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Abstract: A compact formalism for representing the angular momentum modes in para-
xial optics is considered. The evolution of both spin and orbital components of angular 
momentum is described within such representation. A thorough analysis of the effect of 
reflection is carried out, and different kinds of reflective interfaces are analyzed. A gen-
eral method for building the matrices representing the transformations of the spin and or-
bital angular momenta is introduced and applied to some meaningful examples 
concerning wave plates, mirrors, and prisms.

Index Terms: Orbital angular momentum, spin angular momentum, paraxial optics, optical 
communications.

1. Introduction
The awareness that free- and guided-wave optical modes can carry orbital angular momentum 
is opening new and interesting opportunities in optics and, in particular, optical communications 
[1]–[4]. As far as concern the propagation, the single-mode option, which dominated the optical 
transmission since the early 80s, contributed to the almost complete forgetfullness of the exis-
tence of a further quantum number held by the photon, the orbital angular momentum. This 
“fourth” label of the photon adds to the energy (or wavelength/frequency), the linear momentum 
(or the propagation wavevector) and the spin angular momentum (or polarization). The optical 
technology had since now deployed just the Wavelength Division Multiplexing (WDM) and more 
recently the Polarization Division Multiplexing (PDM), thanks to the development of practical co-
herent optical systems. In last years the orbital angular momentum has attracted a great re-
search interest in view of Mode Division Multiplexing (MDM), which is envisaged as the 
technology enabling the next generation optical communication systems, in order to prevent the 
capacity crunch [5]. Moreover, the capability of manipulating the angular momentum is funda-
mental to implement not only effective mode multiplexers and demultiplexers for MDM, but also 
to realize network functionalities [6].

It is known from Allen et al. [7] that the Laguerre-Gauss beams carry on an orbital angular 
momentum, owing that the field possesses helical wavefronts, related to the azimuthal phase 
term expðil#Þ. Hence the phase pattern in a transverse plane rotates around the central beam 
axis and we can associate to this “twisted” light an orbital angular momentum vector L. We no-
tice that these beams are also said optical vortices with topological charge l , corresponding to 
an orbital angular momentum of l�h per photon. The Laguerre-Gauss beams also hold a state of



polarization, which can be represented as the sum of two orthogonal components. In particular, 
the right and left circular polarization states are classically described in a transverse plane by a 
rotating electric (magnetic) field vector. This rotation is associated to a spin angular momentum 
vector S. In the quantum picture a right/left circularly polarized beam carries an angular momen-
tum of �h per photon.

The full description of the angular momentum of the photons requires naturally the addition 
of orbital and spin parts. Quantum mechanics states that addition of angular momenta is pos-
sible only if the two addenda commute and whenever the spin is involved this is always veri-
fied. Thus the total angular momentum J of the photons belonging to one of the previous 
beams can be written as J ¼ L þ S. Nevertheless the properties of the angular momentum 
are not identical for photons and electrons. The situation was synthesized by a seminal work 
of van Enk and Nienhuis in 1994 [8] and more recently further detailed by Barnett [9]. It was 
demonstrated that, in dealing with photons, the spin and orbital parts of the total angular mo-
mentum are observable physical quantities, but do not generate rotations and do not satisfy 
the quantum commutation rules of the angular momenta of matter particles (like electrons). 
Moreover, in paraxial optics it is possible to independently consider the orbital and spin com-
ponents Lz and Sz , respectively, of the angular momentum along the propagation axis z. In-
deed, the scalar field of the Laguerre–Gauss beams is a solution of the paraxial Helhmoltz 
equation. Other remarkable examples of paraxial beams are the higher-order Bessel beams 
with small transverse wave-vector [10] and the fiber-optic vortex modes [11] assuming the 
typical condition of weak guidance.

The aim of our present work is to give a contribution to the comprehension and manipulation 
of the angular momentum of the light by introducing a compact and effective matrix notation for 
both spin and orbital angular momenta. We will exploit this notation to study the evolution of the 
total angular momentum.

