Evolution of superoscillatory data
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Abstract

Weak measurements and the theory of weak values have a very deep meaning
in quantum mechanics, and new phenomena associated with them has
recently been observed experimentally. This theory has also directly led to
the notion of superoscillating sequences of functions. In this paper we
consider Cauchy problems with superoscillatory initial conditions (in
particular, the Cauchy problem for the Schrodinger equation and some of its
variations), and we give conditions under which the superoscillations persist
in time. Our work is based on results from the theory of formal solutions to
Cauchy problems and on the study of the specific growth of superoscillatory
sequences, when regarded as functions of a complex variable. There are two
main aims of this paper: one is to explain the mathematical tools that are
necessary to study superoscillations, also repeating a few results that we have
already proved in other papers in order to clarify the strategy. The second aim
is to show that our technique applies to a large class of problems, showing
under which conditions the superoscillatory phenomenon persists. Finally, we
point out that our strategy can be applied also to non-constant coefficients
differential equations as the quantum harmonic oscillator.

Keywords: superoscillations, evolution problem, Schrodinger equation PACS
numbers: 42.25.Fx, 06.35.Ge, 42.30.Kq, 02.30.Mv

1. Introduction

Quantum physicists have discovered and experimentally demonstrated a very interesting
phenomenon which they called superoscillations, see [1, 9, 10, 13—16]. In a series of recent
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papers the authors have started the study of superoscillations from the mathematical point of
view, see [2—7] and the forthcoming monograph [8].

The aim of this paper is to show how the use of general techniques from the theory of
formal solutions to Cauchy problems, combined with ideas from the theory of convolution
operators in spaces of holomorphic functions with growth conditions, allows for the study of
the evolution of superoscillatory data when taken as initial values for Cauchy problems for a
very large class of linear constant coefficients differential equations.

Let us begin by recalling the identity

F,(x,a) = (cos (g) + iasin (%))" _ kXZ(‘:Ck("’ a) ei(1-2/m)x )

fora e R,a > 1, x € R where

1 n—k 1 — k
o= (52) (5

where (Z) denotes the binomial coefficients. The sequence {F;,(x,a)} is said to be
superoscillating because while its addends have frequencies |1 — 2k/n| < 1, for n € N,
k = 0,1,...,n, one can show that on every compact set in R, the sequence {F,(x,a)}
converges uniformly to F(x, a) = e, whose frequency a can be arbitrarily large (for the
proof see [3]).

A general question we address in this paper is the following. Establish the conditions that
we need to put on a differential polynomial P(D), in order for the solution to the Cauchy
problem

PDYY(x,1) =0, ¥(x,0) =g¢u(x)

to be superoscillating whenever ¢, is superoscillating.
The main example that guides this discussion is the case in which we consider the Cauchy
problem for the Schrodinger equation in the case of a free particle:

L0 (x, 1) Y (x, 1)
i Py = — ol Yv(x,0) = F,(x,a). 3)

In [5] we have shown that the solution ¥, (x, t), is given by

n
Un(x, 1) = ch(n’ a) el (1=2k/n)x e—it(1—2k/n)27 4)
k=0
and that we have

o
lim ¥, (x, 1) = 197,
n—oo

uniformly on the compact sets of R2. In other words, the solution to the Cauchy problem for
the Schrodinger equation with a superoscillating initial datum is still superoscillating.

The crucial point in the previous discussion is the fact that the solution (4) of the Cauchy
problem (3) can be written as:

O irym gz
=3 SR a)

m=0
for every x € R and ¢+ € R. To study the superoscillatory phenomenon, when n becomes
arbitrarily large, we have to show that the operator

d & (il‘)m d2m
U (5) =2 i

m=0




acts continuously on a class of functions that contains F, (x) so that we can write

d d d
nlirgoU <d_x’ t) E,(x,a)=U (a, t) ,,IHEOF”(X’ a)=U (a,t) F(x,a).
Thus, one can state the problem more in general. Before that, we start by giving the definition
of superoscillating sequence.

Definition 1.1. Given the continuous function f represented by the convergent series
fx) = Z;io d; e, where dj € C and a; € R, we say that the sequence

n
Sn (x) — Z C] (l’l) eikj(n)x
=0
is superoscillating ( f-superoscillating when we want to make the limit explicit) if there exists

an index J such that sup ; |kj(n)| < aj and the sequence S, converges uniformly to f on some
compact set of R.

