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ABSTRACT. This paper is a natural continuation of our previous work
on conformal embeddings of vertex algebras [6], [7], [8]. Here we con-
sider conformal embeddings in simple affine vertex superalgebra Vi(g)
where g = gg®gs is a basic classical simple Lie superalgebra. Let Vi (g5)
be the subalgebra of Vj(g) generated by gg. We first classify all levels
k for which the embedding Vi (g5) in Vi(g) is conformal. Next we prove
that, for a large family of such conformal levels, Vi(g) is a completely
reducible Vi(gs)-module and obtain decomposition rules. Proofs are
based on fusion rules arguments and on the representation theory of
certain affine vertex algebras. The most interesting case is the decom-
position of V_3(0sp(2n+ 8|2n)) as a finite, non simple current extension
of V_2(Dnta)®V1(Cy). This decomposition uses our previous work [10]
on the representation theory of V_a(Dpt4).

We also study conformal embeddings gl(n|m) < sl(n + 1}m) and in
most cases we obtain decomposition rules.
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1. INTRODUCTION

This paper is a natural continuation of our previous work on conformal
embeddings of vertex algebras [6], [7], [8]. We are focused on embeddings
of affine vertex algebras into vertex superalgebras Vi (g), where g = g5 @ g1
is a basic classical simple Lie superalgebra. Recall that if V' is a VOA and
W is a subVOA, the embedding W C V as vertex algebras is said to be
conformal if both VOAs share the same conformal vector. It is difficult to
classify all conformal embeddings in Vj(g), so we confine ourselves to deal
with a simpler problem:

Problem 1.1 (Classification problem). Classify levels k such that the affine
verter subalgebra Vi(gg) generated by g5 C g is conformally embedded into

Vi(9).-

We completely solve this problem: see Theorem 3.1. Classification of
conformal levels (i.e., levels solving Problem 1.1) is also important as a
motivation for studying the representation theory of affine vertex algebras
at conformal levels. In many cases such conformal levels have also appeared
in our earlier works on conformal and collapsing levels for affine YW-algebras
7], [10]:

After classification of conformal levels, we are ready to consider the next
important problem:

Problem 1.2 (Simplicity problem). Assume that k is a conformal level.
Determine the structure of the subalgebra Vi(gg). In particular, determine
when Vi(gg) s simple.

In the current paper we focus on proving simplicity of Vi (gg) in several
interesting cases.

The proof of simplicity is very natural when a free-field realization of
Vi(g) is available. Here are examples of such cases:

g = sl(m|n), gis of type B(m,n), D(m,n) or C(n), k = 1.

The general simplicity problem, when a realization is missing, is usually
very delicate. We can solve it in the following cases:
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g = spo(2|3), k = —3/4.
e g=F(4),k=1.
e g=G(3),k=1.
e g=o0sp(2n+ 8|2n), k = —2.

The last case g = osp(2n + 8|2n), k = —2 is very interesting since the
subalgebra V_s(g5) = V_2(Dp+4) ® V1(C),). Here we explore the representa-
tion theory of the simple vertex algebra V_o(D,,+4) developed in [10], which
gives that V_s(g) is semi-simple as V_s(gg5)—modules.

There are interesting cases when Vi (gg) is not simple (cf. Remark 3.2).
In our paper [9] we detected similar cases for non-regular conformal embed-
dings. It turns out that analysis of these cases requires different techniques,
and we plan to investigate them in our future research.

The simplicity problem is related with the next natural problem:

Problem 1.3 (Decomposition problem). Assume that k is a conformal level.
Describe the structure of Vi(g) as a Vi(gg)-module.

In the cases dealt with in this paper, we are able to solve both the simplic-
ity and the decomposition problem using what we call fusion rules argument.
By

this we mean the following: suppose that W C V is an embedding of
vertex algebras. Let M be a collection of W—submodules of V' that generates
V as a vertex algebra. Then the structure of span(M) under the dot product
(cf. (2.1)) in the set of all W-submodules gives information about the
structure of V' as a W-module. If the embedding is conformal then there
are constraints that allow in many cases to recover the structure of span(M)
and solve the simplicity and decomposition problems.

Since we study decomposition rules only in the cases when Vi(gg) is a
simple vertex algebra, the decomposition of Vi (g) is naturally related with
the extensions of the simple vertex algebra Vi (gg).

When g is even, ¢ is a subalgebra of g, and Vj(g) is an extension of
simple current type of the conformal subalgebra Vi (£), we were able (cf. [6],
[8], [9]) to get explicit decomposition rules without knowing precisely the
fusion rules for Vj(€)-modules. We can apply such methods here to obtain
decomposition formulas when Vj(g) is a simple current extension of Vi(gg)-
These decompositions are presented in Subsection 4.1 (see e.g. Proposition
4.1). Interestingly, in many such cases we also have explicit realizations.

The previous analysis does not apply to g = psl(n|n) and in this case Vi(g)
does not have explicit realization. But using fusion rules for V_;(sl(n)) from
[5] we obtain the following result (see Theorem 4.4).

Theorem 1. For n > 3, Vi(psl(n|n)) is a simple current extension of
Vi(sl(n)) ® V_i(sl(n)); the related decomposition is given in (4.6).

Next we consider some cases when Vj(g) is not a simple current extension
of Vi(g5). The next theorem sums up the results proven in Proposition 4.13,
Theorem 4.20 and Theorem 4.23.
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Theorem 2. Assume that we are in the following cases of conformal em-
beddings

e g=spo(2]3), k =-3/4.

e g=F(4), k=1.

e g=G3), k=1.
Then Vi(g) is a finite, non simple current extension of Vi(gg)

These cases (among others) have been previously studied by T. Creutzig
in [13] using the extension theory of the vertex algebra Vi(g5) and tensor
category arguments. He impressively identifies the larger vertex algebra
Vi(g) among all possible extensions of Vi(gg). We present a different (and
more elementary) proof which uses only some affine fusion rules. In partic-
ular, we first prove that Vi (gg) is simple. In our cases, this directly implies
that Vi (gg) is semi-simple in the category KLy (see [10, §3]) and therefore
Vi(g) is a completely reducible as Vi(gg)—module. To obtain the precise
decomposition we apply Vi (gg)—fusion rules.

Our fusion rules method can be applied beyond the affine vertex algebra
setting. As an example, we present in Section 6 a new proof of simplicity
of the free-field realization of Vj(osp(n|m)) (cf. [25]) and corresponding
decomposition of the Fock space. As a consequence, this also gives a new
proof of the simplicity of the realization of V_; j(sp(2n)) from [17].

In Section 7 we deal with g = osp(2n + 8|2n), k = —2. We have the
following result (cf. Theorems 7.8, 7.9):

Theorem 3. Assume that n > 1. We have the following decomposition

V_s(0sp(2n + 8|2n)) = @ L_5(iw1) ® L1 (w;).
=0
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2. SETUP AND PRELIMINARY RESULTS

2.1. Notation. Let g = g5 © g7 be a basic classical simple Lie superalge-
bra. Recall that among all simple finite-dimensional Lie superalgebras it is
characterized by the properties that its even part gg is reductive and that
it admits a non-degenerate invariant supersymmetric bilinear form (-|-). A
complete list of basic classical simple Lie superalgebras consists of simple
finite-dimensional Lie algebras and the Lie superalgebras si(m|n) (m,n >
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1,m # n), psl(m|m) (m > 2), osp(m|n) = spo(n|m) (m > 1,n > 2 even),
D(2,1;a) (a € C,a # 0,—1), F(4), G(3). Recall that sl(2|1)and osp(2|2)
are isomorphic. Also, the Lie superalgebras D(2,1;a) and D(2,1;a’) are
isomorphic if and only if a,a’ lie on the same orbit of the group generated
by the transformations a — a~! and a + —1 —a, and D(2,1;1) = osp(4/2).
See [20] for details.

Choose a Cartan subalgebra b for gz and let A be the set of roots. If AT
is a set of positive roots, then we let Il be the corresponding set of simple
roots. If g is not an even Lie algebra, we choose as AT the distinguished set
of positive roots (i.e. II has the minimal number of odd roots) from Table
6.1 of [25].

We normalize the form (-|-) as follows: if g is an even simple Lie algebra
then require (0|0) = 2 (where 6 is the highest root of g). If g is not even,
then we let (-|-) be the form described explicitly in Table 6.1 of of [25]. Let
Cy be the Casimir element of g and let 21" be the eigenvalue of its action
on g.

Let k € C be non-critical, i.e. k # —h". We let V*(g), Vi(g) denote,
respectively, the universal and the simple affine vertex algebra (see [24, §
4.7 and Example 4.9b]). Note that the definition of V*(g), Vi(g) depends
on the choice of (+|-).

Let g” be an equal rank basic classical subsuperalgebra of g such that the
restriction of (-|) is nondegenerate We further assume that g° decomposes
as g° = g)@- - - ®g! with g§ even abelian and g! basic classical srrnple ideals
for i > 0. A remarkable example of such a situation is the case g’ = gg.
If v € h*, we set 1/ = Vlpng?- For a simple basic classical Lie superalgebra
a, we let V4 (u) denote the irreducible finite dimensional representation of a
of highest weight u. If U is an irreducible finite dimensional representation
of a, we let Lyx(U) be the irreducible representation of V*(a) with top
component U. We simply write Lq(p) or Ly (p) for Lo g (Va(p)).

Let {z;},{y:} be dual bases of g (i.e. (zplyx) = Onx). If j > 0, let (-|-);
be normalized invariant form on g9 and set {z]},{y]} to be dual bases of
g?- with respect to (:|-);. Let h}/ be the dual Coxeter number of g? For g9,
let {29}, {y?} be dual bases of g with respect to (:|-)o = (:|*);,0
hy =

If k = (ko, ..., ks) is a multi-index of levels we set

a0 xgg and set
V(") = V() @ - @ Vi (g)),
and, assuming k; + hy # 0 for all j, we let

Vi(g%) = Vi (80) ® -+ ® Vi, (g2).

Here V"“(gg) denotes the corresponding Heisenberg vertex algebra. We also
set Voo (p) = @Vgo(p?) and Lgo(p) = @Lgo (1)-
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If g) = Cw and k # 0, then, setting ¢ = \/k(zsz’ Vk(gd) is the ver-

tex algebra M.(1) generated by ¢ with A-product [cxc] = A1. We denote
by M.(1,r) the irreducible M.(1)-module generated by the highest weight
vector v, such that

c(0)v, =rv., c(s)v, =0 (s>1).

(@) ).
Vk(w|@)

We consider V*(g), V¥(g°) and all their quotients, including Vi (g), Vi (g°),
as conformal vertex algebras with conformal vectors wg,wgo given by the
Sugawara construction:

In particular ng(uo) = M.(1,

1 dim g s 1 dimg?
_ s _ i)
0T Rk ) Zl R ;)2(kj+h]v) 2 it

Recall that, if a vertex algebra V admits a conformal vector w and the
corresponding field is Y (w, 2) = 3,7 wnz~ "2, then, by definition of con-
formal vector, wy acts semisimply on V. If x is an eigenvector for wqg, then
the corresponding eigenvalue A, is called the conformal weight of z.

Let V be a vertex algebra. Denote by T' the translation operator on V
defined by Tu = u(—2)1 . If U, W are subspaces in a vertex algebra then
we define their dot product:

(2.1) U-W =span(u(n)w |ue U, weW, nelZ).

The dot product is associative and, if the subspaces are T-stable, commu-
tative (cf. [12]). The dot product in a simple vertex algebra does not have
zero divisors: if U -V = {0} then either U = {0} or W = {0}.

We let Vi (g°) denote the vertex subalgebra of Vj,(g) generated by z(—1)1,
z € g°. Note that, given k € C, there is a uniquely determined multi-index
u(k) such that Vi(gg) is a quotient of V*)(g®) hence, if u;j(k) + hi # 0
for each j, wyo is a conformal vector in Vi(g”). We will say that Vi (g") is
conformally embedded in Vi(g) if wy = wyo.

Our aim is the study of conformal embeddings of Vi(g°) in Vi(g); in
particular we will describe the classification of all conformal embeddings of
Vi(g5) in Vi(g). The basis of our investigation is the following result, which
is a variation of [4, Theorem 1]. Let g' be the orthocomplement of g* in g.

Theorem 2.1. In the above setting, Vi(g°) is conformally embedded in Vi, (g)
if and only for any = € g' we have

(2.2) (wgo)ox(—1)1 = 2(—1)1.

Assume that g' is completely reducible as a g’-module, and let

t
g' = @ Voo (pa)
i=1

be its decomposition. Set pg = 0.
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Corollary 2.2. Vi (g°) is conformally embedded in Vi.(g) if and only if

(il il +207);
2.3 Wais bt ¥ 2P )i _
23 B G
for all i > 0.

