 2015) will be the
subject of future studies, where we will consider the case where parameters appear in more than one
model in M (in the showcase introduced in Section 3 each of the parameters considered was
associated with a unique model), as well as the possibility that a model comprises processes for
which alternative conceptualizations are available (here, we consider a unique process, i.e.,
adsorption).

5. Conclusions

Our work leads to the following major findings.

1) We develop and illustrate sensitivity indices providing metrics for global sensitivity
across multiple interpretive models with uncertain parameters. We assess the sensitivity
of the first four statistical moments of a target quantity of interest ( A ) with respect to its
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variations related to the uncertainty in the model structure and associated parameters.
Our illustrative example demonstrates that a given parameter can be associated with
diverse degrees of importance, depending on the statistical moment of A considered.

2) Our (moment-based) sensitivity indices are structured according to two key components:
(a) a model-choice contribution, which takes into account the possibility of analyzing the
system of interest by taking advantage of various model conceptualizations (or
mathematical renderings); (b) a parameter-choice contribution, associated with the
uncertainty in the parameters of a selected model.

3) In the showcase example analyzed, involving three competing models to interpret
concentration of metal sorption on soil samples, C, the values of the proposed sensitivity
indices vary depending on whether we diagnose the system response prior to acquiring
data on C or after observing the outcomes of some experiments and performing
Maximum Likelihood models calibration with ensuing estimation of probability weights
related to each model. Our moment-based indices resulting from the latter setting (here
termed as constrained scenario) quantify the influence of the residual (i.e., following
model calibration) uncertainty associated with model parameters on the statistical
moments of C in the presence of multiple models.

4) Our results show that in the absence of conditioning on observations of C (here termed
as unconstrained scenario) all sensitivity indices are dominated by the variability in the
model parameters, contributions due to the various model conceptualizations being at
least of an order of magnitude smaller. Otherwise, conditioning on acquired C data
yields a decrease in the values of the sensitivity indices (a symptom of reduced relative
variability in the ensuing statistical moments of C) and an increases of the model-choice
contribution that could be of the same order of magnitude of (or even greater than) the
parameter-choice term. An exception to the latter observation is noted for indices
associated with parameters which estimates are characterized by poor quality.
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Appendix A. Sensitivity Analysis grounded on the Skewness and the Kurtosis of model output,
Unconstrained and Constrained Scenarios.

Figure A.la depicts AMAy, - (black continuous curve) and AMAy - (blue curve) together
with the corresponding model-choice (red continuous curve) and parameter-choice (symbols)
contributions as a function of C, for the unconstrained scenario. These results are complemented
by Figure A.1b, depicting indices AMAy, - (black curve) and AMAE - (blue curve), which are

obtained by assuming a unit weight (i.e., single model approach) for the Freundlich isotherm (10a).
Figures A.1c-Al.d and Figures A.le-f show the corresponding results obtained for the Langmuir
(10b) and Redlich-Peterson (10c) models, respectively. Figure A.2 depicts the collection of

companion results for AMAk,; and AMAK,, .

Joint analysis of Figures A.1-A.2 and Figures 2-3 reveals an overall similarity in the
sensitivity of the first four statistical moments of C with respect to (i) the parameters of each model,
either in the multi- or single-model context, and (ii) the (less relevant) contributions associated with
the model choice.

Figures A.3-A.4 are the counterparts of Figures A.1-A.2 for the constrained scenario,
respectively. Comparison of Figures 3.A - 4.A with Figures 6 - 7 indicates an overall similarity of
the sensitivity of the diverse SMs with respect to parameters- and the model-choice contributions.

Appendix B. Extension of the AMA sensitivity indices for the multi-model context when a
parameter appears within multiple models.