Problem 1.2. Identify a significant class of operators U (i, t), including the Schrodinger
operator, which acts continuously on a space of functions that contains superoscillating
functions.

A strictly related problem arises if we notice that, in the previous computations, the
function

n
: 2
Yo(t,a) =) Ci(n,a)e 17207,
k=0
converges uniformly to
Y(t,a) = e,

forallr € [T, T], where T is any real positive number. Thus, it is reasonable to ask whether
one can solve the following problem.

Problem 1.3. Let Cy, (n, a) be asin (2), and leta e R, t € [T, T | where T is any real

positive number. Identify a class of analytic functions G such that the sequence

n
Yn (t, a) — Z Ck (n’ a) eitG(fi(lfzk/n))
k=0

is superoscillating.

Remark 1.4. Both problems 1.2 and 1.3 can be rigorously solved by studying the Fourier
multipliers associated with the symbol of the operator

d > drm
Ul—.t):= m(E)—,
(dx ) ’;)a O
that is

U.t):=Y an®)c"

m=0

in suitable spaces of holomorphic functions with growth conditions.



The philosophy of our approach is the following. We begin by considering a Cauchy
problem with superoscillatory initial conditions. We then use standard methods from the theory
of formal solutions to Cauchy problems (see section 2) to construct a convergent solution to
the problem itself. To do so, we will need to use the specific growth of superoscillating
sequences, when regarded as functions of a complex variable. Then, we need to show that the
resulting solution maintains a superoscillatory behavior. To this end, we will construct suitable
convolution operators on the space of holomorphic functions to which the solutions belong
(see section 3), and we will show that it is possible to take the limit of the solutions thus
showing that the superoscillatory behavior remains for all times. We will see that the growth
conditions that are necessary for this last limiting process are somewhat more restrictive than
those that are necessary for the convergence of the formal solutions. Our result is in accordance
with [16] in which the authors showed that the persistence time is proportional to n, for any
fixed, large n. In section 4 we use this scheme to study the solutions of some Cauchy problems
associated with some differential equations of special type, like a generalized Schrodinger
type equation, the heat equation, and a class of equations of non-Kowalevskaya type. Finally,
in section 5, we deal with the case of convolution equations.

2. Formal solutions of Cauchy problems

The theory of formal solutions of Cauchy problems for linear constant coefficients partial
differential equations goes back to the early work of Kowalevskaya who considered, in [21],
the characteristic Cauchy problem for the complex heat equation:

2

%u(z,t) %u(z,t) u(z,0) = ¢(2),

where ¢ and z are complex variables and ¢ is holomorphic in a neighborhood of the origin.
She proved, in particular, that the unique formal solution
X m 32m
u@n) =) @
m=0
converges if and only if ¢ (z) is an entire function of exponential order at most 2, i.e. there are
positive constants A, B such that

lo(z)| < Aexp(Blz|?).

Since then, the question of how to construct formal solutions to generalizations of the heat
equation, and how to ensure their convergence, has been taken up by many mathematicians,
and without pretense of completeness, we will now consider the case, see [11, 19, 23], in
which one studies the Cauchy problem associated with the differential equation

rv 9rv=i) gir
S @D Z @ 5o D )
wherer, p,v € N, 1 <r < p,v > 1, a; € C and with initial conditions

¢ rv—1

3
2t @0 =0 £=0.....v =2 —T7u@0)=9Q). (6)

Differential equation (5) can be rewritten as (see [19]):

(82 8t) HP



where

a 0 a" a’
Pj:Pj —, — =—r—05j—,
dz ot ot azP

£;, u are suitable natural numbers, and «; € C are the distinct roots of the characteristic
equation

A= =0 Q)
j=1

In [19] it is shown that:

Theorem 2.1. The formal solution to the Cauchy problem (5) with initial conditions (6) is
given by

M trm+rv71
iz, t) = Uy (17) — = Uppgry—1 (17) —————
@0 = Y ()= thminoi( P ——y
mz=rv—1 m=0
where

pm
Urm+rv—1 (Z) - A(m) <P(Z), m 2 0

dem

and A(m) can be computed by solving a suitable difference equation.
Remark 2.2. It turns out that the coefficients A (m) are of the form
I ¢4
A(m) = ZaTZcﬂcmk*l, m >0,
k=1

j=1
where £, i, a; are as above, see again [19] for the details.

