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Abstract:

We provide qualitative and quantitative assessment of the results of a grid
convergence study in terms of (a) the rate/order of convergence and (b) the Grid
Convergence Index, GCI, associated with the numerical solutions of Moment
Equations (MEs) of steady-state groundwater flow. The latter are approximated at
second order (in terms of the standard deviation of the natural logarithm, Y, of
hydraulic conductivity). We consider (i) the analytical solutions of Riva et al. (2001)
for steady-state radial flow in a randomly heterogeneous conductivity field, which
we take as references; and (if) the numerical solutions of the MEs satisfied by the
(ensemble) mean and (co)variance of hydraulic head and fluxes. Based on 45
numerical grids associated with differing degrees of discretization, we find a
supra-linear rate of convergence for the mean and (co)variance of hydraulic head
and for the variance of the transverse component of fluxes, the variance of radial
fluxes being characterized by a sub-linear convergence rate. Our estimated values of
GCI suggest that an accurate computation of mean and (co)variance of head and
fluxes requires a space discretization comprising at least 8 grid elements per
correlation length of Y, an even finer discretization being required for an accurate
representation of the second-order component of mean heads.

Keywords: stochastic moment equations; groundwater flow; grid convergence

index; Richardson extrapolation.
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1. Introduction

Modeling of groundwater flow in natural aquifer systems is affected by a variety
of sources of uncertainty. In this context, our incomplete knowledge of spatial
distributions of hydrogeological attributes, such as hydraulic conductivity, inevitably
propagates to results of numerical models. A convenient way to deal with such
uncertainty is to conceptualize system attributes as random spatial fields, thus
leading to a stochastic description of groundwater flow and/or transport.

In this context, a wide range of stochastic approaches are available including, e.g.,
techniques based on numerical Monte Carlo simulations and moment differential
equations (or moment equations, MEs). Our study is focused on moment
differential equations of fully saturated steady-state confined groundwater flow (see,
e.g., Tartakovsky and Neuman, 1997; Zhang, 2002; Li and Tchelepi, 2003, 2004; Li
et al., 2003; or Winter et al., 2003 for a review on moment differential equations for
groundwater flow in highly heterogeneous porous media). The latter are
deterministic equations rendering the (ensemble) moments of hydraulic head A(x)
and Darcy flux q(x) at location vector x. Moment equations are obtained from the
stochastic flow and mass conservation equations by integration in probability space.
While the resulting system of MEs is almost never closed, closure approximations
employed to make MEs workable are typically grounded on perturbation expansions
(see also Section 2). Advantages of MEs-based approaches to groundwater flow as

compared to numerical Monte Carlo (MC) simulations include the observation that
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ME:s provide insights on the nature of the solution which can hardly be achieved
through a MC framework. Additionally, MC-based approaches rely on numerical
solutions of the flow equation across a collection of many detailed realizations of
hydraulic conductivity to capture the effects of heterogeneity. In some cases, this can
lead to high computational costs, which can hamper the efficiency of MC-based
analyses.

Moment differential equations of groundwater flow have been recently applied to
field settings (Riva et al., 2009; Bianchi Janetti et al., 2010; Panzeri et al., 2015), to
non-Gaussian fields (e.g., Hristopulos, 2006; Riva et al., 2017) and have been
embedded in geostatistical inverse modeling approaches (Hernandez et al. 2003),
stochastic pumping test interpretation (Neuman et al., 2004, 2007), or reactive solute
transport (e.g., Hu et al., 2004). Most recent developments have allowed embedding
stochastic MEs of transient groundwater flow in data assimilation/integration and
parameter estimation approaches, e.g., via ensemble Kalman filter (Li and Tchelepi,
2006; Panzeri et al., 2013, 2015).

It can be argued that grids required to accurately represent the spatial distributions
of inputs to MEs can be coarser than those associated with MC simulations, MEs
being grounded on smoothed, ensemble mean parameters. Nevertheless, an
assessment of the degree of approximation introduced by a given numerical grid
employed to solve MEs is still lacking. In this context, it is noted that the full set of

MEs (i.e., the equations governing the spatial distribution of ensemble mean or
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variance-covariance) for steady-state groundwater flow are characterized by the
same mathematical format, while being associated with differing forcing terms (see
also Section 2). As such, the nature of such forcing terms can play a main role in
driving numerical grid convergence studies and results.

