Optimal control for stochastic Volterra equa-
tions with multiplicative Lévy noise
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Abstract. This paper is devoted to the analysis of an optimal control
problem for stochastic integro-differential equations driven by a non-
gaussian Lévy noise. The memory effect in the equation is driven by
a completely monotone kernel (thus covering, for instance, the class of
fractional time derivative of order less than 1).

We suppose that the control acts on the jump rate of the noise.
We show that this allows to tackle the problem through a backward
stochastic differential equations approach, since the structure condition
required by this approach is naturally satisfied. We solve the optimal
control problem of minimizing a cost functional on a finite time horizon,
with both running and final costs. We finally prove the existence of a
weak solution of the closed-loop equation and we construct an optimal
feedback control.
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1. Introduction. Statement of the problem

The main aim of this paper is to extend the theory developed in the context
of classical optimal control for diffusion processes -constructed as solutions
to stochastic differential equations of Ito type driven by Browian motion- to
the framework of the processes costructed as solutions of stochastic integro-
differential equations driven by a non-gaussian Lévy noise. The majority of
those results requires that only the drift coefficient of the stochastic equation
depends on the control parameter, see e.g. [29]. Generally, in this case the
laws of the corresponding controlled processes are all absolutely continuous
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with respect to the law of a given, uncontrolled process, so that they form a
dominated model.

In the present paper we adopt a similar framework. We start by describ-
ing our setting in an informal way.

Let H be a real separable Hilbert space endowed with the Borel o-field
. Let {L¢, t > 0} be a pure jump Lévy process on a filtered probability space
(Q,F,{Ft}t>0,P) where {F;};>0 is the completed, right-continuous filtration
generated by the Lévy process (see Section 2). Denote with 7(d¢,d€) :=
mw(dt,d€)(w) — v(d€) dt its compensated Poisson random measure under P
with compensator given by v(d¢)dt.

We denote with U the space of controls, which we assume be equal to
a countable union of compact metrizable subsets of itself, for example R or
N. We write A for the space of the admissible controls v which are {JF;}4>0-
predictable processes taking values in U.

We introduce a function r : [0,7] x H x H x U —]0, oo[, and define the
measure P? through the Dolans-Dade exponential

dapP” ¢
o = exp [ o 5620 = D (s, d6) — i)

- / / (1 (5, 11, £,78) — 1 — In(r(s, ug, €, 74))) 7(ds, dé)
0 JH\{0}

Under suitable assumptions on r (for instance if r is positive and uni-
formly bounded), this defines a true probability measure P? equivalent to IP.
By Girsanov’s theorem the compensator of 7 under P7 is given by v7(d¢, dt) :=

T’(t7 Ut Ea ’Yt)V(dE) dt.
We are concerned with the following controlled stochastic integral Volter-
ra equation under P?

d t
dt J o

— Au(t) + / Bt € ut)) (r(t e, €,7) — 1) w(d€)
H\{0}

a(t — s)u(s)ds

(1.1)
+ / Ot 6 u(t) (A ), >0
H\{0}

u(t) =ug(t), t<0

where a is a completely monotone kernel and A is a m-dissipative operator
defined on a domain D(A) C H and

7Y (dt, d€) := mw(dt,dE) — r(t,ue, &, ve) v(dE) dt

is the compensated Poisson random measure under P7.

In the equation, the function ) is a Lipschitz continuous function in
uniformly in ¢ € [0,7] and £ € H. The past of the system up to time ¢ = 0 is
a given function wug(s) which satisfies certain regularity conditions; a precise
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statement of all the assumptions concerning the memory terms is given in
Section 3.

The aim is to choose a control process 7y, within a set of admissible
controls, in such way to minimize a cost functional of the form

T
J(uo,7) = E [/O U(t, u(t),y(t) dt + g(u(T)) (1.2)

where E7 denotes the expectation under P7, T > 0 is a given deterministic
finite horizon and [, g are given real function, representing the running cost
and the terminal cost, respectively.

Remark 1.1. Under the probability P, equation (1.1) becomes
d t
it J o

4 / Bt & u(t)) (1t ug, €,7e) — 1) w(d€) dt
H\{0}

a(t — s)u(s)ds = Au(t)

4 / Bt €, ult)) (n(dt, d€) — r(t,ur, & 7)) v(de) dr, D)
H\{0}

=Au(t) + / Bt € ult) 7(dt,dE) >0
H\{0}

u(t) =uo(t), t<0

This means that we have a reference dynamics for u under the reference
probability P and we can add a drift to the dynamics of u, in probabilistic weak
sense. Using Girsanov’s theorem, this corresponds to a change of measure. So
we can formulate the control problem in an alternative way by considering
a control which affects the probability measure directly. The function r, the
controller, modifies the measure P under which our system evolves, replacing
it with the measure P7. By Girsanov’s theorem, the compensator of 7 under
P7 is given by v7(d&, dt) := r(t, us, &, v )v(d€) dt. Therefore, our controller is
effectively modifying the solution u by modifying the drift and the jumps (by
controlling both the intensity and the amplitude) of the noise.

There has been recently a large interest in the analysis of Kolmogorov’s
equations associated to path-dependent stochastic differential equations,
mainly motivated by the applications to optimal control problems [21, 22, 31,
23]. These papers deal with functional Kolmogorov’s equations associated to
forward-backward stochastic functional equations, i.e., equations with path-
dependent coefficients. This approach allows to study non-Markovian control
problems, where the state of the system and the control are allowed to depend
on the past [22].