Remark 2.3. Theorem 2.1 and remark 2.2 yield that the formal solution to the Cauchy problem
(5) with initial conditions (6) is given by

l:i(Z, t) — Z trm+rv—1

m>=0

A(m) arm
(rm+rv —1)! dzzm

d
0():=U (d—, t) 0(2). 8
z

Remark 2.4. We would like to point out that the use of complex numbers is not simply a
matter of elegance, but it is indeed necessary to completely justify the formal calculations
that are used. In particular, in the sections to follow, we will show how to make our formal
calculations rigorous.

To motivate the subsequent analysis we will now consider in detail the Cauchy problem
for the Schrodinger equation

L0 (x, 1) Y (x, 1)
1 o = — PRI ¥v(x,0) = F,(x,a).

The following result is easily established by using the Fourier transform.

Theorem 2.5. The time evolution of the spatial superoscillating function F,(x, a), is given by

n
I/fn(x, t) — ZCk(”, a) eix(l—2k/n) e—it(1—2k/n)2.
k=0

The crucial fact in our approach is that ¥, (x, t) can be written as described below (see
theorem 3.1 in [5]):



Theorem 2.6. The function

n
wn ()C, t) — Z Ck(n, a) eix(]—Zk/n) e—it(l—Zk/n)Z (9)
k=0
can be written as

X irym gz
e =3 NS a)

m=0

foreveryx € Randt € R.

The idea of the proof is to consider the expansion

e—il(l—Zk/n)2 _ i [_]t(l - 2k/n)2]m

m!

m=0

and to observe that it can be written as
o0

()" & > ix(1—2k/n)
Yar ) =3 =y Gl a) e
" k=0

m=0
n

O . Nm 2m
_ Z @™ d ch(n a) e¥(1-2/m
=0 =0

m! dx2m

& (it)m d2m
= _F;‘L ) . 10
mZ:O T @) (10)

This result is consistent with the discussion we had regarding the formal solutions to the
Cauchy problem.

The main problem is now to take the limit for n — 400 of ¥, (x, ). Let us take, formally,
the limit and recall that

F,(x,a) — e,

so we obtain, see [5],

o0
VEHEDY
m=0
In order to fully justify these formal computations, see theorem 3.9, we will now study in some
detail the properties of multipliers on spaces of holomorphic functions with growth conditions.

(lt)m d2m
m! dx?m

. . .9
1ax lax—ia“t
= ¢C .

3. Spaces of holomorphic functions with growth

In this section we collect some well known definitions and results for infinite-order differential
operators, as well as for convolution operators on spaces of holomorphic functions satisfying
suitable growth conditions.

Infinite-order differential operators are a very special case of convolution equations, and
we begin our discussion with them as a motivation.

Definition 3.1. An entire function F : C — C is said to be of infraexponential type if for any
e > 0 there exists A, > 0 such that

IF(2)] < Ac exp(elz)).
We denote by Exp,(C) the space of entire functions of infraexponential type.



Remark 3.2. As it is well known, see [12, 20], an entire function of the form

() =) bug"
m=0

is of infraexponential type if and only if its coefficients satisfy the condition

lim ikt = 0.
—00

Functions of infraexponentialy type are very helpful in constructing the class of differential
operators of infinite order. Specifically, see [20], an operator of the form

d —, d"
—) .= by —
(&) =iz
is an infinite-order differential operator, also called local operator, which acts continuously on
holomorphic functions in C if and only if

lim ikt = 0.
— 00

It is natural to ask whether entire functions with growth faster than infraexponential can
still give rise to local operators. The answer is negative, but it can be shown that it is possible
to use such functions to define more general operators, called convolution operators. The
simplest such example is given by

— 1
g) =) "=
m=0
which is the symbol of the unit translation operator and which is nothing but the convolution
with the Dirac delta centered at z = —1.

In order to consider the general case, where functions of different growth are considered
(such as they appear in section 2), one needs some more refined techniques, which we briefly
sketch here, while referring the mathematically inclined reader to [18, 24] for a detailed
description.