Assume g§ = {0} and that g¥ is the set of fixed points an automorphism
o of g of order s and let g = @iez/szg(i) be the corresponding eigenvalue
decomposition. Note that g° = g(© and that g' = Z#O g, Since g! is
assumed to be completely reducible as g’-module, we have

9(2) = Z V(Nr)a

rel(i)

where I(7) is a subsets of {1,...t}. The map o can be extended to a finite
order automorphism of the simple vertex algebra Vi (g) which induces the
eigenspace decomposition

Vi(g) = @iEZ/sZVk(g)(i)’

Clearly Vi(g)® are ﬁo—modules. Note that gg is the fixed point set of the
involution defined o(x) = (—1)"z for x € g;, so the above setting applies to
90-

The following result is a super analog of [4, Theorem 3|. For the sake of
completeness, we provide a proof.

Theorem 2.3. Assume that, if v is the weight of a g°-primitive vector
occurring in V (u;) ® V(p;), then there is a g°-primitive vector in Vi(g) of
weight v if and only if v = p, for some r.

Then Vi (g°) is simple and

(2.4) Vi(9) = Vic(a”) @ (Bi=1 Lgo (113))-

Proof. Set U = C1 @ g' € Vi(g) and U = Vi (g°) - U. It is enough to show
that Vi(g) = U. Since U generates Vi (g) it suffices to check that U is a
vertex subalgebra, which is equivalent to checking that &/ -U C U.

Since U - Vi(g°) = Vi(g°) - U, we have

U-U=V(@") U - Ve(a®) - U=Vi(g") - U-U

so it is enough to check that U - U C U. Assume the contrary. Then
there is n such that U(n)U + U is nonzero in Vi(g)/U. Since U is finite
dimensional, we can assume n to be maximal. It follows that there are i, j
and a vector v in Vyo(u;)(n)Vyo(p;) such that (v +U)/U is nonzero. Since
Vo (11:)(n) Vo (p5) is finite-dimensional, it is g°~generated by gO-primitive
vectors, thus we can assume that v is g’-primitive. Let V, W be g°-
submodules of Vjo (44;)(n) Vg (115) such that v+W is the highest weight vector
of V/W =~ Vo (v). In particular, if n is a weight occurring in W, then n < v.



8 ADAMOVIC, MOSENEDER, PAPI, PERSE

Note that, if x € g° and m > 0, then
(25)  @(m)Vyo(ui)(n)Veo (py) C ad(x)(Vyo (i) (n + m) Vyo (1)

In particular, z(m)W C U. Set W = Vi(g?) - W. By the above observation
if n is a weight occurring in (W + U)/U, then n < v. This implies that
v+U ¢ W +U)/U. Tf ais a positive root in g%, then z,(0)v € W, so
2o (0)(v+U) € W+U. Moreover, by (2.5) again, x(m)v € U for m > 0. Set
V = Vi(g°) V. It follows that v+ is g°-singular vector in (V+U)/(W+U).
By our hypothesis, v = p, for some r. Then, by (2.3), A, =1 or A, = 0.
This implies that v € g(—1)1+C1, thus v € U, and we reach a contradiction.
([

Remark 2.1. The hypothesis of the previous theorem hold whenever for
all primitive vectors of weight v occurring in Vjo(u;) ® Vgo(15), one has that
either v = u, for some r or

s

W v 420",
20 2 2 ) £

Let now assume that g) = Cow and that g* decomposes as

g' = Voo (u) & Voo (u*).

Observe that this is the case when g° = g5 and gg is not semisimple.
By a suitable choice of @ we can assume that w acts as the identity on
Vgo (1) and as minus the identity on its dual. Define € € (gJ)* by setting

(2.7) e(w) = 1.

If ¢ € Z, let Vi(g)@ be the eigenspace for the action of w(0) on Vi(g)
corresponding to the eigenvalue ¢. Let {0,v1, -+ , v, } be the set of weights
of g'—primitive vectors occurring in Vyo (1) ® Vo (u*).

The following result is a super analog of [6, Theorem 2.4].

Theorem 2.4. Assume that k # 0 and that Vi(g)®) does not contain

9 -primitive vectors of weight vy, where r =1,...,m. Then
(2.8) Vi(g”) = Vi(e°) = Vi(a)"”
and Vi(9)'9 is a simple Vi(g°) ~module, so that Vi(g) is completely reducible
as a g'-module. Moreover
Vi(@)'@ = Voo (i) - Vi () - - Vo () if 4> 0,
q times
Vi(@)' = Vgo (") - Voo () - - Voo () if g <0.

lg| times
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Remark 2.2. The assumption of Theorem 2.4 holds whenever, for r =
1,...,m,

t j ;
(2.9) ZW—+2N)J 7.

3. CONFORMAL LEVELS

Definition 3.1. A level £ € C is said to be a conformal level for the emebed-
ding g° C g if

(1) k+ RV #£0,

(2) uj(k) +hy #0 for all j,

(3) Vi(g") is conformally embedded in Vj(g).

Theorem 3.1. The conformal levels for the embeddings g5 C g are as fol-
lows.

(1) If g = sl(m|n), m > n > 2,m # n+ 1, the conformal levels are
k=1,—1,25m;
If n =1, m > 3, the conformal levels are k = —1, I_Tm;
Ifm=n+1, m >3, the conformal levels are k = 1, —%;
If m =2,n =1 the only conformal level is k = —%;

(2) If g = psl(m|m), the conformal levels are k =1, —1;

(3) If g is of type B(m,n), the conformal levels are k = 1, w if
m #n, k::% if m=n, andk‘:—%—”’ if m=0.

(4) If g is of type D(m,n), the conformal levels are k = 1,2 — m + n if
m#nand k=1 1if m=n;

(5) If g is of type C(n+1), the conformal levels are k = 1,1+n ifn > 1
and k=2 1ifn=1;

(6) If g is of type F(4), the conformal levels are k = 1, —%;

(7) If g is of type G(3), the conformal levels are k = 1, —%;

(8) If g is of type D(2,1,a), the conformal levels are k = 1,—1—a,a for
a ¢ 1,—-1/2,—2; the only conformal level for D(2,1; f%) sk = %;
the only conformal level for both D(2,1;1) and D(2,1;—-2) is k = 1.

Proof. We apply Corollary 2.2 and solve (2.3). For each case we list here
the relevant data.

(1) g = sl(m|n), m > n > 1: in this case g5 = Cw x sl(m) x sl(n) (disregard
the rightmost factor when n = 1), where

1 nl, 0
T Tm < 0 mIn) '
The form is the supertrace form, hence it restricts to the normalized in-

variant form on sl(m) and to its opposite on si(n). It follows that ug(k) =
ui(k) = k and ua(k) = —k. As gg-module,

01 = Vew (€) @ Viim) (1) @ Vi) (Wn—1) & Vew (—€) @ Vg m) (Wm—1) @ V() (w1)
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Since (e, €) = “=™ and, in the normalized invariant form of sl(r),
(w1, w1 +2p) = (wWr—1,wr—1 +2p) = MM),

equation (2.3) reads for both factors of g;

(m—1)(m+1) (n—1)(n+1) n—m_,
2m(k +m) 2n(—k +n) 2mnk

whose solutions are 1,—1,%(n —m) if n > 1 and —1,3(1 — m) if n = 1.
Next we have to check that the previous values are not critical for g: this
excludes k =1 when m =n + 1.

(2) g = psl(m|m): in this case gz = sl(m) x sl(m). The form is the form
induced by the supertrace form on sli(m|m), hence it restricts to the nor-
malized invariant form on the first si(m)-factor of gz and to its opposite on

the second factor. It follows that u; (k) = k and ug(k) = —k. As gg-module,
01 = Vit(m)(@W1) @ Viim) (Wm—1) ® Vii(m) (@m—1) @ Vyiimy (w1),
thus equation (2.3) reads for both factors of g7

(m—1)(m+1) (m—1)(m+1)
2m(k +m) 2m(—k +m)

=1

whose solutions are 1, —1.

(3) g of type B(m,n): in this case gg = so(2m + 1) x sp(2n). The form is
half the supertrace form. If m > 1, (-|-) restricts to the normalized invariant
form on so(2m + 1) and to —1/2 the normalized invariant form on sp(2n).
It follows that ui(k) = k and ua(k) = —k/2. As gg-module,

g1 = V90(2m+1) (wl) ® Vtsp(Qn) (Wl),
thus equation (2.3) reads

m n 2n+1
E+2m—1  2(—k+2n+2)

Its solutions are 1, w Next we have to check that the previous values
are not critical for g: this excludes k =1 when m =n .

If m = 1 then (-|-) restricts to twice the normalized invariant form on
s0(3) and to —1/2 the normalized invariant form on sp(2n). It follows that
ui(k) = 2k and ug(k) = —k/2. As gg-module,

91 = Vio3)(2w1) ® Vipan) (W),
thus equation (2.3) reads

1 n 2n+1
k+1 2(—k+2n+2)

Its solutions are 1, 1+22". Next we have to check that the previous values are

not critical for g: this excludes k =1 whenn =1.
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Finally, in the case m = 0, (|-) restricts to 1/2 the normalized invariant
form on sp(2n). It follows that u;(k) = k/2. As gg-module,
g1 = Vsp(2n) (w1)¢
thus equation (2.3) reads

2n+1
2(k+2n+2)

whose unique solution is —#. This value is never critical for g.

(4) g of type D(m,n): in this case gg = so(2m) x sp(2n). The form is half
the supertrace form, hence it restricts to the normalized invariant form on
so(2m) and to —1/2 the normalized invariant form on sp(2n). It follows
that uy (k) = k and ua(k) = —k/2. As in case (3), as gg-module,

91 = Vtso(?m) (wi) @ ‘/sp(2n) (w1),
thus equation (2.3) reads

2m—1 ., n+1/2
2(k+2m—2)  2(1—-Ek/2+n)

Its solutions are 1,2 — m + n. Examining the critical values excludes k = 2
when m = n.
(5) g of type C(n+ 1): in this case gg = Cw x sp(2n), where

HI0 1 0
w‘( 0 0>’ H‘(o —1>'
The form is 1/2 the supertrace form, and uy(k) = k and u; (k) = —(1/2)k.
As gg-module,

91 = VCW(E) ® Vvsp(Zn) (wl) @ V(Cw(ie) ® V;p(Qn) (wl)’
thus equation (2.3) reads

1 n+1/2
2k 2—k+2n
Its solutions are 1,1 + n, and k = 1 should be excluded when n = 1.
(6) g of type F'(4): in this case g5 = sl(2) x so(7). We choose the invariant

form in such a way that it restricts to the normalized invariant form on
so(7), and ui(k) = —2/3k,u2(k) = k. We have

91 = Va2 (w1) @ Viorry (w3)
thus equation (2.3) reads
9 21

S(—k+3) T8h+n) -

Its solutions are —%, 1.
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(7) g of type G(3): in this case g5 = sl(2) x G2. We choose the invariant
form in such a way that it restricts to the normalized invariant form on Go,
and wuy (k) = —3/4k,us(k) = k. We have

01 = Vi2)(w1) ® Vi, (wr)

thus equation (2.3) reads

3 N 2 .
—3k+8 k+4

Its solutions are —%, 1.
(8) g of type D(2,1;a): in this case gz = sl(2) x sl(2) x sl(2). We choose
the invariant form in such a way that it restricts to the normalized invariant
form on the first sl(2) and u; (k) = k,u2(k) = k/a,us(k) = f%. We have
91 = Vi) (w1) ® V) (wi) @ Vo) (w1)
thus equation (2.3) reads
3 n 3 n 3
k k
Ak+2) 4k +2)  4(—E +2)

Its solutions are 1, —1 — a, a and some cases are excluded as specified in the
statement. ([l

Remark 3.2. Note that for g of type D(2,1;a) one can choose the parameter
a so that the subalgebra Vi (gg) is non simple. For example, for a = —%, one
can show that Vi(gg) = Vi(sl(2)) ® V=43(s1(2)) @ V_4(sl(2)). These non
simple embeddings will be investigated in our future papers.

The next result gives some examples of conformal embeddings for g° C g
with g° not a Lie algebra.

Theorem 3.3.
(1) Assume n # m,m—1.The conformal levels for the embedding gl(n|m) C
slin+1m) are k =1 and k = —2t=7

(2) The conformal levels for the embedding sl(2) x 0osp(3|2) C G(3) arek =1
and k = —4/3.