While a number of grid refinement analyses have been conducted on subsurface
flow and transport settings (see, e.g., Slough et al., 1999; Weatherill et al., 2008;
Graf and Degener, 2011), these have mainly been framed in a deterministic
modeling framework. As such, they yield only limited insights about the
dependencies of numerical grid size on the main geostatistical descriptors of aquifer
heterogeneity. Leube et al. (2013) provided guidance about the selection of the
spatial resolution of a numerical grid employed to solve groundwater flow in
randomly heterogeneous reservoirs in a MC context. These authors apportion the
computational complexity of numerical MC simulations according to spatial and
temporal grid resolution, as well as the number of realizations to be considered in
the collection employed to evaluate statistics (or quantiles) of interest. Recently,
Maina et al. (2018) compared several numerical approaches to simulate
breakthrough curves of solute concentrations measured during laboratory
experiments performed on flow cells filled with various configurations of
heterogeneous sands. Their results suggest that spatial discretization is significantly
important to obtain accurate solutions in heterogeneous domains.

The two main objectives of our study are the assessment of the order of
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convergence, p, and the analysis of the results of systematic grid convergence
studies for numerical solutions of steady-state groundwater flow MEs. Quantities of
interest are the (ensemble) mean of hydraulic head, 4(x), and flux vector, q(x), as
well as the corresponding spatial covariances. The qualities of the ensuing solutions
are estimated through the Grid Convergence Index (GCI), which relies on a grid
refinement error estimator grounded on the generalized Richardson extrapolation
(Richardson, 1910; Richardson and Gaunt, 1927). As a reference against which
solution accuracies of MEs are evaluated, we leverage on the analytical expressions
developed by Riva et al. (2001) for leading statistical moments of 4(x) and q(x)
under steady-state convergent flow to a well operating in a bounded, randomly
heterogeneous reservoir.

This study is organized as follows. Section 2 illustrates the MEs we analyze.
Section 3 presents the details of the convergence study for the MEs. Sections 4 and 5
illustrate the set of numerical analyses and associated results, respectively. Section 6
is devoted to our main conclusions.

2. Theoretical Background for Moment Equations of steady-state groundwater
flow

Consider steady-state groundwater flow described by:

V. qx)+f (X)ZO}

q(x) =-K(x)h(x) (1)

subject to boundary conditions

h(x) = H(x) xel', 2)
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[~a(0)]-n(x) = 0(x) xeTl, 3
Here, x is the vector of spatial coordinates within domain €Q; V_-is the spatial
gradient operator; f(x) 1is a (generally random) forcing term; K(x) is hydraulic
conductivity; n(x) is the unit vector normal to Neumann boundary I, ; QO(x) is
the (typically random) flux along I',; H(x) is a random head along Dirichlet
boundary I, .

For simplicity, we consider f(x), H(x) and Q(x) as deterministic in our
analyses. Hydraulic conductivity K(x) is taken to be a random spatial field, its
fluctuation about the (ensemble) mean <K (x)> being expressed as
K'(x)=K(x)—(K(x)) . We introduce / (x)=h(x)—(h(x)) as the random
fluctuation of hydraulic head, A(x), about (ensemble) mean, <h(x)>. One can then
recast (1)-(3) as
V. U{K@)V, (h(x)+{K@))V K X)+K XV, (h(x))+ K OV, H @)1+ f()=0 (@)

subject to boundary conditions

(h(x))+h'(x) = H(x) xel', 5)
(K))V, (h(x)) (KX A (x) | ~
FK (X)V, (h(x))+K (VA (%) n(x) = O(x) xely (6)

Taking ensemble averages of (4)-(6) yields exact equations satisfied by <h(x)>
(see, e.g., Guadagnini and Neuman, 1999a; Zhang, 2002). Following these authors,
it is then possible to obtain exact equations satisfied by the covariance of heads
and/or the cross-covariance between conductivity and heads, as well as expressions

for the covariance tensor of flux. A strategy to solve these (deterministic) MEs relies
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on expanding all moments appearing in them in terms of a small parameter o,,
representing the standard deviation of the natural logarithm of hydraulic
conductivity, i.e., Y(x)= InK(x). We then obtain a set of recursive approximations
of the otherwise exact MEs which we can solve up to a given order (expressed in
terms of powers of o, ). Each equation rendering a given order of approximation of
a moment of interest is then local in space. In the following sections, we summarize
the main formulations associated with the equations satisfied by low order
approximations of ensemble mean and covariance of hydraulic heads and fluxes.
Further details about the complete derivation of such equations are included, e.g., in
Guadagnini and Neuman (1999a) and Zhang (2002).

2.1 Zero-order mean head and flux

The equation for the zero-order mean head <h(°) (x)> is expressed as:
V. [ KoV, (K7x0) ]+ £ (=0 (7
subject to boundary conditions:
<h<°>(x)> = H(x) xel, (8)
o) n0=e) e, ©
Here and in the following, superscript (i) identifies terms that are strictly of order i

(in terms of powers of o,), K.(X)= RO

is the geometric mean of K(x), and
<q(°) (x)> =-K_ (x)V, <h(°) (x)> is the zero-order mean flux vector.