The key ingredient is the notion of analytically uniform space (AU-space), for which we
give a simplified description. A topological vector space of (generalized) functions X is said
to be an AU-space if its dual X’ is isomorphic (via some version of the Fourier transform) to
a space of entire functions with suitable growth at infinity. The main example that one should
keep in mind is the case of X = H(C") the space of entire functions on C". In this case X’ is
the space of analytic functionals, and its dual is the space

Exp(C") ={f € H(C") : 3A,B >0 : |f(2)| < Aexp(Blz])}

of entire functions of exponential type: in this case the transform that realizes the isomorphism
between the space of analytic functionals and the space of entire functions of exponential
type is the Fourier—Borel transform. The general theory of AU-spaces now says that if we
consider a continuous multiplicator on Exp(C"), i.e. a function F such that the product by
F acts continuously on Exp(C"), then F' can be interpreted as the symbol for a convolution
operator on H (C"). Thus, for example, the function e’ which we have considered above, acts
as a multiplier on Exp(C"), and therefore it is the symbol of a convolutor on the space of entire
functions, as we saw earlier.

It is interesting to see what happens if we consider smaller subspaces of H, and we look
at the resulting space of convolutors, which we expect to be a larger space than functions of
exponential type. The spaces we are interested in are of two types: we will describe them both,



and will state the duality theorem that fully characterizes the symbols of the convolutors on
them. The ideas we are going to use were originally put forward in [24].

For any positive real number p, we define two spaces, each of which has growth of finite
order, but different type (see e.g. [22]).

Definition 3.3. The space
A, ={feH(C) :3A,B>0 : |f(z)| < Aexp(Blz)},

is said to be the space of functions of order p and finite type.
Correspondingly we have

Definition 3.4. The space
Apo:={feH(C) : Ye>0,3A >0 : |f(2)] <A exp(elz]”)},

is said to be the space of functions of order p and minimal type.

Note that with this notation, Exp(C) = A and Expy(C) = A .
The following theorem, see [24], makes the results in the previous section more precise.

Theorem 3.5. Let p be a real number such that, p > 1. Then there is a topological isomorphism
between the space A, and the dual of the space A, o, where

1 1

—+—=1
p P
Conversely, there is a topological isomorphism between the space A, and the dual of the
space A,.
In other words, the elements of A, can be viewed as symbols for convolutors acting
continuously on A, and vice versa the elements of A, o can be viewed as symbols for
convolutors acting continuously on A,,.

Remark 3.6. To illustrate how theorem 3.5 applies to our discussion, let us consider a
generalized Schrodinger equation, such as (11) in the sequel, in other words, let us consider
an operator of the form

2 (i)™ dmr
Z m! dxmp’

m=0

The symbol of this operator belongs to A, thus by theorem 3.5 this operator acts continuously
on a class of functions with suitable growth conditions, namely A, o with 1/p+1/p’ =1, so
that it is possible to commute the series with the limit for » — oo when the initial datum for
a Cauchy problem belongs to A, o.

The theory of AU-spaces is, however, more general than what we have described so far,
and we need to offer two more examples of the duality which we have described, and that will
play a fundamental role when we generalize our study to the case in which we are solving the
Cauchy problem for convolution equations of the special type

LT

where p, is a suitable convolutor in the variable x. Without unnecessary generality, we state
here the two relevant propositions, which are described in detail in [24].



Proposition 3.7. Let Ar = {¢ € C | |¢| < R}LIf
X = Exp,(C) := {f e H(C) : |f(z)| < Alz|"e" for some n}
then the Fourier—Borel transform establishes a topological isomorphism between X' and

FX' ={f € H(A,) andf™ are uniformly continuous for all n € N}.

Proposition 3.8. Let R > 0 and let X be the space of entire functions of exponential type less
that R, i.e.

X={feHE) :I>0": |f(z) <Ae® ™ for some A > 0}.

Then the space of its Fourier—Borel transform FX' is isomorphic to the space of functions
holomorphic in the disc Ag.

We close this section by showing how these ideas can be used to justify the formal
calculations for the case of the Schrodinger equation that we carried out in section 2.

Theorem 3.9. Consider the Cauchy problem

Oy (x, 1) _321/f(x, 1)
T T T a2

Yv(x,0) = F,(x,a).