Proof. Consider first the embedding gl(n|m) C sli(n + 1|m). We have

1

0
= l =
g Cw @ sl(n|m), w 1l

where
m—-—n 0 0
Ipp = 0 I, O
0 0 I,

Then g = g° @ g', where
g' = Vew(e) ® C'™ @ Ve (—€) @ (Cm)*.
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The invariant form is the supertrace form. We now compute the conformal
levels. Equation (2.2) becomes in the present case

n—m+1 (m—-n+1)(1-—m+n)

2k(n —m) 2(k+n—m)(m—n) =1

Its solutions are k = 1 and k = —2tl=m

Consider now the case of sl(2) x osp(3|2) C G(3). Recall that AT is the
distinguished positive set of roots for G(3). Let oy, aa, as be the correspond-
ing simple roots ordered as in Table 6.1 of [25]. Let w € h be such that

aj(w)) = &j;. Then g is the fixed point set of o = e™ =193 In particular,
one sees that

go =bho @ Yo gl = @ Ja-

a(wy) even a(wy') odd

From this explicit description one sees that one can choose the simple
roots for osp(3|2) to be f1 = a1 and By = 2a9 + a3 and that

8" = Vi) (w1) @ Vospesja) (B1 + 3/262).
Equation (2.2) becomes in the present case

3 .3
4k+2)  8(3k—1)

whose solutions are k =1 and k = —4/3. O

Remark 3.4. Note that a conformal level is either 1 or collapsing (see [7] for
the notion of collapsing level). There are however a few negative collapsing
levels which are mot conformal.

4. DECOMPOSITIONS FOR THE EMBEDDING g5 C ¢

4.1. Easy cases. In the following proposition we list the cases when (2.4),
(2.8) hold since conditions (2.6), (2.9) are verified. To simplify some formulas
we also introduce the following notation for some V_;(sl(m))-modules:

Us(m) = le(m)(swl)a UET:) = le(m)(swmfl)v $ € Ly.
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Proposition 4.1.

(1) Veys(G3)) = Vi(sl(2)) ® V_y/3(G2) ® Lyga)(w1) @ La, (wi),
(2) V_g/o(F(4)) = Vi(sl(2)) ® V_3/2(50(7)) ® Lg2)(w1) ® Loery(w3),
(3) Vi(B(m,n)) = Vi(so(2m + 1)) ® V_;5(sp(2n))
D Lso2m+1)(W1) @ Lgp(an)(wi), m # n,
(4) Ve(B(0,n)) = V_i2n43)/4(sp(2n))
D Lgpan)(w1), k=—(2n+3)/2,
(5) Vi(D(m,n)) = Vi(so(2m)) ® V_y5(sp(2n))
©Lgoam)(W1) @ Lgp(an)(wi), m#n+1,
(6) Vi(C(n+1)) = Mc(1) ®V_y1/2(sp(2n))
@ Y M(1,29) ® V_y5(sp(2n))
qeZ\{0}

©® Z Mc(lv 29+ 1) ® Lsp(Zn) (w1)¢
qEZ

(7) Va(sl(m|n)) = M.(1)®@ Vi(sl(m)) @ V_1(sl(n))
D Z Mc(1,4/%=gm) @ Vi(sl(m)) ® Uﬁq)m
qeZ\{0}

> M(1,

7j=1,...,.m—1
qEZ

In case (7), m #n,n—2,m >2,n> 3.

qm+])>®le( )( )®U(q)m -5

Proof. In cases (1)—(5) one needs only to check (2.6). As an example, here
we give the details only for case (4): g = osp(1|2n) and the invariant form
is (z|y) = —%str(zy). Moreover, as gg-module, g = Vip(2n)(w1), thus

o1 ® 01 = {Vsp@n)(?wl) ® Vip(an) (w2) © Vip(an) (0) %f n>1
Vip(an) (201) © Vpian) (0) ifn=1
Since, uy (k) =1/2 and hY =n + 1,
(2w1,2w1 +2p0)1 2n + 2 2
2ui(k) +hY)  2(3(-2n-3)+n+1) 2n+1
and, if n > 1,
(wa,wa + 2p0)1 _ 2n _ 2
2(ur(k) +hY)  2(3(-2n—3)+n+1) 2n+1

thus (2.6) holds.
In cases (6), (7) the only nontrivial step is the computation of the decom-
position for Vi (C(n + 1)) and Vi(sl(n|m)).

+2

+ 2



CONFORMAL EMBEDDINGS OF SUPERALGEBRAS 15

The decomposition for Vi(C(n + 1)) follows readily from Theorem 2.4,
the fusion rule for V_; 5(sp(2m)) (see [29])

(41) Lsp(Qm) (wl) X Lsp 2m) ( ) V—1/2(8p(2m))7
and the well known fusion rules
(4.2) M.(1,r) x M.(1,s) = M.(1,7 + s).

For Vi(sl(n|m)), consider the V;(sl(m))-modules
2™ = Vi(si(m)), 2™ = Logny(wy), §=1,...,m — 1.

and recall the following fusion rules:

43) UM xUD® = vl (s1,5 €7),
@4y zZMxzM =z i Ui e {0, m—1}).

The fusion rules (4.3) were proved in [5] and (4.4) in [16].
Since in this case Vg, (1) = Lew(€) ® Z{m) ® Ul(”), Vio (") = Lew(—€) ®
Z,(nni)l ® U(_nl) and Lo (£e) = Mc(1,£4/ %) we obtain from (4.2), (4.3),

(4.4) that
Vo (1) Vg (1) -+ Vg (1) = M1,/ 5q) 0 20 o @ UL
q times
and
Vgﬁ (:UJ*) ’ Vgﬁ(,u*) et VQ()(M*) = Mc(la m Q) & Z(m)mod m X UET;),
—q times
so Theorem 2.4 provides the desired decomposition. [l

Remark 4.2. In Subsection 4.8 below we derive the decomposition above for
Vi(C(n+1)) using a different approach that has the advantage of clarifying
the vertex algebra structure of the even part of Vi(C(n +1)).

4.2. Another approach to the case g = sl(m|n), k = 1. Here we give
a different approach to the decomposition of Vi (sl(m|n)) as Vi(gg)—module
that extends the result in Proposition 4.1 to the missing m = n — 2 case.

Theorem 4.3. Let g = sl(m|n) with m #n, m > 2, n > 3. Then
(4.5) Vi(go) = Vi(sl(m)) @ Vou(sl(n)) @ M (1)

and the decomposition in Proposition 4.1 (6) holds. In particular, V(g ) s a
simple current extension of the vertex algebra Vi (sl(m))®@V_1(sl(n))®M,.(1)

Proof. It is enough to prove that the action of Vi(gg) on Vi(sl(m|n)) is
semisimple. In fact, in such a case, by the fusion rules (4.3), (4.4) and (4.2),
Theorem 2.4 can be applied. The semisimplicity follows from the free field
realization of Vj(gl(m|n)) in M(Qm,gn) = F(m) ® M(n) where F(m) and M(n)
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are respectively the fermionic and Weyl vertex algebras (cf. Section 6). In
fact the composition of the embeddings

Vi(gl(m) x gl(n)) C Vi(gl(m|n)) C Fmy ® M)
is the tensor product of the embeddings of V1 (gl(m)) in F{,,) and of V_1(gl(n))
in M. It is well known that F,,) is completely reducible as gT(E)—module.

—

The fact that M, is completely reducible as gl(n)-module is proven in
[5]. O

4.3. The case g = psl(m|m), k = 1. The approach of § 4.2 readily extends
to the case of g = psl(m|m):

Theorem 4.4. Assume that m > 3. Then

m—1
(4.6) Vilpsi(m|m)) = 3° 3" Loy (wy) @ U .
7=0 q€Z

In particular, Vi(g) is a simple current extension of the vertex algebra
Vi(sl(m)) @ Voa(sl(m)).

Proof. The proof follows as in Theorem 4.3 from the semisimplicity of the
action of Vi (sl(m) x sl(m)) on Vi(psl(m|m)). To prove semisimplicity, let
I € sl(m|m) be the identity matrix. Then we have V; (sl(m|m))-modules

Vi(sl(m|m)) - I C Vi(sl(m|m)) C Vi(gl(m|m)).

Moreover the map x mod CI + z(—1)1 mod Vi(si(m|m) - I extends to
a vertex algebra map from V!(psl(m|m)) to Vi (sl(m|m))/(V1(sl(m|m) - I).
Let Vi (psl(m|m)) be the image of this map. Since Vi(sl(m) x sl(m)) acts
semisimply on Vi(gl(m|m)), it acts semisimply also on Vi(psl(m|m)) and
therefore on its quotient Vi (psl(m|m)). O

Remark 4.5. The simple current extension in the theorem above is a super
analog of extensions studied in [27). We should also mention that the super-
character formula for Vi(g) is presented in [3].

The case m = 2 was given by Creutzig and Gaiotto as one of the main
results in their paper [14]. We shall here only state their result on the
decomposition.

Proposition 4.6. [14, Remark 9.11] Assume that m = 2. We have:

Vi) =P (i+ 2P 0 v o @ (@i+2)27 e U, ).
1=0 =0

In particular, Vi(g) is an extension of Vi(sl(2)) ® V_1(sl(2)) which is not
simple current.
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4.4. The case g = sl(m|n), k = —h" /2. An interesting case is to consider
embeddings to Vi (g) where g = sl(m|n) and conformal level is k = —h" /2.
In this paper we only consider the case n = 1. The general case is more
complicated and we plan to consider it in our future work.

4.4.1. The case n = 1. In this case, k = 1/2 — m. This level is admissible
for sl(2m), and the fusion rules were determined in [8, Proposition 5.1]. We
have:

e The set of irreducible Vi (sl(2m))-modules in KLy, is
{La@m)(wi) |i=0,...,2m —1}.

e The following fusion rules hold:

le(Qm) (wil) X le(?m) (wiz) = le(?m) (wi3)
where 0 < iy,149,i3 < 2m — 1 such that i1 + i2 = i3 mod(2m).

Now we are ready to analyse the conformal embedding si(2m) x C —

sl(2m, 1) at level k. We have:
[ ] Vk(g)o = Vk(sl(Zm)) & Mc(l), where ¢ = (IQmJ)(,l)l.

o Vi(g)’ isirreducible Vi (sl(2m))® M.(1) on which ¢(0) acts as j(2m—

1). In particular,

Vie(8) 22 Laam) (wi;) ® Mc(1,j(2m — 1)).

where 0 <i; < 2m — 1 such that i; = j mod(2m).
e Now we get:
Com(Vi(s1(2m)), Vi(8)) = Fam(zm—1) = EP Me(1,i2m(2m — 1))

1E€EL
where F5,,(2,,—1) is the rank one lattice vertex algebra V7, such that

(o, ) =2m(2m — 1).

4.5. The case g of type D(m,n), k = 1. The following approach to the
decomposition includes also the case m = n + 1, not covered by Theorem
4.1.

Assume first that n > 2. We consider the universal affine vertex algebra
V1(g). The vector

(4'7) 0= (X€1+€2(_1)2 - X2€1(_1)X2€2(_1)) 1

is a singular vector in V~1/2(sp(2n)), and it defines a non-trivial graded
ideal J1(g) = V(g) - Q in V1(g). Set

Q'(g) =V'(g)/J" (g).

Proposition 4.7. Assume that n > 2.
(1) The even subalgebra of Q'(g) is isomorphic to

V_1/2(sp(2n)) @ Vi(so(2m)),
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(2) The following decomposition holds
Ql(g) = V—1/2(5p(2n)) ® Vvl(SO(Qm)) D Lsp(Qn) (Wl) ® Lso(Qm) (wl)'
(3) Q'(9) = Vi(a).
Proof. First we notice the following facts

e The maximal ideal in V~1/2(sp(2n)) is generated by Q (cf. [1]).

e The maximal ideal in V! (s0(2m)) is generated by Xg(—1)*1, where
© is the highest root in so(2m), and Xg is a corresponding root
vector.

e Xg(—1)%1 € Vi(g) Q.

This implies that Q'(g) contains a vertex subalgebra U isomorphic to

V_1/2(sp(2n)) @ Vi(so(2m)).

By using the decomposition of g as sp(2n) x so(2m)-module, the semi—-
simplicity of U-modules, we find a U-submodule M inside of V!(g) which
is isomorphic to

Lsp(Qn) (wl) ® Lso(?m) ((.U1).
Recall the following the fusion rules

b [29] Lsp(Qn) (wl) X Lsp(2n) (wl) = V—1/2(5p(2n))'

b [16] Lso(2m) (wl) X Lso(2m) (wl) = ‘/1(50(2777,))
which implies the fusion rules M x M = U and therefore U & M is a vertex
subalgebra of Q!(g). Since U & M contains all generators of Q'(g), we get
the assertion. O

The above decomposition holds also in the case n = 1.

Proposition 4.8. Assume that n = 1. Then we have:
‘/1(9) = V71/2(Sl(2)) ® ‘/1(80(27%)) @ le(2) (wl) ® Lso(2m) (wl)‘

Proof. From the explicit realization we conclude that V;(g) has a subalgebra
isomorphic to V_j/5(sl(2)) ® Vi(so(2m)) and contains the V_; 5(sl(2)) ®
Vi(so(2m))-module Ly z)(w1) @ Lgo2m)(wi). The claim follows by using
fusion rules. O

Remark 4.9. The same argument applied to g of type B(n,m) yields the
same result of Theorem 4.1 and, moreover, shows that, if n > 2, the vector
Q given in (4.7) generates the mazimal ideal in V1(g).

