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Abstract 

In the frame of dual-reflux pressure swing adsorption processes, design strategies applicable to the 

complete separation of binary gas mixtures are available only in the case of linear adsorption 

isotherms. Therefore, in this work we propose a simple and efficient design procedure which 

enables the selection of suitable operating conditions when sharp separation is required and 

Langmuir adsorption isotherms are involved. Starting from the available strategy for the linear 

adsorption case, we adapt it to the non-linear case tuning properly the pressure ratio. Then, the 

resulting design strategy is validated by application to selected study cases involving different values 

of key parameters such as different levels of non-linearity of the isotherms, but also different values 

of pressure ratio, feed composition and selectivity.  
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Symbols  

𝐴𝐴  Heavy component 

𝑎𝑎𝑖𝑖 Langmuir coefficient, component 𝑖𝑖 

𝐵𝐵  Light component  

𝑏𝑏𝑖𝑖  Langmuir coefficient, component 𝑖𝑖 

𝐵𝐵𝐵𝐵  Blowdown step 

ℂ  Capacity Ratio 
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𝐷𝐷𝐿𝐿 Diffusivity coefficient [𝑚𝑚2/𝑠𝑠] 

𝐷𝐷  Diameter of the adsorption bed 

𝑑𝑑𝑝𝑝  Diameter of the solid particles 

𝑓𝑓  Variable flowing through the finite volume walls 

𝐹𝐹𝐹𝐹  Feed step 

𝔾𝔾  Reflux ratio 

𝑘𝑘𝑖𝑖   Linear isotherm constant for component 𝑖𝑖 

𝑘𝑘𝐿𝐿𝐿𝐿𝐿𝐿   Linear Driving Force constant 

𝐿𝐿  Bed length 

𝑛̇𝑛  Molar flowrate 

𝑛𝑛𝐹𝐹  Computational node corresponding to the lateral feed injection position  

𝑛̇𝑛𝐹𝐹  Lateral feed flowrate 

𝑛̇𝑛𝐻𝐻  Heavy component flowrate 𝑛̇𝑛𝐻𝐻 = 𝑛̇𝑛𝐻𝐻𝐻𝐻 + 𝑛̇𝑛𝐻𝐻𝐻𝐻 

𝑛̇𝑛𝐻𝐻𝐻𝐻  Heavy product flowrate 

𝑛̇𝑛𝐻𝐻𝐻𝐻  Heavy recycle flowrate 

𝑛̇𝑛𝐿𝐿  Light component flowrate 𝑛̇𝑛𝐿𝐿 = 𝑛̇𝑛𝐿𝐿𝐿𝐿 + 𝑛̇𝑛𝐿𝐿𝐿𝐿 

𝑛̇𝑛𝐿𝐿𝐿𝐿  Light product flowrate 

𝑛̇𝑛𝐿𝐿𝐿𝐿  Light recycle flowrate 

𝑃𝑃  Pressure 

𝑃𝑃�  Pressure, dimensionless 

𝑃𝑃𝑃𝑃  Pressurization step 

𝑃𝑃𝑃𝑃  Purge step 

𝑞𝑞𝑖𝑖  Amount of 𝑖𝑖 on the solid adsorbent 
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𝑞𝑞�𝑖𝑖  Amount of 𝑖𝑖 on the solid adsorbent, dimensionless 

𝑞𝑞𝑖𝑖∗  Amount of 𝑖𝑖 on the solid adsorbent in equilibrium conditions 

𝑅𝑅  Ideal gas constant 

𝑅𝑅𝐿𝐿  Light recycle ratio 

𝑟𝑟𝑝𝑝  Particle radius 

𝑇𝑇  Temperature 

𝑡𝑡  Time  

𝑡𝑡̅  Time, dimensionless 

𝑢𝑢  Superficial velocity 

𝑢𝑢�   Superficial velocity, dimensionless 

𝑦𝑦𝑖𝑖,𝐹𝐹   Molar fraction of 𝑖𝑖 in the lateral feed injection flow 

𝑦𝑦𝑖𝑖,𝐻𝐻  Average molar fraction of 𝑖𝑖 in 𝜗𝜗2 

𝑦𝑦𝑖𝑖,𝐿𝐿  Average molar fraction of 𝑖𝑖 in 𝜗𝜗1 

𝑦𝑦𝑖𝑖  Molar fraction of 𝑖𝑖 

𝑧𝑧𝐹𝐹  Feed injection position, dimensionless  

𝑧𝑧𝐹𝐹−  𝑧𝑧 coordinate of the outlet of Bed 1 Bottom 

𝑧𝑧𝐹𝐹+  𝑧𝑧 coordinate of the inlet of Bed 1 Top 

𝑧𝑧  Axial coordinate, dimensionless 𝑧𝑧 = 𝑍𝑍/𝑧𝑧𝑟𝑟𝑟𝑟𝑟𝑟 

𝑍𝑍  Axial coordinate 

Greek symbols 

𝛽𝛽  Selectivty 

𝜀𝜀𝑀𝑀𝑀𝑀 Error on the material balance 

𝜖𝜖𝐵𝐵  Bed void fraction 
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𝜖𝜖𝑇𝑇  Total void fraction 

𝜖𝜖𝑃𝑃  Solid particles porosity 

𝜌𝜌𝑠𝑠  Solid density 

𝜌𝜌𝐵𝐵  Bed density 

𝜇𝜇  Dynamic viscosity 

𝜋𝜋  High pressure to low pressure ratio 

𝜗𝜗1  Tank 1  

𝜗𝜗2  Tank 2 

𝛼𝛼 Tolerance for the CSS reaching 

Acronyms  

PSA Pressure Swing Adsorption 

DR-PSA Dual Reflux-Pressure Swing Adsorption 

FVM Finite Volume Method 

PDE Partial Differential Equation 

ODE Ordinary Differential Equation 

PR Pressurization step 

FE Feed step 

PU Purge step 

BD Blowdown step 

BC Boundary Condition 

Subscripts 

𝑖𝑖   Component 𝑖𝑖, 𝑖𝑖 = 𝐴𝐴 or 𝐵𝐵 
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𝑛𝑛   𝑛𝑛𝑡𝑡ℎ computational node, 𝑛𝑛 = 1 …𝑁𝑁 