One can assess the influence that a parameter associated with multiple models can have on a
given statistical moment (SM) of an investigated quantity (A) in terms of the following indices

AMASM ., = D AMASM,, (B.1)
MigcoM )

where AMASM ; is given by (1). The key difference between AMASM ; and AMASM . is that
the former answers the question ‘how does the variability in a given parameter influence SM[A],

when we look at such a parameter only in model M 2> while the latter answers the question ‘how
does the variability in a given parameter influence SM[A], when we look at such a parameter

across the set of models within which it appears?”.

As such, index AMASMQJ allows quantifying the implications on SM of selecting model M’
(at the expenses of other models) and setting parameter ¢9ij to a given value. Otherwise,
AMASM o focuses on the diagnosis of the relevance of parameter 6 across a collection of
competing model alternatives within which 6, appears. Note that AMASMQM = AMASI\/IHij if 6 is
associated with only one model of the collection.

When SM[A] corresponds to the variance of A, it should be noted that AMAV@i differs from

the index SQ9i proposed by Dai and Ye (2015) and defined as
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S (2.B)

Index S‘9i quantifies the influence of Qij to A as the ratio between: (i) the expected change of the
variance of A for a given model, i.e., V,; [Al M j], due to the knowledge of parameter ¢9ij, as
averaged over all of the models in which 0ij appears; and (ii) the weighted-average (over the
diverse competing models in which Qij appears) of V,, [A|M j]. As such, AMAV‘9i and Soi
convey different information about the nature of the sensitivity of A with respect to Hij :

With reference to the showcase detailed in Section 3, it should be noted that index Sai in

(2.B) coincides with the well-known Sobol index, given that each parameter eii appears only in a
given model M’ and not across a set of models.

Appendix C. Embedding uncertainty of model processes within the AMA indices

The metric proposed in Section 2 (Eg. (1)) could be modified to evaluate the sensitivity of a
given statistical moment with respect to the possibility of rendering a process (or multiple
processes) involved in the model construction through a variety of alternative mathematical

formulations. In this context, each model, M in the set M is viewed as a union of diverse
processes, i.e.,

M =(qu (0“‘)) (C.1)
Here, P¥ is the k-th process and 0% is the vector of parameters relevant to the k-th process, as

rendered through the mathematical formulation associated with model M’'. As an example, a
subsurface solute transport model of an adsorbable compound could include a variety of processes
(e.g., adsorption, advection, hydrodynamic dispersion, distributed recharge, or others), each
characterized by its own set of parameters. All possible combinations of the identified model
processes give rise to the set of models M.

It is then possible to group such k mathematical formulations of a given process within
vector PX. One can quantify the influence of these various mathematical formulations of the
process on a target statistical moment (SM) of an investigated quantity (A) as

AMASM,, == w(MI){[sM[A]-SM. o, [AIMT ]+
model-choice contribution

~
~S MIPF P M
1 j j j
= > w(m ) > Egis | SMgis _pi [ AIMT[=SM_p o [AIM
~ MIPF P M ¥ M

parameter-choice contribution

(C.2)
Here, SM i« . [A| M ‘] is the selected statistic, which is evaluated considering variability in the

parameters of the k-th process in model M7, the variability associated with other processes
components, i.e., -P, having been averaged out; SM_,;« _p. [A| M j] Is the statistic conditioned

to parameter ¢9i“‘, of process PX and given M I the variability associated with the remaining
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parameters of P¥ given M’ having been averaged out (as well as the one linked to other
processes, i.e., —P¥, in model M ).

Note that it is still possible to distinguish between (a) a contribution due to variability in the
conceptualization (or mathematical rendering) of a process and (b) a contribution determined by the
lack of knowledge about the parameters appearing in the mathematical formulation of the process.
The former or the latter contribution vanishes if the mathematical model of the k-th process or its
parameters are deterministically known, respectively.

