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ABSTRACT. In this paper we consider a state constrained differential inclusion
z € Az + F(t,z), with A generator of a strongly continuous semigroup in
an infinite dimensional separable Banach space. Under an “inward pointing
condition” we prove a relaxation result stating that the set of trajectories lying
in the interior of the constraint is dense in the set of constrained trajectories
of the convexified inclusion & € Az + CoF(t,z). Some applications to control
problems involving PDEs are given.

1. Introduction. We study a class of infinite dimensional differential inclusions
subject to state constraints. Interest in this kind of equations arises in several
contexts. Differential inclusions find a natural application in a research area of
great development, the control theory, and the infinite dimensional setting allows
to apply our results to control problems involving PDEs. Hence, models describing
many physical phenomena such as diffusion, vibration of strings, fluid dynamics,
may be included in our analysis.
In this paper we are concerned with the differential inclusion

z(t) € Ax(t) + F(t,z(t)), ae. t€E [to,1], (1)
and the convexified differential inclusion

&(t) € Az(t) + TOF(t,z(t)), a.e. t€ [to,1], (2)
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with ¢oF (t,z(t)) the closed convex hull of F(¢,z(t)). The operator A is the in-
finitesimal generator of a strongly continuous semigroup S(t) : X — X, X is an
infinite dimensional separable Banach space, F' : I x X ~~ X is a set-valued map
with closed non-empty images, I = [0,1] and t; € I. The trajectories of the differ-
ential inclusion (1) are understood in the mild sense (see [25]) and are subject to
the state constraint. Namely given a set K C X, we restrict our attention to the
trajectories satisfying

xz(t) e K, forte [to,1]. (3)
In this paper we shall always assume that K is the closure of an open subset of X.
When satisfying the constraint, a trajectory z is called feasible.

Differential inclusions, and control systems, in presence of state constraints, are
largely employed in applied sciences. One of the tools playing a key role in this
context consists in approximating feasible trajectories by trajectories lying in the
interior of the constraints. It is used for instance to establish regularity properties
of value functions, to justify the use of the Maximum Principle in normal form, to
prove existence and regularity results of optimal solutions. The classical technique
employed to construct the approximating trajectories relies on the possibility of
directing the velocity into the interior of the constraint K whenever approaching
the boundary 0K of K. To this aim, in the finite dimensional setting, an “inward
pointing condition” was proposed by Soner, see [28], to get continuity of the value
function associated to an optimal control problem with dynamics @ € F(z) inde-
pendent of ¢. Since then, this subject has received considerable attention, a partial
list of references includes [5, 6, 10, 16, 18, 19].

Defining the oriented distance from x € X to K by

d (x)_ infkeK ||.T*k||X lf$¢K
B - infrex\k) [lz — k|| x otherwise,

the inward pointing condition, in the case of time independent F' and state con-
straints with a locally C1'! boundary, takes the following form:

min (Vdg (Z),v) < —p, VI edK, (4)

veF(Z)

for some p > 0, cf. [5, 18]. As in many applied models state constraints having
nonsmooth boundary are present, a number of papers made extensions of (4) to the
nonsmooth setting. However, contrary to the smooth case, here some regularity of
the dynamics F(t,z) is usually required both in ¢ and in 2. On the other hand,
it may happen in some applications that the dynamics depends on t in a merely
measurable way. In order to extend the theory to this situation, in the recent
works [16, 17] a new inward pointing condition (equivalent to the classical one if K
has smooth boundary) is proposed: for any “bad” velocity v pointing outside the
constraint, there exists a “good” one v such that the difference v — v points inside
in a uniform way. To be more precise, let ddg (x) denote the Clarke generalized
gradient of dg at x € X. Its support function is defined by

o(z;y)= sup (£, y), VyeX.
£€ddk (x)

The new inward pointing condition is as follows

Vz € 0K, 3 p >0 such that if o(Z; v) > 0 for some t €1, v € F(t,T),

. . 5)
th f 0 —v) < —p. (
en 66;{1“’@)0(36 v —v) P
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Under this assumption, in [16, 17] some approximation results were proved in order
to get uniqueness of solutions for a constrained Hamilton-Jacobi-Bellman equation.

The purpose of the present paper is to perform the analysis in the infinite di-
mensional setting, the natural framework for many phenomena described by PDEs.
Also in this case we need results which permit to approximate feasible trajectories
by trajectories staying in the interior of the state constraints. Assuming an inward
pointing condition, Theorem 3.2 below guarantees the existence of the required ap-
proximation. Notice that, although the literature dealing with infinite dimensional
control theory (and infinite dimensional differential inclusions) is quite rich, see e.g.
the books [2, 3, 4, 14, 21, 22], the recent paper [11] and the bibliography therein,
to our knowledge, no similar results are known in this setting. As an application,
we obtain our main result, a relaxation theorem in infinite dimension (see Theorem
3.1).

We deal with great generality, allowing the state space X to be a separable Ba-
nach space. Hence, our analysis applies to some interesting and delicate frameworks
as the space of essentially bounded functions and the space of continuous functions.
For this reason, in this context, the relaxation theorem is obtained under a ver-
sion of condition (5), requiring some uniformity on a neighborhood of 9K and with
respect to the semigroup. Nevertheless, as illustrated in Section 3, if some com-
pactness assumptions are satisfied, a much more simple condition, analogue to the
finite dimensional (5) is sufficient.

We consider the following inward pointing condition:

VzedK, 3n, p, M > 0 such that if m<axo(zo; S(r)v) >0 (6)
T<n

for some v € COF(t,x), 20 € B(z,n),t € I, x € K N B(Z,n), then

{TJE@F(t,x) o —v||lx <M, sup 0(2;5(7)(17—11))<—p}7é®.
€ B(S(r)zm), 7<n

Notice that condition (6) deals with the set-valued map o F, since, in order to prove
the relaxation theorem, we need to approximate relaxed trajectories by relaxed
trajectories lying in the interior of K. However, under additional compactness
conditions, the first convex hull can be removed from (6).

Quite interesting for the applications is the case when X is a Hilbert space, see
Section 5. In this framework we will provide an alternative version of condition (6),
which drastically simplifies the analysis when the set of constraints K is convex. The
inward pointing condition needed here involves projections on convex sets rather
than generalized gradients of the oriented distance function which belong to the
dual space X*.

