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Abstract

The paper deals with the cost-tolerance functions used in minimum-cost tolerance allocation on mechanical
assemblies. The consistency of the cost-tolerance functions associated with different dimensions of a
tolerance chain is a necessary condition for a correct optimization of tolerance values. This requires a careful
selection of function parameters, in order to take into account all the variables influencing the cost, and thus
to compare the costs of the different dimensions in a common scale.

The cost-tolerance functions proposed in the literature are reviewed, revealing that the parameters are often
selected without explicit reference to empirical data or objective rules. The development of procedures for
parameter selection has been addressed in several studies, which are also reviewed along with the needed
cost data published in textbooks and reports. Finally, an original approach is proposed to build cost-tolerance
functions for combined processes, for which fewer results or methods are available. The parameters of a
reciprocal power function, chosen for the favorable balance between accuracy and ease of use, are expressed
through an empirical relationship with some design variables; these include the nominal dimensions, and the
type and size of the part features involved in the allocation problem. An application example shows that the
proposed procedure results in optimal tolerance values consistent with common design criteria.
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1 Introduction

Tolerance allocation is a widely studied problem in the design of manufactured products [1, 2]. In its basic
formulation, it consists in optimizing the tolerances 7; for a set of dimensions X; on individual parts of an
assembly. The dimensions form a tolerance chain, i.e. they are mathematically related to an assembly
dimension Y (a distance between features of different parts), whose variation is to be controlled within a
tolerance Ty for functional reasons.

The optimal allocation of tolerances is usually associated with the minimum manufacturing cost. On
precision parts, dimensions are created through machining processes such as turning, milling or grinding. A
tighter tolerance 7; on a dimension incurs a higher cost C; because the machining process requires more
expensive equipment and tooling, slower operations due to reduced cutting depths and feed rates, more
frequent replacement of cutting tools, and more expensive inspection procedures with possible increase in
scrap rates. This relationship is expressed through a cost-tolerance function Ci(7;) associated with each
dimension. The objective function of the allocation problem is the sum of the cost-tolerance functions for the
dimensions of a tolerance chain.

Several types of cost-tolerance functions have been used in solving allocation problems. Each has a different
formulation (power law, exponential, polynomial, etc.), and includes a set of parameters. The choice of the
function type is a compromise between various criteria: a complex function is more accurate with respect to
real cost data, while a simple one is easier to use in tolerance allocation. Once the function type has been
chosen, the parameters must be evaluated by considering the required machining operations and the
geometry of the parts (type and size of machined features). This task is nontrivial and prone to errors, also
due to the limited availability of cost data published in a suitable form.

Extensive discussions on cost-tolerance functions are reported in some reviews on tolerance allocation [1-6],
and in studies comparing different types of functions [7-11]. These sources pay the most attention to the
choice of function type: they list the available functions, show how to use them in allocation, and compare
their accuracy. Relatively less studied is the selection of parameters, which is often treated as a secondary
issue with no expected relevance on allocation results; as a consequence, parameter values may not be fully
consistent with some requirements of tolerance allocation, such as the need to estimate costs in a common
scale for all the dimensions of a tolerance chain.

This paper deals with the selection of parameters in cost-tolerance function. The main objective is reviewing
the results available in literature for this task: these include the requirements posed by tolerance allocation
(Section 2), the available types of cost-tolerance functions (Section 3), the published data that can be
exploited to relate costs to tolerances (Section 4), and the methods proposed for parameter selection (Section
5). The review shows that further efforts are needed to improve parameter consistency; one way of doing this
is by expressing the parameters as functions of the variables that influence the production costs associated
with individual part features. This suggestion, which represents the main critical contribution of the review,
translates into the definition of a possible functional expression for the parameters of a widely used function
(Section 6), and in the discussion of possible research developments to improve and deploy it ( Section 7).
The review is limited to the basic formulation of the allocation problem, where tolerances are optimized at
product design stage according to general knowledge of available manufacturing options. The detailed
selection of manufacturing processes is regarded as a downstream task rather than being integrated in the
optimization problem. The same is assumed about the calculation of manufacturing tolerances in individual
process phases. The reference allocation problem only includes dimensional tolerances, with no explicit
consideration of geometric tolerances that may play a key role in the design of precision machine parts.



2 General properties

A cost-tolerance function is continuous and strictly decreasing, i.e. a dimension can have any tolerance in a
given range, and shrinking the tolerance always involves additional manufacturing costs. Different
dimensions of a tolerance chain have different cost-tolerance functions; as shown in Fig. 1, the difference is
in both the absolute cost values (height of the curve) and the rate of change of cost with tolerance (slope of
the curve). The latter aspect is the only one that influences the result of an allocation problem. For example,
if the assembly tolerance Ty is simply the sum of two tolerances 71 and 7>, starting from a tentative allocation
one can look for a better solution by adding AT to one tolerance and subtracting the same amount to the
other. It is clearly better to reduce tolerance 71 where the curve has a smaller slope, because the cost of T
will increase less than the cost of T, will decrease. If the slopes vary continuously and no tolerance reaches
its extreme values, the curves have the same slope at the optimal 7; values [12].
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Fig. 1: Effect of the slope of cost-tolerance functions

In principle, any function with the above properties could be used for a numerical solution of the tolerance
allocation problem. In many cases, however, an analytical solution is desirable so that interesting properties
of the optimal tolerances could be highlighted. The easiest way to solve the problem analytically is the
method of Lagrange multipliers [5], which requires the cost-tolerance functions to be differentiable, of
simple form, and of the same type for all the dimensions. Therefore, the choice of the function is reduced to a
few types, which offer a reasonable compromise between simplicity and accuracy.