However, in the analysis of equation (1.1), it is possible to associate to
the solution a Markovian system, thus the associated Kolmogorov’s equation
can be solved via a (classical) system of forward-backward stochastic differ-
ential equations. This Markovian representation of the solution, that is called
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state space setting, follows the classical ideas first introduced in [40, 28] and
recently revised, for the stochastic case, in [32, 10, 7]. According to this ap-
proach, the original equation (1.1) is shown to be equivalent to an equation
in a (different) Hilbert space X:

du(t) = Bo(t) dt+

+(-B)P Pu(t, & 0(t) (r(t, Jo(t),§,7(8)) — 1) v(d€)dt
H\{0}

(- B)P / 6t €, 0(1) 77 (d, dE),
H\{0}

u(t) = Ju(t) t € (0,7).

(1.4)
As opposite to other reformulations of functional equations, the state
space setting does not have an intuitive interpretation of the transformed
equation.
On the Hilbert space X, the internal state of the system at time ¢ is recorded
into a random variable v(t). The operator B : D(B) C X — X which governs
the evolution from past to future, is related to the Laplace transform of the
state equation rather than its value in the space H. What makes this approach
more powerful is that B generates an analytic, strongly continuous semigroup
on X, which allows the use of the tools of interpolation theory. P : H — X
is a linear operator which acts as a sort of projection into the state space X.
The core of this approach is the existence of the linear operator J : D(J) C
X — H which maps the solution of the state equation (1.4) into the (unique)
solution of (1.1). A precise statement of the definitions and results that we
need will be given in Section 3; for further details see [32, 10]. Therefore, once
we prove the existence of a solution of the state equation, with a little effort
we also get the existence of a solution of the Volterra equation (1.1).

Remark 1.2. There is a huge literature concerning integro-differential equa-
tions; see, for instance, the monograph [47]. Other semigroup approaches have
been developed, too, among them the history function approach, which also
appears in the study of stochastic equations (see, for instance, [9, 19]). In
general, stochastically perturbed problems have been treated with the aid of
the resolvent operator; compare, for instance, the paper [13]. However, this
approach misses the semigroup property and cannot be applied here.

The existence and uniqueness of the solution of the equation (1.4),
which, by the equivalence of the formulation between the two problems, trans-
late into an analog result for the equation (1.1), are contained in Section 4.
Let us remark that equation (1.4) contains an unbounded operator in the
stochastic term. This introduces some further technical difficulties; here, we
follow the approach of [7, 8, 20] to the case of a pure jump Lévy noise.
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Remark 1.3. Classically, in the literature, diffusion term driven by unbounded
operators arise in very distant fields, e.g., the analysis of Zakai equation
[39, 43], or stochastic equations with boundary noise [25, Chapter 11].

Given the Markovian solution of (1.4), we can translate the original
control problem in the state space setting. Here we have to minimize the cost
functional

T
(vo,7) =E7 jg U(t, Ju(t), ~()) dt + g(Jo(T)) (15)

where we use the linear operator J in order to express the cost functional
(1.2) in terms of the state v.

We can proceed to find the solution of the optimal control problem
by using the forward-backward system approach, well-known in the diffusive
case (see e.g. [48]. It is worth noting that the connection between BSDEs and
optimal control has been fundamental since the early work of Bismut [5].)

On the filtered probability space (Q2, F, {F+ }+>0,P) we consider the equa-
tion

dv(t) = Bo(t)dt + (I — B)P /H\{O} Wyt € v(t)) 7 (dt, ),
(1.6)

u(t) = Jo(t) t € (0,77

to which we associate the backward stochastic differential equation P-a.s.

Y, + / /H\{O} (ds,d§) = g(vr) /fsJUS, Z,())ds, telo,T],
(1.7)

with unknown processes (Y3, Z;)ieo, 7). The generator f is the Hamiltonian
function related to the above problem (1.5), defined in the usual way (see
e.g. [15], Chapter 21)

Mmegﬂ@wm+Am&wwmmwum%.
(1.8)

Remark 1.4. This type of equation was first considered by Pardoux and Peng
[44] in the diffusion case with a finite-dimensional Brownian motion. Since
then, many generalizations have been considered, see in particular [29, 30, 11]
where the Wiener process was replaced by more general continuous processes.
Also the case where both the diffusion and jump term are present has been
considered, see e.g. [53, 4]. A notable extension to the case of a probability
space endowed with a general filtration (instead of the filtration generated
by the Brownian motion) has been presented in [14].
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Under our assumptions on [, g and r, the Hamiltonian function is Lip-
schitz continuous and the backward stochastic differential equation (1.7) ad-
mits a unique solution (see Proposition 5.4) (Y, Z) which are Borel measur-
able functions of (¢,v), as they come from the solution of a Markovian back-
ward stochastic differential equation. Our main result, Theorem 5.5, proves
that under appropriate assumptions the optimal control problem has a solu-
tion and that the value function and the optimal control can be represented
by means of the solution to the backward stochastic differential equation
(1.7).

Finally we address the problem of finding a weak solution to the so-called
closed loop equation. If we assume that the infimum in (1.8) is attained, we
can prove that there exists a measurable function 7 of ¢, v such that

f(tv,2) =1t J(v),7(t,v)) +/ (&) (r(s, Jv, §,7(t,v)) — 1) v(dg).
H\{0}

The closed loop equation is

do(t) = Bo(t) dt+

+(I-B)P /H\{O} Byt €, 0(t)) (r(t, To(t), €7 (t, v0) — 1) v(d€)dt

+(I - B)P /H\{O} Yyt & v(t)) 77 (dt, dE),

u(t) = Jo(t) t € (0,7T].

(1.9)
We prove that there exists a weak solution of the closed loop equation and
we construct an optimal feedback control: if v is a solution to (1.9) and we
set v¥ = 7(s,v(s)), then J(vo,7*) = Yo, and consequently v is an optimal
state, v¥ is an optimal control, and ¥ is an optimal feedback.

