AN EXTENSION OF HERGLOTZ’S THEOREM TO THE QUATERNIONS

DANIEL ALPAY, FABRIZIO COLOMBO, DAVID P. KIMSEY, AND IRENE SABADINI

ABSTRACT. A classical theorem of Herglotz states that a function n +— 7(n) from Z into C***
is positive definite if and only there exists a C***-valued positive measure p on [0, 27| such
that r(n) = fozﬂ e du(t)for n € Z. We prove a quaternionic analogue of this result when
the function is allowed to have a number of negative squares. A key tool in the argument
is the theory of slice hyperholomorphic functions, and the representation of such functions
which have a positive real part in the unit ball of the quaternions. We study in great detail
the case of positive definite functions.

1. INTRODUCTION

The main purpose of this paper is to prove a version of a theorem of Herglotz on positive
functions in the quaternionic and indefinite setting. To set the framework we first recall some
definitions and results pertaining to the complex numbers setting. A function n — r(n) from
Z into C*** is called positive definite if the associated function (also called kernel) K (n —m)
is positive definite on Z. This means that for every choice of N € N and n1,...,ny € Z, the
N x N block matrix with (j,¢) block entry equal to the matrix r(n; — ny) is non-negative,
that is, all the block Toeplitz matrices

r(0) r(1) r(N)
e r(—1) r(0) r(N —1)
Ty = (1.1)
r(=N) r(1-N) --- r(0)
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are non-negative. We will use the notation Ty > 0. The positivity implies in particular that
r(—n) = r(n)*, where r(n)* denotes the adjoint of r(n).

A result of Herglotz, also known as Bochner’s theorem, asserts that:

Theorem 1.1. The function n — r(n) from Z into C*** is positive definite if and only if
there exists a unique positive C***-valued measure p on [0, 27| such that

2m
r(n) :/0 edu(t), n €. (1.2)

See for instance [I7, p. 38], [I13] and the discussion in [I8, p. 19]. We note that (L2]) can be
rewritten as

r(n)=C*U"C, n€Z, (1.3)

where U denotes the unitary operator of multiplication by e in Lo([0,27], du), and C de-
notes the operator defined by C¢ = £ from C* into Lo ([0, 27], du).

A result of Carathéodory [9], which is related to Theorem [ asserts that:

Theorem 1.2. If the function n — r(n) from —N, ..., N into C*** is positive definite, i.e.,
Ty = 0, then exists a function n — 7(n) from Z to C*** which is positive definite and
satisfies

r(n) =7(n), ne{-N,...,N}. (1.4)

In commutative harmonic analysis, Theorem [[.1] is a special case of a general result of Weil
[23] on the representation of positive definite functions on a group in terms of the characters
of the group. See for instance [12] (22.7.10), p 65] or [22] Theorem 5.4.3, p. 65].

A key result in one of the proofs (see for instance [I7, pp. 148-149]) of Theorem [I] is
Herglotz’s representation theorem, which states that a C**®-valued function ¢ is analytic
and with a real positive part in the open unit disk D if and only if it can be written as

2 it
e’ +z
z) = . du(t) +ia, 1.5
o) = [ S (1.5
where dpu is as in Theorem [LTland a € C**° satisfies a + a* = 0. There are a number of ways
to prove (LH]). It can be obtained from Cauchy’s formula and from the weak-* compactness
of the family of finite variation measures on [0, 27]; see for instance the discussion in [Il, p.
207].

Krein extended the notion of positive definite functions to the notion of functions having a
number of negative squares; see [I5]. We first recall the definition of this notion in the present
setting:

Definition 1.3. The function n — r(n) from Z into C*** satisfying r(n) = r(—n)* has a
finite number of negative squares, say k, if by definition the function K(n,m) = r(n —m)
has k negative squares, that is, if all the block Toeplitz matrices Ty defined in (L)) (which
are Hermitian since r(n) = r(—n)*) have at most k strictly negative eigenvalues and exactly
K strictly negative eigenvalues for some choice of N and ny,...ny.

Theorem [[LT] was extended, in the scalar case, by Iohvidov [16] to case where the function
K (n,m) has a finite number of negative squares. Formula (L.2)) is then replaced by a more
involved expression. More precisely, he obtained the following extension of (L2]) (there is a



minus sign with respect to [16] and [I4] because they work there with positive squares rather
than negative squares):

. 2 ¢t — S, (1)
(n) /0 szl <Sin (t—24pk )2pk) dp(t)

T u
— [ Do Qiin)\} + Q;(in)A; "+ > Rilin)e™ e+ | . (1.6)
j=1 k=1

In this expression, the A; are of modulus strictly bigger than 1, the @; and R; are polynomials
and S, is a regularizing correction. These terms follow from the structure of a contraction
in a Pontryagin space, and in particular from the fact that such an operator has always a
strictly negative invariant subspace, on which it is one-to-one. See [14], (20.2), p. 319], where
Tohvidov and Krein prove that such a representation is unique.

In this paper we shall prove in particular a quaternionic analogue of Theorem [I.T] where H
denote the quaternions:

Theorem 1.4. Let (r(n))nez be a sequence of s X s matrices with quaternionic entries. Then:
(1) The function K(n,m) = r(n —m) has a finite number of negative squares r if and only
if there exists a right quaternionic Pontryagin space P, a unitary operator U € L(P) and a
linear operator C € L(H®,P) such that

r(n)=C*U"C, n€Z. (1.7)
(2) Assume that
U ranU"C (1.8)
nes

is dense in P where ran UMC' denotes the range of UMC'. Then, the realization (7)) is unique
up to a unitary map.

Some remarks:
(1) The sufficiency of condition (L) follows from the inner product representation

cr(n—m)d=cC*u""Cd=(U""Cd, U "Cc)yp, n,méeZL, c,decH.

The proof of the necessity is done using the theory of slice hyperholomorphic functions. We
use in particular a representation theorem from [2] for functions ¢ slice-hyperholomorphic
in some open subset of the unit ball and with a certain associated kernel K,(p,q) (defined
by (£4) below) having a finite number of negative squares there. We also note that the
arguments in [2] rely on the theory of linear relations in Pontryagin spaces.

(2) The more precise integral representation of Iohvidov and Krein relies on the theory of
unitary operators in Pontryagin spaces. Such results are still lacking in the setting of quater-
nionic Pontryagin spaces.