The simplest case is when tolerances are optimized with given manufacturing processes. Under such
assumption, a tighter tolerance will require some adaptation of the same process (e.g. reducing depth or feed
in turning) without changing to a more accurate process (grinding). The tolerance ranges for the optimization
have to be preselected, but a relatively simple cost-tolerance function can be accurate enough as it does not
have to account for any discontinuity at process changes. The general form of the function is

Ci = CFi +CV1(7:)

where Cf; is a ‘fixed’ cost independent of tolerance, and Cvi(T;) is a ‘variable’ cost decreasing with tolerance.
There is no full agreement about how different cost items are to be split into fixed and variable fractions.
Most studies consider the operating cost (labor and equipment) as variable; in some cases, however, the
variable fraction is assumed to be mostly related to quality costs: as the tolerance decreases, the cost
increases slowly until the nonconforming rate is negligible, then it increases faster due to higher rates of
scrap and rework. For an allocation with given processes, both views are probably valid: quality costs are
likely to take the lion’s share of the variable cost below the natural tolerance of the process, while operating
costs prevail at looser tolerances.



Another case is when the selection of the manufacturing process is part of the tolerance allocation problem:
the solution is searched for in a wider tolerance range, and the chosen process will depend on the value of the
optimal tolerance. Under this assumption, the parameters of the cost-tolerance function should change
discontinuously at process changes, making the problem impossible to treat analytically. With some
compromise on accuracy, this difficulty can be overcome by defining a single function spanning the whole
tolerance range. The situation is illustrated in Fig. 2, where it is supposed that the tolerance range is covered
by three different machining processes, each with its cost-tolerance function. Loose tolerances can be
satisfied with an increasingly precise rough turning but, below a first break-even point, it is more economical
to rough-turn with faster settings and add a finish-turning operation; a similar situation occurs at a second
break-even point between finish turning and grinding. Considering the uncertainty on the shape of the
curves, one can safely replace the three cost-tolerance functions with an envelope function, usually referred
to as a cost-tolerance function for combined processes. The envelope curve will be of the same type as the
three original ones, but will have a continuous curvature over the whole tolerance range. The curve could be
determined by interpolating discrete data at midrange conditions for the different processes.
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Fig. 2: Cost-tolerance function for combined processes

Regardless of the assumptions on manufacturing processes, the fixed cost has no influence on the slope of
the curve and thus on the optimal allocation. Therefore, it can be ignored whenever an absolute estimate of
the total cost is not required. All the effort to improve the accuracy of a cost-tolerance function should be
made on the variable cost. A key consideration is that function Cv; actually depends on other variables beside
T:. For example, the size of the toleranced feature has an influence on the machining time, and thus on the
operating cost; factors with similar effects may include the machinability of the material and the production
volume. These additional variables should be accounted for by the parameters of the cost-tolerance function
to ensure consistency among the dimensions of a tolerance chain.

3 Cost-tolerance functions

The cost-tolerance functions proposed in literature are reviewed below. The comparison of the functions
leaves out some aspects already addressed in detail elsewhere, such as the accuracy with respect to published
cost data and the suitability to the different optimization methods used for tolerance allocation. Consistently
with the objectives of the paper, attention is focused on the parameters of the functions, whose ranges of
variation in available studies are discussed in order to assess their consistency and suggest possible directions

for improvement. The current popularity of the different functions is also highlighted to help narrow the field
in the development of new approaches to parameter selection.



The functions are classified according to the number of parameters in the cost equation; they include one
parameter for the fixed cost, and one or more parameters for the variable cost. More parameters make a
function more accurate in approximating actual cost data, but also more difficult to use, as analytical
tolerance allocation is no longer guaranteed, and more data are needed for parameter estimation. The
parameters have different values for each dimension X;, although the subscript i will be omitted in the
following equations.

3.1 Two-parameter functions

The first group includes three functions with limited accuracy, yet interesting due to their ability of provide
especially simple and expressive analytical solutions to the allocation problem.

3.1.1 Linear
Proposed in [13], the function
C=a-bT

does not account for the variable rate of change that is a recurring pattern in published cost data. Therefore, it
should be used only with given processes and within narrow tolerance ranges; a piecewise linear variant [14]
has been proposed for combined processes. The function allows an analytical solution of the allocation
problem by the Lagrange multiplier method: under the assumption of statistical stackup, optimal tolerances
T; are proportional to parameters b;. However, the most convenient use of the function is with linear
programming [13, 14] or in more complex methods where only an exceptionally simple function can provide
an analytical solution [15, 16]. The parameters are usually set without explicit references, maybe from
original cost data.

3.1.2 Reciprocal

The function
b

C=a+—
T

has been first used in [17]. In statistical allocation using Lagrange multipliers, it gets optimal tolerances T;
proportional to the power 1/3 of parameters b; [1]. Its simplicity has allowed to use it with a diversity of
methods, including fuzzy logic [18-21], robust design [22, 23], nonlinear 0-1 programming [24], mixed-
integer linear programming [25], simulated annealing [8], and game theory [26]. The function has also been
used with special assumptions on either the manufacturing system [27, 28] or the products, e.g. optical
systems [29] and mechanisms [30]. The selection of parameters is explained in few cases [25, 31], where b
seems to decrease with the precision of the process in a 1:4 ratio between minimum and maximum values.