2.2 Second-order cross covariance between head and conductivity

Multiplying Egs. (4-6) by K (y), taking expectation and expanding the resulting
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equations yield the following equations for the second-order approximation of the

cross covariance of head and conductivity, u® (y,x) = (K (v)k'(0)":
V. Ko ()7, (3.%) - K, ()G (6y){a” (x)) |0

subject to boundary conditions:

u (y,x)=0 xel,

[KG (X)qu(z) (v.x)-K;(y)C, (x,y)<q(0) (x)ﬂ n(x)=0 xel',

(10)

(11)

(12)

Here, C, (X,y) = <Y (x)Y '(y)> is the covariance of Y between locations X and y

in the domain.

2.3 Second-order head covariance

Multiplying Eqs. (4-6) by head fluctuation /% (y), taking expectation and

expanding the resulting equations yield the following equations for the second-order

head covariance, C{Y(y,x)={h' ()i (x))":
Vo Ko (). (vx) +ul (x )V, (1 (x)) |0
subject to boundary conditions:
Cc? (y,x)=0 xel,
| Ko (x)9,67 (v.x)+u (x,y) v, (1 (x)) | n(x) =0 xel,
where u® (x,y)=(K' (0 (v))” is given by Eqgs. (10)-(12).
2.4 Second-order mean head and flux

The equation satisfied by the second-order mean head <h(2) (x)> is:

2

v, .[KG (x){vx (n? (x)>+%vx <h<°>(x)>}r<2>(x)}=o

subject to boundary conditions:

(13)

(14)

(15)

(16)
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(n (x))=0 xel, (17)

[~(a” (x)) | n(x)=0 xel, (18)
<

2

q” (X)> =-K, (X)(Vx <h(2) (X)> +%Vx <h(0) (X)>j +r(x) and

r®(x)=-v u®(x,x) are a second-order mean flux vector and the residual flux,
respectively.

We evaluate the second-order residual flux by taking the limit for y — x of the
negative of V u”(y,x), as:

r? (x) = Lig[—vxu“’ (v.%)] (19)
where u”) (y,x) is given by Egs. (10)-(12).

We note that Guadagnini and Neuman (1999a, b) relied on a strategy based on a
Green’s function approach to compute the second-order residual flux, which is
expressed as r'?(x)= jQ K,(0)K, (y)<Y'(x)Y'(y)>vxv§ <G(°)(y,x)>Vy <h<°> (y)> dy,
subscript T representing transpose, and <G(°)(y,x)> being the zero-order mean
Green’s function associated with the flow problem (see Guadagnini and Neuman,
1999a, for details). This approach has then been employed in subsequent studies
(e.g., Ye et al., 2004). It is apparent that the main computation cost associated with
this scheme stems from the need to solve the equation satisfied by <G(0) (y,x)> for
a number of times corresponding to the number of computational nodes in domain
(2, evaluating the corresponding partial derivatives, and then performing integration

over Q. Computational times associated with this approach are then exacerbated

when considering transient flow (see Ye et al., 2004). All of these aspects constitute
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a limitation when considering inverse modeling for geostatistical aquifer
characterization based on Moment Equations. This is the key motivation for which
we resort here to Egs. (10)-(12), and (19) to evaluate r? (X) at a much reduced
computational effort.
2.5 Second-order tensor of flux covariance
The second-order flux covariance tensor Cff)(x,y):<q'(x) q'T(y)>(2) satisfies

the following equation:

(20)

Solutions of Egs. (7)-(15) constitute the inputs to (20).
2.6 Numerical approach

Evaluation of the statistical moments introduced above is performed in a
sequential way. We start by computing the zero-order mean head, <h(°)>, through
Egs. (7-9). Note that all other quantities of interest depend on <h(°)> . The
zero-order mean flux, <q(°)> , 1s obtained through Darcy’s law using the derivatives
of the numerical approximation of <h(°)>. Neither <h(°)> nor <q(0)> depend on
the covariance of Y.

The second-order cross covariance between head and conductivity, u®(y,x), is
obtained by solving (10-12) and depends on the covariance of ¥ and on <q(°)>.

Quantities such as <h(2)>, <q(2)>, and C,Ez) depend strongly on u®. The latter
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must then be computed accurately and grid discretization should be fine enough to
properly describe the contribution of the covariance function of ¥ to »®. In other
words, if the distance between two adjacent nodes on the computational grid is
larger than the correlation length of Y, the covariance function in Eq. (10) between
such nodes will tend to vanish. This would in turn lead to a poor approximation of
u®, thus impacting on the quality of the results associated with all quantities that
depend on .