(3) We also consider the positive definite case. There, the lack of a properly established
spectral theorem for unitary operators in quaternionic Hilbert spaces prevents to get a direct
counterpart of the integral representation (L.2]).

The outline of the paper is as follows. The paper consists of seven sections, besides the
introduction. In Section 2] we review some results from the theory of slice hyperholomorphic
functions. Some definitions and results on quaternionic Pontryagin spaces are recalled in
Section [3] as well as Herglotz-type theorem for matrix valued functions. The proof of the
necessity and uniqueness in Theorem [[.4] is done in Section [ Section [] deals with the ana-
logue of Herglotz’s theorem in the quaternionic setting. In Section [6] we prove a quaternionic



analogue of Theorem Section 7 contains the characterization of quaternionic, bounded,
Hermitian sequences of matrices with x negative squares. It uses results proved in Section
Bl In Section 8 we prove an Herglotz representation theorem for scalar valued functions slice
hyperholomophic in the unit ball of the quaternions, and with a positive real part there.

2. SLICE HYPERHOLOMORPHIC FUNCTIONS

The kernels we will use in this paper are slice hyperholomorphic, so we recall their definition.
For more details and the proofs of the results in this section see [10].

The imaginary units in H are denoted by 4, j and k, and an element in H is of the form
p = xo+ixy+jxs+ kxs, for zp € R. The real part, the imaginary part and conjugate of p are
defined as Re(p) = xg, Im(p) = ix1 + jzo + kxs and by p = xg — ixq — jaxo — ka3, respectively.
The unit sphere of purely imaginary quaternions S is defined by

S = {q = ixy + jao + kxz such that 27 + 23 + 23 = 1}.

Note that if I € S, then I? = —1; for this reason the elements of S are also called imaginary
units. Note that S is a 2-dimensional sphere in R*. Given a nonreal quaternion p = zg +
Im(p) = zo+I|Im(p)|, I = Im(p)/|Im(p)| € S, we can associate to it the 2-dimensional sphere
defined by

p) = {zo + IJim(p)| : I €S},
We will denote an element in the complex plane C; := R + IR by = + [y.

Definition 2.1 (Slice hyperholomorphic functions). Let Q be an open set in H and let f :
Q — H be a real differentiable function. Denote by fr the restriction of f to the complex
plane Cy.

We say that f is (left) slice hyperholomorphic (or (left) slice reqular) if, on QNCy, fr satisfies

1/0 0
b (%—I_Iﬁ_y) fr(z+ Iy) =0,

forall I €8S.
We say that f is right slice hyperholomorphic (or right slice reqular) if, on QNCy, fr satisfies

1

0 0
5 (g file 1)+ 5 file+ 1)T) =0,

forall I €8.

An immediate consequence of the definition of slice regularity is that the monomial p"a, with
a € H, is left slice regular, so power series with quaternionic coefficients written on the right
are left slice regular where they converge. As one can easily verify only power series with
center at real points are slice regular.

We introduce a class of domains, which includes the balls with center at a real point, on
which slice regular functions have good properties.

Definition 2.2 (Axially symmetric domain). Let U C H. We say that U is axially symmetric
if, for all x + Iy € U, the whole 2-sphere [z + Iy] is contained in U.

Definition 2.3 (Slice domain). Let U C H be a domain in H. We say that U is a slice

domain (s-domain for short) if U N R is non empty and if U N Cy is a domain in Cy for all
Ies.

Lemma 2.4 (Splitting Lemma). Let Q be an s-domain in H. If f : Q — H is left slice
hyperholomorphic, then for every I € S, and every J € S, perpendicular to I, there are two
holomorphic functions F,G : QN C; — Cy such that for any z = x + Iy, it is

fi(z) = F(z) + G(2)J.



Note that the decomposition given in the Splitting Lemma is highly non-canonical. In fact,
for any I € S there is an infinite number of choices of J € S orthogonal to it.

Theorem 2.5 (Representation Formula). Let  be an axially symmetric s-domain Q C H
and let f: Q — H be a slice hyperholomorphic function on Q. Then the following equality
holds for all x +yl,xz + Jy € Q:

Flat Ty) = 5 [f+Ty) + fe = T)] + 15 [0 = Ty~ fa+ )] @)

3. QUATERNIONIC PONTRYAGIN SPACES

A Hermitian form on a right quaternionic vector space P is an H-valued map [-, -] defined on
P x P and such that

[a7 b] = [b7 a’]
[ap, bq] = Gla,blp, Va,b€ P and p,q € H.

P is called a (right quaternionic) Pontryagin space if it can written as

P =P, [+ P, (3.1)

where:

(a) The space P, endowed with the form [-, -] is a Hilbert space.

(b) The space P_ endowed with the form —[-, -] is a finite dimensional Hilbert space.
(¢) The sum is direct and orthogonal, meaning that Py NP_ = {0} and

[a,b] =0, V(a,b) € Py x P_.

The decomposition ([BJ) is called a fundamental decomposition. It not unique unless one
of the components reduces to {0}. The dimension of P_ is the same for all fundamental
decompositions, and is called the index of the Pontryagin space. The space P endowed with
the form

<a7 b) = [a-i-? b+] - [CL_, b—] (32)

with ay and by € Py is a Hilbert space. The inner product ([3:2]) depends on the given
fundamental decomposition, but all the associated norms are equivalent,and hence define the
same topology. We refer to [5] for a proof of these facts. We refer to [5l [3] for more details
on quaternionic Pontryagin spaces and to[6l [8, [I5] for the theory of Pontryagin spaces in the
complex case. A reproducing kernel Pontryagin space will be a Pontryagin space of functions
for which the point evaluations are bounded. The definition of negative squares makes sense
in the quaternionic setting since an Hermitian quaternionic matrix H is diagonalizable: It
can be written as T' = UDU™, where U is unitary and D is unique and with real entries. The
number of strictly negative eigenvalues of T is exactly the number of strictly negative elements
of D. See [24]. The one-to-one correspondence between reproducing kernel Pontryagin spaces
and functions with a finite number of negative squares, proved in the classical case by [20} 2],
extends to the Pontryagin space setting, see [5].

Definition 3.1. An H***-valued function ¢ slice hyperholomorphic in a neighborhood V of
the origin is called a generalized Carathéodory function if the kernel

ko (pa) = SZop" ((p) + #(9))T°
has a finite number of negative squares in V.