3.1.3 Reciprocal squared

Proposed in [32], the function
b
C=a +F

is reportedly less accurate than the reciprocal function [3, 4]. It provides an analytical solution to the
statistical allocation with Lagrange multipliers, with optimal tolerances 7; proportional to the power 1/4 of
parameters b;. The use cases are similar to the reciprocal function: allocation with neural networks [33],
constraint networks [34, 35], and response surfaces [36]; with minimization of cost and quality loss [37-39]
or nonconforming fraction [40]; for optical components [41], parts from different manufacturing plants [42],



or selective assembly [43]. Again, b seems to decrease with increasing process precision in a ratio around 1:2
between minimum and maximum values [31, 42].

3.2 Three-parameter functions

The second group includes the two functions that are most frequently chosen due to their favorable balance
of accuracy and ease of use.

3.2.1 Reciprocal power
The function

C=a+%

has been proposed in [44] and includes the reciprocal and reciprocal squared functions as special cases.
Therefore, it is likely to ensure a better approximation of cost data, especially in the lower range of
tolerances [31]. Yet it remains simple enough to get analytical solutions to the allocation problem: as
reported in [1], statistical allocation by Lagrange multipliers results in optimal tolerances 7; proportional to
the powers 1/(ki+2) of products k;b;; more applications of the same method with different assumptions are
reported in [6, 45, 46]. Other applications use different methods such as sequential quadratic programming
[47-51], genetic algorithms [52-54], particle swarm optimization [55-57], migration algorithms [58],
artificial bee colony [59], and Monte Carlo [60]. The function has also proved useful for dealing with
complex mechanisms and assemblies [61-63] and with special formulations of the allocation problem, which
include geometric tolerances [64], mean-shift stackup [65], optimization based on process capability [66],
and the optimal partitioning of components for selective assembly [67, 68]. In [69], the function is extended
to the case of multiple features machined on the same component: the fixed cost is counted only once for the
part, while the variable costs are added together for the different features.

Tab. 1: Values of the parameters of the reciprocal power function from literature

Ref. b k
0.15-0.2 grind, 0.5 drill/turn, 1.6
mill/bore/ream

[31] 1.5 mill, 5 drill, 15 turn, 30-40 grind

[6]

0.15-0.3 drill, 0.15-0.6 grind, 0.2-0.7
bore, 0.25-0.5 turn, 0.3-0.7 mill

0.5 turn/mill/bore, 0.5-1 grind, 1-1.5
drill/hone/lap

[61] - 0.4 mill, 0.7 grind, 1 lap

[64] 1.2-2 drill, 1.7-2.5 turn, 2.3-2.9 grind. ) 5511111, 0.45 turn, 0.5 grind, 0.6 drill
3.3-3.7 mill

[70] - 0.5 mill, 0.6 drill

[62] 1.2 ext. cylinder, 7.5-12.5 int. cylinder, 0.6.0.8
13-18 plane

[53] 0.3-0.5 0.45

[49] 0.01-0.07 0.7-0.9

[71] 7-15 1-4

[67,72] - 0.45

[47, 48, 60, 73] - 1.7-3

[57] - 1-2

[66] - 1.8

[63] - 1.3




Tab. 1 shows approximate values of the variable-cost parameters » and k collected from different studies. In
some cases [6, 31, 49, 62, 64], the parameters are evaluated from original or previously published cost data.
The following patterns can be recognized:

* Lk is dimensionless and therefore has comparable values among the different studies. It does not seem
to vary with feature size, but may depend on production processes. It is usually in the 0.4-0.6 range,
although higher values (1-2) are sometimes assumed to cover specific processes (drilling, milling) or
particularly wide tolerance ranges.

* b is less consistent between the different references, because it depends on the unit of measurement
adopted for the tolerance (here converted to mm where necessary), and on the absolute or relative
scale of cost. However, it seems to depend on both the manufacturing process and the type of
feature; in some cases it is also noted that b increases with the dimensions in a ratio around 1:2
between minimum and maximum values.

3.2.2 Exponential

Proposed in [74], the function

C=a +e%

has a smoother shape than the reciprocal functions, which is said to ensure a better accuracy in the higher
range of tolerances [31]. However, an optimal statistical allocation by Lagrange multipliers can be found
only with an iterative numerical procedure [75, 76]. Consequently, most applications of the functions use
advanced allocation methods, such as genetic algorithms [62, 77-85], the bat algorithm [86], cuckoo search
and particle swarm optimization [85], constraint networks [34, 35], scatter search [87, 88], pattern search
[89], simulated annealing [90], a method based on Lambert W function [91, 92], and fuzzy methods [93].
The function has also been used to solve problems with special formulations, such as interrelated tolerance
chains [94, 95], pre-selection of manufacturing processes [96], minimization of nonconforming fraction [97,
98], allocation of geometric tolerances [99-101], minimization of cost and quality loss [102-104], robust
design [105], simultaneous allocation of process averages and tolerances [106-108], multistation systems
[109], and allocation combined with scheduling [110].

Approximate values assumed in literature for the variable cost parameters b and k are listed in Tab. 2. Both
are hardly comparable for the different studies, as they depend on tolerance units and cost scales. The ranges
of the two parameters are very wide, and only few patterns can be recognized: b increases with machining
precision and decreases with increasing dimensions; k increases with size, while the influence of the process
seems to be inconsistent between the different studies.

3.3 Functions with more than three parameters

The functions of this last group have been used in very few cases, and their interest is mostly in evaluating
possible accuracy improvements compared to simpler functions.