From a numerical point of view, Egs. (7), (10), (13), and (16) share the same
format, i.e., all of them can be cast in terms of the divergence of the gradient of a
given moment multiplied by K, under the action of a sink/source term. Thus, their
discretization leads to systems of equations where the coefficients of the unknown
quantities are identical, the right-hand side (i.e., the force term) depending on the
moment to be solved. In this context, one can resort to a direct solver, which allows
for the transformation (factorization) of the matrix containing the coefficients of the
system of equations. This transformation is performed only once and the
transformed matrix enables one to solve the system of equations in a very efficient
way, because only the right-hand side needs to be updated depending on the moment
of interest. The MEs are here solved by linear Galerkin finite elements.

3. Grid Convergence for Moment Equations
We take the analytical solutions of moments of steady-state flow to a well of Riva

et al. (2001) as the exact results, F

exact ?

against which the quality of numerical



249

250

251

252

253

254

255

256

257

258

259

260

261

262

263

264

265

266

267

268

269

solutions of the MEs illustrated in Section 2 is assessed. We focus on requirements
for grid convergence of the equations satisfied by <h(°)(x)>, u®(y,x), C?(y,x)
and <h(2)(x)>. It is remarked that while the equations satisfied by these quantities
are characterized by the same mathematical format, they are associated with
differing forcing terms. The latter feature can influence the rate p of grid
convergence which we examine in this study.

A grid convergence/refinement study is a procedure that enables us to explore the
effect of a given grid discretization level on the accuracy of the numerical solution
of a target mathematical model. We estimate the orders p of grid convergence of the
solutions of equations illustrated in Section 2 by the two procedures described in the
following.

3.1 Rate of Convergence

We start by defining the quantity:

E(9)=F(9)-F,

xact

=C3 +0(p) (21)
where 9 is a metric representing grid spacing; and E(¥) is the error between the
numerical solution F(¥) related to grid spacing 9 and F, , (i.e., the exact
solution), 0( p) representing higher order terms. One can then estimate C and p in
(21) from a linear regression on results obtained on multiple grids, according to:
InE@)~InC+plnd (22)
We follow Vassberg and Jameson (2010) and take 9= \/l/iN , N being the

number of nodes (i.e. number of unknowns) of a given computational grid. The
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regression result typically depends on the number of grids used to perform the
analysis. As we state in Section 4, our study relies on a total of 15 families of
unstructured grids. Each family comprises a coarse, an intermediate and a fine grid,
constructed according a constant/uniform grid refinement ratio. We then obtain a
total of 3 values of 9 for each grid family. As such, we can perform regression to
estimate C and p on the basis of 45 values of E($) for target moment and location
in the domain. We do so for the set of (statistical) moments of interest (see Section
4).
3.2 Grid Convergence Index

We note that, in general, F

exact

is unknown, this being a key reason underpinning
grid convergence studies. We consider three grid refinement levels for each of the 15

grid families mentioned in Section 3.1 (see also Section 4), i.e., a coarse, an

intermediate, and a fine level (hereafter termed &, &, , and 9, , respectively) and
evaluate the corresponding (numerical) solutions F($) = F, (i =c, m, or f). One

can then estimate p from (21) as:

pzln[F"_F'”J/ln(a)) (23)

where w=39./9,=39,/8, is a (constant) grid refinement ratio. High values of p

correspond to high convergence rates. We can calculate 15 values of p in our
analyses, one for each grid family we construct. We can also evaluate the quality of
the convergence, based on the indicator (Stern et al., 2001):

U= gm’f/gc’m ; with ¢, =F —F,;and ¢, , =F, —F, (24)

m?
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where one can distinguish among monotonic (0< u«<1) or oscillatory (uz<0)
convergence; and divergence (u >1). It is worth noting that values of ¢ ~ 1
indicate that p is close to zero (see (23)) which means that the numerical solution
is not sensitive to the grid size.

We then calculate a Grid Convergence Index (GCI) for each grid family. This
index rests on the theory of the generalized Richardson extrapolation and provides a
measure of grid convergence as well as an error band for the grid convergence of the

solution (Roache, 1994) and is defined as

GCI, , = | —F

[F](er-1)

Here, GCI, is the grid convergence index corresponding to numerical solutions

x100% (25)

F, and F,; and S, is a safety factor, which is typically set to 1.25 when
three-grid levels are employed.
4 Numerical analyses for radial flow configuration
4.1 Numerical settings

Consistent with the setting of Riva et al. (2001), we perform our grid
convergence study on a two-dimensional domain formed by a circle of radius L
(Figure la) and centered at the origin of a selected coordinate system. Domain
discretization is implemented through an unstructured triangular mesh. Boundary
conditions are of Dirichlet type and are considered as uniform and known (i.e., head
is set to 0). A zero-radius well with a deterministic unit pumping rate is operating at

the domain center. Hydraulic conductivity K(x) is considered as a (second-order
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stationary) spatial random field characterized by a Gaussian covariance function

defined by:
2
C,(®) =07 exp{—%—} (26)

where & separation distance (lag) between two locations, o, is the variance of
Y (X) and A the (isotropic) correlation scale.