The following result is Theorem 10.2 in [2].



Theorem 3.2. A H**%-valued function ¢ is a generalized Carathéodory function if and only
if it can be written as

o) = 20w (Ip + V) » (1p — pv) g LU 2O

where P is a right quaternionic Pontryagin space of index k, V' is a coisometry in P, and C
is a bounded operator from P to HY, and the pair (C,A) is observable.

(3.3)

Remark 3.3. When x = 0 the representation (3.3]) is the counterpart of Herglotz represen-
tation theorem for functions slice hyperholomorphic in the open unit ball and with a positive
real part. In the last section we shall discuss a scalar version of this result.

4. PROOF OF THE NECESSITY AND UNIQUENESS OF THE REALIZATION

In this section we assume that the function K(n,m) = r(n —m) has a finite number of
negative squares for n,m € Z, and prove that the function r(n) has a representation of the
form (7). We also prove the uniqueness of this representation under hypothesis (L8). We
begin with a preliminary proposition.

Proposition 4.1. There exists C > 0 and K > 0 such that
lr(n)|| < K-C", nez. (4.1)

Proof. The claim is true in the scalar complex-valued case and follows from (L); see [14].
The idea is to reduce the problem to this case. We write 7(n) = a(n) + jb(n) where a(n) and
b(n) are C***-valued. We obtain a bound of the required form for every entry of a(n) and
b(n). The coefficients K and C in (@I]) will depend on the given entry. Since there are 2s?
entries, we obtain a bound independent of the entry.

STEP 1: For every choice of (e, f) € H® x H?, the function

K r(n,m) =e"a(n —m)e+ ffa(n —m)f +e*b(n —m)f — f*b(n —m)e
has at most 2k negative squares.
Indeed, the C?$*2% function

Kim = (G020 So)

has 2k negative squares (See [5l Proposition 11.4, p. 466]), and so, for every fixed choice of
(e, f) € H® x H?, the function

st =m = 1) (G0 o) ()

has at most 2x negative squares.

STEP 2: The claim holds for every diagonal entry of a(n).

Take e = e; € H® to be the vector with all entries equal to 0, except the j-th one equal to 1
and f = 0. We have

K. f(n,m) = ajj(n —m),
and the result follows from [14].

STEP 3: The claim holds for all the entries of a(n).



Let ¢ # j € {1,...,s}. We now take e = eyj(¢) € H® to be the vector with all entries equal to
0, except the ¢-th one equal to 1, and the j-th entry equal to € (where € will be determined)
and f = 0. We have

K. ¢(n,m) = ag(n —m) + aj;j(n —m) +Eaje(n —m) + capj(n —m).
This function has at most x negative squares and so the sequence
age(n) + ajj(n) +Eaje(n) + eagj(n).

has a bound of the form (LI (where K and C depend on /, j and €). The choices € = 1 and
€ =i gives that the functions

ag(n —m)+aj;j(n —m) + aj(n —m) + agj(n —m)
and
age(n —m) +aj;j(n —m) +i(—aje(n —m)+ agj(n —m))
have at most k negative squares and so the functions
lage(n) + ajj(n) + aje(n) + ag;(n)] < K1 C}"
and
ase(n) + az(n) +i(~aze(n) + agy(n))| < KaCy"

where the constants depend on (4, j). Since ag(n) and a;;(n) admit similar bounds we get
that both az;(n) and aj,(n) admit bounds of the form (EII).

STEP 4: The claim holds for the diagonal entries of b(n).

We now take e = ¢y and f = ee;, where ¢ is of modulus 1. We have
K. f(n—m)=A(n—m)+ B(n—m)
where
A(n —m) = ag(n —m) + ajj(n —m),
B(n —m) =&by(n —m) +ebj;j(n —m).

The choice ¢ = 1 and € = i lead to the conclusion that by(n) admits a bound of the form
([@J) since, as follows from the previous step, A(n —m) admits such a bound.

STEP 5: The claim holds for all the entries of b(n).
We now take e = ey;(e1) and f = eey;(ea), where £1 and e are of modulus 1. We have now
K. ¢(n—m) = A(n —m)+ B(n —m) with

A(n —m) =e*a(n —m)e+ fra(n —m)f*

B(n—m) =¢e*b(n—m)f — f*b(n —m)e

= by(n —m) + Eieab;j(n — m) + by (n — m) + e2bj(n — m)—

— by (n —m) —E2e1bj;(n —m) — Ebej(n — m) — e1bgj(n — m).

In view of the previous steps the sequence

E1bje(n) + e2bgj(n) — E2bje(n) — e1byj(n)
admits a bound of the form (ZI]). The choices
(617 52) € {(17 1)7 (17 _1)7 (Zv Z)v (Z7 _Z)}



lead to the functions

all admit a bound of the form (EI).

Proof of Theorem[1.7} We proceed in a number of steps to prove the necessity part of the
theorem. The first step is a direct computation which is omitted.

STEP 1: Let V be a coisometry (that is, VV* = I) in the quaternionic Pontryagin space P.

Then,
Vs I-V*V
o=(0 )
is unitary from P? into itself, and is such that
n_ n (0 _
Vr=(0 NU <I> n=0,1,2,... (4.2)

STEP 2: The series
o(p) =7(0)+2>_ p'r(n),
n=1

Ko(p,q) = > p'rin—m)7",

n,me”Z

converge for p and ¢ in a neighborhood 2 of the origin, and it holds that

o(p) + ¢(9)”

K,(p,q) — pKy(p,q)q = 5 , Dyg €. (4.3)

The asserted convergences follow from (1], while (43) is a direct computation.
STEP 4: It holds that
o n=0 2 ‘

This is because equation ([£3]) has a unique solution, and that the right side of (Z4]) solves

@3).