3.3.1 Michael-Siddall
In the function proposed in [111]

b

Th gkt

C=a+

the variable cost is the product of reciprocal power and exponential functions. This makes the function more
accurate, but also too complex for an analytical allocation by Lagrange multipliers. The function has been
used with other allocation methods such as nonlinear programming solved by Monte Carlo [112], genetic



algorithms [113] and integrated Kriging meta-modeling [114]. In [113], the variable T is replaced by
(T-T1im), where Tiim is the minimum tolerance allowable with a certain process.

Tab. 2: Values of the parameters of the exponential function from literature

Ref. b k
[75] 7 turn, 5 grind 500 turn, 450 grind
300 rough-turn, 800 finish-turn, 3000

[79] i grind, 9000 finish-grind

[110] 6.5 rough-turn, 8.4 semifinish-turn,  0.275 rough-turn, 0.25 semifinish-turn,
10 finish-turn, 12 grind 0.225 finish-turn, 0.2 grind

[99] 60 (10-30 geometric tol.) 1.5-2.5 (10-12 geometric tol.)

[88] 25-400 small, 4-9 large 3-17 small, 300-800 large

[4] 4.5-12 0.008-0.012

[78] 8-75 1.5-85

[31] 30-100 2.5-20

[89] 25-400 3-17

[85] - 3-40

[94] 5-70 15-45

[104] 80-300 15-85

[92] 30-300 15-200

[106] 2-2500 30-300

[96] 200-300 40-100

[115] 0.2-15 50-4000

[86] 30-70 80-220

[84] 30-150 700-1400

[34] 2.5-4.2 1100-1400

3.3.2 Combined functions

In [31], the search for more accurate functions leads to the additive combination of simple functions. These
include the combined reciprocal power and exponential function
b b,

—ag+—+
C=a Tk] esz

and the combined linear and exponential function
b
C=a- blT + %
e

Both have been used for comparison to other functions with numerical resolution of the allocation problem
using the constrained variable matrix method, apparently with little advantage.

3.3.3 Polynomial

Another family of functions proposed in [31] consists of polynomials of the type

C=a+bT+bT?>+bT’ +..

which have been used in the cubic (more common), fourth-order and fifth-order versions. They are

unsuitable for analytical allocation, and have been mainly tested for the linear regression of cost data for
geometric tolerances [116, 117], and for parts manufactured by unconventional machining [118].



3.3.4 Discrete

As an extreme case of a cost-tolerance function, some authors have proposed using discrete cost values for
selected tolerance levels. They turn the allocation problem into an enumerative search, which has been
carried out by various methods, such as dynamic programming [119], 0-1 integer programming [120, 121],
branch and bound [122], and genetic algorithms [123, 124]. Discrete costs have also been used for a special
formulation of the allocation problem for product families [125].

3.4 Overview

The above cited references cover a sample of 115 studies (35 of which in the last decade), where cost-
tolerance functions have been used in optimal allocation problems. As shown in the usage statistics in Tab. 3,
the three-parameter functions were chosen in 61% of cases (66% if only the most recent studies are
considered), with a slight and increasing prevalence of the exponential function on the reciprocal power; as
said before, their popularity seems to be justified by the search for a fair compromise between accuracy,
analytical tractability and ease of parameter evaluation. The reciprocal and reciprocal squared functions were
the preferred ones in earlier studies, but they have been attracting decreasing interest up to an overall share of
27% (20% in the most recent studies), with constant prevalence of the former probably due to the greater
accuracy noticed in some reviews. The adoption of the remaining functions has been marginal, even if
constant over time. These figures are in good agreement with previously published statistics [126].

Tab. 3: Breakdown of the applications of cost-tolerance functions

Function Overall 2010+
Reciprocal 17% 14%
Reciprocal squared 10% 6%
Reciprocal power 25% 26%
Exponential 36% 40%
Others 12% 14%

The choice between the two most popular functions is not generally based on explicit reasons, although it is
often mentioned that the reciprocal power and the exponential functions are respectively more accurate for
tight (< 0.1 mm) and narrow tolerances; such a comparison could be relevant for allocation problems with
given manufacturing processes, while the cost-tolerance functions for combined processes should cover the
whole range of tolerance values with similar accuracy. Regarding mathematical simplicity, which is often
emphasized as a major selection criterion, there seem to be no particular reasons for preferring the reciprocal
power or the exponential: most of the allocation methods, with the main exception of Lagrange multipliers,
do neither exploit properties of the derivative of the function nor seem to be sensitive to possible differences
in the speed of evaluation of the function during search procedures.
For the present work, it is more interesting to compare the two functions according to the possible meaning
of the parameters. Both functions have a factor » which implicitly carries the effects of all the variables that
influence the manufacturing cost for a feature; a possible approach to make these effects explicit will be
discussed below. For the k parameter, which determines the rate of change of the cost, it would be useful to
identify properties that help predict the shape of the cost curve starting from partial data. From this point of
view, considering only the variable cost (C = Cv), it is easy to prove that:
 for the reciprocal power function, if 7> = 2T}, the ratio Ci/C, is equal to 2*; from a known point
(C, T) of the curve, therefore, k can be used to find the costs for tolerances 27, 47T, etc. and 1/2T,
1/4T, etc.



» for the exponential function, the cost divided by its derivative with respect to tolerance (i.e. the
intercept of the tangent to the curve on the tolerance axis) is equal to —1/k; therefore k can be used to
find the tangent to the curve once the cost for a given tolerance is known.

In the above review of cost-tolerance functions, it should be noted that almost all applications are in the
allocation of dimensional tolerances. Only few studies include geometric tolerances, again without
agreement or discussion on which functions are to be used: the choices range from exponential [88, 99] to
reciprocal power [64] to polynomial [116, 117], while the selection among discrete values was the preferred
option in the earlier studies [123, 124].