4.6. The case g of type D(m,n), k =2 — m + n. We conjecture that in
this case V_2(gg) will be a simple vertex algebra, and that Vj(g) is the semi-
simple V_5(gg)—module. But at the moment we can prove these conjectures
only in the case g = osp(2n + 8|2n) and conformal level £ = —2. Note that
k = —2 is also a collapsing level, and therefore we can use results from [10].
The general case, i.e., when k is non-collapsing, is at the moment beyond
the range of applicability of our methods.
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Theorem 4.10. (1). The vertex algebra V_o(gg) is simple and it is iso-
morphic to V_a(so(2n + 8)) ® Vi(sp(2n)).
(2). We have the following decomposition

V_oa(g) = @ L_9(iw1) ® L1 (wj).
=0

The proof will be given in Section 7. It uses explicit realization of one non
simple quotient of V ~2(g), the fusion rules and the representation theory of
the vertex algebra V_s(so(2n + 8)) from [10].

4.7. The case g = spo(2|3), k = —3/4. We now discuss the case of g of
type B(1,1). According to Theorem 3.1, the only conformal level is k = 3/2.
In this case g5 = sp(2) x so(3) ~ sl(2) x sl(2). Let a, 8 be roots of sp(2) and
so(3) respectively. In the normalization of the form (-|-) used in Theorem 3.1
we have (a|a) = —4 and (B|f) = 1. In this section we normalize the form
so that (a|a) = 2 and (5|8) = —1/2. With this normalization k = —3/4.
As in [7], we let spo(2|3) denote g with this latter choice of the invariant
form. Different normalizations occur in the literature: for example in [13]
the form is chosen so that (aja) = —8 and (8|f) = 2, hence k = 3.

We have a vertex algebra homomorphism ® : V¥(s1(2)) @ V=% (sl(2)) —

Vi(spo(2]3)).

Lemma 4.11. There are no gy-singular vectors in V_g,4(spo(2|3)) of g~
weights

(8w1,0), (Twy, 2wy ), (6w, 2w1), (bwi, 0), (0, 8wy ), (w1, 6w ).

Proof. Let vnm be the space of gg-singular vectors in V_g,4(spo(2(3)) of
g5 weight (nwi, mws). Let V;, . = Vi(g5) - Un,m. The fusion rules argument
and Clebsch-Gordan formulas (see e.g. [19, §22]) imply that

min{ny e} Mmin{m;,ma}

(4.8) Vaimy - Vagme C Z Z Vg —2imy+ma—25-
i=0 j=0

We can exclude summands V; ¢ in (4.8) such that the conformal weight of
Ups, 1.€.

r(r+2) n s(s+2)

hrs = )
’ 5 20

is not an integer.
Assume first that vgg # {0}. The fusion rules

Vig-Vog CVio+ Vig+ Vig,
and
hi,10 =33/5,h18 = 23/5, hie =3,

imply that V_5,,(spo(2[3)) must contain a g5-singular vector v of gg weight
(w1, 6w1).
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Using
Vig-Vig CVag+Vog+ Vau+ Vos+ Vo + Vou,
and
hag =28/5,hag =4, hoa =14/5,hog =4, hoe = 12/5,hoa = 6/5,

we get that v is g-singular. A contradiction, since Vi(g) is simple.

In this way we have proved that there are no gg— singular vectors of
weights (w1, 6w1), (0,8wr).

Since the maximal ideal of V3(sl(2)) is generated by a singular vector of
go-weight (0,8w;), we also have that V3(sl(2)) = V3(sl(2)). In particular,
we can refine the fusion rule information from (4.8) by using fusion rules for
V3(sl(2)) and get

Vig Vs C Vio + Vypo,

Vipg Vo2 CVig+ Voo +Vsa+ Vs,

Vig-Via CVsa+ Vso+ Vo2 + Ve,

Vig - Vgo C Voo + Vio.
Since the only integral values of conformal weights associated with the above
decompositions are hg g = 16, h72 = 13, he2 = 10, h5 o = 7, we get

(4.9) Vig-Vso C Ve,
(4.10) Vi Voo CVia+ Vsp,
(4.11) Vig-Vza CVso+ Vo2,
(4.12) Vig-Veo C Voo

The remaining assertions of the Lemma can be obtained by using the
following arguments:

(a) (4.9) implies that if v is a gg— singular vectors of weight (5w, 0),
then v must be g— singular. A contradiction.

(b) (4.10) implies that if v is a non-trivial gz— singular vector of weight
(6w1, 2w ), then there is a non-trivial gg— singular vector of weight
(5w1,0). A contradiction because of (a )

(¢) (4.11) implies that if v is a non-trivial g; Fon singular vector of weight
(Twi, 2w ), then there is a non-trivial gg— singular vector of weight
(6w1,2w1). A contradiction because of (b)

(d) (4.12) implies that if v is a non-trivial g; 1 g5~ singular vector of weight
(8w1,0), then there is a non-trivial gg— singular vector of weight
(Tw1,2w1). A contradiction because of (c).

O

Let epm, fam be as in § 8.5 of [26]: ey, is a root vector for the root
nay + mag, and fy,y, is a root vector for the root —(naj +mas). If {hi, ha}
is a basis for b, then a basis of spo(2|3) is

B = {ea, €12, €11, €10, €01, h1, ha, fa2, fi2, f11, fi0, fo1 }-
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Moreover, up to a renormalization of the generators, we have

(4.13) [e22, e12] = [eor, €12] = 0, [fa2, e12] = —fo0,

(4.14) [f10,€12] =0, [fo1,e12] = —(1/2)e11, [e11,e12] = 0.

(4.15) ez, fao] = ha, [h1,e01] =0, [faz, e11] = fu1, [fo2, €12] = —f10.
(4.16) [f11,€12] = —1/2e01, leo1, fo1] = h2, [fo1,e11] = —(1/2)e1p.
(4.17) [e10, €12] = ea2, [eo1,€11] = €12, [e11,e11] = —ean.

If V is a vertex algebra and a,b € V, denote by : ab := a(—1)b their normal
order.

Lemma 4.12. We have
ewerier2 i€ Vio.
Proof. A basis of the space of vectors in V*(spo(2|3)) of sl(2) x sl(2)-weight
(3w1,0) and of conformal weight 3 is given by
C = {:T(ex2)e11 :,: T(e11)ean :,: frieazean :,: eazepreio 5
: foreazera i, hieazenn ot haegsern iyt erperiers
If v is in the span of C and in the maximal ideal of V*(spo(2|3)), then
z(1)y(1)v =0 for all z,y € spo(2|3). By computing z(1)y(1)v with xz,y € B
and v a generic linear combination of elements of C, if v is in the maximal
ideal of V*(spo(2]3)),
(4.18)
NS C( T(€22)€11 L= 3/4 . T(€11)€22 L= f11622€22 . —1/2 . €22€01€10 -
+ 1 forezze1a 1 — 1 hieageny :).

If : ejperrerz :€ Vi then it is a linear combination in Vj(spo(2|3)) of
C\{: e1pe11€12 :}, but this implies that : ejpeiieis : plus a linear combination
of elements of C\{: ejper1e12 :} belongs to the maximal ideal of V¥ (spo(2|3)),
and this contradicts (4.18). O

Proposition 4.13. (1). The vertex algebra V_gz,4(sl(2)) ® V3(sl(2)) is con-
formally embedded into V_z,4(spo(2]3)).
(2). The following decomposition holds

V_g/a(spo(2]3)) = (V_3/4(sl(2)) ® Lg2)(3w1)) ® V3(sl(2)) @
(Lsi(2y(w1) @ Lyg(2)(2w1)) @ L2y (2w1)-
Proof. Since V=3/4(sl(2)) (resp. V3(sl(2))) contains a unique singular vector

of gg-weight (8wi,0) (resp. (0,8w1)), Lemma 4.11 implies that V_5,,(sl(2))
and V3(sl(2)) are simple vertex algebras. This proves (1).

(2) First we notice that V_3,4(spo(2[3)) is semisimple as a module for its
subalgebra V_3,,(sl(2)) ® V3(sl(2)) (we use the facts that V_g/4(sl(2)) is
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rational in the category O [2] and that V5(sl(2)) is a rational vertex oper-
ator algebra). It is very easy to check that : ejpejiers : is a gg-singular
vector in Vi (spo(2]3))/Vi2. By Lemma 4.12, : ejperrerz : is nonzero in
Vi(spo(2(3))/V1,2. Thus, by semisimplicity, V3 is nonzero in Vj(spo(2]3)).
Moreover, since : ejgerier2 : is the unique element of C which is not in Vj o,
we see that V3o =~ Ly o) (3w1) ® V3(sl(2)).

By fusion rules, we see that Vi o - V39 = Vao.

The subspace of V¥(g) of vectors having conformal weight 2 and h-weight
(2w1,2w1) has basis {: es2eq1 1, : e11e12 :}. Using (4.15), we find

[(f22)x : e22e01 1] = — : hiepr : —(3/4) Aeor

[(fo2)x @ enne1z ;] = frrerz : — ennfio : —(1/2)Aeor.

This implies that, up to a constant, there is only one gg-—singular vector
of weight (2wi,2w1). Since V_3,4(spo(2]3)) is semisimple as V_3/4(sl(2)) ®
V3(sl(2))-module, it follows that Va2 = L) (2w1) ® Lg2)(2w1)-

Note that, by Lemma 4.11, we have the following fusion rules

Vig-Vig C Voo + Vapo,
Vig Voo CV3g+ Vi,
Vig- Vs C Vag,
Voo Voo C Voo + Voo,
Voo - Vzo CVao+ Vipg,
V30 V30 C Vopo.

Thus U = Voo @ V12 @ V30 @ Va2 is a vertex subalgebra of V_3 4 (spo(2[3)).
Since g C U, we get U = V_3,4(spo(2]3)). O

Remark 4.14. The decomposition in Proposition 4.13 has recently also ap-
peared in the lecture notes of T. Creutzig [13] presented at RIMS. In the
proof of decomposition he uses some very non-trivial result on the extension
theory of vertex operator algebras based on vertex tensor categories.

We should mention that our approach uses neither tensor product theory
nor extension theory of verter algebras. It would be interesting to understand
how the tensor category approach imposes further comstraints on the dot
product structure and possibly makes our approach more effective.

4.8. The case g = C(n+1), k = 1. Let M j2n) be the vertex algebra
introduced in Section 6 below. Here we specialize to the case m = 2. In
particular we let V be the superspace C(2") with reversed parity.

The vertex algebra M2, is isomorphic to F(y) ® M), where F(y) is
the fermionic vertex algebra generated by Vi equipped with the symmetric
form (-,-);y; and M, is the Weyl vertex algebra generated by V4 equipped
with the symplectic form (-, -)=. By the boson-fermion correspondence [24]
Fqy 2V, where V, = M, (1) ® C[L] is the lattice vertex algebra associated
to the lattice L = Za, (a,a) = 1. We have Vi, = V) @ V}}, where V7 ( resp.
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V) is the even part (resp. odd part) of V. Moreover,

VY = M,(1) ® C[Z(2a)], V} = M,(1) ® Cla + Z(2a)].

The conformal vector in My(1) C VP C Fpyy is wp = taa

Proposition 4.15.
(1) There is a conformal embedding Vi(g) — M g2, uniquely determined by

1 .
(4.19) X Z X (e;)e':, X € osp(2]2n).
(2

(2) There is a conformal embedding of V_y 5(sp(2n)) ® V) in Vi(g) and we
have the following decomposition

‘/1(9) = V—I/Q(Sp(2n)) ® VLO @ Lsp(2n) (wl) ® VLI

Proof.

(1) The fact that (4.19) extends to a map from V!(g) to Mzp2,,) and that the
image is simple is given in Theorem 7.1 of [25]. We provide an alternative
proof in Section 6 . The check that the emebdding is conformal is given in
Lemma 6.2 below.

(2) Let M(j;‘%) be as in Section 6. By Theorem 7.1 of [25], M, ~
Vi(osp(2|2n)). Clearly

+ gt + -~ — _ At 0 - 1
Mgjony = My @ Fpy @ M,y @ Fryy = M, ® Vi, & M, ® V.

one has M(J;L) >~ V_i/5(sp(2n)) and M,y ~ Lopan) (w1). O

Remark 4.16. The decomposition in Proposition 4.15 (2) is the eigenspace
decomposition of Vi(g) for the involution induced by the parity involution of
g. Indeed, it is enough to verify that, if X € gg, then X(—1)1 € M(Z) ®F(J2“)
and, if X € g1, then X(—1)1 € M, ® Fgy. This follows from (4.19).