The accuracies of the numerical simulations are analyzed by comparison against
the analytical solutions provided by Riva et al. (2001). These authors derived
analytical solutions for second-order (statistical) moments of head and flux in terms
of four-dimensional integrals. These are evaluated at given locations in the domain
by Gaussian quadrature relying on 500 Gauss points. The moments of interest, i.e.,
<h(°)>, <h(2)>, o, and the components of (second-order) flux variance tensor,

2(2)
Oy s

22) _ 522)

and o o >

: 2(2
ie, o ¥ s

PR are evaluated at N, =100 (dimensionless)

values of &=r/L (rbeing distance from the well). These moments do not depend
on the angular coordinate due to symmetry. The selected 100 values of & are
distributed according to a geometric progression, i.e., following an arithmetic
progression of the log-transformed values of &, with In(0.01) < & < In(0.99) and
considering a constant increment of %x In99.

Since we rely on an unstructured mesh, we cannot take advantage of symmetry.
The numerical solutions are computed at the above indicated N, locations and at a
set of N, =100 angular coordinates (ranging according to 0 < < 997 /50, with

a regular increment of 7/50) for each radial distance. The ensuing N, xN,
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reference locations are depicted in Figure 1a, the spatial arrangement of & values
being depicted in Figure 1b for a given 6.

The second-order head covariance C\” between locations (&, 6) and (£,0)is
symmetric with respect to either (f—é) (when -6 =0) or (6’—6") (when
E—& =0). We consider three given & values (ie., & = 0.2, 0.5, and 0.8) and
define two sets of reference locations at which we compute head covariances. The
first set corresponds to three locations having the same angular coordinate and
differing radial coordinates. A second set is formed by three locations with the same
radial coordinate and differing . In the following, we denote by C,Ez)(f,fly),
c? ((f,cf;) and C” ((f,cf;) the solutions of the first set of reference points and by
c? (6?, 51'), c? (9, 52) and C.” (9, 53) the corresponding solutions associated
with the second set of reference points.

The analytical solution for a given distance & is compared to the 100 numerical
solutions obtained at the same distance to the well and corresponding to differing
values of &. Numerical solutions are first calculated at the nodes of the triangular
mesh and then projected (through linear interpolation) onto the closest reference
locations where analytical solutions are evaluated.

Solutions for means and variances are stored in a N, xN, matrix S, whose
entry S, is the numerical solution at radial coordinate & and angular coordinate
0,. The size of the matrix associated with corresponding solutions for head

covariances is N, xN, or N,xN, for the two sets of reference points above
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illustrated, respectively. Entry S, of S is then the numerical solution of head

covariance at radial (£, and &) or angular (6, and 6,) coordinates, for the first

and second set of reference points, respectively.

Numerical errors are estimated through the root mean square error for a given &,

1.e.,

2

E, = \/Lﬁ(SH _Sia) @7

6 Jj=1

and by way of the global quantity
1 ;
E, =—>E (28)

S; and S/ being the numerical and the analytical solutions, respectively.
4.2 Domain discretization and test cases

We conduct our grid convergence study by relying on 15 grid families. The 15
initial triangular meshes, each associated with a given element size (expressed as =
A/ Ax in Table 1, Ax being the grid size) and termed as coarse meshes, are generated
with the public domain mesh generator Gmsh (Geuzaine and Remacle, 2009). These
initial meshes are then refined by dividing each triangle into 4 regular sub-triangles
to obtain the medium meshes (Table 1). The latter are further refined (using the same
procedure) to obtain the fine meshes. MEs are then solved on the collection of 45
different unstructured meshes listed in Table 1. Numerical simulations are hereafter

termed as 7C, ; (subscripts i =1,2,...,15,and j =c, m, and f representing the

grid family and the level of refinement, respectively). Note that the initial nodes
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employed during the generation of the coarse mesh in the i family are then shared
by the corresponding medium and fine meshes. Grid refinement also includes
additional nodes, specifically employed to describe the domain boundary and
generated as shown in Figure 2.
Numerical solutions of the various (statistical) moments of interest are computed
for a combination of values of K. and aﬁ ,and for k=L/A =1, and3.
5. Results and Discussion