4 Cost data

Quantitative relationships between cost and tolerance can be drawn from general knowledge on
manufacturing processes. Depending on part specifications (shape, size, material, production volume, etc.),
the best process chain can first be identified for any given tolerance; the choice is based on the natural
tolerances of the different processes, which are charted in several textbooks [127-129]. For each phase of the
process chain, the machining time can then be estimated by a few available methods [130-132]; the cost is
finally calculated by applying an appropriate hourly rate to machining time.

Procedures of the above type have been used to prepare cost-tolerance data, which have been published in
textbooks and research studies. It is often pointed out that such data are only a rough approximation of actual
costs, which may depend on specific product types and production settings. It is likely that more accurate
cost data are available at many companies, but are not published for confidentiality reasons.

An especially detailed dataset is provided in [133]. It includes many cost-tolerance graphs for single
processes (drilling, milling, grinding, and some metal casting processes); the costs are expressed as
percentage increments with respect to baseline tolerances for the different processes. A graph for combined
processes is also provided for rotational parts.

Within an in-depth treatment of tolerance analysis and allocation, [14] reports some cost-tolerance curves for
combined processes that had formerly been published in [134]. Each graph refers to a different feature type
(planes, external and internal cylinders) on either rotational or prismatic parts. Although probably dating
before the advent of CNC machining technology, the dataset is interesting as costs are expressed in a
common scale, cover a wider tolerance range, and take into account expected nonconforming rates.

Other studies include cost data for combined processes in a common scale. In [31], costs of different
machining processes (drilling, milling, turning, grinding) are derived from data previously published in [133,
135] and normalized with respect to unmachined castings. Data from [135] are reported in [4] without
specifying the processes corresponding to the different tolerances. In [123], a graph provides relative costs to
satisfy flatness tolerances with different processes (milling, planing, surface grinding).

A limitation of the above data is that the tolerances are not related to detailed specifications on machined
features. Differently, [6] provides a chart where the relative cost is a function of a precision level
corresponding to increasing tolerances for increasing dimensional ranges. The costs are normalized with
respect to a minimum tolerance for each process, but can be easily recomputed in a common scale by
applying a correction factor depending on the process. The data are taken from [136], and cover an especially
large set of processes; in addition to the above mentioned ones, they also include boring, slotting, shaping,
reaming, broaching, diamond turning and boring, lapping and polishing.

The datasets published in literature are heterogeneous by either purpose (types of features, machining
processes, dimensions) and range (single or combined processes). They could be used for the selection of
parameters in cost-tolerance functions, provided that a common variable is adopted to jointly consider
tolerances and nominal dimensions. An obvious choice is the IT tolerance grade of the ISO system of limits
and fits [137]; actually, the precision levels in [6] roughly match the tolerance grades between IT5 and IT13.
A cost expressed as a function of the tolerance grade can easily be converted to a function of tolerance 7; and
nominal dimension X;, considering that the IT grade is an approximate function of the 7; / X;'”* ratio.



After such normalization, some common patterns can be recognized in the different datasets:

» for an individual process, the cost varies within narrow limits (about 1:2 ratio between extreme
values) as long as the tolerance is so large to cause negligible scrap rates; over all the processes
applicable to the same type of feature, the cost range is much wider (ratios between 6:1 to 10:1);

» for each feature type, the cost increases as the tolerance grade decreases (about 1:6 ratio between
IT13 and IT5); the relationship is nonlinear but much smoother than what would be obtained if the
cost were referred to absolute tolerance;

* for the same tolerance grade, the cost strongly depends on both part type (prismatic parts cost more
to machine than rotational ones) and feature type (external cylinders, internal cylinders, and planes
in increasing order of cost).

5 Methods for parameter selection

As shown in Section 3, there is some discrepancy among the values of the parameters assumed in different
studies for cost-tolerance functions. They are often set without explicit references to equations, charts, or
rules of thumb. This makes it difficult to compare the results of different allocation methods. Therefore,
efforts have been made to develop parameter selection methods that could take into account the relevant
influencing factors and improve the consistency among functions relating to different part features.

Some studies use linear regression to estimate the parameters from cost data such as those mentioned in
Section 4. In [31], the parameters of the main cost-tolerance functions are estimated for many manufacturing
processes, and the accuracy in approximating cost data is compared for the different function types. Similar
results are presented in [118] for cubic polynomial functions. It is shown that higher-order polynomials are
more accurate, but may lead to polynomial wiggle; in [138, 139], this issue is avoided by defining a modified
function called extended spline, along with a regression procedure to estimate its parameters.

The approximation of cost data is more difficult with cost-tolerance functions for combined processes. As
already shown in Fig. 2, trying to merge different cost-tolerance curves into one would result in an
irregularly shaped curve that could not be treated analytically. To avoid that, the slope-based method
proposed in [115] calculates discrete points of the combined curve from exponential functions for the
different processes, then it interpolates the calculated points linearly. In an example, this procedure builds a
cost-tolerance curve with a fairly regular shape along the whole tolerance range.