4.9. The case g = F(4), k = 1.

Lemma 4.17. The vertex subalgebra of Vi(g) generated by gy is simple and
isomorphic to Vi(so(7)) ® V_g(sl(Q)).

Proof. The vertex subalgebra of Vj(g) generated by gg is isomorphic to
Vi(s0(7))®V_g/3(sl(2)) where V_y/3(s1(2)) is either simple or universal affine
vertex algebra associated to sl(2) at level —2/3. Similarly, the Vi(so(7)) ®
‘7,2/3(sl(2))7m0du1e generated by gy is isomorphic to Ly, (w3)®isl(2) (w1),
where ESZ(Q) (w1) is a highest weight V_j 5(sl(2))-module, of sl(2)-highest
weight wy.

We let vy, be the set of gg—singular vectors of gg—weight (A, ) and V3 , =
Vi(gg) - vapu- Let also hy , be the conformal weight of a vector v € vy .

Assume that V_y/3(sl(2)) = V=2/3(s1(2)). Then it has a unique singular
vector Qg of sl(2)-weight 6wy, thus Vj 6., # {0}.
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By using the tensor product decomposition

Vi) (w1) ® Vi2)(6wi) = Vi) (5w1) © Vi 2)(Twr),

we see that
V0,601 Vg, C Viog swr + Vios, 71 -

Since hyy 7w, = 49/4 , we see that Vi, 5., # {0}. Next we use the decom-
position

Vi) (w1) @ Vy2)(5wi) = Vig(a) (6wi) @ Viyz)(4wn)
to deduce that

Vw3,w1 : Vw3,5w1 C ‘/0,60.)1 + ‘/0,4w1 + Vw1,6w1 + Vw1,4w1-

Since h0,4w1 = 9/2, h0,6w1 = 9, hw1’4w1 = 5, hwl’ﬁwl = 19/2, and hw375w1 = 7,
we see that V,,, 4, 7# {0} otherwise any v € vy, 5., is g-singular.
By using decomposition

Vi(2)(w1) @ Vy2)(dwi) = Vo) (5wi) & Vi) (3wn),
and fusion rules of Vi (so(7))-modules
Loy (w1) X Lgo(ry(ws) = Lgo(ry(w3)
we conclude that
Vioswr * Vo dwr C Vig 5wr + Vi, 301 -

Since huyg 3w, = 13/4, hwy 5w, = 7, and hy, 40, = 5, we conclude that
any v € Uy, 4w, is g-singular. This is in contradiction with the simplicity of

Vi(g)-
Therefore V_y/3(sl(2)) = V_3/3(sl(2)) and the claim follows. O

In this section we follow the description of the roots of g given in [21].

Lemma 4.18. The following formulas hold in V' (F(4)):

(1) [(zer—ex) : ToTey 1] =0,

(2) [(Tey—e)n : L1/2(5+€1+ea+e3)L1/2(64€1—e—€3) ] =0,
(3) [(x€1—62))\ P L1/2(64€1+ea—e3)L1/2(04€1—eate3) ] = 0,
(4) [(Tey—e)r + wse, :] =0,

(5) [(xez—es)/\ P L1/2(04-€1+ea+e3)L1/2(5+€1—ea—e3) :] =0,
(6) [(m62*63)/\ FT1/2(64€1+ea—€3)L1/2(5+€1 —eate3) :] =0,
(7) [(xeza))\ P T5Tey :] =!I T5Tei+es *)

(8) [(@es)x : L1/2(6+€1+ea+e3)V1/2(6+e1—e2—e3) ] =

= L1/2(6+€e1+eate3)L1/2(5+€e1 —eates)
(9) [(eg)n TL1/2(5+e1+ea—es)T1/2(6+€1—ea+e3) ] =
P L1/2(64-€1+ea+€3)L1/2(04-€1—eate3)
(10) [(zs)x : wsxe, 1) =0,
( 1) [(x(y))\ P L1 /2(54-€1+ea+e3)L1/2(54€1—e2—e3) :] =0,
(12) [(l‘g))\ P L1 /2(64-€1+e2—€3)L1/2(5+€1 —ea4€3) :] = Oz
(13) [(T—e—en)r & TsTey 1| = =2 sT_gy 2y
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(14) [(Z—e;—ex)n L1/2(64€14€a+€3)T1/2(6+€1—ea—€3) )=
—2: L1/2(6—€1—ea4€3)L1/2(54€1—ea+€3) *37
(15) [(z—e;—ex)n T1/2(64€1+€23—€3)T1/2(64€1 —€a+€3) =0
2: T1/2(6—e1—ea+€3)T1/2(6+€1 —eate3)
(16) [(x—s)a : Tsey ] = — = hsxe, : —2/3A2¢,,
(17) [(LL’,(;))\ *L1/2(6+e1tea+e3)L1/2(5+e1—ea—e3) :] =
P X1/2(—64e1+eate3)T1/2(54+€1—ea—e3) -
+: L1/2(54€1+ea+€3)L1/2(—5+€1—ea—e3) - +8/3)\$51,
(18) [(z—o)x: T1/2(54€1+e2—e3)L1/2(6+e1 —eate3) ] =
: xl/?(—5+61+62—63)x1/2((5+61—62+63) :
+: L1/2(54e1+ea—e3)L1/2(—5+€1—eates) - 78/3)‘-%617
(19) [($—1/2(6+61+ez+63))A * T1/2(64€14e2+e3)T1/2(5+e1—€ea—e3) =
_16/3 : h1/2(5+61+62+63)m1/2(5+€1762763) :
_8/3 F L1/2(6+e1+eates3)T—ea—e3) - +32/3)‘x1/2(5+61—62—63)7
(20) [(x—1/2(5+61+62+63))>\ P L1/2(04-e1+ea—e3)L1/2(54€1—ea+e3) :] =
8/3:w_ e3T1/2(5+e1—€ate3) -
_8/3 L1/2(5+€1+ea—e3)T—ea) +8/3A$1/2 d+e€1—€ex—e3) -

Proof. We apply Wick’s formula and an explicit calculation of the structure
constants for F'(4) following [15]. O

Lemma 4.19. In V1(F(4)) the unique (up to a multiplicative constant)
95-singular vector of conformal weight 2 and h-weight 6 + €1 is

v5+61 = x1/2(6+61+62+63)x1/2(5+61762763) :+: x1/2(5+61+62763)x1/2(5+61762+63) :
Moreover (the image of ) vs4e, is nonzero in Vi(F(4)).

Proof. By Lemma 4.18, one checks that vy, is gg—singular. To check that
it is the only one, we observe that a basis of the space of vectors in V1(F(4))
of conformal weight 2 and h—weight § + €1 is {v1,ve,v3} where

V1 =1 T5Tey 5 V2 =1 T1/2(54€1+ea+e3)L1/2(4€1—ea—e3)

v3 = x1/2(5+€1+€2+€3)w1/2(5+61—62—63) s
If a linear combination av; + bvg + cvgs is gg-singular, then, by Lemma
4.18 (7)—(9) and (16)—(18) we have

a—b+c=0,—2(a—4b+4c) =0,

hence a =0 and b = c.
By Lemma 4.18 (19) and (20), we have

_ 40
x71/2(5+61+62+63)(1)U5+61 = 3 L1/2(04€1+ea+e3) 7& 0.

Theorem 4.20. We have:
Vi(g) = Vi(so(7) @V 2 (51(2) P Lso(r) (w3) ® Lz (w1)

(420) @ Lso(?) wl) ® le(2) (2001).
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Proof. Observe that Vi(g) is completely reducible as V1(50(7))®V_§ (sl(2))-
module. Clearly Vi, w, = Lgor)(w3) @ Lg2)(w1) and, by Lemma 4.19,

Vw1,2w1 = Lso(?) (wl) ® le(2) (2&]1).

For the proof it is enough to check that Voo + Vi, w, + Vi, w, is a vertex
subalgebra. This follows from the subsequent remarks.

e Since ho 2w, = 3/2 and hy, 0 =1/2,
Visswr * Vs C V0,0 + Vioy 20 -
e Since hy, 30, = 13/4,
Vioswr * Vi,201 C Vg -
e Since ho 4w, = 9/2 and ho 2., = 3/2,
Vior,201 * Vior,201 C Voo-
([

Remark 4.21. The decomposition in Theorem 4.20 has also appeared in
[13].

4.10. The case g = G(3), k = 1. In this case g5 = (g5)1 ® (g5)2 with
(g5)1 =~ sl(2) and (gg)2 of type Ga.

Lemma 4.22. There are no gg—singular vectors in V1(G(3)) of gg—weight
(8w1,0). The vertex subalgebra of Vi(g) generated by gg is isomorphic to
Vs (512)) @ Va(Ga).

Proof. The vertex subalgebra of Vj(g) generated by gg is isomorphic to
V_3/4(sl(2)) ® V1(G2) where V_3,,(sl(2)) is a quotient of V=3/4(s1(2)). In-
deed, the maximal ideal of V}(G2) is generated by : xgzp : where 0 here is

(29 2042p%)2
2(1+hY) 7 2.

By Theorem 5.3 of [8], V_3/4(s1(2)) is either the universal or simple affine
vertex algebra associated to sl(2) at level —3/4 and the maximal ideal in
V=3/4(s1(2)) is generated by a unique singular vector of sl(2)-weight 8w.
Let us now show that such singular vector cannot exist.

Let vy,m be a the set of g5 singular vector in V;(G(3)) of gy weight
(nw1, mws), where n € Zso and m € {0,1}. Let V, ,, = Vi(g5) - Unm-
The fusion rules argument implies that

the highest root of Go. But : zgzy : is gg—singular and

VioVii C Va1 + Va1
Vii-Vig C Vagia+ Va1 +Vagrio+ Va1

We can exclude summands V;. g such that the conformal weight

r(r+2)

hr,O = 5
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of vy is not in Z and summands V1 such that the conformal weight

b _r(r+2) 2
r,l — 5 5

of vy is not in Z..
The only integral conformal weights in the above decompositions are

hgo =16, hsg =7, hso =3, hop =1, hy1 =13, he1 =10, hg1 =2.
It follows that
Vso-Via CVag,
Via- Vi C Ve + Vs,
Vo1 -Via CVso+ Van,
Vso-Vii C Ve,
and this implies that V3 o generates a proper ideal in Vi (g). A contradiction.
This implies that V_g/,(sl(2)) = V_3,4(sl(2)). The claim follows. O

The next result is obtained as a consequence of the results of Section 5
below, thus we postpone its proof to the end of § 5.2.

Theorem 4.23. We have
Vi) = (V_3(sU(2) & Lo (3w1)) @ Vi(Ga)

P (Lag) (@) & Lag)(201)) @ La, (@)

5. SOME EXAMPLES OF DECOMPOSITIONS OF EMBEDDINGS go cCg

5.1. The conformal embedding gl(n|m) < sl(n + 1|m).
Recall that V(g)@ is the eigenspace for the action of @(0) on Vi(g)
corresponding to the eigenvalue gq.

Theorem 5.1. Assume that we are in the following cases:
e Conformal level k =1, m # n+ 2.
e Conformal level k = —% = —”‘HT_’", n#m+2,n#m+3.
Then each Vi,(g)\9 is a simple Vi,(g°)-module.
Proof. We have to decompose the tensor product of the two pieces of g'.

Observe that C"™ @ (C"™)* = gl(n, m), hence the desired decomposition
is

(V(Cw(e) ® cnlm) ® (V(Cw(—e) ® (c"‘m)*) —C®CoC®sl(n,m).
(Recall from (2.7) the definition of €). We can now apply Theorem 2.4. If
k =1 formula (2.9) reads

—-m+4+n 1 1

l-m+n ~ 1—-m+n’
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which is never integral in our hypothesis. For k = —"‘HT_m we obtain
2(m—mn) 5 2
1+m—n 1+m-—n’

which is again never integral in our hypothesis. The claim follows. ([

Using the free field realization of [23] for £ = 1, we can actually write
down the decomposition and also cover the missing m = n + 2 case. In
sl(n|m) set o) = Ej; — EZ+1Z+1 for i # n and o) = Enp + Eptint1. Define
w; € h* by settmg wz( Y) = d;; and wy = 0. Set

Wq if0<qg<n,
Mgy = (1+g—n)wn + (g —nwpsr ifg>mn,
—qWm+n—1 if ¢ <0.