STEP 5: K,(p,q) is has a finite number of negative squares in €.
Note that for every N € N the function

Kap,N(pv(J):(Is Ip --- IspN)TN



has a finite number of negative squares, uniformly bounded by x in 2. The claim then follows
from

K,(p,q) = i K, n(p-q)

STEP 6: There exist a right quaternionic Pontryagin space P, a unitary operator U € L(P)
and a linear operator C' € L(H?®, P) such that

CC* - n * n
o(p) = = +;pCUC, peN (4.5)

Indeed, since the expression in the right side of ([A4]) defines a kernel with a finite number of
negative squares, we can apply [2, Theorem 10.2] to see that there exists a right quaternionic
Pontryagin space Pj, a coisometric operator V' € L(P;) and a bounded operator C; €
L(P,P;) such that

r(n)=CiV"Cy, n=0,1,...
We now apply STEP 1 to write

r(n)=Cr (0 1)U (?)C’l, n=01,..

which concludes the proof with C' = and n > 0. That the formula still holds for

0
Cq
negative n follows from r(—n) = r(n)* and from the unitarity of U.

To conclude the proof, we turn to the uniqueness of the representation (7). Consider two
representations (L),

r(n) = CiUI'Cy = C3U3Cy, n € Z,
where U; and U, are unitary operators in quaternionic Pontryagin spaces Hi and Hso respec-
tively. Consider the space of pairs

R ={(U{'Cic, U3Csc), n € Z, c € H*}.

When condition (L.§]) is in force for both representations R, defines a linear isometric rela-
tion with dense domain and range, and hence, by the quaternionic version of a theorem of
Shmulyan (see [2, Theorem 7.2] and see [4, p. 29-30] for the complex version of this theorem
and for the definition of a linear relation in Pontryagin spaces), R extends to the graph of a
unitary operator, say .S, from H; into Hs:

SU{LC;[C = UQTLCQC, nez, ce H®
Setting n = 0 we get SCy; = Cy. Then, taking n = 1 leads to (SU;)Cy = (U25)C4, and more
generally

(SUUTCy = (U25)U7Cy, n€Z,
and so SU; = UsS.

5. HERGLOTZ’S THEOREM IN THE QUATERNIONIC SETTING

Herglotz’s theorem has been already recalled in Section 1, see Theorem [Tl Here we state a
related result which will be useful in the sequel (see [I8, Theorem 1.3.6]).

Theorem 5.1. Let p and v be C***-valued measures on [0, 27]. If

2m 2m
/ eMdu(t) = / e™du(t), n €,
0 0

then = v.



Given P € H**® there exist unique Py, P, € C%*¢ such that P = P, + P,j. Thus there is a
bijective homomorphism y : H**$ — C2$*2$ given by

(P P B )
xP = <_?2 ﬁ1> where P = P; + Pyj, (5.1)

Definition 5.2. Given an H***-valued measure v, write v = v1 + 1], where 11 and vy are

uniquely determined C***-valued measures. We call a measure v on [0,27] g-positive if the
C25%2s _yalued measure

o= <V>lk V2> ,  where dus(t) = din (2m —t), t € [0,2m) (5:2)
V2 V3

18 positive and, in addition,
dvs(t) = —dva(2r — )T, t € [0,2rm),

Remark 5.3. If v is g-positive, then v = v + 153, where vy is a uniquely determined positive
C®*s-valued measure and v is a uniquely determined C***-valued measure.

Remark 5.4. If r = (r(n))nez is a H***-valued sequence on Z such that

r(n) = /0 7 et (t),

where v is a g-positive measure, then r is Hermitian, i.e., r(—n)* = r(n). Indeed, write
v = vy + 1], where v and v are as in Definition Then

27 )
r(—n)* = /0 (din () — jdua(t)*)e™

27 ) 27 )

_ / e (1) — / e~ ()T
0 0
27 ) 21 )

= / e dyy (t) —I—/ e (—dvy(2m — )14
0 0
21 ) 21 )

= / e dy (t) —I—/ e dyy(t)
0 0

=r(n), n ez

Theorem 5.5. The function n +— r(n) from Z into H*** is positive definite if and only if
there exists a unique q-positive measure v on [0, 27| such that

2m
r(n) :/0 em™du(t), nc€Z. (5.3)

Proof. Let (r(n))nez be a positive definite sequence and write r(n) = r1(n) + r2(n)j, where
ri(n),re(n) € C*°, n € Z. Put R(n) = xr(n), n € Z. It is easily seen that (R(n))nez
is a positive definite C?**2*-valued sequence if and only if (7(n)),ez is a positive definite
H***-valued sequence. Thus, by Theorem [[L1] there exists a unique positive C2*25-valued
measure 4 on [0, 27] such that

2m
R(n) :/ emdu(t), ncZ. (5.4)
0
Write

(O Cs
n= (’uil ,u12> & = & .
Hio  H22 Cs Cs



It follows from

[ mi(n)  7r2(n)
R(n) = <—T2(n) nm) nezl
and (B.4) that
2 2T
nn) = [ emdun () = [ e, nez
0 0
and hence

2m 2
/ emtdull(t) = / emtdﬂgg(%‘( — t), n € 7.
0 0
Thus, Theorem Bl yields that du;i(t) = djiga(2m — t) for t € [0,27). Similarly,
2r 2 )
ra(n) = / e dpo(t) = —/ e Mduy(t)’, neZ
0 0

and hence

2w 2m

/ ™ dpya(t) = / M (—dpp (2 — )T, neZ.
0 0

Thus, Theorem 5.1l yields that duio(t) = —du12(27 — )T for t € [0, 27).
It is easy to show that

. I
(Is _]Is) R(n) <sz> = 27‘(”)
and hence (B.4]) yields
21 .
: - dull(t)+du12(t).7>
2 — mnt s int )
r(n) /0 (e —je )( el
21 2 21
:/ emtd,un(t)+/ emtd,um(t)j—/ e_mtd,U12(t)Tj
0 0 0
21 )
+/ e dfiga(t)
0
2w 2m 2w
:/ emtd,uu(t)+/ emtd,ulg(t)j—/ e™Mdpy(2m —)Tj
0 0 0
2w
+/ emtdﬂ22(2ﬂ' —t)
0

27 ) 2m )
= 2/ e dpyy (t) + 2/ e™dpia(t)j, n e,
0 0

where the last line follows from dyi11(t) = dfiog (27 — t) and dpuia(t) = —duia(27 — )7, If we
put v = p11 + p127j, then v is a ¢g-positive measure which satisfies (5.3)).
Conversely, suppose v = vy + 15 is a g-positive measure on [0, 27| and put

2m
r(n) :/ e™Mdu(t), n €.
0

Since v is g-positive,

= <V}k V2> ,  where dug(t) =dn(2r —t), te0,2m),
V2 V3

C?5*25_valued measure on [0, 27] and

da(t) = —dvy(2r — )T, t e [0,2m).

is a positive



Since p is a positive C?**%5_valued measure, (R(n)),ez is a positive definite C***25-valued
sequence, where

2
R(n) ::/ e™du(t), neZ,
0

Moreover, R(n) can be written in form

where

Thus, R(n) = xr(n), where

2w
r(n) =ri(n) +ro(n)j = /0 ei"tdy(t).