Its solution

n

wn(x’ t) — ch(n’ a) eix(l—2k/n) e—if(l—2k/n)2
k=0

. Co
converges, for n — 0o, and uniformly on compact sets, to Y (x, t) = e,

Proof. Indeed, we have seen that the solution

00 (it)™ g2
Yn(x, 1) = an(xa a)
n; m! dx?

is obtained by applying the convolutor Y > (i,;)!m % to the superoscillating function F,, (x, a).

Since the convolutor has symbol e 2, which is an element of A,, we see that the limit can be
taken inside the series as long as the initial condition is a function in A, ¢. But the functions
F, are finite sums of linear exponentials, and therefore they certainly belong to A; ¢, which
concludes the proof.

4. Some classes of differential equations

In this section we solve the Cauchy problem with a given superoscillatory datum for a
generalized Schrodinger equation, for the heat equation and, finally, and for some differential
equations of non-Kowalevskaya type which are special cases of equation (5), also discussing
the persistence of the superoscillatory behavior of the solutions.

4.1. Generalized Schrddinger equation

The previous discussion on the Schrodinger equation can be extended to the more general
situation in which we replace the second order derivative in Schrodinger equation with the



derivative of order p. This case is important because it shows that a superoscillatory initial
datum persists in time for such a class of differential equations.
In what follows it is necessary to distinguish between the case p even and p odd.

Theorem 4.1.

(a) Consider, for p even, the Cauchy problem for the modified Schrodinger equation

0P (x, 1) Py (x, 1)
i = ¥ (x,0) = F,(x, a). (1T)

Then the solution \, (x, t; p), is given by

U6, 12 p) = Xn:Ck(n, a) e¥(1=2K/m) it (<i(1=2k/m)?
k=0
Forallt € [-T,T), where T is any real positive number, we have
it(—ia)" giax.

lim v, (x,2; p) =e
n—oo

for x € K, where K is any compact set in R.
(b) Consider, for p odd, the Cauchy problem for the modified Schrodinger equation

P (x, 1) Y (x,1)
o = ap 0 V&0 =hxa). (12)

Then the solution , (x, t; p), is given by

n
Yn(x,t; p) = ZCk(n, a) el (172k/mx o (Fi=2k/n)"
k=0
Moreover, for allt € [T, T), where T is any real positive number, we have

t(—ia)? eia)c

lim ¥, (x,t,p) =¢
n—oo

)

for x € K, where K is any compact set in R.

Proof. We give a sketch of the proof of point (a) and we refer the reader to [6] for the proof
of (b) and for all the details. Let us consider the Fourier and anti-Fourier transforms of two
functions ¢ and g respectively:

Flyx, t)] = / WV (x, 1) efi)”xdx, ]'Ll[g()», N] = L / g\, 1) ei)”xd)».
R 2 R

We set, for simplicity, F[¢¥ (x,¢)] = 1/; (A,t). We work in the space of the tempered
distributions S’ (R) and use a standard Fourier transform argument to solve the Cauchy problem
(11). We have

Y (1)
11— =
dr
and integrating we obtain

¥ (A, 1) = C(r) el

—(—iA)P Y (A1)

where the arbitrary function C()) is determined by the initial condition

CA) =2n ZCk(n, a)d(A — (1 —2k/n)).
k=0



Thus we have

n
Gt p) =27 3 Gl @B — (1 = 2k/m)) ",
k=0
Taking now the inverse Fourier transform we obtain ¥, (x, ).
To compute the limit lim,,_, o, ¥, (x, ) we write:
oo

it (—i(1=2k/m)? _ Z [it (—i(1 — 2k/n))P]"
- m! ’
m=0
and, with some computations, we have
o0 . n o0 .
. @™ d™ akm @)™ dmr
Y (x, 15 P)—;W;Ck(n,a)we _,,,X:(:) py MFn(xva)~

Passing to the limit as we did for the Schrodinger equation but replacing the spaces A, and
Az by A, and Aj  respectively, with 11_7 + 1% = 1, we obtain
o0

Y tp) = lim Yo np) =)

m=0

@ir)™ damr
m! dx™P

iax

Since

Y=Yy (i’;)'m (ia)"Peie*

m=0

we finally have

o0 . .
((la)plt)m eiax — eit(ia)peiax.

m!