1.1. Outline of the paper. Section 2 contains a list of notations, definitions,
and assumptions in use. The main theorems are stated in Section 3. Some results
which allow to simplify the inward pointing condition are also proposed. The Hilbert
space setting is analyzed in Section 4, while Section 5 is devoted to some applications
involving PDEs and integrodifferential equations. The final Section 6 and Appendix
contain proofs and technical tools.

2. Preliminaries. In this section we list the notation and the main assumptions
in use throughout the paper.
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2.1. Notation.

- B(xz,r) denotes the closed ball of center z € X and radius » > 0; B is the
closed unit ball in X centered at 0;

- given a Banach space Y, L(X,Y") denotes the Banach space of bounded linear
operators from X into Y, C(I, X) the space of continuous functions from I
to X, L'(I, X) the space of Bochner integrable functions from I to X, and
L*°(1I, X) the space of measurable essentially bounded functions from I to X;

- (-, -) stands for the duality pairing on X* x X;

- p is the Lebesgue measure on the real line;

-1 ift <0,
- sgn: R — {-1,0,+1} is the sign function: t— < 0  if ¢t =0,
1 ift>0.

We will use the following notion of solution.

Definition 2.1. Let ty € I and 29 € X. A function z € C([to, 1], X) is a (mild) so-
lution of (1) with initial datum z(tg) = z¢ if there exists a function f € L'([to, 1], X)
such that

f(t) € F(t,z(t)), for a.e. t € (to,1) (7)

and
t

z(t)=S{t—to)xzo+ [ S(t—s)f(s)ds, for any ¢ € [to, 1], (8)

to
i.e. f is an integrable selection of the set valued map ¢ ~~ F(t,z(¢)) and « is a mild
solution (see [25]) of the initial value problem

{ (t) = Az(t) + f(t), for a.e. t € [to,1] )

l’(to) = Zy.

In order to simplify the notation, for a mild solutions x of (1), we denote by f*
the corresponding measurable selection in (9).

Notice that, since S(t) is a strongly continuous semigroup, there exists Mg > 0
such that

1S(t)lLx,x) < Ms, for any t € 1. (10)

The differential inclusion (1) is a convenient tool to investigate for example the
semilinear control system

B(t) = Az(t) + f(t (), u(), ae. t € [to,1]
{ u(t) € U, ’ (11)

where U is an appropriate separable metric space of controls. Setting F(t,z) =
f(t,x,U), we can reduce (11) to (1) by applying a measurable selection theorem.

2.2. Assumptions. In our main theorems, we will assume the following conditions:
- positive invariance of K by the semigroup:
S(t)K C K, Vtel; (12)
-Vteland any z € X, F(t,x) is closed, and, for any = € X,
the set-valued map F(-,z) is Lebesgue measurable; (13)

- F(t,-) is locally Lipschitz in the following sense: for any R > 0, there exists
kr € L*(I,R") such that, for a.e. t € I and any x,y € RB,

F(t,x) C F(t,y) + kr(t)llz — yllx B; (14)
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- there exists ¢ € L'(I,RT) such that, for a.e. t € I and any = € X,
F(t,z) C ¢(t)(1 + [|=[x)B. (15)

3. The main results. In this section we state the results of the paper whose proofs
are postponed to Section 6. The first is a relaxation theorem.

Theorem 3.1. Assume (6) and (12)—(15). Then, for any € > 0 and any feasible
tragectory & of (2), (3), there exists a trajectory x of (1) satisfying

z(to) = &(to), z(t) e It K,  for any t € (to, 1] (16)
and
12 = 2]l Loo ([t,11,%) < & (17)

The key point in the proof of Theorem 3.1, is a result on approximation of feasible
trajectories, by trajectories lying in the interior of the constraint K.

Theorem 3.2. Assume (12)—(15) and that
Yz edK, 3In, p, M >0 such that if m<axo(zo; S(t)v) >0 (18)
T<n
for some v € F(t,x), z9 € B(z,n), t € I, x € KN B(&,n), then

{17 € F(t,z) : |o—v|x <M, sup (2 8(r) (B —v)) < —p} £0.
z€B(S(m)z,m), 7<n

Then, for any e > 0 and any feasible trajectory & of (1), (3), there exists a trajectory
x of (1) satisfying (16) and (17).

In the following propositions pointwise versions of the inward pointing condition
(18) are proposed, see the applications in Section 5.

Proposition 1. Assume (14)—(15) with time independent kg, ¢ € R, that
F(-,x) is continuous for any x € X, (19)
and
F(t,z) is compact, for any t € I and any T € OK. (20)

Then, assumption (5) implies (18). Consequently, if (5) holds true with F replaced
by co F', then (6) is satisfied.

In the next proposition the convexity of values of F' is needed on the boundary
of K.

Proposition 2. Let X be reflezive. Assume (19) and (14)—(15) with time inde-
pendent kg, ¢ € RT, that for any T € OK andt € I, F(t,T) is convez, and

the map Od (-) is upper semicontinuous at &, and Odk (T) is compact. (21)
Then, assumption (5) implies (18) and (6).

Notice that when dx is C' on a neighborhood of K, then condition (21) is
satisfied. In the proof of Theorem 3.1, we need to approximate relaxed trajectories
by relaxed trajectories lying in the interior of K. This is the reason why the inward
pointing condition (6) required in this case involves the set-valued map ¢oF'. By the
way, the first convex hull in (6) can be removed in some special cases, as indicated
in the next proposition.
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Proposition 3. Suppose that for everyt € I and T € 0K, coF (t,Z) is closed and
the set-valued map

[0,1] 5 t ~ co{v € F(t,7) : o(%;0) < o} (22)

is upper semicontinuous with closed values. Assume (19) and (14)-(15), with time
independent kg, ¢ € RT and that either (20) is satisfied, or that X is a reflexvive
space and (21) is satisfied. Then (6) holds true whenever

for any & € 0K, there exists p > 0 such that (23)
if o(z;v) > 0 for some v € F(t,Z) and t € I, then 1111}'( )0(:73;17 —v) < —p.
v€co F(t,x

In the following remark, the special case of affine forcing terms is analyzed,
providing further simplification.