5.1 Qualitative comparisons against analytical solutions

Figure 3 juxtaposes the numerical and analytical solutions for the zero- (<h(°)>)
and second- (<h(2’ >) order mean heads, as well as second-order head variance (o)
for 7C,, and TC ,, respectively associated with the coarsest and finest grids
considered. Corresponding comparisons for the components of second-order flux
variance tensors are depicted in Figure 4. Figures 5 and 6 depict the results obtained
for the two sets of head covariances corresponding to the reference points indicated
in Section 4.1. As expected, numerical errors for the coarse mesh are visibly
significant at locations characterized by marked spatial gradients of the solution (i.e.,

close to the well), the quality of the numerical results significantly increasing with

the level of discretization. Values of the cross component o'’

o are very small and

fluctuating around their analytical counterpart, which is equal to zero (Riva et al.,
2001). It has to be noticed that errors are also associated with the required (linear)

interpolations of the numerical solutions. This is especially critical close to the well
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where heads tend to vary in a way which is akin to a logarithmic trend. The Dirichlet
boundary contributes to stabilize the numerical solution far from the well,
independent of the discretization. The seemingly periodic fluctuations appearing for
the head covariance associated with 7C, , (Fig. 6) are likely due to the combined
effects of the interpolation and of the spatial structure of the grid.

5.2 Grid convergence

Figure 7 depicts In £ (28) versus the total number of nodes associated with each
of the numerical grids employed, as rendered by ln(9)=—0.5 In(N) . Straight
(solid or dashed) lines are the results of (least square) linear regressions on
numerical results. According to Eq. (21), the slopes of these regression lines
correspond to estimates of the convergence orders (p) of the numerical solutions.
The values of p and of the determination coefficients (R*) of the regressions are
listed in Table 2.

Results included in Figure 7b and Table 2 show that numerical solutions for
P (&.8). C(&.8) and CP(&,&4) are associated with virtually the same
value of p, a similar observation holding also for the second set of head covariance
solutions. With reference to the latter, we note that their associated convergence
orders are higher than those we find for any of the (statistical) moments considered.
This result is partially attributed to the observation that numerical solutions for
c? (49, &), ¢ (6. 52) and C” (8. §3) are evaluated at positions apart from the

pumping well (see the red plus symbols in Figure 1) and, as such, do not include the



416  zone close to the pumping location where errors are highest. While the rate of
417  convergence is supra-linear for the mean and (co)variance of hydraulic head and for
418  the variance of the transverse component of fluxes, it is sub-linear for the variance
419  of the radial component of fluxes.

420 Quantification of grid convergence order across the whole domain in the absence
421  of a reference analytical solution (as is the case in a variety of flow scenarios in
422 natural heterogeneous aquifers) can be assessed through Eq. (23) at nodes where the
423  numerical solutions are characterized by monotonic convergence conditions (i.e., 0
424 < u<1;see Eq. (24)). In our study, we start by analyzing:

425 o, = Ni*”“’/]\fl.* x100% with i =1,2,...,15 (29)
426  Here, subscript i denotes the grid family; «; is the percentage of grid nodes where
427  monotonic convergence is attained for a given statistical moment of interest; N,"
428 and N, are the number of nodes associated with monotonic convergence condition
429  and the initial number of nodes (i.e., the number of nodes in common to the coarse,
430  medium and fine meshes), respectively. The dependence of «; on the grid family
431  for the various moments considered is depicted in Figure 8a. These results indicate
432 that values of o, for <h(2)> are always close to 100%, while fluctuating around 90%
433 for <h(°)>, c’? and C\”, (the latter quantity is the head covariance solution at
434  the reference point corresponding to coordinates (& 6) = (0.5, 0)). Figure 8b
435  complements these results by depicting the values of ; computed as averages of

436  the corresponding values of p calculated through Eq. (23) at the fraction of nodes
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depicted in Figure 8a. These results reveal that similar average values of p,i.e., 1.6
< p < 1.9, are obtained for <h(°)>, <h(2)>, o and C,EZ)T. These values are
consistent with those listed in Table 2.

A global appraisal of the grid convergence index GCI,, (as calculated
considering the coarse (c¢) and medium (m) mesh) for the whole domain can be
obtained as the average of the nodal values of (25) computed at the N,” grid
nodes. The dependence on the grid family of values of average GCI_, (denoted as
@c,m) are depicted in Figure 8c. It is noted that values of GCl.,, decrease with
increasing ¢ =A/Ax (i.e., with decreasing grid size with respect to the correlation
scale of Y) and converge to zero for all statistical moments. This finding implies that
numerical convergence is attained, or, in other words, that a further mesh refinement
does not lead to an improvement of the quality of the numerical results. As expected,

we note that values of GCl.,. for the second-order components of the statistical

moments analyzed generally display lower convergence rates as compared to <h‘°)> .
A significantly fine grid (in terms of number of grid nodes per correlation scale) is
required to obtain accurate results for the second-order mean head, as compared to
<h(°)> . Similar grid convergence behavior is observed for both L / A =1 and 3 (see
the inset in Fig. 8c). On the basis of these results and Table 2, we note that grid

convergence is achieved for A/Ax > 8 for all statistical quantities except for the

second-order mean head <h‘2>> that attains grid convergence for A/Ax > 14 (for

example, when considering <h(2)> one can note that GCl.,, < 0.5% when A/Ax
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=16).
5.3 Dependence of numerical errors on the mean and variance of log-conductivities