Y(x,t; p) =

m=0

The following corollary of theorem 4.1 shows how to construct other classes of
superoscillating functions:

Corollary 4.2. Leta > 1, p even, and let T be a real positive number. Then, forallt € [T, T],
the sequence

n
o) = Z Cy(n, ) eV 71U=2k/m)?
k=0
it (—ia)?

ise -superoscillating, i.e. we have

lim @, () = e’
n—oo

4.2. Heat equation

We now consider, following the lines of the previous discussion, a Cauchy problem for the
heat equation:

0 1) = o t 0)=F
SV = U, Y,0) = F(ra).

With techniques similar to those used to treat the Schrodinger equation, we deduce that the
formal solution to this problem is, see (8):
£ 2m
CHEDY g ).

m=0



Computations similar to those done in the proof of theorem 4.1, and noticing again that the
symbol of the operator belongs to A,, show thatforallt € [-T,T],T > 0

. — a2t i
lim ¥, (x, 1) = e “"e'*,
n—oo

thus the superoscillation is damped in time.

4.3. Differential equations of non-Kowalevskaya type

Let us now go back to the differential equation (5) whose formal solution is given in theorem
2.1, and let us study some special cases in which we can guarantee that, when we assign a
superoscillatory initial condition in the Cauchy problem (6) we have that the solution to (5) is
superoscillating. We consider the case v = r = 1.

Theorem 4.3. The solution V,,(z, t) to the Cauchy problem

d o
EW(X’ t) — al@"ﬁ(x’ t)

(13)
¥ (x, 0) = Fy(x, a)
is such that
)= Tm g, (x0) = gl a)’ giax
and Y (z, t) is superoscillating in time for:
(i) p even, and a, purely imaginary or ay = o + i and (ia)’a > 0, in which case

the superoscillation is amplified, or a; = o + i and (ia)’a < 0, in which case the
superoscillation is damped.

(ii) p odd, and a; real or ay = o + 1B and i(ia)? B > 0, in which case the superoscillation is
amplified, or a; = a +1p and i(ia)’ B < 0, in which case the superoscillation is damped.

Proof. To prove the result we regard the previous problem in the complex case and thus we
substitute x with a complex variable z. Then we know from theorem 2.1 that the formal solution
is

Va(z.t) = Zt’"@ P e a)

1 dgpm
m=0 m: dZ
where A(m) = af' since the characteristic equation is A — a; = 0. By taking the limit, see
theorem 3.5, we have
ayt drm

. _ m
Jim vz = ;t p P10
mz

ay

— oL eiaz
Z my dem

m=0

> (art)"m!(ia)"e
m>=0

C
— etal(la) el(lZ.

Assume first that p is even. Then e/@ ()" = e(=D"*taa”

superoscillation persists in time. If a; = o + 18 then

, thus if a; is purely imaginary the

ezal(ia)” — et(a+iﬂ)(ia)” — eta(ia)”eilﬂ(ia)”‘



The factor e/ is amplifying or damping the superoscillation according to the sign of « (ia)?.

If p is odd then e/ (@) = ei(=D"""1a1a” thyg if g, is real the superoscillation persists in
time. If a; = o + i8 then

etul(ia)” — et(a+i,8)(iu)” — eta(ia)”eitﬁ(iu)”.

The factor e’#(9" is amplifying or damping the superoscillation according to the sign of
iB(ia)?.
In order to extend this result to a more general differential equation we consider the
symbol g(¢, t) of the operator U(d%, t):
rm+rv— A(m) m
gLy =y 1l

o (rm+rv—1)!
We have the following result:

Proposition 4.4. The order of the function

g(C, 1) = Z =1 A(m) gpm

o (rm+rv—1)!

as holomorphic function in  is p/r. As a consequence, g(t, £ ) turns out to be entire in ¢.

Proof. The order p of the function g can be computed using formula (1.05) in [22]: for an
entire functions of the form f(z) = Zm>0 cZ" the order is

mlogm

Cm
In the case of the function g(¢) the formula gives, fort € [T, T]:
pmlog(pm)

i (rm+rv—1D\"
0 —
g |A(m)trm+rv—1|

By applying the Stirling formula to the factorial, we can rewrite as follows:
pm(log(m) +log(p))
(rm+rv — D log(rm+rv — 1) — log(|A(m)||¢|+v=1)
—Tim, e pm(log(m) +log(p))
rm(log(m) + log(r)) — log(la|™mM) — (rm + rv — 1) log(J¢])
pmlog(m) p

= lim,,— 00 —.

rmlog(m) — mlog(|o|) — Mlog(m) — rmlog(|t|) - r

log

p= limm—)OO

P = ﬁm~>c>o

The next result shows that our technique works also for differential equations which
contain also higher order derivatives with respect to time.