C?$*25_yvalued sequence we get that (r(n))nez is a

Since (R(n))nez is a positive definite
positive definite H***-valued sequence.
Finally, suppose that the ¢-positive measure v were not unique, i.e., there exists v so that

U # v and

27 27
r(n) = / e du(t) = / emdp(t), ne.
0 0

Write v = v1 + o) and ¥ = Uy + 127 as in Remark 5.3l If we consider R(n) = xr(n),n € Z,
then it follows from Theorem [II] that ;1 = 7; and o = » and hence that v = 7, a
contradiction. O

Remark 5.6. The statement and proof of Herglotz’s theorem have been written using an
exponential involving the imaginary unit ¢ of the quaternions. Analogous statements can be
written using the imaginary units j or k in the basis or with respect to new basis elements
chosen in S.

6. A THEOREM OF CARATHEODORY IN THE QUATERNIONIC SETTING

Definition 6.1. A function r : {—N,..., N} — H**® is called positive definite if Ty = 0,
where Ty is the matriz defined in (I1]).

Definition 6.2. Let r : {—N,..., N} — H*** be positive definite. We will say that r has a
positive definite extension if there exists a positive definite function 7 : Z — H*** such that

7(n) =r(n), n=-N,...,N.

Theorem 6.3. Ifr: {—N,..., N} — H**% is positive definite, then r has a positive definite
extension.



Remark 6.4. The strategy for proving Theorem is to establish the existence of (N +
1),7(N +2),... so that the block matrices

r(0) o r(N+1)
Ty = : : =0
r(—N —1) r(0)
r(0) r(N + 2)
Tyio = : : =0,
r(—N—-2) --- r(0)

Here welet r(—N —1) =r(N+1)*, r(—N —2) = (N +2)*,.... We must first establish some
lemmas before proving Theorem The proofs of Lemmas[6.5] [6.6l and [6.8] are adapted from
Lemma 2.4.2, Corollary 2.4.3 and Theorem 2.4.5 in Bakonyi and Woerdeman [7], respectively.

Lemma 6.5. If A € H™*® and B € H***, then

B*B = A*A
if and only if there exists a contraction G : ran B — ran A such that A = GB. Moreover, G
is unique and an isometry if and only if B*B = A*A.

Proof. If there exists a contraction G : ran B — ran A such that A = GB, then it is easy to
verify that B*B = A*A. Conversely, if B*B > A*A, then let y € ran B, i.e y = Bx for some
x € H*°. Let G : ran B — ran A be given by

Gy = Ax.
To check that G is well-defined, suppose that
y = Bx = Bz,

where £ € H®. Using B*B > A*A we get that
0<(x—2)A"A(z —2) < (x—2)*'B*B(zx — %) =0
and hence Az = Az. Therefore, G is well-defined.
We will now show that G is a contraction. Let {y,}>°, be a convergent sequence in ran B.
If {z,}22 in H® so that
Bz, = yn,

then

(Gyn — GYm)" (Gyn — Gym) = [A(@n — zm)]*[A(27n — Tm)]
[B(xn — o)™ [B(Tn — Tm)]

= (yn - ym)*(yn - ym) (6-1)

Since {y, }°2 is a convergent sequence in ran B, {y,}>2, is also a Cauchy sequence in ran B
and hence {Gy, }°2, is a Cauchy sequence as well. Thus,

IN

lim Gy,

nToo
exists. The inequality given in (G readily yields that y*G*Gy < y*y, whence G is a
contraction. Note that GG is unique by construction, since the equation A = GB requires that
whenever y = Bx we get that Gy = Ax.
Finally, if G is an isometry then it follows from the equality A = GB that A*A = B*B.
Conversely, if A*A = B*B, then y = Bx and Gy = Ax yield that

Y'G*Gy=x"A"Ax = 2*B*Bx = y*y.
Thus, v*G*Gy = y*y for y € ran B.



Lemma 6.6. If

_ (A B (t4u) X (s+u)
K= (b B)cmemi,

then K = 0 if and only if the following conditions hold:

(i) A= 0 and C = 0;
(ii) B = AY2GCY? for some contraction G : ran C' — ran A.

Proof. Suppose conditions (i) and (ii) are in force. It follows from (i) that there exist P and
@ such that A = P*P and C = Q*Q. Thus,

P* 0 I G\ /(P O
N IIEE

since (G is a contraction. Conversely, suppose K > 0 and let P and () be given by

() a-(4 8)

Thus, P*P = AY2AY2 and Q*Q = C'/2C"/2. Using Lemma [65 we arrive at the isometries
Gy :ran A — ran P and Gy : ranC — ranQ which satisfy P = G1AY2 and Q = G,CY/2,
respectively. Therefore,

B =P*Q = A'?GiG,C'?
and thus B = AY2GC'/2, where G = GGy is a contraction.

Definition 6.7. We will call a block matriz, with quaternionic entries,

A B 7
K=\|B* C D
? D* E

partially positive semidefinite if all principle specified minors are nonnegative. We will say
that K has a positive semidefinite completion if there exists a quaternionic matriz X so that

A B X
B* C D] =0
X* D* E
Lemma 6.8. If
A B 7
K=|B* C D
? D" FE

18 partially positive semidefinite, then K has a positive semidefinite completion given as
follows. Let Gy : rtanC — ranA and Gy : ran E — ranC be contractions so that B =
AYV2G,CY2and D = CY2GyEY2. Choosing the (1,3) block entry of K to be AV2G, Gy EY/?
results in a positive semidefinite completion.