𝐴𝐴   Heavy component 

𝐵𝐵    Light component 

𝑟𝑟𝑟𝑟𝑟𝑟   Reference value 

𝑛𝑛 ± 1
2
  Walls of the computational nodes 𝑛𝑛 

𝐵𝐵𝐵𝐵    Blowdown step 

𝐹𝐹𝐹𝐹   Feed step 

𝑃𝑃𝑃𝑃   Pressurization step 

𝑃𝑃𝑃𝑃   Purge step 

𝐻𝐻   Highest value of the cycle  

𝐿𝐿   Lowest value of the cycle 

𝐻𝐻𝐻𝐻𝐻𝐻 Henry isotherm 

𝐿𝐿𝐿𝐿𝐿𝐿 Langmuir isotherm 
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1. Introduction 
Pressure Swing Adsorption (PSA) can be employed to separate a gas mixture exploiting the different 

affinity of the components for a solid adsorbent 1-3. The simplest configuration of this process 

involves two identical beds packed with a solid adsorbent. The gas mixture flows through one bed 

undergoing adsorption, while the other bed undergoes regeneration. The essential feature of PSA is 

that, once the solid adsorbent inside the adsorption bed is saturated, the feed is interrupted and 

the bed pressure is reduced 4. The pressure reduction results in partial desorption of the species 

loaded in the saturated bed, which is further regenerated by flowing a suitable purge gas through 

it. The standard formulation of the process, known as stripping PSA, is based on the Skarstrom cycle 
5. When considering a binary mixture, a single product stream is collected at high purity of light 

species (which is the less adsorbed component, 𝐵𝐵), while the second product stream is only enriched 

in the heavy component (which is the strongly adsorbed one, 𝐴𝐴). Another configuration has been 

proposed, called enriching PSA 6. Differently from the stripping one, the enriching PSA ensures 

component 𝐴𝐴 only at high purity. In both configurations, a thermodynamic constraint limits the 

maximum purity of either the heavy or the light component 7. 

To overcome this inherent limitation of the traditional PSA processes, in 1992 Leavitt 8 patented the 

so-called Dual Reflux-Pressure Swing Adsorption (DR-PSA) process. The main idea was to combine 

the two aforementioned process configurations, 𝑖𝑖. 𝑒𝑒., the rectifying and the enriching PSA. This 

combination is obtained by carrying out the injection of the feed stream in an intermediate position 

of the columns, which divides each bed into an enriching and a rectifying section. Moreover, the 

DR-PSA process involves both a light and a heavy recycle: the first is used to purge the saturated 

bed and to recover the heavy component, 𝐴𝐴, while the second is fed to the bed during the 

adsorption step to enhance the desorption of the light component, 𝐵𝐵. Together with the pressure 

switching and the lateral feed injection, the two refluxes enable the achievement of the complete 

separation of a gas binary mixture 9. Depending on the pressure of the bed receiving the lateral feed 

injection, two different process configurations exist, one with the feed at low pressure and the other 

at high pressure. Moreover, the pressure equalization can be carried out either using the heavy or 

the light product, thus providing four basic configurations of the DR-PSA process 10.  

The opportunity of obtaining two pure products through a rather simple process has encouraged 

many experimental 11-19 and numerical 1, 9, 10, 16, 17, 20-23 investigations. Due to the complexity of the 

detailed mathematical modeling of the DR-PSA dynamics, the semi-analytical solution based on 
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Equilibrium Theory 6,24, represents also a valuable tool, previously applied to better understand the 

process 9, 10, 20, 21. On the other hand, such solution relies on many simplifying assumptions: (i) linear 

adsorption isotherms, (ii) instantaneous equilibrium between solid and gas phases, (iii) ideal gas 

behaviour, (iv) complete separation of a binary mixture, (v) ideal plug flow (no axial mixing), (vi) 

isothermal operation and (vii) negligible pressure drops. Relying on this approach, Kearns and 

Webley 10 identified the relevance of the concentration of heavy component in the feed when 

choosing the dual-reflux configuration. Moreover, Bhatt and co-workers 20, 21 indicated how to 

identify the optimal feed location and define the operating region inside which complete separation 

at Cyclic Steady State (CSS) can be achieved. Even though this information is extremely helpful to 

identify the achievable separation performances, the many assumptions underlying the solution 

based on Equilibrium Theory limit its applicability, in particular with respect to the requirement of 

linear adsorption isotherms. In fact, when increasing the system pressure, most systems show 

deviations from the linear behaviour, thus preventing the design of the separation conditions based 

on this approach.  

When such assumptions do not apply, general guidelines for the design of best operating conditions 

for a DR-PSA process are not available. In these cases, detailed mathematical modelling of the 

process is the only option and, in fact, this approach has been applied in several papers. For instance, 

in the case of the purification of natural gas with carbon capture, Kim and co-workers 23 proposed 

an optimisation framework for the purification through DR-PSA. In particular, each unit of the 

process, whose dynamics was simulated through a detailed model, was individually optimised with 

different objectives and constraints. May and co-workers 17 focused on the heavy product-to-feed 

ratio as a key cycle parameter to be tuned in DR-PSA units in order to improve the stripping or the 

enrichment. Finally, Sivakumar and Rao 22, 25 proposed a modified configuration for the DR-PSA 

process with the aim of enhancing the performances in the frame of 𝐶𝐶𝑂𝑂2/𝑁𝑁2 and 𝑁𝑁2/𝑂𝑂2 

separations. These contributions succeeded in identifying a suitable operating window for the 

specific process investigated combining detailed models with a trial-and-error procedure. 