Proposition 5.2. As a M.(1) ® Vi(sl(n|m))-module

qEZ
0 0
0 Iner
¢i = wi/l|wi||. By [23], § 3, there is an embedding of M., (1) ® Vi(sl(n +
1m) in M2, 49j2m)- The action of @ (0) on Mg, 9j2,,) defines the charge

Proof. Set wy = Ly114m, w2 = E11, w3 = € gl(n+1jm) and let

decomposition Mg, 2(2m) = @quM( ) and

2n+2|2m

M, (1) @ Vi(sl(n + 1{m) = My, ojopn)-
In particular, if M, (1)" = span(wi(n) | n > 0),

+

Vi(sl(n+1|m) = (M(Ozn+2\2m))M°1(l) :
Clearly, M2, 122m) = M(2)0) ® M (2pj2m)- By boson-fermion correspondence,
as a M., (1)-module, M) = >_,cz Me,(1,9). The action of w3(0) on
M 9p)2m) defines the charge decomposition M(gy,2,) = EquZM(Q 2m) and,
by (23], § 3,

M jamy = Mes (1, 1227) @ Liinim) (A(g)
as a M, (1) ® Vi(sl(n|m))-module. Since w; = wa + w3,

M(2n+2\2m) - Z M(Q\O ® M(2n|2m)
q€Z

S0)
M(()2”+2|2m) - Z Mc2(1’ Q) ® M03(17 ﬁ) ® le(n|m)(>‘(—q))
qeZ
as a Mg, (1) ® Mg, (1) ® Vi(sl(n|m))-module. Since w; = ws + ws and
w = W + 1+7117mw;3, we obtain that

Mc2(17Q)®M63(1 ;q)_ c1(1 0)®M( || ||)

el
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The final outcome is that

Vi(sl(n+1lm)) = (O M, (1,0) ® M(1 =) ® Li(njm)Ng))Mer D7

V||
qEZ
= DML, 12 ® Lagapm) (A=)
q€Z
as wished. -

5.2. The conformal embedding sl(2) x spo(2|3) — G(3), k = 1. In this
section we consider g = G(3) and its subalgebra g° = sl(2) x spo(2|3). We
will use the notation established in the proof of Theorem 3.3 (2).

Recall that g' = Vyy9)(w1) @ Vipozps) (81 + 3/252).

In order to apply Theorem 2.3 we need to compute the factors occurring
in the composition series of Vi,o213)(81 + 3/262) @ Vipo(zis)(B1 + 3/282).
Clearly Vypo(2j3)(2681 +32) occurs. By looking at Table 3.65 of [18] one sees
that Vi,o(213)(261 + 362) has dimension 30. Observe that dim Vi3 (81 +
3/2B2) = 8 and its sp(2) x s0(3) decomposition is Vi,2)(w1) @ Vs (wi) +
Vip(2)(0) @ Vio(3)(3w1), 80 Vip(2)(0) @ Vio(3)(6wr) must occur in the tensor
product. The only representation of dimension less that 34 where such a
factor occurs is Vpo(3)(81 + 3B2) which has dimension 20. The remaining
sp(2) x so(3)—factors in the tensor product are

Vip(2) (2w1) @ Vig3)(0), Vip2)(0) @ Vig(3)(2w1), Vipa) (W1) @ Vo) (2w1)

and Vip2)(0) ® Vo3)(0) with multiplicity 2.

By searching Table 3.65 of [18] we see that the only possibility is that
the remaining spo(2|3)-factors are Vi,o(93)(261 + 262) and Vip,(2)3)(0), the
latter with multiplicity 2.

Proposition 5.3. There is a chain of conformal embeddings
Vi(sl(2))@V3(sl(2))@V_34(sl(2)) = Vi(s1(2))@V_3/4(spo(23)) = V1(G(3)).

Proof. By Lemma 4.22 there is a conformal embedding of V_g/4(sl(2))
Vi(G2) — Vi(G(3)). By using the conformal embedding of Vi(si(2))
V3(sl(2)) in V1(G2) we conclude that there is chain of conformal embeddings

Vi(sl(2)) @ V3(sl(2)) ® V_z/4(s1(2)) <= Vi(G2) @ V_3/4(sl(2)) — Vi(G(3)),
so the embedding
Vi(sl(2)) @ V3(sl(2)) @ V_3/4(sl(2)) = Vi(G(3)

&
029

is conformal.
Since the embedding Vi (sl(2)) ®V_3/4(spo(2]3)) < V1(G(3)) is conformal
we deduce that the embedding

Vi(sl(2)) @ Va(sl(2)) © V_g/a(sl(2)) = Vi(sl(2)) ® V_3/4(spo(2]3))

is conformal as well. O
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Theorem 5.4. Let 31, P2 be the simple roots for the distinguished set of
positive roots for spo(2|3). Then

Vi(g) = Va(sl(2)) ® V_3,4(spo(2]3)) & Lgy2)(w1) ® Lpo(zi3)(Vs)-

where Vg is the unique irreducible 8-dimensional representation of spo(2|3)
(see [18]).

Proof. Let hy , be the conformal weight of the highest vector of Lg2)(\) ®
Lgpo2)3)(1). Tt turns out that hy ,, with Vi9)(A) ® Vipo(gp3)(1t) occuring in
the tensor product g' ® g! is a positive integer only in the following cases

A=0; u=0 hx, =0,
A=0; /1,:251+3ﬂ2 h)”u:o,
A=0; p=p1+3B82 hy,=6.

The only primitive vector in V;(G(3)) with conformal weight 0 is 1, so,
in order to apply Theorem 2.3 we are reduced to check that there is no
gY-—primitive vector in V1(G(3)) having conformal weight 6. By Proposition
5.3, there is a conformal embedding of V1 (sl(2)) ® V3(sl(2)) ® V_3,4(sl(2)) in

V1(g°). We next display the possible conformal weights of V;(sl(2))-singular
vectors for k = 1,3, —3/4:

k conformal weights

1 0,1/4

3 0,3/20,2/5,3/4
-3/4 0,3/5,8/5,3

One cannot obtain 6 as a sum of these values. This concludes the proof. [J

We are now ready to prove Theorem 4.23. The proof follows from Theo-
rem 5.4 and Proposition 4.13 by essentially repeating the argument of [13,
Proposition 6.3].

Proof of Theorem 4.23. By Lemma 4.22, V1(G(3)) is completely reducible
as a V1(gg) module. Thus we can write

Vi(g) = V_34(sl(2)) @ V1(G2) & Z mxuLs2)(A) @ L, (1)
At

with A € {0, w1,2w1,3w1} and p € {0,w1}. Since the conformal weight of
the highest weight vector of Lg,(w1) is 2/5, we see that my , = 0 except
when

()\7 /’L) € {(3&)1, 0)? ((Ul,b.)l), (2(4}1, wl)}
We now check that in these cases my , = 1. We have [22]:

Vi(G2) = Vi(sl(2)) @ V3(sl(2)) © Ly (w1) ® Loy (3w1)
while, as V1 (sl(2)) ® Va(sl(2))-module,
La,(w1) = Vi(sl(2)) @ Lg2)(2w1) @ Lg2)(w1) ® Lg)(wi),
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SO

Vi(g) =

V_3/4(sl(2)) ® (Vi(sl(2)) ® V3(sl(2)) © Lg2)(w1) ® L2y (3wr))

® mSwl,Ole y(Bw1) @ (Vi(sl(2)) ® V3(sl(2)) @ Lg2y(w1) ® Lg2)(3w1))

D Mooy Lii2)(w1) @ (Vi(sl(2)) @ Lgy2)(2w1) & Ly (2)(w1) @ Ly 2)(w1))

D M2y w; 51(2)(2w1) (V1(sl(2)) ® Lg2)(2w1) & Lg2)(w1) ® Lgz)(w1))-
As V_3,4(sl(2)) @ V3(sl(2))-module,

Lapotzp3) (Bt +3/282) = > cij Lz (iw1) @ Ly (jwn),
with 0 <4,j < 3. Since the highest weight vectors occuring in L) (w1) ®
Lgpo(213)(B1 + 3/202) must have integral conformal weight, we have that
¢i,j = 0 unless (i,7) € {(1,1),(2,1),(0,3),(3,3)}.

Combining Theorem 5.4 and Proposition 4.13, we obtain
Vi(g) = Vi(sl(2)) ® (V_3/4(sl(2)) ® Lyi(2)(3w1)) @ V3(sl(2))

®V1(sl(2)) ® (Laey(wi) © Lg2)(2w1)) @ Lgg)(2w1)

® La2y(w1) @ (co3V_3/4(s1(2)) @ c33Lg(2)(3w1)) @ L) (3w1)

® Lg(2)(w1) @ (e1,1Lg2)(w1) © c21Lg2)(2w1)) ® Loy (wi).
Comparing coefficients we obtain the result. O
Remark 5.5. As a byproduct of the above proof we also obtain that, as a
V_3/4(sl(2)) @ V3(sl(2))-module,

Lgpo(213)(B1 + 3/2B82) = (V_3/4(51(2)) © Lg(2)(3w1)) ® Lg(2)(3wr)
© (Lgy2)(w1) @ Lg2)(2w1)) @ Lg2)(w1)-

6. FREE FIELD REALIZATION OF 0sp(m|2n): A NEW APPROACH

In this section we show that the free field realization of osp(m|2n), n > 0,
given in [25] fits nicely in the general theory of conformal embeddings. Here
we provide a proof based on a fusion rules argument.

Consider the superspace C"™?" equipped with the standard supersym-
metric form (-, -),, 2, given in [21] (sometimes denoted by (-,-) if m,n are
clear from the context) . Let V = IIC™2" where II is the parity reversing

functor. Let M(,,2,) be the universal vertex algebra generated by V' with
A-bracket

(6.1) [vaw] = (w,v).

Let {e;} be the standard basis of V and let {e’} be its dual basis with respect
to (-,-) (i. e. {e;,€?) = &;;). In this basis the A-brackets are given by

[eh)\em—k+1] = 5hk:a [em+i)\6m+2n—j+1] = _51']'7 {em—i-n—i-i)\em—ﬁ—n—j—i-l] = 672]'7

for h,k=1,...m, i,j=1...,n.
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In the case m = 0 (resp. n = 0), we write M) := M(q|2n) (r€Sp. F{y,/2) =
M mj0)- This notation is consistent with those used in [9] and [10]. Clearly,
we have the isomorphism:

Mmjan) = Fny2) © M)
Proposition 6.1. There is a non-trivial homomorphism
D Vl(osp(m|2n)) = Mpmj2n)
uniquely determined by

(6.2) X — 1/22 : X(e)e';, X € osp(m|2n).

Proof. Recall that the A-bracket of V(osp(m|2n)) is given by
[(X,Y] = [X,Y] + s str(XY).

A straightforward computation using Wick formula shows that, if X €
osp(m|2n) and v € V,

(6.3) [B(X)a0] = X ().

Applying (6.3) and the Wick formula one obtains that

[(% Z : X (e;)e :),\(% Z (Y (e)et )] = %Z S YCHEE —I—%)\ str(XY).

i i
]

A Virasoro vector for M,,|ay) is
w:%Z:T(ei)ei:.
i
If m # 2n + 1, let wygp(m|2n) be the Virasoro vector of V1(osp(m|2n)) given
by the Sugawara construction.
Lemma 6.2. Assume m # 2n+ 1. Then

(I)(wosp(m\Zn)) =w.
Proof. 1t is well known that M,,|2,) is simple, so it is enough to show that
v(n)(w — P(Wosp(m|2ny)) = 0 for all n > 0.
Since [vyw] = Av for all v € V, we need only to show that
Q}(n)(I)(("}osp(m|2n)) = 6711%”

for all n > 0. Using (6.3) and the Wick formula we see that, for n > 0,
(6.4)  v(n): B(X)B(Y): = 61 (—1)PY @+ X)+p0I(X) y (X ().
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Fix a basis {z;} of osp(m|2n) and let {z'} be its dual basis (i.e. $str(z;27) =
51]) By (6.4), if n >0,

Zv(n) L (2B (x) - = 1 (Y (~ 1) (a' (0))

= 5.1 (3 ' (@:(0))) = i O,

where C' is the eigenvalue of the action of the Casimir >, 2'x; on C™2".
To compute this eigenvalue assume first m # 2n. We observe that

st'r(z z'z;) = (m — 2n)C.

On the other hand
str(z zlxy) = Z(—l)p(xi)str(azixi)

i
= 2sdim(osp(m|2n)) = (m — 2n)(m — 2n — 1).
It follows that C' = m — 2n — 1, hence
m—2n—1
2(14+m —2n — 2)

v(”)wosp(mpn) = On1 v = 5n1%'v-

We now deal with the case m = 2n with a more explicit calculation: recall
that osp(2n|2n) is the simple Lie superalgebra of type C'(2) if n = 1 and of
type D(n,n) if n > 1. We use the description of roots given in [21]. We
choose a set of positive roots so that §; = ¢; and &1 £ d; are positive roots.
With this choice d; is the highest weight of C(272")  Calculating explicitly
(01,01 + 2p) one finds that C'=m —2n — 1 = —1 also in these cases. O

Lemma 6.3. If m > 1, the embedding of Vi(so(m) x sp(2n)) in M(ap|m) s
conformal.