Figure D.1 depicts a sketch of the overall concept underpinning index AMASM_. when only

two processes (i.e., k = 1, 2) are considered. Three conceptualizations of process P* are considered,
each characterized by two parameters affected by uncertainty. Otherwise, only one

conceptualization is considered for process P2, whose parameters are taken to be deterministic.
This gives rise to three distinct models. Note that values of SI\/Iaj,k _pt [A| M J} for k = (1, 2)

coincide in this example, because P2 is deterministically known.
One can then visualize the nature of the various contributions to index AMASM_ through

the depiction of Figure C.1 When considering, for example, index AMASM ., we observe that: (i)

the sum of the distances between SM[A] and Sng,l _pt [AI M J} (dark purple double pointed

arrow) across models M J corresponds to the model-choice contribution; (ii) the weighted sum over
the models M ! of the averaged distances between SMyix _pt [AI M ’J and SM_,;; . [A| M ‘1

(dark and light blue, green and yellow double pointed arrows for parameters ﬁlj'l and ¢J* in model

Ml, M 2, and M3, respectively) corresponds to the parameter-choice contribution. We remark
that, even as we consider only one conceptualization (here with deterministic parameter(s)) for

process PZ, there is still a model-choice contribution (as quantified by the black double pointed
arrows in Figure 1.C) which reflects the observation that A is determined by the interaction of

processes P! and P?.
In case SM[A] corresponds to the variance of A (i.e., SM[A] = V[A]), it should be noted

that AMASM . differs from the index Sy proposed by Dai et al. [2017], which reads

LS Vye_p (519
P o VAl | 3

The latter identifies the most influential process as the one leadings to the highest reduction of
the overall variance of A. As such, it is a metric focusing on apportionment of uncertainty (due to

variability in model process conceptualization). Otherwise, index AMASMy. is keyed to

quantifying variability in a given statistical moment of A, highlighting the contribution due to
uncertainty in the process conceptualization and in the process parameter(s). It is then clear that

AMASMc and PS, provide different information and could potentially be jointly used to assist

comprehensive sensitivity analyses, a topic which is the subject of a future study.
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With reference to the showcase detailed in Section 3, the evaluation of (C.2) and (C.3) would

be of very limited interest, given that each model M encompasses only one process (i.e.,
adsorption).



934 Figures
935

Parameter-choice contribution, i.e., averaged variation of SM,! [A|M]
associated with the parameter uncertainty.

SM[A]
>@ <

Model-choice contribution, i.e., variation of SM[A] due
to the model system choice.

936
937  Figure 1. Sketch of the overall concept underpinning the sensitivity indices in (1), considering the
938  generic statistical moment SM for the quantity of interest A. For ease of illustration we consider

939  only two interpretative models, M* and I\/IZ, with corresponding model weights w(Ml) and W(M2
940 ). Each model has a set of two uncertain parameters, i.e., (4!, 6;) for M, and (&7, @2) for M, .

941 SM[A], SMg |A[M ] and SM. , [ A|M | with j =(1, 2) and i = (1, 2) correspond to the
942  ensuing SM evaluated in a multi-model context, evaluated considering uncertainty in all the

943  parameters of model M’ and evaluated considering uncertainty in all the parameters of model M j
944  except @ .

945
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Figure 2. Unconstrained scenario, a) expected value, (b) variance, (c) skewness, and (d) kurtosis,
of the adsorbed concentration C versus the initial solute concentration, Cy, conditional to the
Freundlich (black curve), the Langmuir (blue curves) and the Redlich-Peterson (red curves) model.
The corresponding multi-model statistical moments are also depicted (purple curves). For all central
statistical moments the within-model (dashed purple curves) and the between-model (dotted purple)
contributions are also depicted. Figures 2c-d also include the mixed terms (defined in (7)-(8)).
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971  Figure 3. Unconstrained scenario. Sensitivity indices (1) associated with the expected value of C
972 for the multi-model context versus C, considering (a) the Freundulich (AMAE, -, black

973  continuous curve, and AMAE -, blue continuous curve); (c) the Langumir (AMAE,., black

974 continuous curve, and AMAE ., blue continuous curve); (€) the Redlich-Peterson (AMAE, .,

975  black continuous curve, AMAE ., blue continuous curve, and AMAE . , green continuous curve).