The aim of this work is to develop a design strategy combining the effective part of both approaches, 

that is, the numerical solution of a detailed model of the unit (removing most of the simplifying 

assumptions mentioned above) along with the information provided by the Equilibrium Theory. This 

methodology will be discussed with reference to systems governed by Langmuir isotherms, using 

the pressure ratio as design parameter to “compensate” for the nonlinearity of the adsorption 
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isotherm. Then, the novel design strategy will be applied to selected study cases involving different 

values of key parameters, such as different levels of non-linearity of the isotherms, but also different 

values of pressure ratio, feed composition and selectivity. 

2. Process configuration and simulation 

Let us focus on the DR-PH-A cycle, i.e. feed at the high pressure column and pressure swing using 

the stream rich in the heavy component. This process configuration was simulated through the 

conceptual scheme shown in Figure 1. The cyclic process involves two identical adsorption beds, 

Bed 1 and Bed 2. Each cycle consists of four steps, two of which are simultaneously performed at 

constant pressure (FE, feed step at high pressure and PU, purge step at low pressure) while the 

other two, again simultaneously, at varying pressure (PR, pressurization step, where the bed 

pressure changes from 𝑃𝑃𝐿𝐿 to 𝑃𝑃𝐻𝐻, and BD, blowdown step, where the pressure changes from 𝑃𝑃𝐻𝐻 to 

𝑃𝑃𝐿𝐿). Therefore, the two beds are phase shifted by half a cycle: Figure 1 shows one-half of a complete 

cycle, while the second half is achievable just exchanging the two beds. Both columns are divided 

into two portions according to the feed position, identified by the value of the dimensionless 

coordinate 𝑧𝑧 = 𝑧𝑧𝐹𝐹. Therefore, the section above the feed position (𝑧𝑧𝐹𝐹 < 𝑧𝑧 ≤ 1) is the Rectifying 

section and the one below (0 ≤ 𝑧𝑧 < 𝑧𝑧𝐹𝐹) the Stripping (or enriching) section. Note that two buffer 

tanks, 𝜗𝜗1.and 𝜗𝜗2, are also represented in Figure 1, whose primary role is to dampen the composition 

oscillations taking place during the cycle. Moreover, tank 𝜗𝜗2 is also necessary as buffer during the 

variable pressure steps since the amount of gas leaving the bed during the BD step can be different 

from that required to pressurize the other bed during the PR step 25. 

 

Figure 1: Process simulation sketch. 
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Further detailing the process cycle, a molar flowrate 𝑛̇𝑛𝐹𝐹 (at molar fraction of 𝐴𝐴  equal to 𝑦𝑦𝐴𝐴,𝐹𝐹) is 

injected in Bed 1 at 𝑧𝑧 = 𝑧𝑧𝐹𝐹 during the FE step at high pressure (𝑃𝑃𝐻𝐻). Meanwhile, the other bed, Bed 

2, is undergoing the PU step at low pressure (𝑃𝑃𝐿𝐿). The stream enriched in light product leaving the 

top of Bed 1 with molar flowrate 𝑛̇𝑛𝐿𝐿 is conveyed to tank 𝜗𝜗1. The composition (molar fractions 𝑦𝑦𝑖𝑖,𝐿𝐿) 

in the light product stream, 𝑛̇𝑛𝐿𝐿𝐿𝐿, is the same as that of the stream recycled to the top of Bed 2 with 

molar flowrate 𝑛̇𝑛𝐿𝐿𝐿𝐿. Assuming large enough tank volume, such composition is evaluated as the cycle-

averaged value of the molar fractions entering 𝜗𝜗130.At the same time, the stream leaving Bed 2 

during the PU step, 𝑛̇𝑛𝐻𝐻𝑃𝑃𝑃𝑃, is entering tank 𝜗𝜗2. Afterwards, the pressures of the two beds have to be 

exchanged: Bed 1 undergoes BD, with pressure reduction from 𝑃𝑃𝐻𝐻 to 𝑃𝑃𝐿𝐿, while Bed 2 undergoes PR, 

with pressure increase from 𝑃𝑃𝐿𝐿 to 𝑃𝑃𝐻𝐻. In the DR-PH-A configuration, this pressure swing occurs 

employing the heavy product stream, which leaves the Rectifying section of Bed 1 and enters the 

bottom of Bed 2. Namely, the gas (with molar flowrate 𝑛̇𝑛𝐻𝐻𝐵𝐵𝐵𝐵) flows from Bed 1 to tank 𝜗𝜗2, where it 

is mixed with the gas previously collected during the PU step. From 𝜗𝜗2, three streams exit, 𝑛̇𝑛𝐻𝐻𝐻𝐻, 𝑛̇𝑛𝐻𝐻𝐻𝐻 

and 𝑛̇𝑛𝐻𝐻𝑃𝑃𝑃𝑃: the first is extracted as product, the second is recycled to the bed in FE step, and the third 

is sent to the bed in PR step. Once more, assuming large enough tank volume, the composition of 

all these streams is equal to 𝑦𝑦𝑖𝑖,𝐻𝐻 evaluated as time-averaged molar fraction over the two steps BD 

and PU 30. 

The process simulation has been carried out considering a single bed going through the sequence 

of steps required by the cycle, while the spatial coordinate is oriented according to the flow direction 

in each step, as shown in Figure 1. This implies that the 𝑧𝑧 axis is oriented upward during the FE and 

PR steps, while downward during the BD and PU steps. 