Remark 1. If di is C! on a neighborhood of K and, for a subset U C Y,
F(t,z) = fo(t,z) + g(t, z)U, (24)
where Y is a Banach space,
forIxX—=X and g: I xX - LY, X),

then the classical inward pointing condition implies (5) with F' and also with ¢o F’
whenever either U is compact or Y is reflexive. Namely, assume (19), and (14),
(15) for time independent kg, ¢ € RT, with F' replaced by fo and g. If either U is
compact or Y is reflexive, then ¢o F'(¢,z) = fo(t,x) + g(¢t,z)coU. Then the inward
pointing condition:

VzedK,Vtel, 3aeU such that (Vdg(Z), fo(t,z) +g(t,z)a) <0  (25)

implies (5) both with F' and with ¢o F'. Indeed, by compactness of [0, 1] and conti-
nuity of fo(-,Z) and g(-, ), assumption (25) yields:

Vz e dK,3p>0,Vtel, FuecU with (Vdg(Z), fo(t,Z) +g(t,2)a) < —p. (26)
Let t € I and u € o U be so that (Vdg(z), fo(t,Z) + g(t,Z)u) > 0. Thus

(Vdg (z), folt, 7)) = —(Vdk (Z), g(t, T)u).
Then, taking @ as in (26), we obtain

(Vdg (2).fo(t, ) + g(t, 2)u — (fo(t, 7) + g(t, T)u))
= (Vdk(2), 9(t, 2)u — g(t, 2)u) < (Vdr(Z),g(t, T)u + fo(t, 7)) < —p,
yielding (5) with F' and also with co F'.

Under the same assumptions and F' given by (24), let us consider two examples,
where condition (25) can be further simplified.

Case 1. 0 € U. If (Vdg(Z), fo(t,z)) < 0, for any T € OK and ¢ € I, then (25)
holds for u = 0.

Case 2. U is the unit sphere in Y. Here, if
(Vd (2), fo(t, 7)) < llg(t, 7)"Vdk (T)|ly # 0,
for any € OK and ¢ € I, then (25) holds for
g(t, 2)"Vdk ()
lg(t,2)*Vdr (2)ly
where ¢(t,Z)* is the adjoint of g(¢, Z).

u=—
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Indeed, in this case, for any z € 0K,
(Vdk (%), fo(t,T) + g(t, 2)u) = (Vdk (Z), fo(t, ) — [lg(t, )" Vdk (T)[ly <O,
yielding (25).

4. The case of Hilbert spaces. Here we analyze the case when the state space
X is Hilbert. In this setting, we show that if the state constraint is convex then the
inward pointing condition can be drastically simplified by involving projections on
convex sets instead of generalized gradients of the oriented distance function which
do belong to the dual space X*. This turns out to be very useful in the applications,
as we will show in Section 5.

Let (-,-)x be the scalar product in X and let K be a proper closed subset of X
such that K = Int K. Denote by Z the set of points z € X\OK admitting a unique
projection Pyg(z) on OK. This set is dense in X (see [26]). For every z € Z, set

z— Pyk(2)
=—————2% sen(dg(z)).
e Pox )l B
A new inward pointing condition involving n, is proposed in this Hilbert framework
in order to obtain results analogous to those from Section 3.

Theorem 4.1. Assume (12)—(15). Then,
(i) the assertions of Theorem 3.1 are valid under the following inward pointing

ny

condition:
VzeoK,In, p, M >0 such thatVtel, Vo e KNB(Z,n), (27)
Vv €eoF(t,x) satisfying sup (nz, S(T)v)x >0, we have
r<n, 2€ZNB(z,1)
{EEEF(t,a:) o —vljlx <M, sup <nz,S(T)(17—v)>X<—p}7$(Z).

7<n,z€ZNB(S(1)z,n)

(ii) the assertions of Theorem 3.2 are valid under the following inward pointing

condition:
VzedK, In, p, M >0 such thatVtel, Vaee KnNB(z,n), (28)
Vo e F(t,x) satisfying sup (ny, S(T)v)x >0, we have
7<n,2€ZNB(z,n)
{seFt) : o—0llx <M, sup (n, S(r) (T =)y < —p} #0.

T<n, 2€ZNB(S(r)z,)

Again, these conditions can be simplified when the data satisfy some compactness
assumptions.

Proposition 4. Assume (14)—(15) with time independent kg, € RT and (19).
Further suppose that either (20) is valid, or F(t,T) is convex for any t € I and
T € 0K, and

VZ € 0K, 3r > 0 such that the set {n.:z € ZNB(z,r)} is pre-compact. (29)
Then, the following assumption: for any T € 0K, there exists p > 0 such that

foranyt €l and v € F(t,Z) satisfying inf  sup (ny, v)x >0, (30)
€>0 e ZNB(z,¢)

there exists v € F(t,Z) such that inf  sup <nz,17 — ’U>X < —p
>0 .c2nB(z,e)

implies (28).
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Remark 2. The proof of Proposition 4 provided in Section 6 implies that it is still
valid if (29) is replaced by the following less restrictive assumption:

for 7 € OK define N (Z) :=Limsup,_,z .cz {n.} (the Kuratowski upper limit)
and assume that for all Z € 0K the set N'(Z) is compact and for every € > 0 there
exists § > 0 such that

n, e N(Z)+eB VzeZnB(z,0).

In particular, if 0K is of class C'!, then the above holds true.
4.1. Convex state constraints. If K is convex, then the inward pointing con-
ditions (27), (28), and (30) can be weakened by replacing Z with K¢ := X \ K.
Indeed, any z € K¢ admits a unique projection on 9K and, as proved in the fol-

lowing proposition, for any z € Int K N Z we can find an element w € K¢ such that
Ny, = Ny

Proposition 5. Let K be a closed convex set such that K = Int K. Then, for any
zeInt KNZ, there exists w € K€ such that z — Pyxz = Pyxw — w. In particular,
Ny = Ny

Proof. Let z € Int K N Z and Py (z) be its unique projection on K. By the
Hahn-Banach theorem, there exists p € X such that ||p||x =1 and

(p, Pox (2)yx < (p,k)x, for any k € K.