976  For each index the corresponding (i) parameter-choice contribution (symbols) and (ii) the model-
977  choice contribution (red curves) are also depicted. The counterparts for the single-model context are
978  depicted for (b) the Freundulich, (d) the Langumir and (f) the Redlich-Peterson model.
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Figure 4. Unconstrained scenario. Sensitivity indices (1) associated with the Variance of C for the
multi-model context versus C, considering (a) the Freundulich ( AMAE, -, black continuous curve,

and AMAE ¢, blue continuous curve); (c) the Langumir ( AMAE

KF?
«t» black continuous curve, and
AMAEqL, blue continuous curve); (e) the Redlich-Peterson (AMAE, -, black continuous curve,

AMAE ., blue continuous curve, and AMAE e green continuous curve). For each index the

corresponding (i) parameter-choice contribution (symbols) and (ii) the model-choice contribution
(red curves) are also depicted. The counterparts for the single-model context are depicted for (b) the
Freundulich, (d) the Langumir and (f) the Redlich-Peterson model.
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Figure 5. Constrained scenario, (a) expected value, (b) variance, (c) skewness, and (d) kurtosis, of
the adsorbed concentration C versus the initial solute concentration, Cy, conditional to the
Freundlich (black curve), the Langmuir (blue curves) and the Redlich-Peterson (red curves) model.
The corresponding multi-model statistical moments are also depicted (purple curves). For all central
statistical moments the within-model (dashed purple curves) and the between-model (dotted purple)
contributions are also depicted. Figures 5¢-d also include the mixed terms (defined in (7)-(8)).
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Figure 6. Constrained scenario. Sensitivity indices (1) associated with the expected value of C for
the multi-model context versus C, considering (a) the Freundulich (AMAE, -, black continuous

curve, and AMAE -, blue continuous curve); (c) the Langumir ( AMAE, . , black continuous curve,

and AMAE ., blue continuous curve); (e) the Redlich-Peterson (AMAE,., black continuous
curve, AMAE -, blue continuous curve, and AMAE ., green continuous curve). For each index

the corresponding (i) parameter-choice contribution (symbols) and (ii) the model-choice
contribution (red curves) are also depicted. The counterparts for the single-model context are
depicted for (b) the Freundulich, (d) the Langumir and (f) the Redlich-Peterson model.
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Figure 7. Constrained scenario. Sensitivity indices (1) associated with the Variance of C for the
multi-model context versus C, considering (a) the Freundulich ( AMAE, -, black continuous curve,

and AMAE ., blue continuous curve); (c) the Langumir ( AMAE, . , black continuous curve, and
AMAEqL, blue continuous curve); (e) the Redlich-Peterson (AMAE, -, black continuous curve,

AMAE -, blue continuous curve, and AMAE o0 green continuous curve). For each index the

corresponding (i) parameter-choice contribution (symbols) and (ii) the model-choice contribution
(red curves) are also depicted. The counterparts for the single-model context are depicted for (b) the
Freundulich, (d) the Langumir and (f) the Redlich-Peterson model.
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Figure A.1. Unconstrained scenario. Sensitivity indices in (1) associated with the skewness of C
for the multi-model context versus C, considering (a) the Freundulich (AMAy, ., black

continuous curve, and AMAy ., blue continuous curve); (c) the Langumir (AMAy, ., black
continuous curve, and AMA}/qL , blue continuous curve); (e) the Redlich-Peterson ( AMAy,« , black

continuous curve, AMAy ., blue continuous curve, and AMAy -, green continuous curve). For

each index the corresponding (i) parameter-choice contribution (symbols) and (ii) the model-choice
contribution (red curves) of each model, are also depicted. The counterparts for the single-model
context are depicted for (b) the Freundulich, (d) the Langumir and (f) the Redlich-Peterson model.
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Figure A.2. Unconstrained scenario. Sensitivity indices in (1) associated with the kurtosis of C for
the multi-model context versus C, considering (a) the Freundulich ( AMAK, -, black continuous

curve, and AMAK ., blue continuous curve); (c) the Langumir ( AMAK, . , black continuous curve,

and AMAqu , blue continuous curve); (e) the Redlich-Peterson ( AMAK, - , black continuous curve,