3. Mathematical model 

The same 1-D DR-PSA mathematical model described in details elsewhere30 has been applied, 

therefore the corresponding equations are only briefly summarized in the following. Equations (1-

4) describe the process through the mass balance equations for each species 𝑖𝑖 (= 1 …𝑁𝑁𝐶𝐶) in both 

gas and adsorbed phase, the overall mass balance equation and the pressure drop equation:  

 

𝜖𝜖𝑇𝑇
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

+ 𝜕𝜕(𝑢𝑢𝑢𝑢)
𝜕𝜕𝜕𝜕

+ 𝜌𝜌𝐵𝐵𝑅𝑅𝑅𝑅∑
𝜕𝜕𝑞𝑞𝑖𝑖
𝜕𝜕𝜕𝜕

= 02
𝑖𝑖=1   (1) 

𝜖𝜖𝑇𝑇
𝜕𝜕(𝑃𝑃𝑦𝑦𝑖𝑖)
𝜕𝜕𝜕𝜕

+ 𝜕𝜕(𝑢𝑢𝑢𝑢𝑦𝑦𝑖𝑖)
𝜕𝜕𝜕𝜕

− 𝜖𝜖𝐵𝐵 �
𝜕𝜕
𝜕𝜕𝜕𝜕
𝐷𝐷𝐿𝐿 �

𝜕𝜕𝜕𝜕𝑦𝑦𝑖𝑖
𝜕𝜕𝜕𝜕
�� + 𝑅𝑅𝑅𝑅𝜌𝜌𝐵𝐵

𝜕𝜕𝑞𝑞𝑖𝑖
𝜕𝜕𝜕𝜕

= 0          𝑖𝑖 = 1 … (𝑁𝑁𝐶𝐶 − 1)  (2) 
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𝜕𝜕𝑞𝑞𝑖𝑖
𝜕𝜕𝜕𝜕

= 𝑘𝑘𝐿𝐿𝐿𝐿𝐿𝐿,𝑖𝑖(𝑞𝑞𝑖𝑖∗ − 𝑞𝑞𝑖𝑖)                                                                        𝑖𝑖 = 1 …𝑁𝑁𝐶𝐶   (3) 

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

= − 𝑢𝑢
150
4

1
𝑟𝑟𝑝𝑝
2�

1−𝜖𝜖𝐵𝐵
𝜖𝜖𝐵𝐵

�
2
𝜇𝜇

. (4) 

 

The extended Langmuir equation is considered as adsorption equilibrium model: 

𝑞𝑞 𝑖𝑖
∗ = 𝑎𝑎𝑖𝑖𝑃𝑃𝑖𝑖

1+∑ 𝑏𝑏𝑖𝑖𝑃𝑃𝑖𝑖𝑖𝑖
.                                  𝑖𝑖 = 1 …𝑁𝑁𝐶𝐶 . (5) 

Equations (1-4) represent a system of (2𝑁𝑁𝐶𝐶 + 1) non-linear Partial Differential Equations (PDEs) 

whose unknown variables can be grouped in the state variable vector 𝑆𝑆 = [𝑞𝑞𝑖𝑖,𝑦𝑦𝑖𝑖 ,𝑃𝑃]. In the specific 

case under examination (binary systems), this vector is made of 5 elements only.  

In order to describe the DR-PSA process, the aforementioned system of equations need to be 

numerically solved. Due to the nature of the process and the expected space-time behavior of the 

calculated variables (i.e., sharp fronts propagating along the column axis), the numerical solution of 

such PDE system is quite challenging. In this work, we applied the Finite Volume Method (FVM): the 

spatial domain was discretized into a set of finite volumes while numerically solving in time the 

resulting set of Ordinary Differential Equations (ODEs) inside each discrete volume. To achieve an 

accurate solution in a reasonable computational time, a combination of interpolation schemes has 

been selected in order to simultaneously satisfy the following requirements: (i) speed and stability 

of the numerical solution, (ii) accurate representation of the involved physical phenomena, and (iii) 

careful reconstruction of sharp front profiles. The developed interpolation scheme exploits both 

first order upwind interpolations, Lagrange extrapolations and Van Leer Flux Limiters 26-29. The 

resulting system of discretized equations is solved with the Boundary Conditions (BCs) summarized 

in Table S1, in the supporting information. 

The generic simulation is performed starting from arbitrarily selected initial profiles of the state 

variables along the axial coordinate 𝑧𝑧. Note that, as already mentioned, the molar fractions 𝑦𝑦𝑖𝑖,𝐿𝐿 and 

𝑦𝑦𝑖𝑖,𝐻𝐻 have been evaluated from the solution of the material balances of the two vessels, 𝜗𝜗1 and 𝜗𝜗2, 

under the assumption of large tank volume. Accordingly, the molar fractions of the streams leaving 

each vessel during a given time interval are well approximated by the molar fractions of the entering 

streams time-averaged over the same interval.  
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4. Description of the design procedure  
Let us consider a binary mixture 𝐴𝐴 - 𝐵𝐵, characterized by Langmuir adsorption isotherms. A simple 

design procedure could involve the approximation of such non-linear isotherms with two suitable 

linear isotherms that could be used to compute all the design parameters through the Equilibrium 

Theory. However, when using the design parameters suitable for linear isotherms, a loss in the 

separation performances of DR-PSA units is expected. The main idea of the proposed design strategy 

is that such performances can be recovered by changing a single process parameter: the pressure 

ratio of the process 𝜋𝜋 = 𝑃𝑃𝐻𝐻/𝑃𝑃𝐿𝐿. Namely, this quantity is tuned so that the amount of each species 

adsorbed on the solid when the pressure changes from 𝑃𝑃𝐿𝐿 to 𝑃𝑃𝐻𝐻 in the Langmuir case matches to the 

one of the linear case. This way, the separation performances are expected to become more similar 

in the two cases, thus recovering some equivalence between the linear case (where the estimated 

operating conditions ensure complete separation) and the adjusted Langmuir case (where the 

modified pressure ratio should provide better approach to a sharp separation). Accordingly, the 

proposed procedure is made of the following steps: 

I. Set first-guess value of 𝑃𝑃𝐻𝐻 and 𝑃𝑃𝐿𝐿, thus setting 𝜋𝜋 = 𝑃𝑃𝐻𝐻/𝑃𝑃𝐿𝐿; 

II. Estimate the equilibrium parameters 𝑘𝑘𝑖𝑖  of the “equivalent” linear isotherms by linear fitting 

of the Langmuir’s isotherms inside the selected pressure range, 𝑃𝑃 ∈ [ 0,𝑃𝑃𝐻𝐻];  

III. Given the fitted values of the equilibrium constants, evaluate all the process parameters 

through the solution based on the Equilibrium Theory. Namely, is the three main parameters 

are 𝔾𝔾 (the reflux ratio, proportional to the ratio between the light reflux and the feed 

flowrate), 𝑧𝑧𝐹𝐹 (the feed injection position), and ℂ𝑚𝑚𝑚𝑚𝑚𝑚  (the maximum value of the capacity 

ratio, proportional to the ratio between the number of moles injected during the FE step and 

the volume of the column, cf. Bhatt et al. (2013)20).  