Let
Mt ={zeX:(px—Pyx(z))x >0} DK
and
M=M"={z e X:(p,x— Pyx(z))x =0}.
Then M is a closed hyperplane in X and there exists a unique projection Pp(z)
of z on M. Actually, since Pyx(z) € M,

Iz = Prm(2)llx < llz = Pox (2)]lx,
and, since K C M7 and z lies in the interior of K,

Iz = Pm(2)lx = Iz — Pox () x,
we deduce that Py(z) = Py (z). Take w = z + 2(Pyg(2) — 2). As z € Int K C
Int M™, we have

(p,w — Pox(2))x = (p, Por(2) — 2)x <0,

yielding w € X \ M+ C K¢. Further, for any x € M,
0= (z—=Ppm(2),2—Pm(2)) = (z— Pyk (2), 2 — Pox (%)) = (Pox (2) —w,z— Py (2)).

This implies that Pyx(z) = Pyp(w). Finally, since M7 is a closed convex set, w
admits a unique projection Py +(w) = Pp(w) = Pyx(z). So, forany k € K € M™,

(w— Por(2),k — Por(2))x <0,
implying Pyr(z) = Py (w). This ends the proof. O

5. Examples. The examples analyzed in this section describe some classical mod-
els involving partial differential equations and integrodifferential equations, to which
we may apply our abstract results. In all the examples the state constraints satisfy
the positive invariance property (12).
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5.1. A one-dimensional heat equation. The first example is a one-dimensional
parabolic equation describing the heat flux in a cylindrical bar, whose lateral surface
is perfectly insulated and whose length is much larger than its cross-section. The
Neumann boundary conditions are assumed, corresponding to the requirement that
the heat flux at the two ends of the bar is zero. For x = z(¢,s) : [0,1] x [0,1] = R
we consider the following inclusion (we omit the variable s in the sequel)

{ @(t) € Az(t) + F(t,z(t)), te][0,1]
z(0) = xo.

The state space is X = H'(0,1) and the linear operator acting as Ar = 2" — x
with domain D(A) = {ac € H2([0,1],R) : 2/(0) = 2'(1) = O} is the infinitesimal
generator of a strongly continuous semigroup S(t) : X — X, see e.g. [29, chapter
I1]. (The notation prime stands for the distributional derivative.) Classical results
in PDEs ensure that, if the initial datum zy takes nonnegative values, then the
solution z to &(t) = Axz(t), x(0) = zo takes nonnegative values. The reader is
referred to [1] or [27], containing a number of examples of sets invariant under the
action of the semigroup associated with A. In particular, if the state constraint is
the cone of nonnegative functions:

z(t)e K={z € X :2>0},

then the invariance property (12) is satisfied. Moreover, K is convex and Int K # (.
The state space is endowed with the scalar product

<$7y>X = fE(O)y(O) + <$lvy/>L2(O,l)7 for any x,y € X7
whose associated norm
lzll% = [2(0)* + |21 220 1) for any z € X,
turns out to be equivalent to the usual one || - [|z1(0,1). We show next that the set
{n.:z¢€ KC} is pre-compact. (31)

Since K is a closed convex cone, then any z € K¢ can be uniquely represented as
z = Py (2) + b(z2),
with b(z) € K, here K~ is the negative polar cone to K. By [32],
K~ ={pe X :p' is nondecreasing and p(0) < p'(s) <0, for a.e. s € [0,1]},

see also [24] where an explicit formula for b is provided. To prove (31), notice that

{nzzﬂ:zel(c}CQ::{L:pEK*,p#O}C(‘?B.

16(=) 1 x Ipllx
Any y € Q satisfies 3’ nondecreasing and
-1 <y(0) <y'(s) <0, for a.e. s € 0,1].

So, taking a sequence {y,} in @,

[Ynllwie,1) = lYnllze0.1) + ¥nllze©,1) < 3,
implying that y,(0) — y(0) (up to a subsequence). Since y!, is nondecreasing,
Helly’s selection theorem, see [20], allows to deduce that, (again up to a subse-
quence),

yn(s) = g(s), for a.e. s, with g € L*>(0,1),
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and, applying Lebesgue dominated theorem, we deduce that 1, — g in L?(0,1).
Further,

yn<s>::yn<o>%-]€sy;<f>df-—>y<s>:::y<o>+-jﬁsg<7>d7, for any s € [0, 1].

Hence g = o/, y € W1>(0,1) C H*(0,1), yielding the required pre-compactness.

Let F satisfy assumptions (14)—(15) with time independent kg, ¢ € R, (19), and
let F(t,Z) be convex, for any T € 0K and t € I. Taking into account Proposition 4
and the results in subsection 4.1, the inward pointing condition (28) is implied by
the following assumption: for any € 0K there exists p > 0 such that

for any ¢ € I and v € F(t, ) satisfying inf sup (ny, v)x >0,
>0 e KCNB(7,e)

there exists ¥ € F'(t,Z) such that inf sup <nz, v — ’U>X < —p.
€>0 26 K°NB(z,¢)

5.2. Fourier’s problem of the ring. In the second example we consider the
temperature distribution in a homogeneous isotropic circular ring with diameter
small in comparison with its length and perfectly insulated lateral surfaces. This
problem can be modeled by a one-dimensional equation with periodic boundary
conditions

{ @(t) € Az(t) + F(t,z(t)), te€]0,1]

z(0) = o, (32)

where x = z(t,s) : [0,1] x [0,1] — R (s is omitted as in the previous example),
the state space is X = H},.(0,1) := {z € H'(0,1;R) : 2(0) = z(1)}, the lincar

operator acting as Az = z” with domain D(A) = H?(0,1;R) N H},,.(0,1) is the
infinitesimal generator of a strongly continuous semigroup S(t) : X — X, see e.g.

[9]. As before we supplement inclusion (32) with the state constraint
z(t)e K={z € X :2>0}.

Then, K satisfies condition (12), see for instance [23] dealing with invariant sets for
semigroups. Again, K is a closed and convex set with non empty interior. Hence,
by the results contained in subsection 4.1, the inward pointing conditions (27), (28),
and (30) can be stated with Z replaced by K¢.