Approximation methods alternative to regression have also been used. In [140], a neural network replaces the
cost-tolerance function for a specific process, demonstrating better accuracy than conventional functions due
to training on a large set of cost data. In [141], a neural network for combined processes is designed to
estimate the cost as a function of tolerance and additional influencing factors (machine tools, machining
methods, process orders, process time, cutting tools, inspection instruments, skilled operators); these are
evaluated by weighted scores to get a single influence coefficient. In [142], the parameters of cost-tolerance
functions for single processes are estimated from the manufacturing difficulty of the feature with respect to
the process, calculated using a method based on fuzzy logic. In [71], an equation based on process
constraints (machine tools, workers, machining and assembly accuracy) is iteratively solved with the
Newton’s method to calculate the coefficients of a reciprocal squared function, thus obtaining a more
complex model depending on a multiplicity of variables (variable coefficients reciprocal squared).

The cost data available in literature cover a small part of the possible combinations of influencing factors
(product type, feature type, manufacturing process etc.). In real cases, the objective of an overarching cost-
tolerance function might have to be resized into a context-related procedure where specific assumptions
could be taken into account. For this purpose, the method proposed in [143] builds cost-tolerance functions
for alternative process sequences from elementary functions related to low-level operations (roughing, semi-
finishing, finishing); the minimum-cost alternative for each tolerance is then selected as a point of the
combined cost-tolerance curve. Process sequences and elementary functions should be easier to collect and
maintain at a manufacturing company. With a similar objective, the method proposed in [49-51] associates a



cost-tolerance function with a five-digit code (tolerance elements) that takes into account the shape and size
of the part. Cost data are retrieved from a process database, where a company could assess the relative
difficulty in satisfying given tolerances when machining different types of part features.

Quality costs are better estimated by a statistical approach. The method proposed in [126, 144] assumes that
the cost-tolerance relationship is only related to the different incidence of scrap and rework. The additional
cost is calculated from the nonconforming rate in a specific process, which is estimated from different
statistical distributions. The method achieves similar relationships between costs and IT tolerance grades as
those discussed in Section 3. An enhanced statistical approach could also consider the impact of inspection
costs, whose relationship with tolerance has been discussed in [145].

The lack of consistent parameter estimations for cost-tolerance functions has suggested alternative
approaches to cost-based allocation. In [146-148] the cost data are obtained by a procedure deriving from
activity-based costing, where the activities are associated to machining and quality control stages. The CTSA
(cost-tolerance sensitivity analysis) method, proposed in [149-151], replaces the cost-tolerance function with
a sensitivity curve, which is built from the judgement of designers and manufacturing engineers (each giving
advise on what would change if the tolerance increased or decreased). The Taguchi tolerancing equation
[152] allocates tolerances considering the quality costs related to deviations on the assembly dimension, and
the engineering costs of scrapping or reworking individual parts.

6 Proposed procedure

The above review suggests the need to ensure consistency of cost-tolerance functions for the dimensions
involved in an allocation problem. After choosing the function type, the parameters of the function should be
estimated considering the main influence factors, such as the nominal dimensions and the size and type of
the features. This is critical in order to compare the costs of different features in a common scale.

This section describes a procedure for the selection of parameters in a cost-tolerance function for combined
processes. It uses available cost data to find empirical relations between the parameters and appropriate
design variables.

6.1 Development

The procedure is based on the reciprocal power function, which will be limited to the variable cost, i.e.
C = Cv(T). The cost will be expressed in a relative scale, common to all the features of a tolerance chain. The
factor b will be expressed as a function of three variables: the nominal dimension, the size and the type of the
feature. The exponent k& will be assumed to be constant for combined processes, while the literature shows
that it may depend on the manufacturing processes when they are preselected for tolerance allocation.

A first assumption is made about the types of costs to be considered in the function. The combined cost-
tolerance curve is an envelope of the process-related curves along the tolerance range. Each process is likely
to be the minimum-cost option among alternative processes only at tolerances exceeding its natural
tolerance, where low levels of scrap and rework are expected. Therefore, only machining costs will be
considered in the combined cost-tolerance function, while quality costs would obviously be relevant when
optimizing tolerances with given manufacturing processes. For a machined part, the fixed costs include the
setup of the machining processes (fixturing, tooling, workpiece loading and unloading) as well as the
roughing operations that determine the shape of the part, while the variable costs are only related to the
finishing operations.

The machining cost corresponding to a given tolerance depends on the nominal dimension. As noted in
Section 4, a relationship can be extablished between the variable cost and the IT tolerance grade. This can be
approximated by a reciprocal power law:



where Cp is the average relative cost for a given nominal dimension, and g is the tolerance grade
corresponding to the tolerance for that dimension. For the grades between IT5 and IT13, several datasets can
be used to estimate the coefficients p and g. They are expressed in different scales and based on different
assumptions (often not explicitly stated). Some of them were analyzed and recalculated in order to match
costs to tolerance grades. The following sources yielded similar patterns for the cost-grade relationship:

* the graphs provided by Bjgrke [14], which list relative costs in a common scale for different types of
features; although the tolerance is expressed in absolute terms, the reported values seem to
correspond to very small nominal dimensions;

» the dataset provided by Chase [6], which charts relative costs in a common scale for different
tolerances grades (although different from the ISO classification) and manufacturing processes; the
effect of the latter was averaged over the different process choices available for each grade;

* the dataset provided by Wu [4], which includes relative costs in an absolute scale of tolerances,
apparently corresponding to midrange nominal dimensions;

» the graph proposed by Trucks [133] for rotational parts, which includes relative costs depending on
the manufacturing processes and thus easily matched to tolerance grades.

The datasets were normalized so as to get the same cost ranges, thus making them fully comparable in a
common scale. In the double logarithmic graph of Fig. 3, the four normalized datasets are merged into a
single dataset; the regression line corresponds to coefficient values p = 91 and g = 2.16 (with R> = 0.94).