Theorem 4.5. The Cauchy problem associated with the differential equation

v

9"V 9rv=i gir
Bt’”w(z’t)zzlajWﬁw(z’t) (14
j:

wherer,p,v e N, 1 <r < p,v > 1, a; € C and with initial conditions

rv—1

al
Wlﬁ(z,O):O, £=0,...,rv—2, ¥(z,0) = F,(z,a) (15)

3trv71



has formal solution
trm+rv71

tm
Un@D = Y tmalD)— =) thmpr1n(12) (r (16)

m—+rv— 1)

m=rv—1 ’ m>=0

where
Urmirv—1.2(2) = AMEP™ (z,a), m > 0.

Moreover, this formal solution actually converges to a function  and it is possible to compute
its limit when n — o0 to be the function

1 trm+ru71
Y@= Y wn() =3 w1 (12)

m>=rv—1 m=0

(rm+rv—1D
where

Urmsrv—1(2) = Am)F P (z,a), m > 0.

Proof. Indeed, we have seen that the solution ¥, (x, #) given in (16) is obtained by applying
the convolutor

o rm-+rv—1 gem
2 Am)
o (rm+rv—1)! dxpm

to the superoscillating function F, (x, ). Since the symbol of the convolutor has order p, see
proposition 4.4, and thus it belongs to A,, we see that the limit can be taken inside the series
as long as the initial condition is a function in A,/ o and the statement follows. ]

5. The case of convolution equations

We conclude this paper by considering a special kind of convolution equations in which the
convolutor acts only on the space variable, while the derivative with respect to ¢ is of the first
order. This approach will allow us to answer in the largest possible sense problem 1.2, and
will give a very large class of superoscillating sequences.
Specifically, we will consider convolution equations of the form
Wt x ¥ Y (x, 1),
ot
for some suitable convolutor (., that only acts on the variable x. There is a subtle point here, in
the sense that if we consider the function v to be an infinitely differentiable function in x, we
can only consider compactly supported distribution as convolutors w,. However, we know that
the functions on which we want to act are actually analytic on R and, what is more, they extend
to entire functions on all of C, because we know they are simply finite sums of exponentials.
For this reason, we can consider instead the convolution equation defined on entire functions
by
Wen ez * Y (2, 1),
ot
and now we can interpret the symbol of u, as an entire function of suitable growth. Thus, let
us consider a convolution equation as follows. Let {a,} be a sequence of complex numbers
and consider the convolution equation formally defined by



i

Y1) _ _Zapamgz(j, 2]

ot s

The operator on the right-hand side is clearly the infinite sum of the operators for which we
have already shown that the superoscillatory behavior of initial data persists. We then define
the operator:

0o .

(i)™ d" f

UP(I)ZZ m' dem5
m=0

where according to p € N one might have to replace it by —ir as we did in the case of the
generalized Schrodinger equation. Now we need to study the operator that formally can be
written as the infinite product of the operators U),, namely the new operator

- _+oo +00 (itap)’” arm B o0 U
~0 =TT\ 2= o _]‘!) b (ayt).
p=!

p=0 \m=0

This operator can actually be regarded as the operator associated with the multiplier given
by the function

o0 o0 .

N . (ta,)"

Us(C.) =] <Z — =,
p=0 \m=0

which can be rewritten as

UsC.0)=]] (Z %(impgp)m>

p=0 \m=0

= 1_[ exp(ita,¢?)

p=0

o0
=exp | it Z ayt?

p=0
It is immediate to note that under suitable conditions on the sequence {a,}, the function
Uso (¢, t) is holomorphic in the open disc || < 1 as a function of ¢. This, for example, is true
if a, = 1, for all p, in which case 0oo(§, t) = exp(liT[;). As a consequence, and in view of
proposition 3.7, the operator Uy () acts continuously on the space Exp, (C). Moreover, every
function of the form

n
Yoz a) =Y _ Cj(n,a) e
j=0
with |k;(n)| < 1 belong to Exp, (C).