1.1. Motivation of the problem

The analysis of problems which take into consideration the past history of
the system have been stimulated by the applications to many physical phe-
nomena, in viscoelasticity, heat conduction in materials with memory, elec-
trodynamics with memory [47]; further, memory terms naturally enter in the
description of other natural (e.g., epidemiological models [49]), social (e.g.,
population dynamics [34]) and economical (e.g., financial markets with sto-
chastic volatility [12]) phenomena. Of a similar shape, but arising from differ-
ent motivations, are fractional diffusion equations D*u = Au + f(u), which
extends the parabolic diffusion equation to model long range dependence of
the solution [2]. Since uncertainty is often an important characteristic of the
models, the introduction of a stochastic term is a necessary step in their
formulation. Empirical data from many phenomena suggest that Brownian
motion is often not an effective process to use in their models. For instance,
the classical Black-Scholes model does not fit well with the data, and it is
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necessary to adjust any price obtained from the Black-Scholes model in order
to be realistic. There are several models based on Lévy processes that offer
better model fit, since Lévy processes give a very wide modeling freedom [51].
In the applications, an important procedure in the analysis of a system is the
introduction of an optimal control (for several examples of application in the
study of heating processes, see the standard monographs by Lions [36] or
Troeltzsch [54].) Despite the interest in modeling the noise in such systems
through a Lévy-type one instead of a Gaussian one, which has motivations
in all the areas which have been mentioned, apparently there were no efforts
in the literature to study this problem.

Example 1.5. In this example, we discuss a model of cash flow with con-
sumption. Let u(t) denotes the cash amount at time t¢. If we assume the
presence of memory effects in the economic process, a typical model in the
literature requires the introduction of fractional order derivatives [50, 35].
Here we consider the left sided Riemann-Liouville fractional derivative:

1 ar [t
DY) = — — t— n—a—1 d
FH0) = oy (e ) ds
where n is the smallest integer larger than o and I'(z) is the Gamma function.
We assume that u(t) follows the stochastic fractional equation

Difu(t) = A(t)ul(t) + / C(t, z)N(dt,dz)
R\{0}

(for similar models, compare [41, 42]). Suppose that the consumption rate
~(t) influences the growth of u(¢) by affecting the intensity measure of the
jumps. By Girsanov’s theorem, we know that this is equivalent (in the sense
of weak solutions) to add a drift to the dynamics of u(t). In this setting, the
consumer may want to maximize the combined utility of the consumption up
to the terminal time 7" and the terminal wealth. Then the problem is to find
~(t) such that the expected utility

T
J(v) =E" /0 1(t,~v(t)) dt + g(u(T))

is maximal (I and g are given utility functions).

2. Stochastic integration for Lévy processes

In this section we recall some basic results concerning Lévy processes. For a
thorough presentation and additional material on Lévy processes we refer to
[45].

We are given a complete probability space (2, F,{F, t > 0},P) that
satisfies the so called usual assumptions: F; contains all null sets of F, for ev-
ery t > 0, and the filtration is right-continuous. The o field of F;—predictable
sets in [0, 7] x © will be denoted by P.
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Recall that by definition L = {L(t), ¢t > 0} is a (cadlag) Lévy process
on the Hilbert space H if L(0) = 0, L is stochastically continuous and it
has stationary, independent increments. It is known (compare for instance
[45, Theorem 4.3]) that every Lévy process has a cadlag modification. Notice
that Brownian motion with drift is the only Lévy process with continuous
paths.

We associate to L(t) the process of jumps X; = AL(t) = L(t) — L(t7) =
L(t) — lggg L(s). The random counting measure

Ny(B) = n((0,t] x B) ZIB (AL(s B e B(H\ {0})

is called the Poisson random measure of the process L. The intensity measure
v associated to the process L under the probability P is the measure

v(B) = E[N1(B)].

v is a measure that is finite on sets separated from 0 and satisfies (see [46,
Theorem 4.23])

| W A vvidy) < oo
H
The (family of) random measures
7([0,t] x B) = m([0,t] x B) —tv(B), t>0, BeB(H\{0}),

is called the compensated Poisson random measure.
From this point on we shall assume that

L is a pure jump process with finite first moment E[|L(¢)|] < co and

intensity measure v that is supported by the ball Bg(0), (2.1)

hence its Lévy exponent is given by

w(x) B ‘/{U|<R} (1 B ei(w’y> + l<x’ y>) V(dy)

and the process is identified by the formula

L(t) /Ot /H\{O}ffr(ds,df).

In order to define stochastic integrals with respect to the compensated
Poisson random measure 7(dt, d¢), we introduce the space

L2 =L*[0,T] x Q2 x H,P®H,dtdPdv)

which is the space of P ® H-measurable functions ¢ (w, s,£) on Q x [0, T] x H
with values in H such that

E 20(dé)d .
AWLNJMM)(Ot<m
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Then the It6 stochastic integral

/[O,T] /H\{O}w(af) (dt,de¢) /[O’T] /H\{O}qp(t,g) (dt, d¢)
- / / W(t, &) v(d€)dt
[0.7] /H\{0}

is a linear bounded operator from £ 1 into L*(Q, I, P).

Remark 2.1. The stochastic integral is defined as the difference of ordinary
integral with respect to w(d¢,d¢) and v(d€)dt.

The following Bichteler-Jacod inequality for Poisson integrals (see for
instance [38, Lemma 3.1]) will result useful in the sequel.

Proposition 2.2. Ify € LV T, then one has

/Ot /H\{O} §)lds dg = CE/O ) /H\{O} s 6P v(de)ds

2.1. Girsanov’s change of probability formula

E sup
te[0,T]

In the sequel, we shall be dealing with more than a probability measure on
the filtered space (2, F,{F;}). For the sake of clearness, we recall some basic
facts about change of measure theorem.

