
Wave reflection in dielectric media obeying spatial Kramers-

Kronig relations

S. Longhi1,2

1 Dipartimento di Fisica, Politecnico di Milano, Piazza L. da Vinci 32, I-20133 Milano, Italy
2 Istituto di Fotonica e Nanotecnlogie del Consiglio Nazionale delle Ricerche, sezione di Milano, Piazza L. da Vinci

32, I-20133 Milano, Italy

PACS 42.25.Gy – Edge and boundary effects; reflection and refraction
PACS 03.65.-w – Quantum mechanics
PACS 42.25.Fx – Diffraction and scattering

Abstract –In a recent work, S.A.R. Horsley and coworkers [Nature Photon. 9, 436-439 (2015)]
showed rather interestingly that planar dielectric media, for which the real and imaginary parts
of the dielectric permittivity are related by spatial Kramers-Kronig (KK) relations, are one-way
reflectionless, whatever the angle of incidence. Such a fascinating property, besides of extending
our comprehension of the fundamental phenomenon of reflection, may offer new ways for the
design of antireflection surfaces and thin materials with efficient light absorption. However, KK
dielectric media are generally described by slowly-decaying complex permittivity profiles which
may introduce some subtle issues in the study of the scattering problem. Here we provide a
condition on the imaginary part of the dielectric profile that ensures the existence of proper
scattering states and present a proof of the one-way reflectionless property in KK dielectric media
which is free from loophole. Finally, we show that instabilities might arise at the interface of KK
dielectric media when the medium is not purely dissipative.

1. Introduction. – Kramers-Kronig (KK) relations
are well known in optics to relate the real and imaginary
parts of the complex dielectric function of a medium in
the frequency domain [1]. In a recent work, Horsley et

al. introduced the idea of spatial KK relations in planar
inhomogeneous dielectric media [2] (see also Ref. [3]). A
remarkably property of such media is that, whenever the
spatial distributions of real and imaginary parts of the di-
electric permittivity are related by KK relations, they will
not reflect waves incident from one side, whatever the an-
gle of incidence. One-way reflectionless dielectric media of
KK type are thus described by a complex permittivity ǫ(x)
that can be prolonged in the complex x plane and that is
analytic and bounded in the upper (or lower) half complex
plane. Roughly speaking, the lack of back scattering in a
KK medium stems from the absence of negative (or pos-
itive) spatial Fourier components of ǫ(x) [2], and can be
regarded as a generalization of the one-way reflectionless
property found in locally-periodic PT -symmetric optical
media where Bragg scattering acts in one direction solely
[4–9].There are, however, some subtle issues that the au-
thors of Ref. [2] did not consider in their analysis.

The first issue arises because locally inhomogeneous di-
electric profiles ǫ(x) obeying spatial KK relations are
slowly-decaying potentials. While scattering of waves
in short-range potentials (such as those satisfying Fad-
dev’s condition [10]) is a well-established problem, slowly-
decaying potentials have been only quite recently stud-
ied in the mathematical literature and they may show
unusual properties in terms of spectrum and existence
of bound states embedded in the continuum (see, for
instance, [11–13]). The scattering problem in slowly-
decaying potential should be formulated by properly con-
sidering WKB asymptotic solutions of the wave equation,
which are not in the most general case plane waves (Jost
functions) [12, 13]. For KK permittivity profiles, we show
that the scattering problem is well-posed provided that a
minimal condition on the imaginary part of the dielectric
permittivity is satisfied. The second issue is a loophole in
the proof of the one-way reflectionless property of KK me-
dia given in Ref. [2]. In [2] a Born series expansion method
is used that assumes a priori plane waves as asymptotic
solutions (see Eqs.(4)and (5) of Ref. [2]), however such an
assumption fails in a large class of KK media that violate
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the so-called ’cancellation condition’ discussed in this pa-
per. Also, there is not any proof about the convergence 
of the Born series. A way to overcome such an inconsis-
tency has been suggested in Ref. [3] using WKB and Stokes 
analysis. Here we re-formulate the scattering problem in a 
form which is consistent with the slow decay nature of KK 
potentials [12, 13] and provide an alternative proof of the 
one-way reflectionless property which is free from loophole. 
The third issue is related to dielectric media obeying KK 
relations which are not purely dissipative. In the presence 
of gain, unstable growing waves can arise at the interface 
separating the two asymptotically homogeneous regions of 
the medium.