Proof. By Lemma 6.2 in case n = 0 and in case m = 0,
Vi(so(m) x sp(2n)) = Vi(so(m)) @ V1(sp(2n)) C M0y @ Moj2n) = M(m|2n)
is a conformal embedding. O

By (6.1) the map —Id on V induces an involution of M, ,y. Let

Mmj2n) = M(‘:n i2n) @ M be the corresponding eigenspace decomposi-

(m|2n)
tion. Since M2y is simple, M (';L 12n) is a simple vertex algebra and M (;n\2n)
is a simple M (J:n |2n)7module.

Theorem 6.4. Assume n > 1. Then the image of ® is simple; hence there
is a conformal embedding of Vi(osp(m|2n)) in My ay). Moreover

M+

(m|2n

) = Vilosp(m|2n)), My 00 = Losp(mian) (C™").
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s0 that M2, is completely reducible as Vi(osp(m|2n))-module and the
decomposition is given by

M2y = Vi(osp(m|2n)) © Losp(m‘%)((c(m\n))_

Proof. Recall from (2.1) the definition of the dot product of two subspaces
in a vertex algebra. Set

Vi (osp(m|2n)) = ®(V(osp(m|2n)), Vl((C(m|2”)) = Vl(osp(m]2n))-(c(m‘2”),
Clearly Vi(osp(m|2n)) C M(—:n|2n) and Vl(C(ml2”)) c M(:n|2n)
that

(6.5) Vi(Cm2r)) Ly (€M) < Yy (0sp(m)2n)),

so that U = V;(osp(m|2n)) @ V1 (C™2M) is a vertex subalgebra of Mpj2n)-
Since this vertex subalgebra contains all generators of M,,|2,,), we conclude
that U = M;,j2,)- This proves the statement.
Let us first prove the case m = 0.
e Let n = 1. In this case osp(0|2) = sl(2) and CO? = V4 (w;). By
using the decomposition of sl(2)-modules

Va, (wl) ® Va, (wl) =Va (2&)1) ® Va, (0)7

. We will show

and the fact that a primitive vector vector of sl(2)-weight 2w; has
conformal weight hoy, = 2 ¢ Z, we conclude that (6.5) holds.

e Let n > 2. In this case osp(0]2n) = sp(2n) and COPY = Vi (wy).
Then we use the tensor product decomposition

Ve, (wi) ® Ve, (w1) = Ve, (2w1) @ Ve, (w2) @ Ve, (0)

and the fact that primitive vectors of C),-weight 2w; and ws have
conformal weight

2(n+1) 2n

P =gt BE e =g

to conclude that (6.5) holds.

Now let us consider the case m > 1. If V' is a so(m)-module and W is a
sp(2n)-module we let V&W be the corresponding so(m) x sp(2n)-module.
As so(m) x sp(2n)-module,

¢ Z,

(C(m|2n) = (Cm@‘/sp@n) (0) ® V:@o(m) (0)®C2n
(here Vo) (0) = C if m = 1), so
C(ml2n) o (ml2n)
= (C"&@Vip(2n) (0) & Vio(un) (0)EC™) @ (C"@Vip(0) (0) @ Vio(m) (00 EC™)
= (C" ® C™)&Vip(an)(0) + 2(C"RC*) + Vi) (0)R(C*" @ C*).
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Let €;,d; € b* be as in [21]. Let HW be the set of nonzero highest weights
occurring in the decomposition of C™27) @ C™27) as so(m) x sp(2n)-
module. Then

({2(51,(514-(52,51} ifm=1,n>1
{261,601} ifm=1,n=1
{2€1,—2€1,201,01 + d2,€1 + 01, —€1 + 01} ifm=2,n>1
{261,—261,251,61+51,—€1+51} ifm:2,n:1

W — {261,61,251,51+5g,61+(51} ifm:3,n>1'
{2€1,€1,201,€1 + 01} fm=3,n=1
{2€1,€1 + €2,€1 — €9,201,01 + 02,61 + 01} ifm=4,n>1
{2€1,€1 + €2,€1 — €9,201,€1 + 01} ifm=4n=1
{261,61+62,251,(51+(52,61+51} ifm>5,n>1
{2€1,€1 + €2,201,€1 + 01} ifm>5n=1

We choose the set of positive roots in osp(m|2n) so that
n [m/2]
(6.6) 20= (2n—-m—2i+2)6+ »_ (m—2i)e.
i=1 i=1

If A is the highest weight of a osp(m|2n) composition factor of C(™2")
C(™27) then it must occur in HW. If m > 1 and A\ = 261,68, + 62, then,
by the first part of the proof and Lemma 6.3, we see that its conformal
weight computed using wWyo(m)xsp(2n) i N0t an integer. If A € span(e;), then
(M A+ 2p) = (A A+ 2pp), hence its conformal weight is

()\a A+ ZP) _ ()‘7 A+ 2;00) ?é ()\a A+ 290)
2(m—2n—1)  2(m—2n—1) 2(m—1) '
contradicting Lemma 6.3. If A = €; + 41 then, by Lemma 6.3, we must have

% = 1, which implies n = 0. If m = 2 and A = —ej + 7 then the

conformal weight is 2(__2+i,_21) ¢ Z if n > 1 and it is 0 if n = 1. Finally, if
m = 1, then the conformal weight of the elements of HW computed using

Wosp(1]2n) 18 DOt an integer.

O

7. THE CONFORMAL EMBEDDING so(2n + 8) X sp(2n) < osp(2n + 8|2n)
AT k= =2

7.1. Semi-simplicity of the embedding. In this subsection we prove the
semi-simplicity of the embedding so(2n + 8) x sp(2n) < osp(2n + 8|2n) at
k = —2. The corresponding decomposition will be obtained in Subsection
7.3.

Theorem 7.1. (1). The vertex algebra V_s(gg) is simple and isomorphic
to V_a(so(2n + 8)) ® Vi(sp(2n)).
(2). V_o(g) is semi-simple as V_s(gg) —module.
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Proof. Let £ = n 4+ 4 and R_3(Dy) be the vertex algebra defined in [10,
Section 6.1] (denoted there by V_o(Dy)) as the quotient of V~2(Dy) by the
ideal generated by singular vector w; defined by formula (23) in [6]. Recall
that highest weight R_o(D;)-modules in K L_s must have highest weight
rwi with respect to Dy where r € Z>g. Let 6’ be the maximal root in
sp(2n) and let e_g be the root vector corresponding to the root —6’. Then
Vi(sp(2n)) is the quotient of V1(sp(2n)) by the ideal generated by singular
vector e_g/(—1)?1. Using the Fock-space realization of osp(2n + 8,2n) at
level k = —2, we conclude from Proposition 7.2 that w; and e_g/(—1)%1
vanish on a certain quotient of V~2(g). In particular, these vectors must
vanish on the simple quotient V_s(g).
We deduce that there is a surjective homomorphism

R-2(Dg) © Vi(sp(2(€ —4))) = V-2(g0)-

In order to prove that V_s(gg) s simple, it suffices to prove the vanishing
of the singular vector

14
-3
Wy = (Zeel—ei(_l)e€1+€i<_1)) 1.
1=2

(It is proved in [10] that w, generates a unique non-trivial ideal in R_2(Dy)).
Denote by h[r,s] the conformal weight of any gg-singular vector v, in
V_2(g) of gg—weight (rwi,ws). By direct calculation we see that

2n+6+7)+ (2n+2—s)s
4(n+2) '

hir,s] = r(

In particular:
(1) h2n+2—r,1r] =2n+2 —r € Z>¢ for every r € {0,...,n},

(2) h2n+2—rr—=2] =2n+1-7r+57, & Z>o forevery r =0,...,n+1,
(3) h[2n+2—7r,r+2] = 3+2n— gifl—r ¢ Z>o for every r =0,...,n—1.
(4) h[r,r] = r for every r € Z>q.
5) hlr+1,r —1] =r 4+ 4L ¢ Z-q for every r =0,...,n.

24n =
6) hr—1,r+1]=r— 4L ¢ Z-( for every r =0,...,n.

2+n =

By using the tensor product decomposition of Dy—modules
(7.1) Vb, (w1) ® Vp,(iwr) = Vp,((i + 1w1) & Vp, ((i — 1)w1) & Vp, (w2)

and the classification of irreducible R _s(Dy)-modules we get the following
fusion rules for R_o(Dy):

(7.2)  L_o(w1) X L_o(iw1) C L_o((i + Dw1) + L_2((i — 1)w1) (2 >1).

It is well known that the fusion ring for V4 (C},) is isomorphic to the fusion
ring for V,,(sl(2)) (the so-called rank-level duality). Note that Vi(w,) is a
simple current V;(C))-module. We have the following fusion rules

Li(w1) x Li(wi) = Li(wiy1) + Li(wi-1) (1<i<n-—1),
(73) Ly (wl) X Ll(wn) = In (wn_l).
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Assume now that there is a gg-singular vector von420 in V_o(g) of gg—
weight ((2n+2)wy,0), i.e., that wy # 0. We prove by induction that there is a
non-trivial gg-singular vector va,+2_r, of weight ((2n+2—r)w;,w,) for each
r =1,...,n. Using the fusion rules described above we see that V_5(g) must
contain non-trivial gg-singular vector va,411 of gg—weight ((2n + 1)w,w)
and conformal weight h[2n + 1,1] = 2n + 1. This gives the induction basis.
The inductive assumption says that there is a non-trivial singular gg—singular
vector vopqa—r, of gg—weight ((2n 4+ 2 — r)w,w,) for 1 < r < n —1. Its
conformal weight is h[2n + 2 — r,r] = 2n + 2 — r. Using fusion rules and
simplicity of V_s(g) we conclude that at least one of three following g5—
singular vectors must occur:

V2n+1—rr+15 V2n+1—rr—1, U2n+3—r,r+1-

Since h[2n+1—r,r —1],h[2n+ 3 —r,r — 1] are not integers, we deduce that
V2n+1—rr+1 Must occur. This completes the induction step.

In particular, taking » = n we get a singular vector v,42,, of gg—weight
((n+ 2)wi,wy,) having conformal weight n + 2. Using fusion rules again we
get a gg—singular vector v,41,—1 of gg—weight ((n + 1)wi,wp—1). But the
conformal weight of this singular vector is

1
hin+1,n—-1=14+n— ——
2+n

A contradiction. This proves that wy = 0 in V_5(g). Therefore V_s(gg) is a
simple vertex algebra isomorphic to V_y(Dy)® Vi (Cy,). This proves assertion
(1). Claim (2) follows from the fact that V1(C),) is a rational vertex algebra
and that the category K L_y for the vertex algebra V_q(Dy) is semi-simple
(cf. [10]). O

7.2. Realization of osp(2n + 8|2n) at level k = —2. Combining Theo-
rem 7.2 (2) of [9] with Proposition 6.1 of [10] we can construct a chain of
embeddings

(7.4) R-2(Dp) = V_1/2(s0(2m)) C V_y2(sp(dm)) = M(ojam).

By the Symmetric Space Theorem (see e.g. [9], [11]) we have also the chain
of embeddings

(7.5) Vi(sp(2n)) = Vi(sp(2n)) C Vi(so(4n)) = M4n|0)-
These embeddings give rise to an embedding
®o : R-2(Dm) @ Vi(sp(2n)) = Mapjam)-

Consider the superspace C02 @ C2mi2n ~ C4nl4m Tt is equipped with
the supersymmetric form (v ® w,u ® z) = (—1)PWP®) (v, w)oj2 (W, 2)9m|2n-
Since the form is obviously invariant for sp(2) x osp(2m|2n) we obtain an
embedding

sl(2) x osp(2m|2n) < osp(4n|dm)
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hence a homomorphism
®:V2(0sp(2m|2n)) — V1 (sl(2) x0sp(2m|2n))C Vi (osp(4n|dm)) — M 4n|am)-
Proposition 7.2. There exists a vertex algebra homomorphism
® : V2(0sp(2n + 8]2n)) — M 4n|an+16)
such that
B(V2(s0(2n + 8) x sp(2n)) = R_2(Dpra) @ Vi(sp(2n)).

Proof. The action of sp(2n) on C%? @ CY?" defines the embedding sp(2n) C
so(4n) and in turn the chain of embeddings in (7.5).

Likewise the action of so(2m) on C? ® C?™0 defines the embedding

so(2m) C sp(4m) and the chain of embeddings in (7.4). Thus the map ®
is just the restriction to Vi (so(2m) x sp(2n)) of the embedding

Vi(osp(2m|2n)) C Vi(osp(4nldm)) C Mnjam) = M(4njo) © M(ojam)-
(]
We now provide explicit formulas for the odd generators of osp(2m|2n).