2. Angular momentum representation
The operator associated to Sz can be represented by a 2 � 2 diagonal matrix in the two-dimen-
sion Hilbert space of the polarization states, by choosing the circular states as orthogonal basis. 
In fact, the right/left circular states of polarization are eigenstates of the photon spin angular mo-
mentum with eigenvalues �1, in �h unit, obtaining the diagonal matrix

Sz ¼ 1 0
0 �1

� �
: (1)

Regarding the operator associated to Lz , we should consider the infinite-dimension Hilbert
space having as orthogonal basis the eigenstates of the orbital angular momentum with integer
eigenvalues, in �h unit. Indeed, we choose to represent Lz in the two-dimension subspace gener-
ated by the eigenstates with eigenvalues �l , because in this work we focus onto optical trans-
formations that couple modes with same absolute value of Lz and opposite handedness.
According to this choice, the matrix representation is

Lz ¼ l 0
0 �l

� �
: (2)

In order to represent the total angular momentum operator, we have to sum the proper exten-
sions in a 4-dimension Hilbert space of the 2 � 2 matrices representing Lz and Sz . The mathe-
matical operation that carries out this extension is the Kronecker product (or direct product) [12]
by the identity operator I. We choose to left-multiply Lz by I and right-multiply Sz by I, to build
the total angular momentum operator

Jz ¼ Lz � Iþ I� Sz : (3)



Considering the above introduced 2 � 2 matrices for Lz and Sz , we obtain, substituting (1) and
(2) in (3), the following 4 � 4 matrix representing the total angular momentum

Jz ¼
l þ 1 0 0 0
0 l � 1 0 0
0 0 �l þ 1 0
0 0 0 �l � 1

2
664

3
775: (4)

Such a matrix is diagonal, hence the total angular momentum eigenstates (or modes) are the
basis of this representation and can be identified through the compact notation j � l ;�1i, satis-
fying the eigenvalue equation

Jz j � l ;�1i ¼ ð�l ;�1Þj � l ;�1i: (5)

In Fig. 1 a vectorial picture of such four modes is given. We remark that this representation is
based on a complete description of the total angular momentum modes as combination of mutu-
ally independent orbital and spin angular momentum modes, according to Refs. [13], [14].

Once determined a representation of the total angular momentum modes, it is interesting to
evaluate the evolution of such modes under the perturbations occurring during the propagation.
Hereafter, we will consider a generic case of perturbation acting on both orbital and spin angular
momenta. We can build the representative matrix in the 4-dimension Hilbert space of the total
angular momentum, starting from the 2 � 2 matrices M ð2;orbitalÞ and M ð2;spinÞ related to the orbital
and spin angular momentum sub-spaces, respectively, in the following way:

M ð4Þ ¼ M ð2;orbitalÞ � I
� �

� I�M ð2;spinÞ
� �

: (6)

We remark that M ð2;spinÞ is given by the Jones matrix in the circular polarization basis. Eq. (6) in-
dicates that the 4 � 4 matrix representing a transformation of the total angular momentum is
given by the product of the two 4 � 4 matrices extending the 2 � 2 matrices for the orbital and
spin part, through the Kronecker product by the identity matrix in the order expressed by (3).
Moreover, the choice of the order of the factors in the matrix multiplication of (6) is indifferent,

Fig. 1. Vectorial picture of the total angular momentum modes. The total angular momentum J is
the sum of the spin angular momentum S and the orbital angular momentum L. The vectors are rep-
resented along the direction of the propagation axis.



because the two factors refer to the orthogonal sub-spaces of orbital and spin parts, respec-
tively, and we can equivalently write

M ð4Þ ¼ I�M ð2;spinÞ
� �

� M ð2;orbitalÞ � I
� �

: (7)

3. Effect of the reflection on spin and orbital angular momenta
In the present section, we report some general considerations about the reflection, detailing the 
interaction of the two parts of the angular momentum with reflective surfaces and the effect of 
this interaction on the angular momentum handedness. Before proceeding, it is important to dis-
tinguish between two kinds of beam incidence: the front incidence and the skewed incidence. In 
terms of the angle between the beam and the normal to the mirror surface, the above cases cor-
respond to the low-angle incidence or high-angle incidence. For the spin component of the total 
angular momentum the situation must be further specified as function of the kind of interface 
that originated the mirror effect. Three types of interfaces summarize the main situations: 
a) from lower-index to higher-index dielectric; b) from higher-index to lower-index dielectric; 
c) from dielectric to conductor (like a metal). Following Clarke and Grainger [15], the analysis of 
the interaction can be synthesized saying that in all the three situations there is a specific angle 
of incidence with respect to the direction normal to the interface: the Brewster angle in a), the 
critical angle in b), the principal angle in c), which separates the angular range of incidence into 
two regions. Below the above-specified angles the spin reverses its handedness, as shown in 
Fig. 2, otherwise the spin maintains its handedness. Referring to Fig. 2, in both cases a) and b) 
the transition effect between the two different regions is rather sharp, while in case c), where 
the reflection occurs by a metallic mirror, the effect is smooth.