5.3. A model for Boltzmann viscoelasticity. The last example deals with the
phenomena of isothermal viscoelasticity. An integrodifferential inclusion is involved,
since, as outlined in the seminal works of Boltzmann and Volterra [7, 8, 30, 31], a
correct description of the mechanical behavior of elastic bodies requires the notion
of memory. The key assumption in this theory is that both the instantaneous
stress and the past stresses influence the evolution of the displacement function
y=1y(x,t): Q xR — R. Here  C R?, a bounded domain with smooth boundary
0, represents the region occupied by the elastic body. Omitting the variable  in
the sequel, we study the following inclusion

i+ Al - [ aie-9as] e Feyo) =0 @)

where, A = —A with domain D(A) = H%(Q) N HE (), according to the assumption
that the body is kept fixed at the boundary of €2, the memory kernel u, taking into
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account the viscoelastic behavior, is supposed to be a (nonnegative) nonincreasing
and summable function on RT, with total mass

K= /OO p(s)ds € (0,1),
0

piecewise absolutely continuous, and thus differentiable almost everywhere with
' < 0. Equation (33) is supplemented with the following initial condition

y(o) = Yo, y(O) = 20, y(—$)|5>0 = ¢O(S)7
for some prescribed data yq, 2o, ¢o, the latter taking into account the past history of
y. Applying Dafermos’ history approach, see [13], we can write (33) as a differential
inclusion of type (1). To this aim, we first introduce an auxiliary variable which
contains all the information about the unknown function up to the actual time

n'(s) =yt) —ylt—s), t>0,5>0
and we recast problem (33) as the system of two variables y = y(t) and n = n'(s)

i(t) + A[(1— )u(t) + / syt (s)ds| € Ft,y(0)),

0t =Tn" +5(t).

with initial conditions

(34)

y(0) =yo,  9(0) =20, 1" =m0 =1yo— ¢o.
Here the operator T is the infinitesimal generator of the right-translation semigroup
on the memory space M = L7 (R, Hj (), namely,
Ty = —n with domain dom(T) = {neM:n € M, n(0) =0}.

The notation prime standing for the distributional derivative, and n(0) =
limg_,0n(s) in H (). In [11], details and related bibliography can be found, jointly
with some applications of this model to optimal control problems. Now, defining
the linear operator A on the state space X = L?(Q2) x H(2) x M, acting as

Ay, zm) = ( —Aln =Ry [ sl T+ )

with domain
z € HYN ), n € dom(T),
dom(A) = (y,z,n)eX’ o) Zo @) ) L
(1= k)y+ [ u(s)n(s)ds € H2(Q) N HY(Q)
and setting

x(t) = (y(t)7z(t)?nt)7 To = (y07Z0an0)7 F(tax(t)) = (O7f(t7y(t))a0)a
we view (34) as the following problem in X:

{ #(t) € Az(t) + F(t,x(t)), fortel

x(0) = . (35)

The operator A generates a strongly continuous semigroup of contractions S(t) :
X — X whose first component is a solution of (33) for F = 0. Here, taking as a
state constraint in (35)

K =B,
we deduce that (12) is satisfied. Further, let U, fy and g be as in Remark 1. Since
K = B in a Hilbert space, an appropriate adaptation on the basis of Section 4 of
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the inward pointing condition (25) reads: for any z € X with ||Z||x = 1 and any
t € I, there exists u € U such that

<‘i7 fO(t7 i‘) + g<t7 Lf)ﬂ) <0.
In particular in the case when U is the unit sphere in RY, the condition
(@, folt,2)) <llg(t, )" ||z~ # 0,

implies the above inward pointing condition, for @ defined by u = —"(5’7@?.
lg(t.z)* 2N

As discussed in Remark 1, Proposition 3 holds in this case implying the validity of
Theorems 3.1 and 3.2.

6. Proofs. We start by proving the main theorems contained in Section 3. To this
aim we need some preliminary results.

Lemma 6.1. Assume (18). Then, for any compact set D C K with D N 0K # 0,
there exist ', p, M > 0 such that

if 0(20; S(T)v) > 0 for some T € [0,7'], v € F(t,x), z0 € B(z,n'), t €I  (36)
and x € K N (D + n'B) satisfying dx (z) > —n', then

{@ eF(t,z) : |o—v|x <M, sup o2 8(r) (7 —v)) < —p} £0.
z€B(S(m)z,n'), 7<n’

Proof. Fix a compact set D C K with D NOK # (). We prove first that there exist
1, p, M > 0 such that

if 0(z0; S(7)v) > 0 for some 7 € [0,7], v € F(¢,x), z0 € B(z,n), (37)
tel,x€ KN(DNJK +nB), then
{@ e F(t,z) : |5—vlx <M, sup o (2 S(r) (7 — v)) < —p} £0.

z€B(S(m)z,n), 7<n
From the compactness of D N JK there exists a finite number of x;, € D N 0K, for
k=1,...,N, such that
N

DNOK C U Int B(zk, nx) , (38)
k=1

with 75 > 0 as in (18) corresponding to zj. Now, define

N
A= inf{”x —yllx :z € DNOK,y € (K\ U IntB(mk,nk)>} .
k=1
We have that A > 0. Indeed, if A = 0 we can find two sequences {z;} C D N 0K
and {y;} C K\ Ufgvzl IntB(xg, nr) such that ||z; — y;||x — 0. By the compactness
of D N JK, taking a subsequence and keeping the same notation we deduce the
existence of z € D N OK such that z; — Z in X, implying that also

N
yi%EEK\UIntB(xk,nk) in X,
k=1

in contradiction with (38). Finally, let

A
0<n<min{§»7717-~-777N}
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and define
p=min{p1,...,pn}, M =max{My,..., My},
with pg, My as in (18) associated to xy, for k =1,..., N. Then for any

N
z € KN ((DNOK)+nB) C | Int Bk, nk)
k=1

condition (37) holds true. Now, taking 0 < n’ < 3 such that

sup {dg(z) : € D\((DNOK) + gB)} < =27,
we obtain (36). O
Lemma 6.2. Under the assumptions of Theorem 3.2, for every compact set D C K,

there exist /', 8 > 0 such that, for any &' > 0, t € [to, 1], and any solution y to (1),
(3) with y(t) € D+n'B for any t € [t, 1], we can find a solution x. to (1) satisfying

ze (1) = y(t), e (t) €It K, foranyt € (&, (L +26) A1],
lzer =yl (z,x) <€

Proof. Fix a compact set D C K. We may suppose that D N 9K # (), because
otherwise the Lemma is trivial. Hence, Lemma 6.1 implies (36). Let n',p, M > 0
be as in (36), R > 0 be such that D +7'B C ZB. If kg is as in (14), then it is not
restrictive to assume that ||kg|/1 > 0. Let

C = MM (Ms|kg||gre™sInler 4 1), (39)
and ¢’ > 0 be such that for any Lebesgue measurable £ C I,
p kgL / U ’
kr(s)ds < —/—— ds < ———— h E)<$
/E r(s)ds < FEwTR E¢(s)s<2MS(1+R) whenever p(E) < ¢,
(40)
where Mg, ¢ and C are as in (10), (15), (39). Define
1
0= §min {n',6"} (41)
and pick any
R /
0<5'<min{§,%}. (42)

Let y be a solution to (1), (3) such that y(¢t) € D + n'B for any ¢ € [t,1]. Set
r= {s € [t,1] :di(y(s)) > —n' and Jz¢ € B(y(s),n’), m<a>/<cr(z0;S(7') fY(s)) > O}
T<n

and

(T+26) A1, if 1 (DNE(F+20) A1) < £

T= (43)

min {s >t p(N[ts]) = %} , otherwise.