IV. After selecting the operative value of ℂ ∈ (0,ℂ𝑚𝑚𝑚𝑚𝑚𝑚] (usually smaller than the maximum to 

ensure process robustness), a new value of the low pressure, 𝑃𝑃𝐿𝐿∗, is calculated in order to 

ensure the same amount of each component adsorbed on the solid, in both the linear and 

Langmuir cases, when the pressure switches from 𝑃𝑃𝐻𝐻 to 𝑃𝑃𝐿𝐿/𝑃𝑃𝐿𝐿∗. 

Let us test the reliability of the proposed procedure through a case study, corresponding to the 

separation of a binary mixture with Langmuir adsorption isotherms, as represented in Figure 2a by 

continuous lines (parameter values in Table S2, in the supporting information).  
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First, the two pressure values, 𝑃𝑃𝐻𝐻 and 𝑃𝑃𝐿𝐿, are set (𝑃𝑃𝐻𝐻 = 9 𝑏𝑏𝑏𝑏𝑏𝑏 and 𝑃𝑃𝐿𝐿 = 6 𝑏𝑏𝑏𝑏𝑏𝑏, respectively), thus 

leading to 𝜋𝜋 = 1.5. Then, the two nonlinear isotherms are linearly fitted in the range 𝑃𝑃 ∈ [ 0,𝑃𝑃𝐻𝐻]. 

The resulting values of equilibrium coefficients are in the supporting information, while the 

comparison between linear (dashed lines) and Langmuir’s isotherms is shown in Figure 2a. The fitted 

parameter values correspond to 𝛽𝛽 = 0.53. Using this value and considering equimolar feed 

composition (see the supporting information for the details of the parameters), the values of the 

three main design parameters 𝔾𝔾, 𝑧𝑧𝐹𝐹, and ℂ𝑚𝑚𝑚𝑚𝑚𝑚  are calculated through the solution based on the 

Equilibrium Theory. Actually, this solution provides the so-called Triangular Operating Zone (TOZ, cf. 

Figure 2b) in the 𝑧𝑧𝐹𝐹 − ℂ plane: keeping constant the value of 𝔾𝔾, any pair of values ℂ - 𝑧𝑧𝐹𝐹 inside the 

TOZ ensures complete separation of the binary mixture. Then, a ℂ value smaller than ℂ𝑚𝑚𝑚𝑚𝑚𝑚  is 

arbitrarily selected inside the TOZ (in this case we set ℂ = 0.08, cf. Figure 2b).  

 
 

Figure 2: (a) Linear and Langmuir isotherms (continuous curves: nonlinear; dashed lines: linear); (b) TOZ for the binary case under 
examination. 

To complete the specification of the process operating conditions, the values of 7 streams are 

needed: 𝑛̇𝑛𝐹𝐹 , 𝑛̇𝑛𝐻𝐻, 𝑛̇𝑛𝐻𝐻𝐻𝐻 , 𝑛̇𝑛𝐻𝐻𝐻𝐻 , 𝑛̇𝑛𝐿𝐿 , 𝑛̇𝑛𝐿𝐿𝐿𝐿 , and 𝑛̇𝑛𝐿𝐿𝑅𝑅. These variables are constrained by the material balances 

of each Bed (1 and 2) and tank (𝜗𝜗1 and 𝜗𝜗2), which corresponds to 4 equations. Therefore, 3 degrees 

of freedom remains to complete the design procedure, which can be saturated by setting the values 

of the three streams 𝑛̇𝑛𝐹𝐹, 𝑛̇𝑛𝐻𝐻𝐻𝐻, and 𝑛̇𝑛𝐿𝐿𝐿𝐿 given the ℂ and 𝔾𝔾 values from the Equilibrium Theory and 

the condition of complete separation. The final values of all the parameters of the case study 

(defined “base-case 𝐶𝐶” in the following) are summarized in Table S3, in the supporting information.  

Using the parameter values along with the linear equilibrium isotherms selected, the mathematical 

model shortly presented in Section 3 predicts complete separation (that is, purity of both 𝐴𝐴 and 𝐵𝐵 

equal to 100%). However, when the same operating conditions are applied in the nonlinear case, 
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the complete separation is dramatically lost and purity values for both the product streams of about 

60% are predicted. 