2. Wave reflection in a planar inhomogeneous 
dielectric medium with slowly decaying profile. –

Wave equation and Kramers-Kronig dielectric media. 
Let us consider the electromagnetic scattering problem of 
a monochromatic optical wave at frequency ω across an in-
homogeneous planar dielectric medium in the (x, y) plane. 
We focus our analysis to TE-polarized optical waves, with
the electric field E vibrating in the direction z orthogonal 
to the (x, y) plane and the magnetic vector H lying in the 
(x, y) plane . After setting E(x, z, t) = E(x, y) exp(−iωt)+ 
c.c., H(x, z, t) = H(x, y) exp(−iωt)+c.c., for TE-polarized 
waves (Ex = Ey = Hz = 0), the electric field component
Ez(x, y) satisfies the Helmholtz equation

∂2Ez

∂x2
+
∂2Ez

∂y2
+ k20ǫ(x)Ez = 0 (1)

where k0 = ω/c0 and ǫ(x) is the relative dielectric per-
mittivity, which is assumed of the form (using the same
notations as in [2])

ǫ(x) = ǫb + α(x). (2)

In Eq.(2), ǫb is the substrate permittivity (real and posi-
tive number), and α(x) vanishes as x → ±∞, so that to
describe a localized inhomogeneity near x = 0. α(x) is
generally assumed to be complex, i.e. the medium in the
inhomogeneous region can provide local loss and/or gain.
Following Ref. [2], a KK dielectric medium which is reflec-
tionelss for left incidence side corresponds to a function
α(x) which is the boundary value on the real x axis of an
analytic and bounded function in the upper half complex
plane. In such a case the real and imaginary parts of α(x)
are related by a Hilbert transform (spatial KK relations),
namely

Re[α(x)] =
1

π
P

∫ ∞

−∞

Im[α(s)]

s− x
ds (3)

Im[α(x)] = − 1

π
P

∫ ∞

−∞

Re[α(s)]

s− x
ds (4)

where P denotes the principal value.

Scattering problem: reflection and transmission coeffi-

cients. We look for a solution to Eq.(1) corresponding
to an optical wave incident onto the inhomogeneous re-
gion of the dielectric from the left side (i.e. coming from
x → −∞) at some incidence angle θ (θ → 0 for grazing
incidence), see Fig.1(a). Such a solution has the form

Ez(x, y) = ez(x) exp(ikyx) (5)

where 0 < ky < k0
√
ǫb. The incidence angle θ is given by

θ = atan(kx/ky), where we have set kx =
√

k20ǫb − k2y >

0. The amplitude ez(x) then satisfies the stationary one-
dimensional Schrödinger-like wave equation

Eez(x) = Ĥez(x) (6)

where E = k2x = k20ǫb − k2y and Ĥ = −(d2/dx2) + V (x) is
the Hamiltonian with the optical potential V (x) given by

V (x) = −k20α(x) = −k20[ǫ(x) − ǫb]. (7)

When the potential has a limited support or is short-
range, i.e. it decays at infinity sufficiently fast, the scat-
tering states to Eq.(6) have the plane-wave asymptotic
form ez(x) ∼ exp(±ikx) as x → ±∞ (Jost functions). A
sufficient condition for the existence of Jost functions is
provided by Faddev’s condition [10]. However, for dielec-
tric media satisfying spatial KK relations (3) and (4) the
resulting optical potential V (x) is generally long-range.
In fact, let us indicate by VR(x) = −k20Re(α(x)) and
VI(x) = −k20Im(α(x)) the real and imaginary parts of
the optical potential, respectively. Then, owing to a gen-
eral theorem by Kober [14] if VI(x) belongs to L1, i.e. if
∫∞

−∞
dx|VI(x)| < ∞, then in general VR(x) does not be-

long to L1. The same holds by reversing VR and VI . A
necessary condition for both VR and VI to belong to L1 is
given by the cancellation condition [14]