On the other hand, the behaviour after reflection of the orbital angular momentum, which is a 
global property of the whole beam related to the azimuthal phase term, is quite different from 
the spin, which is a local property [16]. Indeed, the photons of a single beam, i.e., characterized 
by a single wavefront, must have the same orbital angular momentum, while they can have dif-
ferent values of spin angular momentum, according to the different positions in the wavefront. 
The effect of the mirror is to exchange right and left, that is to make the coordinate change 
x ! �x in the reflected reference frame, equivalent to the azimuth transformation # ! � � #. 
Apart a phase shift of l�, the effect of the reflection by a mirror onto an eigenstate of the orbital 
angular momentum with eigenvalue l is equivalent to the sign inversion l ! �l . Hence, what-
ever be the type of reflection considered, either front or skewed, the handedness of the orbital 
angular momentum is always reversed.

The above analysis points out that the reflection by a mirror can operate differently on the two 
parts of the photon total angular momentum, depending on the specific kind of reflection.

Fig. 2. Three typical mirror interfaces. (a) From a lower-index to higher-index dielectric; (b) from
higher-index to lower-index dielectric; (c) from dielectric to conductor (like a metal). In gray, the
range of angles for which the handedness of the photon spin (with respect to the propagation direc-
tion) is maintained. For the complementary angles, the handedness is reversed. The transition is
sharp in the dielectric interface and smooth in the metal interface.



4. Examples of angular momentum transformation
Hereafter, we will apply the introduced formalism for describing the transformation of the angular 
momentum of a beam propagating through one of the following remarkable examples of optical 
elements:

i) a birefringent retarder plate, which acts only on the spin angular momentum;
ii) a Dove prism exploiting total internal reflection, which acts only on the orbital angular

momentum;
iii) a mirror, which acts on both spin and orbital angular momenta.

4.1. Birefringent retarder plate
As far as concern the perturbation given by the birefringence, it uniformly affects the direction of 
the vector field and hence it acts only on the spin component of the total angular momentum, 
which is related to the state of polarization, keeping the orbital angular momentum unaltered. It 
is customary to analyze the perturbations acting on the spin angular momentum of the beam by 
means of the Jones formalism developed for the polarization of the light. Since the circular 
states of polarization are the eigenstates of the spin angular momentum, we choose such states 
as basis for the representation of the Jones matrices. The relation between a generic Jones ma-
trix M ðH�VÞ in the usual representation of the H–V basis, constituted by the horizontal and verti-
cal linear states of polarization, and the corresponding Jones matrix M ðcircÞ in the circular basis, 
according to [17], is given by

M ðcircÞ ¼ a11 a12
a21 a22

� �
¼ 1

2
b11 þ b22 � iðb12 � b21Þ b11 � b22 þ iðb12 þ b21Þ
b11 � b22 � iðb12 þ b21Þ b11 þ b22 þ iðb12 � b21Þ

� �
(8)

where

M ðH�VÞ ¼ b11 b12
b21 b22

� �
: (9)

Once obtained the Jones matrix in the proper representation, we have to extend it as operator
in the 4-D Hilbert space. In the hypothesis that the birefringence be homogeneous in the whole
cross section of the propagating beam, only the spin part will be affected by the Jones operation
and, as a consequence, we apply to (8) the Kronecker product, as made for the spin part of the
total angular momentum in the second term of the left side of (6). Hence, we obtain the following
extended 4 � 4 matrix

M ð4Þ ¼ I�M ðcircÞ ¼ 1 0
0 1

� �
� a11 a12

a21 a22

� �
¼

a11 a12 0 0
a21 a22 0 0
0 0 a11 a12
0 0 a21 a22

2
664

3
775: (10)

For instance, we can consider a half-wave plate, which is represented by the standard Jones
matrix in H–V basis