Let Z = {Z(t), t € [0,T]} be a positive martingale of the form

Z(t) = exp [ / /H Y5 = D (5,9 —v(ag) as

—/ / (Y(s,6) —1—1In(Y(s,£))) n(ds,dE)
0 JH\{0}

for a measurable, non-negative, deterministic process Y satisfying

// Y (s,&) — 1) v(d€)ds < oo, 0<t<T. (2.2)
H\{O}

Then we can define a measure P¥ on the space (92, F, {F;}) using the Radon-
Nikodym derivative

dPY
— =Z(T).

The measure PY is equivalent to P on the space (Q, T, {F;}), i.e., PY (4) =0
if and only if P(4) =0 for all A € F.
Recall that under the measure P, the process L has the canonical form

L(t) = / /H |y € 45,9 —vid©)ds.
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Then we have that
V¥ (ds, d€) = Y (s,€) v(d€) ds

is the PY compensator of 7(ds,d¢) and L has the following canonical decom-
position under PY:

L(t) = / /H 1 S (5.9 = 1) (s

+/0 /H\{O}§ [ﬂ(ds,d«f) -V (dS,df)] . (23)

Remark 2.3. We can give a heuristical interpretation of formula (2.3). If the
original Lévy process L(t) experiences a jump & at time ¢ with probability

%, then the transformed process jumps at the same time ¢ and the size

of the jump is £ but with probability %.
m\foy ¥ (%

Notice that the random measure of jumps of L did not change under
the change of measure from P to PY. That happens because 7 is a paths
property of the process and do not change under an equivalent change of
measure. Intuitively speaking, the paths do not change, the probability of
certain paths occurring changes.

3. The state space setting. Statement of the results

In the past years an important approach to the analysis of equations with
memory was provided by Desch and Miller [28] for deterministic Volterra
equations arising in linear viscoelasticity, see also [27, 52], and further devel-
oped by several authors also in the stochastic case, see [32, 7, 8, 10].

This approach introduces a state v(t) of the system, which contains
all information about the solution up to time t required to predict the fu-
ture development. The state of the system is then governed by an abstract
differential equation in a large Hilbert space.

In the following, we shall apply this technique to the analysis of problem
(1.1). In order to avoid some technicalities, we discuss in this section the
equation

g /_m alt = s)u(s) ds = Au(t) + f(H), >0 o)

u(t) = uo(t), t<0

Here we state the assumptions on the kernel a, the operator A and the
initial condition wg which also apply to equation (1.1).

Hypothesis 3.1. A: D(A) C H — H is a sectorial operator in H. Thus A
generates an analytic semigroup et . Interpolation and extrapolation spaces
H, of H will always be constructed with respect to A.
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Hypothesis 3.2. The convolution kernel a : (0,4+00) — R is completely mono-
tone with Bernstein measure v. Furthermore, a satisfies

1. a(0+) = oo, equivalently f[o 00) v(dk) = oo;
2. L)T a(t)dt < oo for all T € (0, 00), equivalently: f[o NGRS D' v(dr) <
-

’

3. there exists w, € (0,7 — wa) such that for all s € C* we have sa(s) €

Y, s
4. the coefficient a(a) (first introduced in [32] to measure the singularity
of a at t =0+)
o 1
ala :sup{pgl : / §P2 ds<oo} (3.2)
: T
satisfies
1
ala) > 7 (3.3)

Remark 3.3. A classical example of equations arising from physical appli-
cation having the form (3.1) are those governed by a fractional order time-
derivative. Recall that the Riemann-Liouville derivative of order o € (0,1) is
defined by

1 d [
DYf(t) = =—— t—71)"¢ dr.
1) = 5=yt [ =7 )
The kernel a(t) = rg—4yt ™ satisfies Hypothesis 3.2: it is completely mono-

tone, and since a(s) = s~ ! it follows that a(a) = «, provided we choose
o > % (in order to satisfy condition (4)).

Hypothesis 3.4. The initial condition ug belongs to the space of admissible

initial conditions X

x={oi w0 m

there exist M > 0 and w > 0 such that |(t)] < Me“t} .
We shall further assume that there exist n > 1_‘;‘(“), € > 2;{(1) and p > 2n
such that uo(0) belongs to H. and there exist My > 0 such that |ug(—t) —
uo(0)] < M|t|?* for all t € [—1,0].
Definition 3.5. A function {u(t), t € [0,T]} is a weak solution of (3.1) if it
belongs to L?([0,T]; H) and for any z € D(A*) it satisfies the identity

¢ 0
/ (a(t — s)u(s), z)pds = (/ a(—s)uo(s)ds, z)

— 00 — 00

—l—/o <A*z,u(s)>Hds—|—/0 (z, f(8))mds. (3.4)

We quote from [10] the main result concerning the state space setting
for stochastic Volterra equations in infinite dimensions.
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Theorem 3.6 (State space setting). Let A, a, a(a) be given above and sat-
isfying Hypotheses 3.1, 3.2, 3.4; choose numbers n € (0,1), 8 € (0,1) such
that

n> %(1 “afa)), O< %(1 tala), 0-n> % (3.5)

Then there exist
1. a separable Hilbert space X (the state space) and an isometric isomor-
phism Q : X — X,
2. a densely defined sectorial operator B : D(B) C X — X generating an
analytic semigroup e*B with growth bound wy,
3. its real interpolation spaces X, = (X, D(B))(p,2) with their norms | - |,,
4. linear operators P: H — Xg, J : X;) — H

such that the following holds: the analysis of problem (3.1) can be reduced to
that of the evolution equation

{ v'(t) = Bu(t) + (I — B)P£(t)

0(0) = v = Quo (3.6)

in the sense that if ug € X and v(t;vg) is the weak solution to Equation
(3.6) with vo = Quog, then u(t;ug) = Ju(t;vg) is the unique weak solution to
Problem (3.1).