∫ ∞

−∞

dxV (x) = 0. (8)

For example, in purely dissipative media, VI(x) ≤ 0, V (x)
does not belong to L1 because the cancellation law is not
satisfied. Hence, for the most general class of KK dielectric
media the scattering states are not of Jost (plane-wave)
type, rather they are of the WKB type [12, 13]

ez(x) ∼ exp

[

±ikxx∓ i

2kx

∫ x

0

dξV (ξ)

]

(9)

and the limits limx→±∞

∫ x

0
dξV (ξ) do not necessarily are

finite. While the authors of Ref. [2] recognized such a cir-
cumstance when considering a special analytically-solvable
model, their general proof that KK media are one-way
reflectionelss shows a loophole. In fact, the proof uses
a standard Born series expansion method which assumes
Jost functions as asymptotic states, however for KK op-
tical media that violate the cancellation condition men-
tioned above such an a priori assumption is incorrect. The



scattering problem should be reformulated in a consistent
way, which properly accounts for the slow-decay nature
of KK optics potentials and uses the WKB asymptotic
states (9) for the incoming and scattered waves. To study
wave scattering in slowly-decaying potentials, we follow
the general procedure outlined in Refs. [12,13] and define
the generalized transmission t and reflection r coefficients
(for left-side incidence) from the solution to Eq.(6) with
the asymptotic behavior

ez(x) =

{

exp(iφ) + r(kx) exp(−iφ) + o(1) x→ −∞
t(kx) exp(iφ) + o(1) x→ ∞

(10)
where we have set

φ = φ(x, kx) = kxx− (1/2kx)

∫ x

0

dξV (ξ). (11)

If the limits limx→±∞

∫ x

0 dξV (ξ) exist and are finite,
then φ(x, kx) can be replaced by kxx in Eq.(11) [13],
the usual plane-wave asymptotic states are found and
t, r give ordinary transmission and reflection coeffi-
cients after suitable renormalization of amplitudes in-
volving the integrals exp[i/(2kx)

∫ ±∞

0
V (x)dx]. However,

if limx→±∞

∫ x

0
dξV (ξ) = ∞, even though the potential

V (x) is weak the substitution φ = kxx is not permit-
ted since

∫ x

0
dξV (ξ) secularly grows as x → ±∞. In case

limx→±∞

∫ x

0 dξV (ξ) = ∞, the scattering problem (10) is
well-posed provided that the WKB solutions exp[±iφ(x)]
do not secularly grow (or decay) as |x| → ∞. While this is
always the case for a real-valued potential V (x) [?], for a
complex dielectric permittivity (and hence for a complex
potential V ) the WKB solutions exp[±iφ(x)] do not secu-
larly grow nor decay at infinity provided that the limits

lim
x→±∞

∫ x

0

dξIm[α(ξ)] (12)

are finite. In KK media where such a condition is violated,
the scattered states do not have an asymptotic constant
intensity, and this makes the scattering problem and defi-
nition of reflection/transmission coefficients questionable.
For example, let us consider the dielectric medium corre-
sponding to a single pole of ǫ(x) in the lower half plane, i.e.
α(x) = ǫ(x) − ǫb = A/(x + iξ) with ξ > 0 and A an arbi-
trary constant. In Ref. [2] the authors limited themselves
to consider the case A real and negative. However, Eq.(13)
describes a KK dielectric medium for any arbitrary value
of the constant A, which can also take complex values.
For such a specific example one obtains from Eq.(11)

φ(x) = kxx− [A/(2kx)]ln (1− ix/ξ) (13)

At large values |x|, apart from an inessential constant
phase term the asymptotic behavior of φ(x) is given by
φ(x) ∼ kxx − [A/(2kx)]ln|x| so that | exp[±iφ(x)]| ∼
|x|∓AI/(2kx) as |x| → ∞, where AI is the imaginary part
of A. Hence when AI 6= 0 the WKB states (9) show
secularly growing or damped amplitudes, and a serious

issue arises in the definition of the scattering problem
and reflection/transmission coefficients. For example, if
exp[iφ(x)] → 0 (and thus exp[−iφ(x)] → ∞) as x→ −∞,
even if r → 0 in Eq.(10) there could be a reflected wave be-
cause r is multiplied by the WKB wave exp[−iφ(x)] ]with
diverging intensity.