Lemma 6.1 and the measurable selection theorem ensure the existence of a measur-
able selection o(s) € F(s,y(s)) such that for any s € T’
[o(s) = f¥(s)llx <M (44)
and for any 7 <17/, z € B(S(7)y(s),n'), £ € 0dk(z),
(& 8(7) (0(s) = [¥(s))) < —p- (45)
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Then, we define
[ o(s), ifseDnltT]
fer(s) = { fY(s), otherwise

and set

yer(t) = S(t — By () + / S(t — s) for(s)ds
— S(t—Py(h) + /

T'N[E,tAT]

S(t—s)o(s )ds+/ S(t—s) fY(s)ds

[EN(CAET])
By the representation formula (8), estimates (10), (42), (43) and (44), we get for
any t € [¢,1]

e ) w0l = | [ - 9)56) - 7)) s (16)
< M / 1£or(s) — £¥(s) 1 ds = Ms / g PO = Pl s
<MsMu(TNEEAT)) < MSM% < E

implying that y./(t) € £B. Further, from (14), for a.e. t € [t,1],

for(t) € F(t,y(1) C F(t,ye (1) + kr(®)||ye (t) — y(@)||  B-

Hence, setting
y(t) = dist(for (t), F(t,y (1)) and  m(t) = MgeMs Ji kr(s)ds)

as in Lemma A.1 in the Appendix, from (46) we get

V() < kr(t)|lye (t) —y(@)|x < kr(t)MsM p(I' N[t ¢ AT]).
This implies in particular that

1 /
R
m(1) / 1(8)ds < MMkl MM o (00 [ T kil < O < - (4)

So, we can apply Lemma A.1 and deduce that, for any 8 > 1 there exists a solution
xer on [t, 1] of the differential inclusion

{ 2/ (t) € Az(t) + F(t,z(t))
z(t) = y(?)

satisfying the estimates
e (£) = yer ()], < BMgeMs Ji han()ds /tv(S)ds
and :
1776 (8) = for ()| < Rr(t)BMges Ji knl)ds /t y(s)ds + B(E).

In particular, applying (46), arguing as in (47), and taking 8 = 2, we get, for any
t e[t 1],

|ze () —y(Dllx < llwe () = yer ()llx + llye (1) — ( ) x (48)
< QMSeMSHkR”I‘lMSMHkR“Ll +MSM%
/
< 20°_ =

2C
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Finally, by the definition of ¢ and (40), we recover for t € [t, (£ + 20) A 1],
t

ler (8) = yer ()| x < 2MgeMsIFnllir MM (DA [EEAT]) | kr(s)ds  (49)
t
_ﬁ (TNt tAT)) /kR ggu(rm[f,tAT]),
R L1
and
|5 (t) = for ()| < kr( ) p(TN[EtAT]) + 2kr(t)MgM (T N[t t AT])

— k() p (T O t/\T])( +2MSM)

Now, fix ¢t € (£, (t + 26) A 1]. We claim that x (t) € Int K.

Let us first assume that g (I'N[E, ¢ AT]) = 0. Observe that in this case we cannot
have t > T', otherwise p (I'N [, T]) = 0 and, by the definition of 7', T" = (£ 4 20) A 1.
The last equality is impossible, since ¢t < (f + 26) A 1. Therefore u (I' N [t,t]) =
0. Thus, by the definition of T', for almost every s € [f,t] we have that either
dx (y(s)) < —n' or di(y(s)) > —n' and

sup o(z;8(1) fY(s)) <0. (50)

2€B(y(s),n’),m<n’

Suppose that dg(y(t)) > ——/, otherwise from (42) and (48), z~(t) € Int K. By
continuity, there exists 5 € [¢,t) such that
e n
ly(®) = St =) y(5)llx < 5 (51)
and, for any s € [s, 1],
,r]/
ly@®) —y(s)lx <5 and  dr(y(s)) > . (52)

Then we have (50). By the mean value theorem (see [12]) there exist z € [y(t), S(t—
5)y(5)] and & € Odk(z) such that

dre (y(1)) = dr (S(t — 5) y(3)) + (& y(t) — S(t = 5) y(5)) -

Since, by (51)—(52), z € B(y(s),n’), for any s € [8,t], applying the representation
formula (8), the invariance assumption (12), and (50) we obtain

di (y(t) /<§St—s fY(s >ds<0

As p(I'N[t,t]) = 0 implies . = y on [t,t], we have proved that z./(¢) € Int K.
Now, we consider the case (' N [t,t AT]) > 0. Applying again the mean value
theorem, we get for some z € [y(t),z. (t)] and £ € ddk (z),

dc(zer (1)) = di (y(t) + (&, wer () — y(t)) - (53)

It follows that z € S(t — s) y(s) + ' B, for any s € [, t]. Indeed, recalling (8), (40),
(42), and (48), we obtain

== (= sl < llz = vl + || [ Se=r) prar]

t /
< |z (8) — y(®)|x + Ms(1+ R) / sryar <+ T <y,
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Hence, from (41), (45), (49) and (53) we obtain
i (xer () < (& wer () = y(t)) = (& wer () — yer (1) + (& per (1) — y(1))
<l ®) -y @l + [ (655 (0ls) - £()) ds
TA[EEAT)

p

<En@NEAT) —puCnEEAT)) =5

fiu(rm [t,tAT]) <O0.
This completes the proof. O

Proof of Theorem 3.2. Fix tg € I, e > 0 and a solution & of (1), (3). It is enough to
consider the case when &([tg, 1])NOK # (). By the Gronwall Lemma and assumption
(15), there exists R > 0 such that every trajectory = of (1), with z(to) = Z(¢o),
satisfies ||z(t)|x < R for all t > to. Then, let D = {&(t) : t € [to, 1]}, n’ be as in
Lemma 6.1, and take
£ =min {e,7,1}.