Remark 3.7. According to Lemma 3.16 in [10], the second part of Hypothesis
3.4 implies that vo = Quo € Xj,.

4. The state equation

In this section we prove the relevant existence result for the solution of equa-
tion (1.1)
d [t
dt J o
u(t) = up(t), t<0

a(t — s)u(s)ds = Au(t) + /H\{O} P(t, & u(t)) dL(t), t>0

(1.1)
in the framework described above. Thus, we let L be a pure jump Lévy pro-
cess with compensated random measure 7(dt,d§) := w(dt, d¢)(w) — v(d€)dt
defined on a given filtered probability space (2, F, {F:}i>0,P). From now on
we suppose that {F;},>¢ is the completed, right-continuous filtration gener-
ated by the Lévy process.

The operator A and the convolution kernel a satisfy Hypothesis 3.1 and
3.2 respectively. On the coefficient 1) we formulate the following

Hypothesis 4.1. ¢ : [0,T] x H x H — H is a well defined, continuous and
Lipschitz continuous mapping.
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The following definition extends in a natural way the notion of weak
solution for Volterra equations with stochastic forcing term from the one in
the deterministic case given in Definition 3.5.

Definition 4.2. A process {u(t), t € [0,T]} is a weak solution of (1.1) if it
belongs to L2,(2 x [0,T]; H) and for any z € D(A*) it satisfies P-a.s. the
identity

¢ 0 ¢
/ (a(t — s)u(s),z)p ds = (/ a(—s)ug(s)ds, z) g Jr/o (A*z,u(s)) g ds

—0o0 — 00

(5 / /H o PO AL (@D

If we apply to problem (1.1) the machinery introduced in previous sec-
tion, we obtain that in the state space setting, on the separable Hilbert space
X, the state v(t) and the solution u(t) of (1.1) will be governed by a system
of the form

dv(t) = Bu(t)dt + (I — B)P Py(t, & v(t)) m(dt, dE), te0,T]
H\{0}
v(0) = vo
u(t) = Ju(t),
(4.2)

with an initial condition vy € X,. is an unbounded operator, where the
interpolation space (X, D(B)),,2 C D(J) if n is sufficiently large. Recall that
B is the generator of an analytic semigroup S(t) on X; the coefficient 1 is
defined by 1 ;(v) = ¢(J(v)), where J : X,, — H is defined in Theorem 3.6.

Lemma 4.3. Assume Hypothesis 4.1. Let us define
G(t,§v) = = B)Py;(t,§v)  (t€[0,T], L€ H, veXy).

Then G : [0,T] x H x X,, = Xg_1 is a Lipschitz continuous mapping with
respect to the relevant norms.

The stochastic equation in (4.2) is only formal in X, since the coef-
ficients do not belong to the state space. We shall deal with the following
concept of solution for equation (4.2).

Definition 4.4. A predictable process v : [0,7] — X, is a mild solution for
(4.2) if it satisfies

v(t) = etBo t et=s)B (1 _ s, &, v(s)) 7(ds .
() = vy + / /H (1= B)Pyy(s,&,0(s) 7(ds, ) (43)

P-a.s. for all t € [0,T], where at the same time we assume that the stochastic
integral on the right-hand side exists.
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For each p > 2 we shall denote J(, (0, T; X,,) the spaces of all predictable
processes v : [0,T] — X,, such that

te[0,T)

1/p
[vll, = ( sup Elv(t)lf,> < 0.

The following well-posedness result in H5(0,7;X,) is our main result in
this section. We follow the approach in [38], see also [1, 45], with suitable
modifications in order to handle the unboundedness of the coefficients in
(4.3).

Remark 4.5. As opposite to [38], we are not able to prove well-posedness
of the stochastic convolution process in the smaller space 8,(0,7’; X,,) of all
predictable processes v : [0, 7] — X, such that the following norm is finite:

1/p
Ivll, = <E sup Iv(t)%> < 00,
t€[0,T)

due to the unboundedness of the coefficient involved in the stochastic convo-
lution integral.

Theorem 4.6. Assume that Hypotheses 3.1, 3.2, 3.4 and 4.1 are satisfied; there
exists a unique mild solution of problem (4.2) in the space Ho(0,T; X,,).

Proof. We shall use a fixed point argument in the space Hs(0,7’; X,,) where
we introduce the following equivalent norm

1/2
[vll{2,6y.n = ( sup Ee_wlﬂ@)%) ;
te[0,7]

for some 8 > 0 to be chosen later.
Let us introduce the mapping

t
K:Hy = Hoy  Kw)(t) = / / e=9BG(s, €, v(s)) 7(ds, dE)
o JH
where we define as before

G(t,§,v) = (I = B)Py(t, €, v).
In particular, we want to prove that this mapping is a well-defined contraction
on Hz(0,7T; X,).
The key point is the following inequality, that is a consequence of It6 formula
(see for instance [38, Lemma 3.1])

E |e_ﬁt(9<(v1)(t) - :K(U?)(t)f]
2
=E

/ / 672/3156(1577’)3[G(r7 £,v1 (7«)) — G(’/‘, &, vy (’I“))] ﬁ'(dT, df)
0 JH\{0}

n

< CIE/t/ ‘e_QBte(t_T')B[G(T,&U1(7°)) — G(r7§7U2(T))]’2 v(dg) dr
0 JH\{0} K
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since B is the generator of an analytic semigroup, we can use standard
estimates from [37): |e'Bgl|, < t97"|glg, where |z|o (resp., |z|,) stands for
the norm in Xy (in X,). Then |e!""B[G(r,& vi(r)) — G(r,f,vg(r))]‘77 <
(t—r)0=1=1|G(r,&,v1(r)) — G(r,&,v2(r))|,_, and, by using the Lipschitz con-
tinuity of G, this quantity is bounded by Lg(t —7)?=771 vy (r) — v2(r)l,,