M ðH�VÞ ¼ 1 0
0 �1

� �
: (11)

Taking into account (8)–(11), we obtain the following 4 � 4 matrix for the half-wave plate

M ðcircÞ
hwp ¼ 1 0

0 1

� �
� 0 1

1 0

� �
¼

0 1 0 0
1 0 0 0
0 0 0 1
0 0 1 0

2
664

3
775: (12)



The application of this matrix to the basis vectors, which are the eigenvectors of the diagonal 
matrix (4) representing the total angular momentum, transforms the eigenstates j � l ; �1i into 
j � l ; �1i. The above result confirms that a half-wave plate, introducing a homogeneous pertur-
bation in the transverse plane, does not change the orbital angular momentum value, but 
changes only the spin angular momentum value, which is inverted, as also shown by Fig. 3.

4.2. Dove prism
The most popular example of optical element inducing a perturbation acting only on the orbital 
part of the total angular momentum is given by the Dove prism, which works by means of a total 
internal reflection between two refractions of the beam crossing it. The optical beam at the exit 
of the prism returns in the same direction of the entrance, while the image is inverted with re-
spect to a plane parallel to the prism face involved in the total internal reflection. Considering 
such inversion plane as the horizontal plane xz, it results that the azimuth of the points of an im-
age is reversed, i.e. the Dove prism operates the transformation # ! �#. Moreover, if the face 
of total internal reflection is rotated of an angle � around the propagation axis z, then the image 
is rotated [18] by the double angle 2� after the inversion, i.e., # ! 2� � #, as shown in Fig. 4. 
Hence the Dove prism transforms the azimuthal phase term associated to an orbital angular mo-
mentum eigenstate with eigenvalue l in the following way: expðil#Þ ! expðil2�Þ �  expð�il#Þ. This  
means that a beam carrying an orbital angular momentum reverses its handedness and

Fig. 3. A beam passing through a half-wave plate, where only the spin angular momentum S is re-
versed with respect to the propagation direction.

Fig. 4. (a) Sketch of a Dove prism with the totally reflective face rotated by an angle � with respect
to the horizontal plane xz. (b) Representation of the action of the rotated Dove prism, which trans-
forms an input image point Pin into an output image point Pout through an inversion around a plane
parallel to the totally reflective prism face, whose section on the transverse plane xy is depicted by
the blue line.



acquires a phase shift l2� after a Dove prism. It is worthwhile to remark that this dependence of
the phase shift on both the angle of rotation of the Dove prism and the orbital angular momen-
tum value at the entrance allows for exploiting interferometric schemes based on rotated Dove
prisms for demultiplexing beams with different values of orbital angular momentum [19]–[21].

More in detail, considering a balanced Mach–Zehnder interferometer with two Dove prisms
mutually rotated of an angle � in the two respective arms, it is possible to separate two different
orbital angular momentum modes with 2��l equal to an odd multiple of �, at the two output
ports of the interferometer. For instance, we can discriminate modes with �l ¼ �1; �3; . . . by
� ¼ �=2, modes with �l ¼ �2; �6; . . . by � ¼ �=4, and so on. In general, it is possible to sepa-
rate any finite set of different orbital angular momentum modes by means of a binary tree of
Mach–Zehnder interferometers with properly oriented Dove prisms in the arms. This all-optical
technique of mode demultiplexing is very promising in view of MDM data communications sys-
tems, where independent channels corresponding to different orbital angular momentum modes
are transmitted, because it avoids the use of complex and power-consuming ultra-high-speed
digital-signal-processing electronics for correctly detecting each mode.

According to our formalism, the action of a rotated Dove prism is represented, in the 2-D sub-
space generated by the orbital angular momentum eigenstates of eigenvalues �l , by the matrix

M ð2Þ
Dove ¼

0 expð�il2�Þ
expðil2�Þ 0

� �
(13)

which is anti-symmetric, owing to the change of the orbital angular momentum handedness. On
the other hand the spin angular momentum handedness is conserved, as reported by [22]. We
can explain this behavior, as shown by Fig. 5, by noticing that the total internal reflection occur-
ring in the Dove prism acts differently on the spin and orbital parts of the angular momentum.
The spin angular momentum handedness is maintained because the incidence angle is greater
than the critical angle in the total internal reflection (as shown in Fig. 2(b)), while the orbital an-
gular momentum handedness is reversed because the reflection inverts the image. In order to
extend the representation of the rotated Dove prism into the proper 4-dimension Hilbert space
of the total angular momentum, taking into account that only the orbital part is affected, we sim-
ply have to carry out a left Kronecker product of the 2 � 2 matrix in (13) by the identity matrix.
Hence, we obtain the 4 � 4 matrix