Grazing incidence. The scattering problem discussed
in the previous subsection can be re-formulated in terms
of a scattering problem for the non-stationary Schrödinger
equation when considering grazing incidence, i.e. for a
small incidence angle θ (see for example [15]). For grazing
incidence, we look for a solution to the wave equation (1)
of the form

Ez(x, y) = ψ(x, y) exp(ik0
√
ǫby) (14)

where ψ(x, y) is a slowly-varying function with respect to
the variable y as compared to the exponential term. By ne-
glecting the second derivative of ψ(x, y) with respect to y
(like in standard paraxial approximation), substitution of
Eq.(14) into Eq.(1) yields the non-stationary Schrödinger-
like wave equation

2ik0
√
ǫb
∂ψ

∂y
= −∂

2ψ

∂x2
+ V (x)ψ ≡ Ĥψ (15)

where the optical potential is again given by Eq.(7). The
scattering problem in terms of wave packets, which is
suited for a numerical analysis and that would corre-
spond to an experimental setting to measure reflection
and transmission at the interface, can be now formu-
lated as follows: for a given initial wave packet distri-
bution ψ(x, 0) at y = 0, which is localized far from the
inhomogeneous region on the left side (x → −∞), the
wave packet is propagated along the y direction accord-
ing to ψ(x, y) = exp[−iĤy/(2k0

√
ǫb)]ψ(x, 0), and the fi-

nal (asymptotic) state after the scattering process is de-
termined in the y → +∞ limit of the solution ψ(x, y).
Interestingly, such a formulation of the scattering process
in terms of finite wave packets is well-posed even for KK
permittivity profiles that violate the cancellation condition
(12), and can be suitably used to check the appearance of
unstable modes at the interface, as shown in a following
section.

3. One-way reflectionless property of Kramers-

Kronig dielectric media. – A proof of the reflection-
less property of KK media which is free from loopholes can
be obtained by formulating the scattering problem as in
Ref. [13], i.e. by the introduction of the envelopes w1(x)
and w2(x) via the Anstaz

ez(x) = w1(x) exp(iφ) + w2(x) exp(−iφ) (16)

dez(x)

dx
= ikx [w1(x) exp(iφ)− w2(x) exp(−iφ)] .(17)

The envelopes w1,2 satisfy the coupled equations

dw1

dx
= − iV (x)

2kx
w2(x) exp(−2iφ) (18)



dw2

dx
=

iV (x)

2kx
w1(x) exp(2iφ). (19)

Equations (18) and (19) should be integrated with the
boundary conditions

w2(x) → 0 as x→ +∞ (20)

w1(x) → 1 as x→ −∞, (21)

corresponding to a wave incident onto the interface region
from the left side. The generalized reflection and trans-
mission coefficients are then given by

r(kx) = lim
x→−∞

w2(x) (22)

t(kx) = lim
x→+∞

w1(x). (23)

Integrating formally both sides of Eq.(19) from −∞ to ∞
and using Eqs.(20) and (22), one can write

r(kx) = − i

2kx

∫ ∞

−∞

dxw1(x)V (x) exp[2iφ(x)]. (24)

Note that, as compared to more conventional WKB analy-
sis of Ref. [3], following Ref. [13] we use for the asymptotic
states the expression (9) , which offers the advantage of
avoiding branch cuts arising form square root of the poten-
tial and simplifies the analysis when extending the equa-
tions into the complex plane. Since V (x), φ(x) and w1(x)
can be continued into the complex plane z (the real axis is
x = Re(z)), the integral on the right hand side in Eq.(24)
can be computed by deforming the contour in complex
plane. To this aim, let us first notice that, since V (z) is
analytic in the half-plane Im(z) ≥ 0, the phase φ(x) can
be extended in the upper half complex plane by assuming