E e (K (v1)(£) — K(va) (1)}

(v2) ()],
t
<CE [ [ e = () - ] v ar
0 JH\{0} !
Then, using v(H \ {0}) < 400, and Young’s inequality, we get

2

E |e_5tiK(v1 (t) — K(v2)(t)]

7
t 2 t

=C (/ ‘e_QB(t_T)(t - 7“)9_"_1) dr) ]E/ ‘6_26T[1}1(T) - ’U2<’I“)H727 dr
0 n 0

<C 1 1

~ T T[2(0 —n) — 1] gO-m-1 [v1 = 2|l (2,61 .

and we conclude that
_ 1
leF 3 (v1) (t) = K(v2) (t)ll(2,8). < Cwnvl —v2llz gy (44)

Then, by taking 8 large enough, the mapping X above defines a contraction
in the space J(2(0,T; X,,) and the theorem is proved. O

Now we deal with existence and uniqueness of the stochastic Volterra
equation. The following result extends to the stochastic case Theorem 3.6.
We don’t give the proof here, since it is a direct extension of the result given
in [10, Theorem 1.23], see also the bibliography quoted before.

Proposition 4.7. Assume that Hypotheses 3.1, 3.2, 3.4 and 4.1 hold; choose
numbers nn € (0,1), 8 € (0,1) such that (3.5) holds. Given the process

v(t) = e'Po t elt==)B(1 — s,&,v(s)) w(ds
(0 =cPat [ [ I B)P (5.6 009) 75, )

we define the process

u(®) :{ Ju(t), t>0

Uuop, t < 0
Then u(t) is a weak solution to problem

%/m alt = sju(s) ds = Au(t) + /H\{O} $(t, &, ult)) dL(t), £>0
u(t)

Uo(t), t<0
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5. The control problem

In this section we address the optimal control problem associated with the
solution of a stochastic integral Volterra equation.

We shall denote T > 0 the time horizon of the control problem. The data
specifying the optimal control problem that we will address are a measurable
space U, called the action (or decision) space, endowed with a o-field U;
a running cost function /; a terminal cost function g, and the function r
specifying the effect of the control process.

We define an admissible control process, or simply a control, as an {JF;}-
predictable process v with values in U. The set of admissible control processes
is denoted by A. We will make the following assumptions.

Hypothesis 5.1.

1. (U,U) is a topological space which is the union of countably many com-
pact metrizable subsets of itself.

2. r:[0,T] x Hx HxU — R is B(]0,T]) @ H @ H ® U-measurable and
there exists a constant C,. > 0 such that

0<r(tx&y) <C, tel0,T)],z,£ € H~vyeU. (5.1)
3. g: H— R is H-measurable and
Elg(u(T))|* < occ. (5.2)

4. 1:[0,T) x HxU — R is B([0,T]) ® H @ U-measurable, and there exists
a > 1 such that for every t € [0,T], x € H and any admissible control
~(-) we have

1> ds < oo, (5.3)

(s,u(s),x)

T
inf 1(t - E inf [
Jnf (t, 2, x) > —o0, /O |§2U

(03

T
IE(/O |l(s,u(s),’y(s))ds> < 00, (5.4)

Remark 5.2. We note that the cost functions g and ! need not be bounded.
Clearly, (5.4) follows from the other assumptions if we assume for instance
that

T
E/ | sup I(s,u(s), x)|ds < 0.
0 x€U

Using the function 7, for each control process 7, we define the measure
P through the Dolans-Dade exponential

dPY ¢
o = e [ / /H P05 E7(9) = 1) (5, 9) ~ €)

- / / (r(s, u(s), £,7(3)) — 1 — In(r(s, u(s),€,7(s)))) w(ds, d€) |
o JH\{0}
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For ease of notation, we define
A} = = .
dP |,

It is a well-known result that A” is a nonnegative supermartingale rel-
ative to P and F; (see [33, Proposition 4.3] or [6]). Since the function r is
uniformly bounded, which guarantees this defines a true probability measure
P7Y equivalent to PP, the process A7 is a strictly positive martingale (relative to
P and J;). By applying Girsanov’s theorem we see that while the compensator
of m under P7 is given by v7(d¢, dt) := r(t, &, v(¢))v(dE) dt.

We are concerned with the following controlled stochastic integral Volterra
equation under PY

% / a(t — s)u(s)ds = Au(t)

— 00

4 / Bt €, ut)) (r(t, e, €,71) — 1) p(d€) dt
H\{0}

+ / Bl E u(t) (AL dE), >0
H\{0}

U(t) = Uo(t), t<0

(5.5)
where 77 (dt, d) := w(dt, d&) — r(t, ue, &, ) v(d€) dt is the compensated
Poisson random measure under P7.
According to the results in Section 4, there exists a unique solution
u={u(t), t €[0,T]} to it.
If the control v € A is used the total expected cost is given by the
functional

T
J(uo,7) = E” [/0 1(t, u(t),~(t) At + g(u(T)) (1.2)

where E” denotes the expectation with respect to P7.

Taking into account (5.2), (5.4), and using the Holder inequality it is
easily seen that the cost is finite for every admissible control. The stochastic
optimal control problem consists in minimizing J(ug,y) over all v € A.