In the ISO system, the tolerance in mm is a multiple of the standard tolerance factor / in m:

T =n /1000 )

where the factor n depends on the IT tolerance grade by a discrete exponential law. For the purpose of this
work, it is better to approximate that relationship by a continuous power law:
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Fig. 3: Machining cost as a function of the IT tolerance grade



The double logarithmic graph in Fig. 4 shows the discrete values of n from [137]; the regression line is
affected by a moderate lack of fit due to the choice of the statistical model, yet has a good correlation
(R*=0.97) and gives the coefficient values = 0.0114 and s = 3.80.
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Fig. 4: Approximation of the proportionality coefficients of IT tolerance grades

Again from [137], the standard tolerance factor depends on the nominal dimension X in mm:
1=0450X" +0.001X (4)

The second term, related to measurement uncertainty, can be neglected for X < 500 mm. Rearranging
equations (2-4), the tolerance grade is expressed as a function of the tolerance and the nominal dimension:
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The approximate values calculated for the coefficients of the function are 3 =1.0- 10 and k = 0.55.

Some corrections have still to be made on Cp so that all the dimensions in a tolerance chain could be
expressed in a common scale. For a given nominal dimension, the variable cost is expected to depend on the
size and type of the feature. A simple way of estimating the time required by finishing operations (here
related to the variable cost) is described in [131]: the surface area to be machined is multiplied by a removal
rate depending on the type of feature (i.e. on the machining process). Accordingly, equation (5) is modified
with two correction factors:

D(k/3
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where f4 is equal to the machined area in cm?, and fr has the approximate values listed in Tab. 4, calculated
from the removal rates for different types of feature.

Should the allocation problem involve parts made of different materials, a third factor fu related to the
machinability of the material could also be considered. With base 1 for mild steel, data from [131] would
suggest higher fu values for difficult-to-machine materials (e.g. 2 for stainless steels), or lower ones for
materials allowing high-speed machining (e.g. 0.3 for aluminum alloys).

Tab. 4: Values of the feature-related factor in the relative cost equation

Feature type fr
Outside features of rotational parts 0.75
Inside features of rotational parts 1.25
Cylindrical features of prismatic parts 1.5
Position of planes of prismatic parts 0.5-1
(higher for smaller features)
Non-cylindrical features of prismatic parts 115

(higher for smaller features)

6.2 Application

The use of the proposed cost-tolerance function will be demonstrated on the example illustrated in Fig. 5.
The fork 1 and the link 2 are hinged by means of the spindle 3, which is axially restrained by the pin 4
(press-fit in a radial hole in the spindle) and the washer 5. The drawings show the dimensions Xi, ... Xo of the
part features involved in assembly relationships. All the parts are assumed to be made of the same material.
The dimensions are linked by a few tolerance chains corresponding to clearances that must be controlled for
functional reasons. Tolerances T1, ... Ty are to be allocated by minimizing the total manufacturing cost for the
dimensions involved in each tolerance chain.
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Fig. 5: Example of tolerance allocation

The cost-tolerance functions for the dimensions X; have the expression

b.
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Tab. 5 lists the data needed for the estimation of factors b; for the considered dimensions.



Tab. 5: Parameters of the cost-tolerance functions for the example

i Xi [mm] Sai Sri b

1 100 45 1.25 0.131
2 40 60 1.25 0.147
3 30 60 1.5 0.168
4 40 45 1.25 0.111
5 30 40 1.5 0.112
6 108 20 1.25 0.059
7 30 100 0.75 0.140
8 10 0.75 0.011
9 12 0.75 0.011

The tolerance chains have the following equations:

Y =X,-X,
Y,=X,-X,
Y,=X,-X,

Y, =-X, +X,-05X,-X,

where Y is the side clearance of the link in the fork, Y- is the clearance between the spindle and the bore in
the fork, Y3 is the clearance between the spindle and the bore in the link, and Y, is the axial clearance of the
spindle (i.e. the distance between the pin and the washer mating the side of the fork).

In each of these tolerance chains, a statistical stackup of tolerances is assumed according to the RSS (root
sum square) equation:

17 = f, T

where Ty is the tolerance specified on an assembly dimension Y, the subscript i is limited to the part
dimensions involved in the tolerance chain, and s; is the sensitivity of Y with respect to each dimension X;. In
the equation, the RSS stackup is corrected with an inflation factor fr > 1 to consider possible departures from
the assumptions of statistical tolerancing [153]. Applying the Lagrange multiplier method of tolerance
allocation, it results that the optimal tolerances are proportional to a factor F; depending on the sensitivity
and on the parameter of the cost-tolerance function:

1
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Once F; is known for each dimension of the tolerance chain, the individual tolerances can be calculated from
the assembly tolerance:

F
T =———T,

i
i 2 2 Y
[ZF
i

Tab. 6 details the above calculations for the four tolerance chains. The assembly tolerances 7y were set
considering the different types of functional requirements (0.04 mm for cylindrical fits, 0.08 mm for
prismatic fits, and 0.12 mm for axial clearances). The inflation factor was set to the customary value of
fr=1.5. The tolerances T; are the results of unconstrained optimizations, and should be approximated to
standard fits or tolerances of stock parts. If this further step is done, the resulting tolerances appear in
reasonable agreement with design practice. Specifically:



*  The prismatic fit between the fork and the link has tolerances 0.040 mm on the hole X> and 0.036 on
the shaft Xs. For a nominal width of 40 mm, the closest standard fit is IT8/IT7 (0.039/0.025 mm).
Both features can be machined at the required tolerance grades by side milling cutters on a
horizontal milling machine.