φ(z) = kxz +

∫ z

0

dξV (ξ), (25)

where the integral is taken along an arbitrary path γ in
the upper half plane that connects the origin ξ = 0 with
ξ = z [see Fig.1(b)]. Since V (z) is analytic in the half-
plane Im(z) ≥ 0, the integral on the right hand side in
Eq.(25) is independent of the path γ and thus φ(z) is
holomorphic in the domain Im(z) ≥ 0. By the replace-
ment x → z in Eqs.(18) and (19), analytic continuations
of w1 and w2 can be obtained as well, which are holomor-
phic in the Im(z) ≥ 0 domain because the matrix M(z) of
the differential system defines a holomorphic map in such
a half plane. After setting

f(z) =
1

2ikx
V (z)w1(z) exp[2iφ(z)] (26)

since f(z) is analytic in the domain Im(z) ≥ 0, one has
∮

σ f(z)dz = 0 along the closed contour σ = σ1
⋃

σR shown
in Fig.1(b). Taking the limit R → ∞ and using Eq.(24)
one obtains

r(kx) = lim
R→∞

∫

σR

f(z)dz

= lim
R→∞

iR

∫ π

0

dθ exp(iθ)f(R exp(iθ)). (27)

To calculate the integral on the right hand side of Eq.(27),
it is worth determining upper bounds for V (z), w1(z) and
exp[2iφ(z)] along the semi-circle z = R exp(iθ) (0 ≤ θ ≤
π) as R → ∞. To this aim, let us assume that V (z) → 0
as |z| → ∞ like V (z) ∼ C/zδ with δ ≥ 1, where the
constant C 6= 0 is real-valued when δ = 1 [this is to
satisfy the constraint (12)], whereas it can assume com-
plex values when δ > 1 [16]. Therefore on the semi-circle
z = R exp(iθ) for R → ∞ one has |V (z) exp[2iφ(z)]| ≤
C′ exp(−2kxR sin θ)/Rδ for some constant C′ > 0. The
asymptotic behavior of w1(z) as |z| → ∞ can be readily
determined after elimination of w2 in Eqs.(18) and (19).
One obtains

d2w1

dz2
−
(

dV/dz

V
− 2ikx +

iV

kx

)

dw1

dz
−
(

V

2kx

)2

w1 = 0.

(28)
From the asymptotic behavior of the coefficients in Eq.(28)
as |z| → ∞, it can be readily shown that there are two
linearly-independent solutions ϕ1(z) and ϕ2(z) to Eq.(28)
with the asymptotic behavior ϕ1(z) ∼ 1 and ϕ2(z) ∼
exp[−2iφ(z)] as |z| → ∞. The most general solution to
Eq.(28) is given by a linear superposition of ϕ1(z) and
ϕ2(z), namely w1(z) = α1ϕ1(z) + α2ϕ2(z). The coeffi-
cients α1,2 of the linear combination can be determined
by observing that, for z = x real, w1(x) ∼ 1 as x → −∞
[see Eq.(23)]. This yields α1 = 1 and α2 = 0, i.e. w1(z) =
ϕ1(z). Since ϕ1(z) ∼ 1 as |z| → ∞, w1(z) is a limited func-
tion of z. Hence over the semi-circle z = R exp(iθ) one has
|f(z)| ≤ (κ/kx) exp(−2kxR sin θ)/Rδ for some constant κ,
and thus

∣

∣

∣

∣

∫

σR

f(z)dz

∣

∣

∣

∣

≤ R

∫ π

0

dθ |f(R exp(iθ))|

≤ κ

kxRδ−1

∫ π

0

dθ exp(−2kxR sin θ) ≤ (29)

2κ

kxRδ−1

∫ π/2

0

dθ exp(−4kxRθ/π) ≤
πκ

2k2xR
δ
→ 0

as R → ∞. From Eqs.(27) and (29) it follows that r(kx) =
0 for any kx > 0, i.e. for an arbitrary incidence angle.
Note also that from the above analysis one has w1(z) =
ϕ1(z) → 1 as |z| → ∞. Hence from Eq.(23) one obtains

t(kx) = 1. (30)

Note that, since t is a generalized transmission coefficient,
the condition (30) does not imply that the intensity of the
transmitted wave is the same than the one of the inci-
dent wave. The transmittance T can be readily obtained
from Eqs.(10) and (30) taking into account the asymp-
totic behavior of the modulus square of the WKB states
exp[±iφ(x)] as x→ ±∞. One obtains

T = exp

[

1

kx

∫ ∞

−∞

Im(V (x))dx

]

. (31)

Note that for a medium with balanced gain and loss one
has T = 1.