Likewise as in Section 4, we associate to the stochastic Volterra equation
(5.5) the state equation

dv(t) = Bo(t) dt+
+({-B)P Yu(t, & 0(t) (r(t, Ju(t), &, 7e) — 1) v(dE)dt
H\{0}
+(I-B)P ¥yt & v(t)) 7 (dt, dE), (56)
H\{0}
v(0) = vy
u(t) = Jo(t) t € (0,T).
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We notice that the process LY associated to the random measure 77 is a Lévy
process relatively the probability P7.

Theorem 5.3. For any fized control v € A the state equation (5.6) admits a
unique mild solution (in the analytical sense), in weak probabilistic sense on
the probability space (2, F, Fy, PY), compare Definition 18.0.5 in [15].

Proof. We can use the same reasonings outlined in the proof of Theorem 4.6,
the only difference here being that there is a second term to be treated. Let

t
L Hy — Ho, L(v)(t)://e<t*S>Br(s,g,u(s))y(dg)ds
0 JH
where we set

F(57§av) = (I - B)PwJ(t7£av) (T(Sa JU,f,’ys) - 1)a
s€[0,T], £€ H, veH,.

We have that

Ele™7(£(v1) = £(v2)) ()]

<C / / ’e_ﬁte(t_s)B[F(s,f,vl(s)) (s, £, 0a(5)) 2 J(d6)ds
0 H n

and inequalities similar to those leading to (4.4) implies that the bound

_ 1
lle™PrL(v1) () — £(v2)(®) 12,8y < CWHM —v2llg28y0  (5.7)

holds as well.
Then, by taking 8 large enough, the mapping X + £ (KX was defined
in the proof of Theorem 4.6) defines a contraction in the space H>(0,T; X))
and the theorem is proved.
O

The original control problem can be translated in the state space setting;:
we have to minimize over all v € A the cost functional

I(v0,7) = E7 /0 U(t, To(t),4(8)) dt + g(Jo(T)) (5.8)

where the state v of the system evolves, under P7, according to the equation
(5.6). We next provide the solution of the optimal control problem formulated
above. As stated in the introduction, in order to solve the control problem in
the state space setting we associate to this equation a backward stochastic
equation and we try to solve the control problem via this forward-backward
system. Nonlinear BSDEs were first introduced by Pardoux and Peng [44]
and are currently used in the field of the stochastic control theory : see, e.g.,
[29, 55]. Recently BSDEs driven by random measures have been introduced
to solve optimal control problem for marked point processes [16, 17, 20, 18, 3].
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We define in a classical way the Hamiltonian function relative to the
above problem: for all s € [0,T],v € X,),z € L*(H, H, v(d¢))

paS

Fls,0,2) = inf {us, 00+ [ O (s o)~ 1) u(d&)} . (59)
H\{0}

The (possibly empty) set of minimizers will be denoted
L(s,v,2) = {X el :

f(s,v,2) = l(s,Jv,)O—!—/

2(&) (r(s, Jv, &, x) = 1) V(df)} - (5.10)
H\{0}

Let us consider, on the probability space (Q, F, {F; }+>0, P), the forward equa-
tion

v(t) = etBy t et=$)B (1 _ s. E.v(s)) m(ds . .
() = eBug + / /H - (I — B)Pwy(s,£,v(s)) 7(ds,d€).  (5.11)

The solution of (5.11) is a {F; }-predictable process, which exists and is unique
by the results in Section 4. Next we consider the associated backward equation
of parameters (f,T, g(J(v(T))) and driven by the random measure 7(ds, d¢)
associated to the pure jump Lévy process L

Yi + / /H\{O} #(ds, d€) = g(Jo(T / F(s,0(s), Z2) ds. (5.12)

BSDEs of this type can be considered as a case of BSDE driven by a general
Lévy processes (see [53] or [15, Chapter 19]).

Proposition 5.4. Under Hypothesis 3.1, 3.2, 3.4, 4.1, 5.1 there exists a unique
pair (Y, Z) which solves equation (5.12) such that Y is real-valued, cadlag
and adapted, Z : Q x [0,T] x H — R is P @ H-measurable and

/ \Y|2ds—|—E/ /H\{O} (©)|?v(d€) ds < oo.

Moreover there exists a deterministic function V : [0,T] x H — R such that
Y =V (s, Ju(s)) and Zs(&) =V (s,€) — V(s, Ju(s—)). (5.13)

Proof. We start by showing that, under our assumptions, the Hamiltonian
function is Lipschitz continuous in the last variable, i.e., there exist L > 0
such that for every s € [0,T], v € X,;, z,2" € L*(H, H,v(d€)):

1/2
[f(s,v,2) = f(s,0,2))[ < L (/H\{O} 2(£) — Z’(é)IZV(d£)> - (519)
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The boundedness assumption (5.1) implies that for every s € [0,T], v € X,
2,2 € L*(H,H,v(d€)), vy € U,

/ =€) (r(s, Jv, €,7) — 1) v(de)
H\{0}
< / 12(6) — 2(€)] (r(s, Jv. €,7) — 1) v(d€)

_|_/ 2'(&) (r(s, Jv, &) — 1) v(dE)
H\{0}

1/2
|2(€) — Z’(E)QV(d§)>
\{o}

<(Cr+ 1) w(H\ {0})? ( /H

b e T )~ Dwtae),
H\{0}

so that adding I(s, Jv,~) to both sides and taking the infimum over v € U it
follows that

1/2
f(s,v,z>SL/ 2(6) — 2P r(de) | + F(s.0,2)
H\{0}

where L = (C, +1) v(H\ {0})'/2 < oco; exchanging z and 2’ we obtain (5.14).

We conclude the proof by applying Lemma 19.1.5 in [15], which can
be applied here since we are assuming that (5.2) and (5.3) hold and we have
proved the estimate in (5.14). Since the backward stochastic differential equa-

tion (5.12) is Markovian in v, the connection with a deterministic function is
given by Theorem 19.4.5 in [15]. O

We are now able to state our main result.