Proof. Since K is partially positive semidefinite,

K1:<BA* g)io and K2:<g* IE)>>_‘0



Use Lemma on K7 and Ky to produce contractions G; and Go, resepectively, so that
B = AY2G,CY? and D = C'Y2G5EY2. Since G and G5 are contractions, the factorization

_ A B A1/2G1G2E1/2

K= B* C D
E1/2(G2)*(G1)*A1/2 D* E

A AY2GC1/? A1/2G1G2E1/2)

— C1/2(G1)*A1/2 C 01/2G2E1/2
E1/2(G2)*(G1)*A1/2 E1/2(G2)*Cl/2 E
0

AY/? 0 I Gi  G1Gs\ [AY%2 0 0

=1 0 CcY¥2 o ) ( (G1)* 1 G ) ( 0o Cc'2 o )
0 0 EY2) \(G2)*(G1)* 0 E/?2
A2 0 I 0\ /I 0

= 0o c¥2 o ) ( (G1)* 0) (0 I— G1 *Gy 0 )
0 0 EY2 (G1G2)* (G2)* I) \O I—(G2)*Ga

I Gy GGy A1/2 0 0
x |0 I Gy o cv¥2 o |,
0 0 I 0 0 E.2

shows that K is a positive semidefinite completion of K.

We are now ready to prove Theorem [6.3]

Proof of Theorem[6.3. Let r : {—N,...,N} — H**5 be positive definite. It follows from
Lemma [6.8] with

A =r(0);
B= (r(1 T(N)) :
r(0) r(N)
C = . ;
r(~N) r(0)
D= (r(\)T - (")
E = A,

that there exist contractions G and Go so that if we put (N + 1) = AYV2G1GyEY? and
r(=N —1) =r(N + 1)*, then

(0) -~ (N +1)
L | =0
r(=N—-1) --- r(0)
Continuing in this fashion, we can choose r(N + 2),7(N + 3),... so that
(0) o (N +2) (0) <o (N +3)
: : > 0, : ; = 0,....
r(—N—-2) --- (0) r(=N—-3) --- r(0)

Thus we have contructed 7 : Z — H**® which is positive definite and satisfies
7(n) =r(n), n=—N,...,N.



7. A THEOREM OF KREIN AND IOHVIDOV IN THE QUATERNIONIC SETTING
Sasvari [19] attributes the following theorem to Krein and Iohvidov [14].

Theorem 7.1. Let a = (a(n))nez be a bounded Hermitian complex-valued sequence on Z.
The sequence a has Kk negative squares if and only if there exist measures py and p— on
[0,27] and mutually distinct points t1,...,t. € [0,2n] satisfying p4(t;) =0 for j=1,... K
and supp (u—) = {t1,...,tx} and such that

2w 2w
a(n) = / ey (t) — / e™dp_(t), n € Z. (7.2)
0 0
Proof. A proof for this result when Z is replaced by an arbitrary locally compact Abelian
group can be found in [19]. O

It will be our goal in this section to obtain a direct analogue of Theorem [TI] when (a(n))nez
is a bounded Hermitian H***-valued sequence. To achieve this goal, we will first generalize
Theorem [Tl to the case when (a(n))nez is C***-valued sequence and then the desired result
will follow.

Definition 7.2. Let M = Zlgzl Pyd;, be a C***-valued measure on [0,27], where d; denotes
the usual Dirac point measure at t. We let
k

cardsuppM = Z rank F,.
q=1

Theorem 7.3. Let A = (A(n))nez be a bounded Hermitian C***-valued sequence on Z. A
has Kk negative squares if and only if there exist positive C**%-valued measures My and M_ on
[0,27] and mutually distinct points ti, ..., t; € [0, 27| satisfying My (t;) =0 forj=1,... k,
supp (M_) = {t1,...,tx} and cardsupp M_ = k and such that

2w 2w
A(n) = /0 e AM, (t) — /0 e dM_(t), n € Z. (7.3)

Proof. If A has k negative squares, then a, = (v*A(n)v),ecz will be a complex-valued sequence
with at most x negative squares for any v € C*. Tt follows then from Theorem [T1] that there
exist measures ,ugf) and u(_v) on [0,27] and mutually distinct points tgv), . ,t,(;;) € [0,27]

satisfying ugf) (t;v)) =0forj=1,...,k, and supp (,u(_v)) = {tgv), ... ,tl(;:)}, where k, < k, and

such that

2T 2
ay(n) :/0 emtduf)(t) —/0 emtd,u(_v)(t), n € Z. (7.4)

Let
4 = ) T i T v w e Ce

Then there exist positive C***-valued measures My such that (Miv,w) = ,ugf ) and

2m 2m
A(n) = / MM (1) — / FMAM (1),  nel. (7.5)
0 0
It follows from (5] together with the fact that A has x negative squares that

cardsuppM_ = K.

By construction, M, (t;) = 0 for all ¢; € supp M.

Conversely, suppose (73) is in force. It is easy to check that A is a bounded Hermitian
sequence with at most x negative squares. The fact that A has exactly k negative follows
from the uniqueness of the measure M = M, — M_ in (7)) (see Theorem [E.TI). O



Definition 7.4. Let v = vy + 5] be a q-positive measure on [0, 27| with finite support. We
let
cardsuppv = (1/2)card supp p,

where p is an in (B.2).

Theorem 7.5. Let a = (a(n))nez be a bounded Hermitian H***-valued sequence on Z. The
sequence a has k megative squares if and only if there exist q-positive measures vy and v_
on [0,27] and mutually distinct points ti,. ..t € [0,27] satisfying satisfying v4(t;) =0 for
j=1,... k, supp(dv_) = {t1,...,tx} and cardsuppr_ = k and such that

27 2T
a(n) :/0 e™Mdy, (t) —/0 e dy_(t), n € 7. (7.6)

Proof. If a is a bounded Hermitian H***-valued sequence with x negative squares, then
A = (A(n))nez, where A(n) = xa(n), has 2k negative squares (see Proposition 11.4 in [5]).
Thus, Theorem [73] guarantees the existence of positive C2**?-valued measures M, and M_
on [0, 27] and mutually distinct points ¢1,...,t; € [0, 2n] satisfying satisfying M, (t;) = 0 for
j=1,... k,supp(M_) = {t1,...,tx} and cardsupp M_ = 2k and such that

2w 2w
A(n) = /0 e AM, (t) — /0 e™MdM_(t), neZ. (7.7)