It is worthwhile to note that under stronger conditions on the sequence a,, one can show
that the function Uoo (¢, t) can be rendered on a disc of arbitrary radius R. For example, if the
sequence {a,} defines an infinite-order differential operator, the function > - a,¢” is entire
and so is lAfoo(g, 1).

The preceding discussion leads to the following result.

Theorem 5.1. Let {a,} be a sequence of complex numbers such that the function

o0
D ap”
p=0



is analytic in the disc |¢| < R for some R > 0. Then the function

Uso (. 1) = exp itZa,,g“"

p=0

is a continuous multiplier on the space of functions analytic in the disc |{| < R and the
associated operator

o0 o0 . o0
(lta))m dpm
Us®) =] (Z Tlvdﬁ> =11v,a,1)
p=0

p=0 \m=0

acts continuously on the space of entire functions of exponential type less than R.

Proof. This is an immediate consequence of proposition 3.8 and the discussion in the previous
section.

We can now state our main result, originally proved in [6]:

Theorem 5.2. Let a € R, a > 1. Consider a sequence of complex numbers {a,} such that:

(i) the function Z;C:O a,¢? is holomorphic in Ay ford' > a,
(ii) G(ia) is real and |G(ia)| = a.

Consider, in the space of entire functions of exponential type less than da', the Cauchy
problem for the generalized Schrodinger equation

Dven

d
o (d_z> V0, ¥(z0)=Fl), a7

where
d = dr
G (CTZ) = Z a,,d—zp.
p=0
Then the solution ¥, (z, t), is given by

n
Yn(z, 1) = Z Cp (1. @) e E(1-2K/m it G(=i(1=2k/m) |
=0
Moreover, for all fixed t we have

lim ¥, (z, 1) = e"“1@e,
n—oo

and for z on the compact sets of C.

Proof. Here we just sketch the proof. More details are given in [6].
Some computations and the previous method based on the Fourier transform yield

n
Iﬂn(Z, t) — ZCk(n, a) e—iz(l—Zk/n) eitG(—i(l—Zk/n))'
k=0
We have

n
Ya(ert) = 3 Culn, @) e 17260 @it Eo oy (11247
k=0



which can be written as

n 0
% (Z, [) — ch(n’ a) e—iz(l—Zk/n) 1_[ eiru,,(—i(l—2k/n))”

k=0 p=0
= chm e [Ty G (U“”) (=i(1 = 2k/m))"™
p=0m=0
_ l—[ Z (ita,,')’” ZCk(", a)(i(1 — 2k/n))"P ¢~ =01-24/m
p=0 m=0 m: k=0

and so we finally have

Yn(z, 1) = HZ (ltap) ZCk(n (1) e—iz(1=2k/n)

p=0 m=0
(ita,)™ d"” ”
TR dmpZCkm gy e 12/
p=0 m=0
(ltap) dmp
- HZ m (Z)
p=0 m=0 m! d P

Under suitable conditions (see theorem 5.1), we can pass to the limit for » — oo thus obtaining

oo oo . o0 o0 . .
(ita,)" d"™ . (ta, (D))" 0 s i
= —_— = - r - L el _ o (ap(ia)?) Liaz
ven=[1> = Famer =110 = =" .
p=0m=0 p=0m=0
and we have

hm wn (Z, t) — eitG(ia) eiaz'
n—oo

To conclude, we note that if we set g(a) = G(ia), and we suitably choose the coefficients
ap of the series expressing G, we obtain a very large class of superoscillating functions.

6. A concluding remark

We point out that recently in the paper [17], the techniques described above have been applied
to study the evolution of a superoscillating initial data for the quantum harmonic oscillator.
The main result is the following:

Theorem 6.1. Let F, (x) be the superoscillating sequence defined in (1). Then the solution of
the Cauchy problem

oY (x,t 1 92
1_1#;): ) :§<_ﬁ —I—x)lﬁ(t,x), Iﬁ(o,x):Fn(_x,a) (18)
is given by
Yo (x, 1) = (cost) /2 e~ (/2 tans ZCk(H, 1) ei¥(1=2k/m)/ cost—(i/2)(1=2k/n)* tan (19)
k=0
Moreover, if we set ¥ (t, x) = lim,_, o ¥, (x, 1), then we have
Yx,t) = (COSt)71/2 ef(i/Z)(JrZJraz)tant+iax/cost. (20)

This result shows that these techniques may work also for differential equations with
non-constant coefficients.
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