Observe that the same 1’ can be used in the claim of Lemma 6.2 (see the proof
of Lemma 6.2). One of the key point of the proof is a Filippov type theorem, see
Lemma A.1 in the Appendix. Set

C = max {1, MsGMSHk?R”Ll } .

The claimed trajectory z is obtained by a backward iteration. Let ¢ be as in Lemma
6.2, and set
N:max{neN:t0+n6<1}, sp=to+mnd, if0<n<N, sy+1 = 1.

We show that, for any 0 < n < N, there exists a solution y,, to (1) satisfying

Yn(Sn) = 2(sn), yn(t) € Int K, for any t € (s,, 1], (54)
~ Ck
Il = &l (ion1) < 563 Z . (55)
In particular, yo(to) = &(to),
~ N ~ o0
. 5 ck ¢ 1
0 = 2| oo (ft0,17,) < < 50N kz_:o o <3 kz_;) ok = ¢

implying that the function x = y, satisfies the requirements of our theorem.

Let n = N. Lemma 6.2 ensures the existence of a trajectory yy solving (1) and
satisfying (54), (55) for n = N. Now, we assume that n < N and that for any
n+1 < i < N, there exists a solution y; to (1) on [s;, 1] such that (54) and (55)
hold. Using y,+1 and applying Lemmas 6.2 and A.1, we construct the desired .
We begin by defining y,, on the interval [s,11,1]. Let ty = sy + 1*% and, for
n<N-—-1,

) 1 .
tnt1 = Sp41 + 3, and e=3 min { — dg (Ynt1(t)) 1 ¢ € [tpi1,1]} > 0.

2
Define
€ min e e "R
ne C’ 20N+ 2n " 9C

By Lemma A.1, for any zg € yn+1(tn+1) + €n B, there exists a solution z,, to (1) on
[tn+1, 1] such that z,(tn4+1) = 20 and

||:En(t) - yn+1(t)HX S CEn7 for any te [thrla 1}7
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implying that z,(t) € Int K, for any ¢ € [t,41, 1], and
e Ccn
20 = ynr1llLoe o130 < 5Ew 5o (56)
Define

Ynt1(t) 0 [spq1,tnga]
Since z,, solves (1), (3) and, by the inductive assumption (55), z,,(t) € D +n'B for
any t € [$p,tn+1], we can apply Lemma 6.2 and obtain that there exists a solution
Z,, to (1) such that Z,(s,) = Z(sn), 2.(t) € Int K, for any ¢ € (sp, t,y1], and
lon(®) = Za(®)lx < cnr for any £ € [sm, upa]. (57)

Taking the solution x,, obtained above from Lemma A.1 in the case zg = Z,(tn41),
the function

() = { Z(t) in [$pn, Snt1)

Zn(t)  in [Sn,tnt1)
n(t) = .
w®={ 20 i
satisfies (54). Further, by the very definition of y,,, the induction hypothesis and
the estimates (56), (57), we get

~ N
R s 5 c* .
9 (8) = 2@)llx = [1Z0(8) = za(O)]lx < en < 575 > o in [sn, Sni1),
k=n

[y (t) = 2@)Ix < yn(t) = yn+1(B)Ix + lyn+1(t) — 2(@)l|x
= [12n(t) = 20 ()] x + [[Yn+2(t) — 2(t) ] x

I i [5ns1 bnst]
n AN AF — AN YA 1 n ¥ )
= 20N ok = 2CN £ ok il
k=n+1 k=n
and
[y (t) = 2O llx < [[Yn(t) = Y1 (Dl x + lyn+1(t) — 2(8) || x
= llzn(t) = ynt1 (Bl x + lyn41(t) — 2(0)l|x
- N . N
£ Cck £ ck
<Ot oew o Soon 2u g el
k=n+1 k=n
ending the proof. O

Proof of Theorem 3.1. Let ¢,tg,Z as in the statement of the theorem. Our proof
follows some ideas from [6, Lemma 5.2], for a finite dimensional problem. We
distinguish two cases:

Ci‘(to) € IntK and .’f?(to) € 0K.

In the first case, Theorem 3.2 implies the existence of a solution y to (2) such that

X . €
y(to) = 2(to), y(t) € IntK, for any t > to, and 2=yl Lo (fto.1],x) < 3

Further, taking ¢ = 3 min { — dx (y(t)) : t € [to, 1]}, we have
y(t) + oB C IntK, for any ¢ € [to, 1].

Applying the relaxation theorem, see [15, Theorem 2.1], we deduce that there exists
a solution x to system (1) such that

. . €
x(to) = 2(to) and ||z — Y| Loo(jto,1],x) < mln{& 5} )
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implying that
z(t) € y(t) + 0B C IntK, for any ¢ > to,
and
12 = 2l oo (fto,1],%) < 12 = Ylloo((to,11,5) + 1Y — @[ zoo (10,11, ) < &

It remains to consider the case Z(ty) € K. We construct a sequence of solutions
y; to (1) converging in suitable space to a function x satisfying the claim of the
theorem. To perform our project we first apply again Theorem 3.2, in order to find
a solution y to (2) such that

. R €
y(to) = Z(to), y(t) € IntK, for any t > to, and 2=yl Lo ([t0,11,x) < T

Then, we take a monotone sequence s; | tg, ¢ = 1,2,... and applying a relaxation
theorem from [15], we obtain trajectories x; solving (1) on [s;, 1] and satisfying

zi(si) = y(s;)  and ||z = yllpeo (s, 1), x) < s (58)
for some a; > 0 to be determined below. Notice that, by the Gronwall Lemma,
there exists R > 0 such that every trajectory x of (1), with z(t1) = y(¢1) for some
t1 > to, satisfies ||z oo (1¢,,1),x) < g. Let, for any ¢ > 1,

1 s
MSeMsHkRHLl + 1 2i — =1

)

1. . €
& = 1 min { tén[slil,ll] ( - dK(y(t))) 1o R} and a; =

so that
x;(t) € y(t) + ;B C IntK, for all ¢ € [s;,1]. (59)
Now, set so = 1, y1 =21 on [s1, Sg, and, for any i > 2,

o owi(t)  on [si,si1]

yz(t) o { gl(t) on [87;,1, 1]

Here, g; is a solution to (1) in [s;_1, 1], with the initial datum g;(s;—1) = x;(s;-1),
obtained by applying Lemma A.1 to y;_;. Let g;(t) € F(¢,y:(¢)) be such that

i(t) = S(t = sy(s) + [ S(t = s)gi ()
Since

i (si-1) —yi—1(si—1)llx = [[wi(si—1) —@im1(si-1)||x = [[wi(si-1) —y(si-1)[|x < i,

we get the following estimates, for any ¢ € [s;_1, 1],
lyi () = yic1 (D)l x = 115 () = yima (B) | x < MgeMslkrliig,; <

and, for a.e. ¢ € [s;_1,1],

&q
?7

€i

?.