M ð4Þ
Dove ¼ M ð2Þ

Dove � I ¼
0 0 expð�il2�Þ 0
0 0 0 expð�il2�Þ

expðil2�Þ 0 0 0
0 expðil2�Þ 0 0

2
664

3
775: (14)

Fig. 5. A beam hitting a prism in total internal reflection, where only the orbital angular momentum L
is reversed with respect to the propagation direction.



4.3. Front mirror
A very meaningful example of transformation of the total angular momentum, perturbing both 
spin and orbital angular momenta, is the reflection by a mirror in case of normal incidence. Ac-
cording to the analysis reported in Section 3, the 2 � 2 matrix representing the action of a front 
mirror on the orbital angular momentum is

M ð2;orbitalÞ
mirror ¼ expðil�Þ 0 1

1 0

� �
¼ ð�1Þl 0 1

1 0

� �
(15)

owing to the fact that the left-right inversion due to the mirror changes the sign of the orbital an-
gular momentum and shifts the phase of l�. As concerns the spin angular momentum, the ac-
tion of the front mirror is to transform a right (left) circular state of polarization into a left (right)
circular state, accompanied by a phase shift of � giving the nodality of the field onto the metallic
mirror (i.e., the incident and the reflected fields cancel out at the metal surface). Hence, the 2 �
2 matrix representing a front metallic mirror in the spin angular momentum subspace is

M ð2;spinÞ
mirror ¼ expði�Þ 0 1

1 0

� �
¼ � 0 1

1 0

� �
: (16)

Using the general recipe introduced in Section 2, we can substitute (15) and (16) into (6) for ob-
taining the following 4 � 4 matrix:

M ð4Þ
mirror ¼ M ð2;orbitalÞ

mirror � I
� �

� I�M ð2;spinÞ
mirror

� �
¼ ð�1Þlþ1

0 0 0 1
0 0 1 0
0 1 0 0
1 0 0 0

2
664

3
775: (17)

This matrix is anti-diagonal, since the normal reflection by a mirror reverses the handedness of
both orbital and spin angular momenta, according to the analysis reported in the previous sec-
tion. We also have experimented this handedness change, converting a linearly polarized
Gaussian He–Ne laser beam into a circularly polarized doughnut beam, through a quarter
wave-plate and a spiral phase-plate, and analyzing it after reflection. In Fig. 6 a pictorial view of
the behavior of the propagation wave vector, represented by a dashed arrow, and of the angular
momentum vectors L;S; J is shown. It is evident that the propagation direction of the light is re-
versed, while the direction L;S; J is not changed. This is in agreement to the fact that the hand-
edness of angular momenta changes the sign, which depends on the orientation of L;S; J with
respect to the propagation direction. Therefore, we can say that the physical action of normal re-
flection by a metallic mirror is equivalent to the inversion of z-axis of a cartesian reference
frame. Indeed, such a reference mirroring inverts the z-component of usual vectors (like posi-
tion, linear momentum, and, hence wave vector of light), also called polar vectors, while it does

Fig. 6. A beam hitting a front mirror, which reverses both spin and orbital parts of the total angular
momentum J with respect to the propagation direction.



not invert the z-component of angular momentum vectors (like mechanical torque and angular 
momenta of light), also called axial vectors or pseudo-vectors [23], [24].

5. Conclusion
The results obtained in the previous sections set the basis for the representation of the total an-
gular momentum modes in paraxial optics. The analysis takes into account that the different na-
ture of the spin and orbital parts of the light angular momentum impacts on the evolution of the 
total angular momentum.

In this work we propose a general method for describing the evolution of the total angular mo-
mentum, in case of typical optical components within the validity of paraxial optics, comprising 
lenses, wave-plates, prisms and mirrors. In particular a thorough analysis of the effect of the re-
flection onto spin and orbital angular momenta is presented.
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