Theorem 5.5. Suppose that Hypotheses 3.1, 3.2, 3.4, 4.1, 5.1 hold. Let (Y, Z)
be the unique solution to the BSDE (5.12). For any admissible control v € A
and for the corresponding trajectory v starting at vg, we have Yy < J(vg,7y)
and the equality holds if and only if the following feedback law is verified by
~v and v, P-a.s. for almost every t € [0,T]:

~v(t) € T(t,v(t—), 2), where z(§) =V (t,§) = V(t,Jv(t—)), &€ H.
(5.15)
Suppose in addition that the minimizer sets T'(t, v, z) introduced in (5.10)
are non empty, for dPxdt-almost all (w,t) and allv € X,, and z € L*(H, H,v),
i.e., there exists v' € U such that

F(t,v0,2) =I(s, Tv.7') + / 2(€) (r(s, Jv,€,4') — 1) 1(de)
o) (5.16)

:;2{/ {Z(S,J’U,’y) + /H\{O} Z(&) (T(S, JU7£,’Y) - 1) V(d§>} .
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Then there exists a feedback control, that is, a map 7 : [0,T] x X, = U such
that the process v = J(t,v(t—)) is optimal among all predictable controls.
Finally the closed loop equation

dv(t) = Bo(t) dt+

+(I-B)P /H o A0 00T, E518 )~ D vide)

+( = B)P bt €, 0(t) 77 (dt, dS),
H\{0}

u(t) = Jo(t) t e (0,7].

(5.17)
admits a solution in weak probabilistic sense, compare Definition 18.0.5 in
[15].

Remark 5.6. The existence of an element +' € U satisfying (5.16) is crucial
in order to apply the theorem and solve the optimal control in a satisfactory
way. It is possible to formulate general sufficient condition for the existence
of 4'. For instance, if r(s,z,§,-),l(s,z,+) : U — R are continuous for every
s € [0,T],z € H and U is a compact metric space with its Borel o-algebra
U, then condition (5.16) is immediately satisfied.

Using the structure of the FBSDE system, we can then see that, if an
optimal control exists, then an optimal feedback control exists, that is, the
optimal control depends only on the current values of the state variables

(t,v(t))-

Proof. Under the reference probability P the process L is a pure jump {F;}-
adapted Lévy process with compensated random measure 7 and relatively to
L the dynamic (5.6) of v can be rewritten

dv@)::Bv@)dt+(I——B)Pl/, W (t, € o(t) 7(dt, dE),
2(0) = 1o o (5.18)

u(t) = Ju(t) te (0,7
The process v is adapted to the filtration {F;} generated by 7 and

completed in the usual way. In the space (Q,F, {F:}i>0,P), we can consider
the system of forward-backward equations

t
o(t) = eBug + / /H i TP BYPY (6 0(5) 7,

Y+ //H\{O} 7(ds, d€) = g(v /fsv Z,() ds

(5.19)
where the generator f is the Hamiltonian function associated to the control
problem and defined in (5.9). Writing the backward equation in (5.19) for
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t = 0 and with respect to the P7 probability we obtain

Yo —l—/ / &) 77 (ds,dg)
H\{0}

T
/ / 516, Tvs07s)— )V(df)ds=g(vT)+/ F(s, 00, Zo()) ds
H\{O} 0
(5.20)

We observe that the stochastic integral has mean zero with respect to P7. In
fact

Ev/ /H\{O}|Z (6 )
<C, B / /H PRCAGIECOLE

AW/ /H\{O} vaed ]

1

C, (BIALP)?

=C,E

Ol v(d¢) ds

H\{O}

C, (B|AJ[?)? (Tv(H \{0}HE /0 /H \{0}|Zs(£>|2v<d5)ds> :

So, if we take in (5.20) the expectation with respect P7, adding and subtract-
ing EY fOT (s, Jus,7s)ds and recalling (5.13), we conclude

T
Yo = E"J(vo,7) + IEA’/O f(s,v(s),V(s,-) =V (s, Ju(s)))ds

T
JrIEV/O {l(S,JU(S),’yS)
—/ (V(s,8) = Vs, Ju(s))) (r(s,&, Ju(s),7s) — 1)V(d§)} ds. (5.21)
H\{0}

The above equality is sometimes called the fundamental relation and imme-
diately implies that Yy < J(vg, ) and that the equality holds if and only if
(5.15) holds.

Assume now that the set I' defined in (5.10) is not empty. Using Filip-
pov’s implicit function theorem (see Theorem 21.3.4 in [15]) and taking into
account (5.13) we see that there is a B([0,7] x X,,)-measurable map ¥(t,v)
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such that
l(t7 ‘]’Uv :Y(t’ U)) + (V(tv 6) - V(tv JU)) (T(t’ 57 ‘]Uv :Y(t’ U)) - 1) V(dg)
H\{0}
= inf{i(t, Jv,7) + / (V(t,€) — V(t, Jv)) (r(t, €, Ju,7) — 1) v(d€)
7 H\{0}

for all ¢ € [0,7] and v € X,. Then the process v; = 7(t,v(t—)) satisfies
(5.15), hence it is optimal.

Finally the existence of a solution weak in probabilistic sense (compare
Definition 18.0.5 in [15]) to equation (5.17) is again a consequence of the
Girsanov’s theorem. Namely let v be the mild solution of (5.11) and P7 be the
probability under which the compensator of the random measure 7 is given
by r(t, &, Ju(t),¥(t,v(t))) v(d§) dt. Then v is the mild solution of equation
(5.17) relatively to the probability P7 and the Lévy process L7. O
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