AMAK -, blue continuous curve, and AMAK - , green continuous curve). For each index the

corresponding (i) parameter-choice contribution (symbols) and (ii) the model-choice contribution
(red curves) of each model, are also depicted. The counterparts for the single-model context are
depicted for (b) the Freundulich, (d) the Langumir and (f) the Redlich-Peterson model.
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Figure A.3. Constrained scenario. Sensitivity indices in (1) associated with the skewness of C for
the multi-model context versus C,, considering (a) the Freundulich (AMAy, -, black continuous

curve, and AMAy -, blue continuous curve); (c) the Langumir ( AMAy, ., black continuous curve,
and AMA}/qL , blue continuous curve); (e) the Redlich-Peterson ( AMAy, - , black continuous curve,

AMAy ., blue continuous curve, and AMAY -, green continuous curve). For each index the

corresponding (i) parameter-choice contribution (symbols) and (ii) the model-choice contribution
(red curves) of each model, are also depicted. The counterparts for the single-model context are
depicted for (b) the Freundulich, (d) the Langumir and (f) the Redlich-Peterson model.
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Figure A.4. Constrained scenario. Sensitivity indices in (1) associated with the kurtosis of C for
the multi-model context versus C, considering (a) the Freundulich ( AMAK, , black continuous

curve, and AMAK -, blue continuous curve); (c) the Langumir ( AMAK, . , black continuous curve,

and AMAqu , blue continuous curve); (e) the Redlich-Peterson ( AMAK, - , black continuous curve,

AMAK «, blue continuous curve, and AMAK ;. , green continuous curve). For each index the

corresponding (i) parameter-choice contribution (symbols) and (ii) the model-choice contribution
(red curves) of each model, are also depicted. The counterparts for the single-model context are
depicted for (b) the Freundulich, (d) the Langumir and (f) the Redlich-Peterson model.
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Summation over the (averaged) variability due to lack of knowledge about process | parameters gives the parameter-choice contribution.

—
=
—_
T D
N T
=
—_—
g
—_

SM 4.

T
—
=3
=
[I—

-t
w2
< %
5y
s
=
<

S

Process 2 has deterministic parameters, the only
contribution is the process model-choice (i.e., summation
of black arrows weighted by each model weight)

Summation of the purple arrows (weighted by each model
weight) is the model-choice contribution for process 1.

Figure D.1. Sketch of the overall concept underpinning the sensitivity indices AMASM in (B.2)
, considering the generic statistical moment SM for the quantity of interest A. For ease of

illustration we consider only two processes, i.e., PX with k = (1, 2). Three distinct

conceptualizations for process P! are considered, each characterized by two parameters, i.e., i = (1,
2), affected by uncertainty, i.e., . Otherwise, only one conceptualization is considered for

process P2, whose parameters are taken to be deterministic. This gives rise to three distinct
models, i.e., j = (1, 2, 3), each with its model-weight, i.e., w(M j). SM[A] is the ensuing SM once
uncertainty in all processes and associated parameters has been accommodated;
SM gik . pik [A| M ‘] is the target SM once uncertainty in the parameters of the k-th process in

model M; has been accommodated, the variability associated with other process components

having been averaged out; SM. i . pix [A| M J} is the target SM conditioned to @1* of process

P¥ and given M I while the variability associated with the remaining parameter of p¥ given M;
has been averaged out.
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