Here, we investigate the dependence on <Y > and o, of the errors associated
with the numerical solutions of the MEs. We do so by considering two settings,
respectively corresponding to (7) <Y > =-2.3,-0.7, 1.6, and 2.3 (corresponding to
K, =0.1,0.5, 5 and 10, in arbitrary consistent units) with o, = 1.0; and (ii) o,
=2,4,6and 8 with (Y) =0.0 (i.e., K; =1.0). Wekeep x=L/A=1 in both
settings.

Figures 9 and 10 depict the dependence of £, (28) on <Y > and 9 for the
statistical moments considered. The error is significant for coarse meshes and low
values of <Y > for all moments of head considered. Because boundary conditions
and well pumping rate are (deterministically) prescribed, low values of <Y > give
rise to marked head gradients and the linear interpolation employed tends to be
ineffective. Errors associated with second-order flux variances appear to be
insensitive to <Y > . The pattern of errors associated with head covariances is similar
to the one observed for the mean and variance (compare Figures 9 and 10), the
errors decreasing with the distance from the well.

Figures 11 and 12 depict the dependence of E, (28) on o, and 4 for the
statistical moments considered, with the exception of <h(°)>, which is independent
of o, (see Eq. (7)). One can see that E, generally increases with o, and 9.

The impact of o, is consistent with the formats of the moment equations (see Egs.
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(10), (13), (16) and (20)) where o, appears as a multiplicative factor, thus
potentially amplifying computational errors. For example, the head gradient in Eq.
(10) is multiplied by o, thus amplifying (for o; > 1) the error due to the head
gradient evaluation.
6. Conclusions
Values of grid convergence orders, p, of numerical solutions of moment
equations (MEs) of steady-state groundwater flow are quantified. As test case, we
consider convergent flow to a well taking place in a bounded randomly
heterogeneous two-dimensional system and ground our results on comparisons
between numerical solutions of MEs associated with multiple families of grids and
the analytical solutions presented by Riva et al. (2001).
Our study leads to the following major conclusions.

1. The rate of convergence is (@) supra-linear for the mean and (co)variance of
hydraulic head and for the variance of the transverse component of fluxes,
and (b) sub-linear for the variance of the radial component of fluxes.
Approximated values of average rate of convergence obtained by Eq. (23),
relying on the use of numerical solutions of MEs associated with
increasingly refined grids are consistent with their counterparts based on Eq.
(22) and obtained as a linear regression on the errors between numerical and
(reference) analytical solutions. Our results on grid convergence yield a

pragmatic estimate of the accuracy improvement associated with the



500

501

502

503

504

505

506

507

508

509

510

511

512

513

514

515

516

517

518

519

520

evaluation of a given target statistical moment of groundwater flow with
respect to grid refinement. As shown in Table 2, grid convergence rate
depends on the given statistical moment, being a critical element in the
evaluation of the variance of the radial component of flux while denoting the
fastest achievement of a desired accuracy level for hydraulic head
covariances. These findings can assist modelers to optimally refine numerical
grids to achieve the highest accuracy associated with the desired prediction

goal depending on the available computational resources.

. The grid convergence index GCI,_, (see Eq. (25)) associated with all of the

statistical moments considered is shown to converge to zero with increased
grid refinement. Our results suggest that employing a grid spacing
Ax < A/8 yields accurate approximations of all moments considered, an
enhanced grid refinement (i.e., Ax/A < 1/14) being required to attain grid

convergence only for the second-order mean head.

. Variations of log conductivity mean, K;, and variance, 05, show no

appreciable impact on the percentage of nodes where uniform convergence is

attained, rate of convergence, or the value of GCI_,, . In addition, decreasing
K can yield increased solution errors for all computed statistical moments,

with the exception of the components of second-order flux variance.
Increasing o, can lead to enhanced solution errors for all of the

second-order statistical moments considered.



521

522

523

524

525

526

527

528

529

530

531

532

533

534

535

536

537

538

539

540

541

As noted above, our findings are associated with the particularly challenging
scenario of flow driven by a pumping well, where grid refinement requirements are
driven by the feedback between the geostatistical parameters of the randomly
heterogeneous Y field and the degree of non-uniformity of the flow field. These
results are associated with a strongly non-uniform flow condition and domain sizes
(relative to the conductivity correlation length) which enable exploring the region of
the domain where statistical moments of hydraulic head and fluxes are mostly
affected by the action of the pumping well (see the analytical solution of Riva et al.,
2001). In this context, our findings can be considered as a basis upon which one can
build future studies to ascertain the effect of conditioning (e.g., on available
conductivity information) on the requirements associated with numerical grids
employed for the solution of groundwater flow MEs under general (non-uniform)
conditions.
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Tables

Table 1. Main characteristics of the 15 families of grids employed in the grid convergence study
(here, {= A/ Ax, A and Ax respectively being the correlation scale of the log-conductivity field

(see Eq. (26)) and the grid size; N is the total number of nodes associated with a given grid).