3. Unstable modes at the interface. – Another
subtle issue which was not considered in the analysis of
Ref. [2] is the appearance of possible instabilities near the
interface x = 0 of the inhomogeneous dielectric medium.
Such an instability can be at best explained in case of
grazing incidence, for which the scattering problem can
be formulated in terms of the non-stationary Schödinger
equation (15): an instability arises when an initial nor-
malizable field distribution ψ(x, 0) (wave packet) at y = 0
shows a secular growth near the interface x = 0 as y → ∞.
Such an instability obviously requires some gain in the
medium, i.e. it is always absent in purely dissipative me-
dia. The permittivity profiles presented in the copious ex-
amples of Ref. [2] seem free from instabilities, however one
can find KK profiles where instabilities can arise. Since the
Hamiltonian Ĥ in the Schrödinger equation (17) is non-
Hermitian, two different kinds of instabilities can arise:
(i) from bound states of Ĥ with complex energy E (i.e.
belonging to the point spectrum of Ĥ), corresponding to
an exponential growth of ψ(x, y) with y and an imaginary
ky wave number; (ii) from exceptional points in the con-
tinuum, corresponding to an algebraic growth of ψ(x, y)
with y [17]. Here we briefly discuss the latter case, which
is amenable to analytical treatment. Let us consider the
following dielectric permittivity profile α(x) = A/(x+iξ)2,
corresponding to the optical potential

V (x) = −Ak20/(x+ iξ)2 (32)

with ξ > 0. Note that V (x) has a second-order pole at
x = −iξ and it is PT -symmetric. Since

∫∞

−∞
dxV (x)

is finite, the WKB asymptotic form of scattering states
exp[±iφ(x)] are plane waves (Jost functions), and the po-
tential is reflectionless for left incidence side whatever the
value of the amplitude A. The dielectric profile (32) was
considered in Ref. [2] for A > 0, and instabilities were
not observed in numerical simulations. Here we focus
our attention to the case A < 0. For A < 0, the prob-
lem is exactly solvable by means of a cascade of super-
symmetric (SUSY) transformations when the amplitude A
takes the values A = An = −n(n + 1)/k20 (n = 1, 2, 3, ...)
(see [17]). At such amplitude values, the non-Hermitiain
Hamiltonian Ĥ has an exceptional point of order (n− 1)
at E = 0, i.e. at the bottom edge of the continuous spec-
trum [17]. Let us assume, for the sake of definiteness, the
lowest value of the amplitude A admitting a first-order
exceptional point (n = 2), i.e. A = A2 = −6/k20 and
V (x) = 6/(x+ iξ)2. The exact scattering states of Eq.(6)
can be calculated by a double SUSY and read explicitly

ez(x) =

(

−k2x − 3ikx
x+ iξ

+
3

(x+ iξ)2

)

exp(ikxx) (33)

with energy E = k2x. Note that, like for the case A >
0 considered in Ref. [2], such a potential is reflectionless
and even invisible (i.e. t = 1) for both incidence sides.
However, the edge E = 0 of the continuous spectrum of
Ĥ is an exceptional point of first order [17], sustaining the

bound state

φb(x) =
1

(x + iξ)2
(34)

with associated function θa(x) = 1/6, i.e.