To recover such major loss of purity, an increase of the pressure ratio 𝜋𝜋 is applied, whose value can 

be estimated a priori as follows. Let us define ∆𝑞𝑞𝑖𝑖,𝐻𝐻𝐻𝐻𝐻𝐻∗  as the variation of equilibrium adsorbed 

concentration of the pure species 𝑖𝑖 when varying the pressure from 𝑃𝑃𝐻𝐻 to 𝑃𝑃𝐿𝐿according to the linear 

isotherm: 

∆𝑞𝑞𝑖𝑖,𝐻𝐻𝐻𝐻𝐻𝐻∗ = 𝑞𝑞𝑖𝑖,𝐻𝐻𝐻𝐻𝐻𝐻∗ (𝑃𝑃𝐻𝐻) − 𝑞𝑞𝑖𝑖,𝐻𝐻𝐻𝐻𝐻𝐻∗ (𝑃𝑃𝐿𝐿) (6) 

and ∆𝑞𝑞𝑖𝑖,𝐿𝐿𝐿𝐿𝐿𝐿∗  the variation of the same concentration due to the change in the pressure from 𝑃𝑃𝐻𝐻 to a 

modified value of low pressure, 𝑃𝑃𝐿𝐿∗, according to the Langmuir isotherms: 

∆𝑞𝑞𝑖𝑖,𝐿𝐿𝐿𝐿𝐿𝐿∗ = 𝑞𝑞𝑖𝑖,𝐿𝐿𝐿𝐿𝐿𝐿∗ (𝑃𝑃𝐻𝐻) − 𝑞𝑞𝑖𝑖,𝐿𝐿𝐿𝐿𝐿𝐿∗ (𝑃𝑃𝐿𝐿∗) (7) 

Of course, largely different values of ∆𝑞𝑞𝑖𝑖,𝐻𝐻𝐻𝐻𝐻𝐻∗  and ∆𝑞𝑞𝑖𝑖,𝐿𝐿𝐿𝐿𝐿𝐿∗  are found when selecting 𝑃𝑃𝐿𝐿∗ = 𝑃𝑃𝐿𝐿,, as 

shown in Figure 3, being the linear values much larger than those corresponding to the nonlinear 

isotherm. 

 

Figure 3: ∆𝑞𝑞𝑖𝑖∗ for linear and nonlinear isotherms for both the components. 

Then, new values of component-specific low pressure are evaluated in order to guarantee the 

equality ∆𝑞𝑞𝑖𝑖,𝐻𝐻𝐻𝐻𝐻𝐻∗ = ∆𝑞𝑞𝑖𝑖,𝐿𝐿𝐿𝐿𝐿𝐿∗  while keeping constant 𝑃𝑃𝐻𝐻, namely: 

𝑃𝑃𝐿𝐿,𝑖𝑖
∗ =

𝑘𝑘𝑖𝑖𝑃𝑃𝐿𝐿 + � 𝑎𝑎𝑖𝑖𝑃𝑃𝐻𝐻
1 + 𝑏𝑏𝑖𝑖𝑃𝑃𝐻𝐻

� − 𝑘𝑘𝑖𝑖𝑃𝑃𝐻𝐻

(𝑘𝑘𝑖𝑖𝑃𝑃𝐻𝐻𝑏𝑏𝑖𝑖 − 𝑘𝑘𝑖𝑖𝑃𝑃𝐿𝐿𝑏𝑏𝑖𝑖 −
𝑎𝑎𝑖𝑖𝑃𝑃𝐻𝐻

1 + 𝑏𝑏𝑖𝑖𝑃𝑃𝐻𝐻
𝑏𝑏𝑖𝑖 + 𝑎𝑎𝑖𝑖)

 

 

(8) 
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In general, the two values of 𝑃𝑃𝐿𝐿,𝑖𝑖
∗  are different (in this case 𝑃𝑃𝐿𝐿,𝐴𝐴

∗ = 1.1 𝑃𝑃𝑃𝑃 and 𝑃𝑃𝐿𝐿,𝐵𝐵
∗ = 1.7 𝑃𝑃𝑃𝑃). Since 

one single value can be set, an average value 𝑃𝑃𝐿𝐿∗ = 𝑃𝑃𝐿𝐿,𝐴𝐴
∗ +𝑃𝑃𝐿𝐿,𝐵𝐵

∗

2
= 1.4 ∙ 105 𝑃𝑃𝑃𝑃 is actually considered as 

a first guess. This new value of low pressure results in a major increase of the pressure ratio 𝜋𝜋, from 

the original value of 1.5 to about 6.5. Using the same model equations and parameter values 

previously applied for case 𝐶𝐶 but with the modified value of low pressure, 𝑃𝑃𝐿𝐿∗, the loss of 

performances induced by the isotherm nonlinearity is largely recovered in terms of profile of 𝑦𝑦𝐴𝐴 at 

the end of the FE step, achieving purity values larger than 95% in both product streams. 

According to the previous simulation results, the pressure ratio appears to be the right parameter 

to be tuned in order to recover the loss of separation performances due to nonlinear equilibrium 

isotherms. Therefore, it is worth to further explore the applicability of this simple criterion, as 

discussed in the next Section. 

5. Design procedure validation 

The procedure developed above has been systematically applied to different study cases 

considering different extents of isotherm nonlinearity as well as different values of selected process 

parameters, namely 𝑦𝑦𝑖𝑖,𝐹𝐹, 𝜋𝜋 and 𝛽𝛽. All the analysed cases have been identified according to the 

coding sketched in Figure 4 while the detailed results of each case study are summarized in the 

supporting information.  

 
Figure 4: Coding applied to identify the different case studies. 

 

The model presented in Section 3 was always applied in all cases. All the reported results fulfil the 

requirement of an average error on the overall material balance during step FE, defined as in 

Equation (9), smaller than 0.05%. 

𝜀𝜀𝑀𝑀𝑀𝑀 = �
∫ 𝑛̇𝑛𝐹𝐹𝑑𝑑𝑑𝑑
𝑡𝑡𝐹𝐹𝐹𝐹
𝑡𝑡0

−∫ 𝑛̇𝑛𝐻𝐻𝐻𝐻𝑑𝑑𝑑𝑑
𝑡𝑡𝐹𝐹𝐹𝐹
𝑡𝑡0

−∫ 𝑛̇𝑛𝐿𝐿𝐿𝐿𝑑𝑑𝑑𝑑
𝑡𝑡𝐹𝐹𝐹𝐹
𝑡𝑡0

∫ 𝑛̇𝑛𝐹𝐹𝑑𝑑𝑑𝑑
𝑡𝑡𝐹𝐹𝐹𝐹
𝑡𝑡0

�100.  (9) 
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5.1 Isotherms nonlinearity  