Coarse grid set | Medium grid set | Fine grid set
Grid family
4 N 4 N 4 N

1 4 85 8 137 16 | 1345
2 6 137 12 689 24 | 2375
3 8 297 16 1185 32 | 4737
4 10 449 20 1793 40 | 7169
5 12 645 24 2577 48 | 10305
6 14 849 28 3393 56 | 13569
7 16 1153 32 4609 64 | 18433
8 18 1389 36 5553 72 | 22209
9 20 1749 40 6993 80 | 27969
10 22 2085 44 8337 88 | 33345
11 24 2469 48 9873 96 | 39489
12 26 2885 52 11537 | 104 | 46145
13 28 3273 56 13089 | 112 | 52353
14 30 3881 60 15521 120 | 62081
15 32 4437 64 17745 | 128 | 70977




Table 2. Estimates of the convergence order (p) calculated through Eq. (21) on the basis of Fig. 7. Values of the determination coefficients (R*)

of the corresponding regressions are also listed.

Momens (h”)  (h?) i o) o) CP(64) GP(6s) GY(aq) aP(es) ¢(e.s) P(e.g)

p 1.21 1.23 1.07 0.49 1.13 1.08 1.04 1.03 2.23 2.18 2.00

R? 0.93 0.93 0.85 0.89 0.91 0.82 0.81 0.81 0.96 0.98 0.98
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Figure 1. Flow domain and (a) spatial distribution of the reference points (o, +), and
(b) detailed locations of the 100 reference points (o) in log scale along a generic
radius for the comparisons between analytical and numerical solutions of the MEs.

The pumping well (®) is located at the domain center.



(b)

Figure 2. Details of the grid refinement at the domain boundary: (a) element e is
divided into (b) 4 sub-elements (e,;; / =1, 2, 3, 4) and two additional elements are

generated, 1.e., e; and e). The additional node (denoted as 7) is located on the

domain boundary at equal distance from nodes 2 and 3.
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Figure 3. Numerical and analytical solutions for the zero- (<h(°)>) and second-
(<h(2)>) order mean heads, together with second-order head variance (o;"”) for (a, b,
¢) IC,, and (d, e, f) TC, . The dark blue solid curve represents the mean of the
N, numerical values calculated for a given radial coordinate, the light blue band
describing the range of fluctuation of the solutions; the red solid curve represents the

corresponding analytical solution. Results are depicted for L/ A =1, o, =1, and
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Figure 4. Numerical and analytical solutions of (second-order) flux variances o>’

qrr
0;6(,2) and o2 for (a,b,c) T C,, and (d, e, f) TC; . The dark blue solid curve

qré

represents the mean of the N, numerical values calculated for a given radial
coordinate, the light blue band describing the range of fluctuation of the solutions; the

red solid curve represents the corresponding analytical solution. Results are depicted

forL/A=1, o; =1l,and K, =1.
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analytical solutions of head covariances C| )(5,51),

C(&.4), and CP(£,&) for (a, b, ¢) TC,, and (d, e, f) TC, . The dark blue

solid curve represents the mean of the N, numerical values calculated for a given

radial coordinate, the light blue band describing the range of fluctuation of the

solutions; the red solid curve represents the corresponding analytical solution. Results

are depicted for L/ A=1, o, =1,and K, =1.
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solid curve represents the mean of the N, numerical values calculated for a given
radial coordinate, the light blue band describing the range of fluctuation of the

solutions; the red solid curve represents the corresponding analytical solution. Results

are depicted for L/ A =1, 0'3 =1l,and K; =1.
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reference point (&, 6) = (0.5, 0)). Results are depicted for L/ A=1,3, o, =1, and
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Figure 9. Dependence of E, (28) on K, = ¢” and 9 for mean and variance of

heads and variance of fluxes. Results are depicted for L/ 1=1,and o, =1.
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Figure 11. Dependence of E (28) on o, and 9 for mean and variance of heads

and variance of fluxes. Results are depicted for L/ A=1,and K, =1.
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Figure 12. Dependence of E. (28) on o, and & for (a) C,ﬁz)(kf,ﬁl') , (b)

P (£.4). © C2(£4). @ ¢(0.8). (@ C7(0.5). and (B C(0.,).

Results are depicted for L/ A=1,and K, =1.
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