Ĥφb = 0 , Ĥθa = φb (35)

as one can check directly. The instability of the scattering
states (33) can be proven as follows. Let η be an arbi-
trarily small parameter. Then it can be readily shown
that an exact solution to Eq.(1) with the initial condition
Ez(x, y = 0) = ηθa(x) is given by

Ez(x, y) = η

(

θa(x) +
y

2ik0
√
ǫb
φb(x)

)

exp(ik0
√
ǫby)

(36)
which secularly grows with an algebraic law as y → ∞.
This means that initial small noise ’shaped’ like the as-
sociated function θa(x) can trigger the secular growth of
the bound mode φb(x) at the interface. Note that, even
though the bound state φb(x) does not radiate along the x
direction, owing to its secular growth an observer placed
on the left side of the interface at a distance d and af-
ter a propagation length y = y0 will detect a radiation of
amplitude |Ez| ∼ ηy0/(k0

√
ǫbd

2), which can not be negli-
gible for a sufficiently large propagation distance y0. The
growth is even faster, with a power law ∼ ym0 , for an ex-
ceptional point of order m larger than one. Beam prop-
agation at grazing incidence in a dielectric medium with
permittivity profile given by Eq.(32), as obtained by nu-
merical solutions of the Schrödinger equation (17) using
a standard pseudo-spectral split-step method, is shown in
Fig.2 for A > 0 [panel (a)] and A < 0 [panel (b)]. Param-
eter values used in the simulations are λ = 2π/k0 = 1,
ξ = 0.5λ, ǫb = 2.25 and A = ±20/(k0)

2 = ±5/π2.
The initial condition is the Gaussian beam distribution
ψ(x, 0) = exp[−(x+q)/w2− ikxx] with spot size w = 25λ,
offset q = 65λ and kx = 0.2/λ (corresponding to an inci-
dence angle θ ≃ 1.216o). In both cases, one observes light
amplification near the interface region. However, while for
A > 0 amplified light is observed when the beam reaches
the inhomogeneous region and it is convected away in the
x > 0 region, for A < 0 one clearly observes a rapid
and secularly growing bound state at the interface near
x = 0. To highlight the different behavior in the two
cases, Fig.2(c) depicts the evolution of the light intensity
I = |ψ(x = −d, y)|2 versus y measured by an observer at
the distance d = 30λ on the left side of the interface: note
that, while for A > 0 after the passage of the incident
beam the intensity I decays to zero, for A < 0 it increases
again after the passage of the incident beam, which is the
signature of the unstable growing mode. In a realistic
medium, the growth of the unstable mode is obviously
saturated by some nonlinear process. Nevertheless, non-
linear saturation would modify the effective permittivity
profile for linear waves as well, breaking the exact reflec-
tionless property of the interface. Such a brief analysis, far
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Fig. 1: (Color online) (a) Scattering of TE-polarized waves in
an inhomogeneous dielectric medium. (b) Contour path σ =
σ1 ∪ σR in complex z plane used to calculate the reflection
coefficient r(kx).

from being exhaustive, shows that the issue of instabilities
in not purely dissipative KK media should deserve further
consideration.

4. Conclusions. – In a recent Letter [2], Horsley
et al. discovered the fascinating property that optical di-
electric interfaces with spatial permittivity profiles whose
analytic continuation are holomorphic functions in the up-
per (or lower) half part of the complex plane are one-way
reflectionless. However, KK dielectric media are generally
described by slowly-decaying permittivity profiles which
may introduce some subtle issues. Here we re-considered
the analysis of Ref. [2] and suggested a different route to
prove the one-way reflectionless property of KK dielectric
media, which is free from loophole, and pointed out that
an additional constraint should be imposed to properly
formulate the scattering problem. We also briefly men-
tioned the existence of unstable states at the interface of
KK dielectric media when the medium is not purely dissi-
pative, an issue that deserves further analysis. The present
results are expected to motivate further investigations on
the scattering properties of KK dielectric media and, more
generally, of optical media with slowly decaying potentials,
where unusual properties (such as the appearance of in-
finitely many bound states embedded in the continuum
[11]) could be observable in an optical setting.

∗ ∗ ∗

The author acknowledges fruitful discussions with A.
Mostafazadeh and S.A.R. Horsley.