Let {e;}j=1,2 be the standard basis of CY2 and {fj}i=1,2m+2n the standard
basis of C2"?" By our choice of the forms (-, ‘)r|s» the corresponding dual

bases are, respectively, {el, e} with e! = eg, €2 = —e1 and {7/} with
fj = f2m*j+1) (.] = 17 e a2m)) f2m+j — f2m+2n*j+17 (] — 1; et 7”)7
f27TL+TL+j = _f2m+n—j+17 (] - 17 Tt 7”)'

Let E;; be the elementary matrix in the chosen basis {f;} of C?™?" i.e.
Eij(fr) = 6rjfi- Then Ejoniom—jr1 — Eamgjom—i € 0sp(2m|2n)7 for 1 <
1<2m,1 <j<n.

Set v;; = €; ® fj and Vbl = (—1)p(fj)ei ® f7. Clearly (Vi j, V%) = 0ip0s.
Since X € osp(2m|2n) embeds in osp(4n|dm) letting X act as I ® X on
CO% @ C?"I2" | we obtain from (6.2) that

(I)(Er,2n+2m—s+1 - E2m+s,2m—7“)
= 1/2 Z : (I @ (ET,QnJr?m*SJrl - E2m+s,2mfr+1))(vi,j)vi’j :

ij
— 1/2 2 : (: Ui’rvz,2n+2m—s+1 R Ui’2m+svz,2m—r+1 )
i=1,2

We now rewrite these odd elements in terms of the standard generators
of M(4n|4m)' Set

ﬁ

1 .
¥ 75 (V1,2m+i + V2, 2m42n—it1) i=1,--n,
1 .
¢ 5 WL2mtion = V22mign—it1)  i=n+1,--2n,
T — 1 .
%(Ul,Qm—H—n + V2, 2m43n—i+1) i=2n+1,---3n,

(V1,2m+ti—2n — V2 2m4an—i+1) G =3n+1,---4n,

=0
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so that
(7.6) [Pinds] = (&5, ¢i) = bij-
Set also
af = v, af =vigm—it1, i=1,...,2m
so that
(1) lahat] =0, [(@h)aaj] = ~[(a))aaf] = (a5, af) = 6.
Since
0P = = —ag, s
pl2n+2m—s+1 _ Vo omts = %(gbgnfsﬂ +V—1bsn—s+1),
and
pl2m—r+1 _ —— p2:2nt2m—s+1 _ V1 9mts = _\%(%H —V—1¢s),
we have

Q(Er ont2m—s+1 — Eomts 2m—r)

= ﬁ(i Aoyt (P3n—st1 + V—1ban—s1) 1 — : (nys — V—1s)a; 1)
_ ﬁ( at (pnrs — V=1¢s) i 4 : (P3n_st1 + \/j1¢4nfs+1)a27mfr+l )
= %(3 Aoy (D3n—s+1 + V—=10an—s+1) 1 = : @) (dpts — V—105) 2).

Recall that, if 1 <r <m, 1 < s <n, then E, 2pntom—s+1 — Fomts2m—r 18
the root vector z, with @ = ¢, + d5. Set

v; = (¢, 14;)
= 5 (1 g (P3n—iv1 + V=1un-i41) : = 1 af (i — V=164) 2).
Proposition 7.3. Set W; =: ViVi—1 .- V1 Then the vectors W; are singu-
lar vectors in M4p|4m) for so(2m) x sp(2n).

Proof. We need to show that
(7.8)
[(xﬁj—6j+1>/\Wi]? [($€m71+€m)>\Wi]7 [(wéj*5j+1))\wi]7 [(x%n))\wi} € /\M(4n\4m)
and that
(7.9) (e e ]AWi] = Ty —, (0) Wiy [(2-26,)AWi] = x_25, (0)W.

These formulas are proven by induction on ¢. The base of the induction
is i = 1, where the formulas are satisfied since v; is a highest weight vector
for the action of so(2m) x sp(2n) on osp(2m|2n)j.

If ¢ > 1, then, by Wick formula

[(@a)aAWi] =2 [(@a)a(@e+5)IWin1 4+ Tey g6, [(20)aWina] :

A
" /0 (1o ey 5,) ] Wi 1)dps.
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In order to check (7.8), by the induction hypothesis and the fact that
[(xﬁj*€j+1)>\x€1+5i] = [($Em—l+€m))\‘r51+5i] = [(x25n)>\x€1+6i] =0,

[(x5j—5j+1))\x61+5i] = 6i7j+1N§j_5j+17€1+(5i‘r€1+5i—17
we need only to show that : x_.,45,W;—1 := 0 and this follows readily since

Ley+6; 1 (_1>x€1+6i71 (_1) =0
In order to check (7.9), by the induction hypothesis and the fact that

[($—251)>\x61+5¢] =0, [(ZC*51*52)>\1‘51+51’] = N_ci—ez.e14+5; T—ea+5;

we need only to show that [(z_c,45,)uWi—1] = 0. An easy induction on r
shows that [(z_c,45,),Wr] =0 for 1 <r <.

It remains to show that W; # 0 in Mp4m). By the defining relations
(7.6)—~(7.7) of M(4n)4m), We can write

Wi =:(a;,) (d3n—i+1 + V—1dan—is1) .- (d3n + V—1¢1) :

]

+D i (a) (@) e(9) :
j=1
with ¢;(¢) € M(4,)0)- The result follows. O

7.3. Decomposition. Let w,,, be the Sugawara Virasoro vector in
V_s(0sp(2n+8|2n)) C Vi (osp(4n|4n+16)), w! the Sugawara Virasoro vector
in R_2(Dy14) and w?, the Sugawara Virasoro vector in V;(C,). We want
to investigate the embedding

R-a(s0(2(n +4))) @ Vi(sp(2n)) = V_2(g).

Define

Q = Wsug —w! =W

Set for shortness g = osp(2n + 8|2n).

Proposition 7.4. Assume that n > 2.

(1) The embedding R—-2(50(n+4)y) @ Vi(sp(2n)) — V_2(g) is not confor-
mal forn > 2.

(2) Q is a non-trivial Virasoro vector of central charge ¢ = 0.

(3) There exists a non-trivial singular vector in V_o(g) of gg—weight
(0,w2) and conformal weight 2.

Proof. Assume that © = 0 in V_5(g), so we have a conformal embedding
R _2(509(n44)) ® V1(sp(2n)) < V_2(g). Assume that L(4,j) is an irreducible
highest weight V_5(g)-module with gg—weight (iwi,w;), where i,j € Z>q,
1 < j < n. Recalling from (6.6) the expression of 2p, we compute that the
conformal weight is given by

24+ (2n+6)i+65+5(j —1)

Ai,j = 3 .
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We have
(7.10) A;j = hli, ]
(2n4+6+1)i+j(j+6) i@2n+6+1i)+2n+2—7)j
<~ =
) 4(n + 2)

= n@2n+6+d)i+ (n+2)j(G+6)=2i(2n+2— )

Assume that ¢ > 1. Since n(2n + 6) > 2n(n + 2) > 2j(2n + 2 — j) for
j =0,...,n we conclude that there are no solutions of the equation (7.10).
Assume that i = 0. We have the equation

J(n4+2)G+6)—22n+2—7) =0 < j(j+2)(n+4)=0.

Therefore, the only solution of the equation (7.10) is (i, ) = (0,0). But using
the free-field realization it is easy to see that there exist representations of
V_9(g) in KL_o with highest weight different from (0,0). Therefore, the
embedding R_2(so(2(n+4))) ® Vi(sp(2n)) < V_2(g) cannot be conformal.
This proves assertions (1) and (2).

Let us prove assertion (3). Since Q # 0, V_2(g) contains a singular
vector of conformal weight 2. The classification of R_3(so(2(n + 4))) and
Vi(sp(2n))-modules implies that such singular vector has gg-weight (iwq,w;)
for certain ¢ € Z>p, 1 < j <n. Wesee that A;; =2 <= i=0,7=2. U

Remark 7.5. We have proved in [10], using quantum reduction, that the
vertex algebra V_o(g) has a unique irreducible module in KL_o. Note that
the proof of the previous proposition gives a mew proof of this result. More
precisely, each irreducible V_o(g)—module in KL_o has gg—highest weight
(twi,wj). The pair (i,7) satisifes (7.10), and the calculation in the proof
of Proposition 7.4 gives that (i,7) = (0,0). Therefore, V_o(g) is the unique
irreducible V_o(g)-module in KL_s.

Lemma 7.6. For 1 < i <mn, the vectors W; are not g—singular.

Proof. Assume that W; is singular for g. Then it generates the highest
weight module with highest weight A; = ie; + 61 + - - - + d;. The conformal
weight of W is
. Ny X +2p) (N, Ai+2p) 2 4i+ (2n+6)i+6i+i(i — 1)
M7k RY) 8 B 8
(i +2n+6)
R E—
S0 (wsug)oWi = hy,Wj. On the other hand, W; has conformal weight 4 in
V_o(g) C M, (4nl4n+16), Which is different from £, and this is a contradiction.
O

Proposition 7.7. For 1 <i < n, the vectors W; are nonzero in V_s(g) and

(7.11) W, = V_g(g()) - W = L_g(iwl) ® Ly (wl)
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Proof. Assume that there is j € {1,...,n} so that W; = 0 and that there
are no non-trivial singular vectors in V_s(g) of weight (iwi,w;) for i < j.
By using fusion rules, we conclude that W; is singular in V_s(g). This
contradicts Lemma 7.6. Using the formulas given in Proposition 7.3 we get

(7.11). O
Theorem 7.8. We have the following decomposition of V_s(g):

V_oa(g) = P La(iw1) ® L (wi).
=0

Proof. By [10], the irreducible V_s(so(2(n + 4)))—modules in K'L_y are
L,g(iwl), 1= 1, ey T
Therefore the irreducible V_s(g5)-modules which can appear in the decom-
position of V_5(g) have the form
V;wl,Wj = L,Q(Z’wl) X Ll(w]'), ’L,j = 1, e, n.
Note also that W; = Vju, 4, and that all components in the decomposition
of V_o(g) appear in the fusion products
Wi - W,
———

k times
where k is a positive integer. Using fusion rules we get that

Wl . ‘/iwl,wi - ‘/(i%»l)wl,thl + ‘/(ifl)whwifl + ‘/(Z'+1)W1,wi,1 + v'(ifl)w1,wi+1'

But since hli + 1,4 — 1],hli — 1,i + 1] ¢ Z, the components V(;41)u; w, ;5
Vii—1)wi,wiy, can not appear. Therefore we can not get components Vi, w;
for ¢ # j. This implies that

V_z(g) = émil}_g(iwl) ® L (wz)
1=0

for certain multiplicities m; € Z>¢. From Proposition 7.7 we have that
V_3(g) contains W;, which is a gg—singular vector of gg—weight (iw;,w;) for
1 < i < n. So, all m; are greater or equal than 1. Clearly m; = 1. Assume
now that there is j € Z>o such that m; > 2 and m; = 1 for ¢ < j. Using
the fact that V_o(g) is strongly generated by g, we conclude that a singular
vector vj ; of gg-weight (jwi,w;) must appear in the fusion product

Wi Wy
~—_——
j times
Using the associativity of the fusion product, we get that
V5 € Wi - Wj_l.

But if v; ; and W; are linearly independent, we conclude that the component
VD, (jwi) ® Ve, (wj) in the tensor product

(VD14 ((G = Dewr) @ Ve, (wj-1)) @ (V. (1) @ Ve, (w1))
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has multiplicity strictly greater than 1. This contradicts the fusion/tensor
product decomposition rules (7.1)-(7.3). So m; =1 for j =0,...,n. The
claim follows. O

The case n = 1 is slightly different. We present a direct proof.

Theorem 7.9. In the case n =1, V_o(g) is a simple—current extension of

V_2(go)-

Proof. By using classification of irreducible V_3(s0(10))-modules from [10]
and tensor product decomposition

Vb (w1) ® Vp, (w1) = Vp, (2w1) ® Vp, (w2) & Vp, (0),

we get that V_g(w) is a simple—current V_3(so(10))-module. Since L;(w;)
is also a simple—current Vj(sl(2))-module, we get that V_a(0sp(10,2)) is a
simple—current extension of V_5(s0(10)) ® V1 (sl(2)) and that

V_g(g) = V_Q(SO(IO) ® V1 Sl @L w1 ® L4 (wl)
hence the claim holds. [l

For n > 2, V_5(g) is not a simple-current extension of V_s(gg5). This
follows from the following fusion rules:

Corollary 7.10. We have the following fusion product inside of V_o(g):
Wi W, = WisidWir (1<i<n-1)
Wi Wn = Wy

Finally, our result implies the following coset realization of V_5(so(2(n +

4))):

Corollary 7.11. We have

osp(2n + 8|2n)_2

sp(2n);

V_o(so(2(n + 4))) = 1= Comy_, (osp(2n+8j2n)) (V1 (sp(2n))).
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