If we write c c
11 12 s s

dMy = ( dM(f_le)) dM%Q;) e — &

(dMI)* dM Cs Cs

and proceed as in the proof of Theorem we get that
dM M () — MMV (1) = dM®? 2r — ) —dM PP (20 — 1),  t € [0,2n)
and
dM "™ (1) —am M () = —( @M 2 — )7 —am P 2x —0)7), e (0,27

Consequently, it follows from dM(t;) = 0 for j = 1,...,k and supp(dM_) = {t1,... 1}
that
aM ") = d P (2r —t),  te|0,27)

and
dM (1) = —am P2 — )T, teo,2n).
Thus,
aM{ () = dM® 2r — 1), te0,27)
and

daM? () = —am P 2x — )T, te0,2r).
Taking advantage of the above equalities we can obtain

2 2T
a(n) = / My, (t) — / e™dy_(t), n € 7,
0 0

where v (t) = Mill)(t) + Milz) (t)j. It is readily checked that vy are g-positive measures.
Moreover, a has k negative squares since A has 2x negative squares and v (t;) = 0 for all
t; € suppr_ and cardsuppr_ = k.

Conversely, suppose that a is a H***-valued sequence which obeys (7.0). Consequently, a is
bounded. The fact that a is Hermitian follows from Remark 54l To see that a has  negative
squares, one can consider the C?**25-valued sequence (A(n)),ecz, where A(n) = xa(n), n € Z
and use the converse statement in Theorem [7.3] to see that A has 2k negative squares. The
fact that a has k negative squares then follows by definition. O



8. HERGLOTZ’S INTEGRAL REPRESENTATION THEOREM IN THE SCALAR CASE

In this section we present an analogue of Herglotz’s theorem in the quaternionic scalar case.
Even though this is a byproduct of the preceding discussion, it may be useful to have the
result stated for scalar valued slice hyperholomorphic functions. We begin by proving an
integral representation formula which holds on B, = {p € H : |[p| < r}, namely on the
quaternionic open ball centered at 0 and with radius r > 0. A similar formula which is based
on a different representation of a slice hyperholomorphic function, less useful to determine
the real part of a function, is discussed in [II]. Note also that, unlike what happens in the
complex case, the real part of a slice hyperholomorphic function is not harmonic.

Lemma 8.1. Let f : Bii. — H be a slice hyperholomorphic function, for some € > 0. Let
1,J €S with J orthogonal to I and let F,G : B1y. NC; — C; be holomorphic functions such
that for any z = x + Iy the restriction fr can be written as fi(z) = F(z) + G(z)J. Then, on
B N Cy the following formula holds:

1 [Pmelt 42 It It

f1(z) = I[ImF(0) 4+ ImG(0)J] + %/0 —— [Re(F(e'")) + Re(G(e'")) J]dt.
Moreover

1—|z|?

mRe(F(e“)). (8.1)

el 42 It It
Re(ﬁ [Re(F(e!)) + Re(G(e ))J]) -
Proof. The proof is an easy consequence of the Splitting Lemma 24} for every fixed I, J € S
such that J is orthogonal to I, there are two holomorphic functions F,G : B1.. N C; — Cy
such that for any z = x + Iy, it is f;(z) = F(z) + G(z)J. It is immediate that these two
holomorphic functions F', G satisfy (see p. 206 in [I])

F(z)—[ImF(O)—i—i/% eIt+zRe(F(e”))alt zeBNC
N 2 Jo elt—2 boh

G(z) =10 G(O)+i/2we”+ZR(G( I)dt 2 € ByAC
Z) = 11m o ) e“—z c e z 1 I

and the first part of the statement follows. The second part is a consequence of the equality

elt + 2 1—|z|? +2chos7f—:zzsint

elt — 2 |elt — 2|2 lelt — 2|2

leading to

oIt o o —|#?
Re( 5= [Re(F(e!")) + Re(Gle)]]) = %

Re(F(e™)).

Remark 8.2. Let f: ) — H be a slice hyperholomorphic function and write

f(p) = fo(xo,...,x3) + fi(zo,...,x3)i + fo(xo,...,23)j + f3(xo,...,x3)k,
with fr: Q =R, £=0,...,3, p=x9+ 21t + x2j + x3k. It is easily seen that the restriction
fi = fic, can be written as
filz +iy) = (folz +iy) + fi(z +iy)i) + (fo(x +iy) + f3(z +iy)i)j
= F(x +iy) + Gz + iy)j
and so
Re(fic,) (@ +1y) = foic,(z +iy)) = Re(F)(z + dy).



More in general, consider I,.J € S with I orthogonal to J, and rewrite i, j, k in terms of the
imaginary units I, J,IJ = K. Then

F®) = fo(xo, ... a%) + filzo, ... a5) ] + fa(xo, ..., 25)J + fs(xo, ..., 25)K,
where p = g + 2} I 4+ 24J + 245K and the z, are linear combinations of the z,, £ = 1,2,3.

The restriction of f to the complex plane Cj is then fi(z + Iy) = F(x + Iy) + G(x + Iy)J
and reasoning as above we have

Re(fr(z +1y)) = foc, (w0, .-, 2%) = Re(F(z + Iy)).
We conclude that the real part of the restriction f7 of f to a complex plane Cy is the restriction
of fo to the given complex plane. Thus if Re(f) is positive also the real part of the restriction
fr to any complex plane is positive.

Theorem 8.3 (Herglotz’s theorem on a slice). Let f: By — H be a slice hyperholomorphic
function with Re(f(p)) > 0 in By. Fiz I,J € S with J be orthogonal to I. Let fr be
the restriction of f to the complex plane C; and let F,G : By N C; — C; be holomorphic
functions such that for any z = x + Iy, it is fi(z) = F(z) + G(z)J. Then fr can be written
m B NCr as

2 eIt 2
fr(z) = IImF(0) + ImG(0)J] + /0 oTi i_ . duy(t), (8.2)

where py(t) = p1 + ped is a finite variation complex measure on C; with py positive and o
real and of finite variation on [0, 27].