REFERENCES

[1] Jackson J.D., Classical Electrodynamics (Wyley, 3rd Edi-
tion) 1999

[2] Horsley S.A.R., Artoni M. and La Rocca G.C., Na-

ture Phys., 9 (2015) 436
[3] Horsley S.A.R., King C.G. and Philbin T.G.,

arXiv:1508.04461, (2015)
[4] Lin Z., Ramezani H., Eichelkraut T., Kottos T.,

Cao H. and Christodoulides D. N., Phys. Rev. Lett.,
106 (2011) 213901

−10 −5 0 5 10
−2

0

2

4

6

−10 −5 0 5 10
−2

−1

0

1

2

3

0 750 1500 2250 3500 3750 4500
0

0.5

1

x/λ

x/λ

y/λ

y/λ

in
te

n
s
it
y

in
te

n
s
it
y

in
te

n
s
it
y

y/λ

x/λ

x/λ

re
la

ti
v
e
 d

ie
le

c
tr

ic
 p

e
rm

it
ti
v
it
y
 ε

Re(ε)

Im(ε)

Im(ε)

Re(ε)

(a)

(b)

(c)

growing interface 

bound state

A>0

A<0

amplified convected waves

2250

1500

750

0 -100 -50 0 50 100

0
1
2

7.5

15

0

-100
-50 0

50
100

0

1

2

Fig. 2: (Color online) Scattering of a Gaussian beam at
grazing incidence in the dielectric medium with permittivity
ǫ(x) = ǫb + A/(x + iξ)2 for λ = 2π/k0 = 1, ξ = 0.5λ,
ǫb = 2.25 and for (a) A = 5/π2, and (b) A = −5/π2.
Other parameter values are given in the text. The left panels
show the numerically-computed evolution of the beam intensity
|ψ(x, y)|2, whereas the right panels show dielectric permittivity
profiles ǫ(x). Beam propagation is shown for a limited propa-
gation distance y, above which large wave amplification arise.
(c) Numerically-computed light intensity as a function of y/λ
at the position x = −d = −30λ.

[5] Longhi S., J. Phys. A, 44 (2011) 485302
[6] Jones H.F., J. Phys. A, 45 (2012) 35306
[7] Liang F., Xu Y.-L., Fegadolli W.S., Lu M.-H.,

Oliveira J.E.B., Almeida V.R., Chen Y.-F. and
Scherer A., Nature Mat., 12 (2013) 108

[8] Mostafazadeh A., Phys. Rev. A, 89 (2014) 012709
[9] Longhi S., J. Phys. A, 47 (2014) 485302
[10] Faddeev, L.D., Trudy Matem.Inst. Steklov, 73 (1964)

314
[11] Simon, B., Proc. Am. Math. Soc., 125 (1997) 203
[12] Christ M. and Kiselev A., J. Am. Math. Soc. , 11

(1998) 771
[13] Christ M. and Kiselev A., One-dimensional

Schrödinger operators with slowly-decaying potentials:

spectra and asymptotics, sections 6,7 and 8. Preprint
available at:
https://math.berkeley.edu/ mchrist/Papers/arkansas.pdf

[14] Kober, H., Bull. Amer. Math. Soc., 48 (1942) 421
[15] Longhi, S., Opt. Lett., 30 (2005) 2781
[16] The proof that r(kx) = 0 given here holds in the more gen-

eral case where the asymptotic behavior of V (z) in com-
plex plane, as |z| → ∞ and Im(z) ≥ 0, is of the form
V (z) ∼ (C/zδ) exp(iqz) with q real and positive. Singular-
ities of V (z) at |z| = ∞, Im(z) ≥ 0 should be avoided,
such as the case V (z) ∼ cos(z)/zδ , a potential which is
not one-way reflectionless in spite it is holomorphic in the
Im(z) ≥ 0 domain, but with a singularity at z = ∞.

[17] Andrianov, A.A. and Sokolov, A.V., SIGMA, 7 (2011)
111

http://arxiv.org/abs/1508.04461

	1. Introduction. –
	2. Wave reflection in a planar inhomogeneous dielectric medium with slowly decaying profile. –
	Wave equation and Kramers-Kronig dielectric media. 
	Scattering problem: reflection and transmission coefficients. 
	Grazing incidence. 

	3. One-way reflectionless property of Kramers-Kronig dielectric media. –
	3. Unstable modes at the interface. –
	4. Conclusions. –
	