Let us consider three cases, characterized by the equilibrium isotherms in Figure 5 (equilibrium 

parameters in Table S4, in the supporting information). In the same figure, the corresponding 

linearized isotherms are also shown, whose parameter values are in the supporting information, 

too. Note that a single linear isotherm applies to each component, so that the TOZ derived through 

the Equilibrium Theory is the same in all cases. As previously introduced, in this work, we consider a 

linear isotherm which is the linear least square approximation of the Langmuir isotherm in the 

interval 𝑃𝑃 𝜖𝜖 [0,𝑃𝑃𝐻𝐻]. In order to have the same linear isotherm in each case investigated for each 

component, we arbitrarily set one of the Langmuir parameters, for example 𝑎𝑎𝑖𝑖, while the other is 

computed just imposing 𝑘𝑘𝑖𝑖  as the linear least square approximation coefficient and, accordingly, 𝑏𝑏𝑖𝑖 

can be computed.  

 
Figure 5: Linear (--) and nonlinear (-) isotherms for each case and component. 

Setting 𝜋𝜋 = 1.5, 𝑦𝑦𝐴𝐴,𝐹𝐹 = 0.5, and 𝛽𝛽 = 0.53, the corresponding TOZ is shown in Figure 2b. As 

anticipated, this applies in all cases since the same linear isotherms are considered. Accordingly, the 

same operating point is selected, characterised by ℂ = 0.08, 𝔾𝔾 = 2.95, and 𝑧𝑧𝐹𝐹 = 0.2. The complete 

sets of operating parameter values for all the investigated cases are reported in the supporting 

information, while the values of 𝑃𝑃𝐿𝐿∗ calculated as arithmetic average of the values from Equation (8) 

are summarized in Table 1. The corresponding values of pressure ratio are monotonously increasing 
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at increasing extent of nonlinearity (from 𝜋𝜋 = 1.5 for the linear case, to about 1.9 for the weak 

nonlinearity case, to 3.8 for the medium nonlinearity case, and finally to 6.3 for the (previously 

discussed) strong nonlinearity case).  

 

Figure 6: Purity of 𝐴𝐴 predicted at 𝑃𝑃𝐿𝐿 (○) and 𝑃𝑃𝐿𝐿∗ (●). Role of degree of nonlinearity in the base case. The dashed line indicates 95% 
purity. 

Table 1: 𝑃𝑃𝐿𝐿 and 𝑃𝑃𝐿𝐿∗ values for cases with varying nonlinearity, 𝑦𝑦𝐴𝐴,𝐹𝐹  and 𝜋𝜋. 

Case 𝑷𝑷𝑯𝑯 [𝑷𝑷𝑷𝑷] 𝑷𝑷𝑳𝑳[𝑷𝑷𝑷𝑷] 𝑷𝑷𝑳𝑳∗  [𝑷𝑷𝑷𝑷] 

𝑪𝑪𝑺𝑺  

9.00 ∙ 105  6.00 ∙ 105  

1.43 ∙ 105  

𝑪𝑪𝑴𝑴  2.40 ∙ 105  

𝑪𝑪𝑾𝑾  4.69 ∙ 105  

𝑪𝑪𝑺𝑺𝝅𝝅=𝟏𝟏.𝟑𝟑𝟑𝟑  

7.50 ∙ 105  5.50 ∙ 105  

1.85 ∙ 105  

𝑪𝑪𝑴𝑴𝝅𝝅=𝟏𝟏.𝟑𝟑𝟑𝟑  2.81 ∙ 105  

𝑪𝑪𝑾𝑾𝝅𝝅=𝟏𝟏.𝟑𝟑𝟑𝟑   4.67 ∙ 105  

𝑪𝑪𝑺𝑺
𝒚𝒚𝑨𝑨,𝑭𝑭=𝟎𝟎.𝟐𝟐𝟐𝟐  

9.00 ∙ 105  6.00 ∙ 105 

1.43 ∙ 105  

𝑪𝑪𝑴𝑴
𝒚𝒚𝑨𝑨,𝑭𝑭=𝟎𝟎.𝟐𝟐𝟐𝟐  2.40 ∙ 105   

𝑪𝑪𝑾𝑾
𝒚𝒚𝑨𝑨,𝑭𝑭=𝟎𝟎.𝟐𝟐𝟐𝟐  4.70 ∙ 105  

𝑪𝑪𝜷𝜷=𝟎𝟎.𝟒𝟒  2.75 ∙ 105 

𝑪𝑪𝜷𝜷=𝟎𝟎.𝟔𝟔  2.75 ∙ 105 

 

The simulation results are summarized in Figure 6 in terms of purity of species 𝐴𝐴. Note that, being 

the feed equimolar, the purity of species 𝐵𝐵 is the same as that of species 𝐴𝐴. As expected, a loss of 

purity always occurs due to the non-linearity of the isotherms when operating conditions estimated 

assuming linearized isotherms are directly applied: the stronger the nonlinearity, the larger the loss 
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of purity. However, this loss of purity can be fully recovered increasing the 𝜋𝜋 value according to the 

proposed design procedure, with purity values above 95% in all cases. 

5.2 Feed composition  

In the base case 𝐶𝐶, the feed molar fractions were set equal to 0.5 for both the components. Setting 

𝑦𝑦𝐴𝐴,𝐹𝐹 = 0.25 and leaving 𝜋𝜋 = 1.5 and 𝛽𝛽 = 0.53, the TOZ can be computed using the Equilibrium 

Theory, leading to 𝑧𝑧𝐹𝐹 = 0.20, ℂ = 0.08 and 𝔾𝔾 = 3.79. All values of the operating parameters are 

reported in the supporting information, while the values of 𝑃𝑃𝐿𝐿∗ are the same previously reported in 

Table 1, since they do not depend on the feed composition. The corresponding simulation results 

are summarized in Figure 7. Also in this case, the loss of purity found in the nonlinear case when 

using directly the 𝜋𝜋 value predicted through the Equilibrium Theory in the linear case (purity values 

as low as 40%) are always fully recovered. Values larger than 95% for both components are 

evaluated when the pressure ratio is adjusted using the proposed procedure.  