Proof. The proof follows [I, p. 207]. First, we note that by Remark B2 Re(f(p)) > 0 in B,
implies that Re(f7(z)) > 0 for z € By NC;. Let p be a real number such that 0 < p < 1. Then
f1(pz) is slice hyperholomorphic in the disc |z| < 1/p and so by Lemma [R] the restriction
f1(z) may be written in |z| < 1 as

1 [#elt 42
fr(pz) = I[ImF(0) + ImG(0)J] + o /0 T [Re(F(pe't)) + Re(G(pelt))J]dt.

where
Ay t,p) = 5= [Re(F(pe'™)) + Re(Glpe!")).J]dt

has real positive part, since it is immediate that Re(f7(pe’’)) = Re(F(pe’t)) and

2
/0 diy(t, p) = [ReF(0) + ReG(0).]].

Let us set I
e+ z
A[(Z,t) = m

and consider
27

Ar(z,t)dpy(t; p).
0

Let {pn}nen be a sequence of real numbers with 0 < p, < 1 such that p, — 1 when n
goes to infinity. To conclude the proof we need Helly’s theorem in the complex case. This
result assures that the family of finite variation real-valued dv(t; p,) contains a convergent
subsequence which tends to dv(t) which is of finite variation, in the sense that

2

2
lim )\(w,t)dy(t,pn):/o AMw, t)dv(t)

n— o0
0
for every continuous complex-valued function A(w,t). In the slice hyperholomorphic set-

ting the integrand is the product of the continuous Cr-valued function Ar(z,t) = Ai(z,t) +
IAy(z,t) where A1 and Ay are real valued, and of the Cj-valued du;(t, pn) = dus(t, pn) +



dpso(t, pp)J (since both duq(t, p,) and dus(t, p,) are real-valued).
Then Aj(z,t)dus(t) can be split in components to which we apply Helly’s theorem. The
positivity of duy follows from the positivity of duq(t, p,), and this completes the proof.

Corollary 8.4. Let f be slice hyperholomorphic function on By such that f(0) = 1. Suppose
that f has real positive part on B1. Then its restriction fr can be represented as

2m It
fi(z) = /O © 2 (o),

elt — 2

where py(t) = pi(t) + po(t)J is a finite variation complex measure on Cy with pi(t) positive
fort € [0,27]. Moreover, the power series expansion of f

f(p) =1+ anan
n=1

is such that |a,| < k, for some k € R, for every n € N.

Proof. The first part of the corollary immediately follows from Theorem Then observe
that

o
o'tz =1 +2Zz"e_lnt

elt — 2
n=1
and so the coefficients a,, in the power series expansion are given by
2
=2 / eIt (1), (8.3)
0

Moreover )
anl <2 [ ldusto)] <
0

for some k € R since dpu () is of finite variation and so it is bounded.

Remark 8.5. Formula (83]) expresses a, in integral form. However, there is an infinite
number of ways of writing a,, with a similar expression, depending on the choices of I and J
made to write (82). An important difference with the result in Section [Hlis that the measure
dp in formula ([B.3]) is quaternionic valued, while in this case it is complex valued (with values
in C;). One may wonder is there are choices of I, J for which formula (83]) would allow to
define a_,, via (83]) and then obtain a_, = a,. Since

2m

2
4y =2 / ey (1), in=2 [ duy@e™,
0 0

and

2
Gy = 2 / (dps (1) — dpia(£)T)e!™
0
2
= 2/ ey () — e Mt dug (t)J
0

21
—2 /0 e (dpy (1) — dpis (27 — 1)),

the condition a_, = @, translates into Re(G)(e*) = —Re(G)(e!?™=1)). If one writes the
power series expansion of f; in the form

o0 [e.e]

frla+Ty) =) (@ +1y)"an = > (z+ Iy)"(aon + Tain + (agn + Tagn)J)



then it follows that

F(z+1y) = Z(az + Iy)"(agn + Iar,) and Gz + Iy) = Z(m + Iy)" (az, + Ias,).

n=0 n=0
Then
RG(G) (‘T + [y) = Z un(x, y)a2n - Un(xa y)a?m
n=0
where
(z+ Iy)" = un(z,y) + Tvp(z,y)
and

n
Up(z,y) = Z <Z> (—1)k/2gn=kyk
k=0, k even
- n
vp(x,y) = Z <k:> (1) =1/ 2gn=ky k.
k=1, k odd

It is immediate that u, and v, are even and odd in the variable y, respectively, thus Re(G)
is odd in the variable y if and only if as, = 0 for all n € N. In general, given a slice
hyperholomorphic function f on B; there is no change of basis for which one can have all the
coefficients ag,, = 0 for all n € N. Thus, formula ([83]) does not allow to define a_,, in order to
obtain the desired equality a_, = a,. The formula is however one of the several possibilities
to assign the coefficients of f in integral form.

We conclude this section with a global integral representation.

Theorem 8.6. Let f : By — H be a slice hyperholomorphic function. Let fr be the restriction
of f to the complex plane C; and let F,G : By N C; — Cy be holomorphic functions fr(z) =
F(z)+ G(2)J, z=x+ Iy. Then
1 2
fla) = I[mF(0) + TmG(0)J] + o— | K(g,e") dus (1),
0
where py(t) is a finite variation complex measure on Cy for t € [0,27] and

1/elt+2 elt4z 1 elt+z  elt4 2
K(q,e“)=—<lt + _>+§Iql< >

It_z CIt

2 —z elt—7Z
=(1+ @ - 2qRe(e”))_1(1 + 2qu(e”) — qz).

Proof. From Theorem the restriction of f to the complex plane Cj is

e e —Z

2 eIt 2
f1(2) = TImF(©0) + IGO0 + [ S s o),

where 117(¢) is a finite variation complex measure on C;. Consider

elt 42 elt 4

z
It > + e[t _E> d:u'J(t)

f1(z) + f1(z) = 2[ImF(0) + ImG(0)J] <

(&

and

21 It | = It
1) = 1) = [ (Gt = S ) o

et —Z e
by applying the Representation Formula we obtain the kernel
el + 2
Celt—z )

1 (elt+2 eltyz 1 elt +
Ity _
Klg,e™) = 2 <e“ —z + elt —2) + §Iql <e“

| Wl



written in the first form. Now we write it in an equivalent way observing that the slice
hyperholomorphic extension of the function

elt + 2

elt — 27

K(zelt) = z=x+ 1y

is (for the x-inverse see Ch. 4 in [I0]) and the

K(qe')=(e""—q) "+ (" +q)

so that

K(g,e") = (1+¢* — 2qRe(e)) ' (1 + 2¢Im(e’") — ¢?),

and the statement follows.

(1]
2]

3]
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