* The cylindrical fit between the spindle and the fork has tolerances 0.020 mm on the hole X3 and
0.018 mm on the shaft X7, which may be approximated to an IT7/IT6 fit (0.021/0.013 mm) for a
nominal diameter of 30 mm. These are likely to require reaming of the hole on a milling machine
and finish turning of the shaft on a CNC lathe.

* In the cylindrical fit between the spindle and the link, the tolerance of 0.020 mm on the shaft X7 is
superseded by the tighter tolerance (0.018 mm) resulting from the previous requirement. If this is
approximated to IT6, the 0.018-mm tolerance on the hole X5 can again be narrowed to IT7 (0.021
mm), ending up in similar machining choices.

* Among the dimensions involved in the axial clearance of the spindle, the diameter Xz of the pin has a
tolerance of 0.030 mm, which is closely approximated by standard 8-mm dowel pins (ISO h8 or
0.022 mm). The 3-mm thickness Xo of the washer has a tolerance of 0.023 mm, corresponding to IT9
(0.025 mm) and consistent with accurate face turning and parting-off operations on a CNC lathe if a
custom size is required. The 100-mm width X; of the fork has a tolerance of 0.061 mm, which
correspond to IT8 (0.054 mm) and is easily machined as previously suggested for the link. The
position Xs of the hole in the spindle has a tolerance of 0.044 mm, which can be standardized to IT8
grade (0.035 mm) on the nominal distance of 108 mm; the hole will have to be drilled and then
reamed at the final diameter.

Tab. 6: Optimal tolerance allocation for the example

Chain Ty [mm] X; Si F; T; [mm]
X 1 047 0.040

Y 0.08 X, | 042 0.036
X, 1 050 0.020

g 0.04 X, | 046 0018
Xs 1 042 0018
Y3 0.04 X, I 046  (0.020)
X, ] 045 0.061

Xe | 033 0.044

Yy 0.12 X 0.5 022 0.030
Xo 1 0.17 0023

7 Conclusions

The paper reviews the cost-tolerance functions for tolerance allocation problems. Differently from previous
reviews on the same topic, attention is focused on the parameters of the functions, with the aim of
highlighting a possible inconsistency in the way they are chosen for the different dimensions of the same
tolerance chain. To shed light on this issue, information is also provided on related problems, such as the
collection of cost data and the estimation of function parameters. As a supplement to the review, a possible
approach has been suggested for a consistent estimation of the parameters for a particular type of function.

Tolerance allocation problems can be solved with many different cost-tolerance functions. Simplicity has
traditionally driven the choice with the aim to get analytical solutions, with the three-parameter functions
(reciprocal power, exponential) increasingly preferred to the two-parameter ones (linear, reciprocal,
reciprocal squared) due to their better accuracy with respect to empirical cost data. The search for numerical
solutions using advanced methods has created space for more complex functions (Michael-Siddall,



combined, polynomial); their applications have been limited, however, probably due to the larger amount of
cost data needed for parameter estimation.

Even more than the choice of the function type, the selection of parameters is critical for a correct use of
cost-tolerance functions. In literature, this problem is usually considered as an afterthought compared to
methodological aspects relating to allocation; this carries the risk of setting the parameters inconsistently for
the different dimensions of a tolerance chain. To avoid consequent inconsistencies in tolerance allocations,
the parameters should be calculated by carefully considering all design variables having an influence of
manufacturing and quality costs.

An obstacle to the development of procedures for the calculation of parameters is the limited availability of
data relating costs and tolerances. Published data derive from different assumptions, and may not be updated
to the current level of evolution of machining processes. More data should be collected by different possible
sources: they include experimental tests, structured judgements of engineers, and cost estimation models at
various levels of detail and accuracy.

As an example of how such a calculation procedure could be designed, the paper has proposed a novel
formulation of the reciprocal power cost-tolerance function for combined processes. The parameters of the
function are estimated from currently available cost data, cost estimation models, and basic concepts of
tolerance standards. One of the parameters, which is mostly responsible for the scaling of costs, is expressed
as an empirical function of design variables: they include the nominal dimension, the surface area and the
geometric type of the feature. The procedure can be used for all the dimensions of a tolerance chain to get
comparable cost-tolerance functions in a common scale. As verified on an example, it helps obtain allocation
results in accordance to sound design criteria without apparent distortions in the influence of the variables.
The proposed approach may have a potential if applied to specific production contexts, where accurate and
consistent cost data could be easily collected and maintained.

Among the future developments of the proposed approach is the determination of cost parameters for the
allocation of geometric tolerances. The problem could be treated as an extension of the one addressed here
when dealing with one-dimensional tolerance chains, i.e. with all dimensions and geometric characteristics
along the same direction. Under such assumption, a conversion to equivalent dimensional tolerances is
customary done to solve stackup analysis problems (see e.g. [154]). Therefore, the dependence on the
nominal dimension expressed in the proposed equation would be easily extended to the tolerance types
associated to basic or toleranced dimensions (position, profile), while it should be substantially revised for
other types (orientation). Two- or three-dimensional tolerance chains may require different approaches, as
the more complex procedures needed for stackup analysis would make the choice of the cost-tolerance
function insensitive to such properties as simplicity and analytical tractability.

Cost-tolerance functions are also used in allocation problems with given manufacturing processes, as well as
in advanced formulations with concurrent selection of manufacturing routes from alternative process
sequences. In this different and more complex context, it will be equally interesting to analyze the
requirements for function parameters, identifying possible margins for improvement.
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