 

Figure 7: Purity of 𝐴𝐴 predicted at 𝑃𝑃𝐿𝐿 (○) and 𝑃𝑃𝐿𝐿∗ (●). Role of the feed molar fraction, varying the non linearity degree. The dashed line 
indicates 95% purity 

5.3 Pressure ratio 

A value of the pressure ratio smaller than the base case (𝜋𝜋 = 1.36 instead of 1.5 in case 𝐶𝐶) has been 

considered, as reported in Table 1. A new TOZ was evaluated setting 𝑦𝑦𝐴𝐴,𝐹𝐹 = 0.5, 𝛽𝛽 = 0.53 and the 

new value of 𝜋𝜋. The new operating point was identified as ℂ = 0.08,𝔾𝔾 = 3.74 and 𝑧𝑧𝐹𝐹 = 0.22, while 

the values of all the other operating parameters are summarized in the supporting information. 

When simulating the different situations using the value of 𝑃𝑃𝐿𝐿 given in Table 1 (cases 

𝐶𝐶𝑆𝑆𝜋𝜋=1.36,𝐶𝐶𝑀𝑀𝜋𝜋=1.36, and 𝐶𝐶𝑊𝑊𝜋𝜋=1.36), loss of purity up to about 60% was found. On the other hand, 

repeating the simulations after setting the low pressure equal to the 𝑃𝑃𝐿𝐿∗ values in Table 1, the level 
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of the separation is again recovered, with the purity of both products larger than 95%, as shown in 

Figure 8. 

 

Figure 8: Purity of 𝐴𝐴 predicted at 𝑃𝑃𝐿𝐿 (○) and 𝑃𝑃𝐿𝐿∗ (●). Role of pressure ratio, varying the non linearity degree. The dashed line indicates 
95% purity 

5.4 Selectivity  

The influence of this parameter was performed considering smaller and larger 𝛽𝛽 values with respect 

to the base case, 𝛽𝛽 = 0.4 and 𝛽𝛽 = 0.6, while leaving unchanged 𝜋𝜋 = 1.5 and 𝑦𝑦𝑖𝑖,𝐹𝐹 = 0.5. After 

rearranging the 𝛽𝛽 and 𝛽𝛽𝑖𝑖 definitions, it is possible to compute the value of 𝛽𝛽𝐴𝐴 (and, therefore, of 𝑘𝑘𝐴𝐴) 

for a given 𝛽𝛽 value once the 𝑘𝑘𝐵𝐵 value is kept constant as follows: 

𝛽𝛽𝐴𝐴 = 𝛽𝛽 1

1+𝜌𝜌𝑠𝑠𝑅𝑅𝑅𝑅𝑘𝑘𝐵𝐵�
1−𝜖𝜖𝑇𝑇
𝜖𝜖𝑇𝑇

�
. (10) 

The parameter values of the linear isotherm estimated in this way are summarized in the supporting 

information. Also in this case, the parameter values of the Langmuir isotherm, 𝑎𝑎𝑖𝑖 and 𝑏𝑏𝑖𝑖 in the 

supporting information, have been estimated so that the linear isotherms corresponds to the linear 

least square approximation of the non-linear ones. The resulting isotherms are shown in Figure 9.  
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a) 

 
b) 

Figure 9: Linear (--) and nonlinear (-) equilibrium isotherms of both the components for a) case 𝐶𝐶𝛽𝛽=0.4 and b) 𝐶𝐶𝛽𝛽=0.6. 

Different TOZs are calculated for each case and the corresponding process parameter values are 

summarized in the supporting information, together with the estimated 𝑃𝑃𝐿𝐿∗ values. The purity values 

predicted by the model presented in Section 3 are as low as 70% when considering the original 𝑃𝑃𝐿𝐿 

values and nonlinear isotherms. However, as in all the previous cases, the purity can be recovered 

by reducing the value of the low pressure to the 𝑃𝑃𝐿𝐿∗ values predicted using the proposed procedure, 

as shown in Figure 10. Once more, the complete set of the operating parameter values is 

summarized in the supporting information.  

 

Figure 10: Purity of 𝐴𝐴 predicted at 𝑃𝑃𝐿𝐿 (○) and 𝑃𝑃𝐿𝐿∗ (●). Role of the selectivity. The dashed line indicates 95% purity 

6. Conclusions 
Starting from an available strategy for the design of DR-PSA units based on the Equilibrium Theory 

and valid only for linear adsorption isotherms and complete separations, a modified design 

procedure applicable to the case of Langmuir isotherms is developed. Such a procedure is based on 

the use of the pressure ratio as tuning parameter to recover the separation performances expected 
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in the linear case. The tuning is based on equalization of the variations of adsorption loadings 

associated with the pressure change between the linear and nonlinear case. 

By a series of parametric calculations, the proposed approach has been proved reliable for different 

levels of isotherm nonlinearity in a wide range of operating conditions, such as pressure ratio, feed 

composition, and adsorption selectivity. Using the parameter values estimated in the linear case in 

order to ensure complete separation, purity values larger than 95% have been obtained in all 

examined cases using the proposed strategy.  

As final remark, it should be mentioned that the recovery of the separation performances is not 

coming for free. As a matter of fact, the pressure ratio affects the energy efficiency of the process 

and its impact on the process profitability should be considered22,10 . When sharp separations with 

very high purity values are required, this procedure represents only an effective starting point for a 

fine-tuning of the operating conditions, which should be anyhow carried out through the usual trial-

and-error approach. 

Supporting information 
In the supporting information, tables with the specific of the process parameters of each case 

investigated are reported. This information is available free of charge via the Internet at 

http://pubs.acs.org/.  
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