Then, recalling that ¢; < e and [sg, 1] C [s;, 1], for any ¢ > k, we obtain, for any
j>i>k>1, and any t € [sg, 1],

lg:(t) = gim1(t)||x < kr(t)MseMslFrlr o, < kp(t)

J o0 1

Eitl €i+1 Ei
lys® = 9:®lx < D0 lym® = gmoa(Bllx < S Y- 5 = 5 < o5 (60)
m=i+1 m=0
and, for a.e. t € [s, 1],
J
€it1 =
lg;®) = gi@®lx < Y lgm(®) = gm-1()|lx < kr(?) ;i S kr(t)g;-  (61)

m=1+1
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Thus {y;};>r is a Cauchy sequence in C([sg, 1], X) converging uniformly to some
continuous function z, and, for a.e. t € [sg,1], {g;(t)};>& is a Cauchy sequence in
X converging to some limit g(¢). We claim that, for any ¢ € [to, 1],

x(t) = S(t —to)Z(to) + tS’(t —5)g(s)ds (62)

to
and, for a.e. t € [tg, 1],
g(t) € F(t,x(t)). (63)
Indeed, from assumption (15), for any 1 < k < j and a.e. t € [sg, 1],

lg; (O)llx < o) (1 + lly;(1)lx) < &(H)(1+ R),
and the dominated convergence theorem jointly with the strong continuity of the
semigroup allow to prove that, for any & > 1 and any t € [s, 1],
t

lim |S(t—s;)y(s;)+ S(t—s)gj(s)x(sjyl)(s)ds} = S(t—to)Z(to)+ | S(t—s)g(s)ds.

Jj—o0 to to

On the other hand, for any 1 < k < j and any t € [sg, 1],

g () = S(t — 5;)y(s;) + / S(t — 1)g5 (M) xe, 1) (F)r

and lim;_, . y;(t) = z(t) . Now, as the limit above holds for any k, setting x(to) =
Z(tp) we obtain (62). To prove (63), notice that (60)—(61), and assumption (14)

imply that, for any 1 < k < i and a.e. t € [sg, 1],
Ei €i
g(t) € F(t,y:(t)) + kR(t)gB C F(t,z(t)) + QkR(t)gB-

So, since F'(t,z(t)) is closed, (63) holds true for a.e. t.
Finally, we need to prove that, for any ¢ > tq, |2(¢t) — z(t)[|x < e and x(t) €
IntK . For this aim, let us fix ¢ > 1 and ¢ € [s;, 5;—1]. We take j > i such that

Ei €
g8 = (®)lx < 55 < 5

by the definition of &;. Applying (58) and (60), we obtain for any ¢ € [s;, s;_1
ly®) = 5 (®)llx < () = @a(®)lx + lea(t) = (81 x
= lly(®) = @ (®)llx + i (®) = s (O)lx et oF <
Hence,
lé(t) = 2(®)1x < 2(t) = y(®)llx + ly(®) = =(®llx
<S4 Iy — g Ollx + g (8) — a(®)lx <.

Moreover, the previous estimates, the choice of &; and (59), (60) yield for every
J > as above

a(t) € y;(t) + %B C yi(t) + &:B = z:(t) + &:B C y(t) + 26,8 C IntK .

This completes the proof. O
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Proof of Theorem 4.1. In order to prove the theorem, it is sufficient to show that
the conclusions of Lemma 6.2 remain valid if we replace assumption (18) by (28).
Afterwards, the proof follows exactly as in the case of Theorems 3.2 and 3.1.

By the same arguments as those of Lemma 6.1, assumption (28) implies that for
any compact set D C K with D NAK # 0, there exist 0, p, M > 0 such that

Vtel, Ve e KN (D+2n'B), for any v € F(t,z) satisfying (64)

dg(x) > —2n" and  sup sup (ny, S(t)v)x >0
T<n' z€ZNB(z,2n’)
30 € F(t,x) N B(v,M) with sup sup (nz,8(1) (1 —v)) <—p.
T7<n' z€ZNB(S(1)z,2n’)

Now fix a compact set D C K such that DN OK # 0. Let n/, p, M > 0 satisfy (64)
and R > 0 be such that D +7'B C £B. Define C,§',§ and ¢’ as in (39), (40), (41)
and (42). Let y be a solution to (1), (3) such that y( ) € D+1n'B for any t € [t,1]
and set

I'={se[t,1]:dg(y(s)) > -2, sup sup (n.,S(t) f¥(s))x > 0}. (65
T<n' 2€ZNB(y(s),2n’)
Finally, define T' > 0 and trajectories y.- and x. as in the proof of Lemma 6.2.
Again, we obtain
zer — yllLoo (7,1, x) < € (66)

and
oo = yerllio i i20m1,%) < 5 (@ OEEAT)). (67)

Fix t € (¢, (t + 2d) A 1]. We shall verify that z./(t) € Int K.
Consider first the case where p (I' N [¢,t]) = 0. By (65) for almost every s € [t, ]
we have that either dx (y(s)) < —27" or di(y(s)) > —21’ and

sup sup (n.,S(1) fY(s))x <O0.
T7<n' z€ZNB(y(s),2n")

Suppose that dg (y(t)) > f%/, otherwise, from (42) and (66), it follows that x./(t) €
Int K. Again, by continuity, there exists § € [t,t) such that

/

ly() = St =) y(E)x < - (68)
and, for any s € [3, ],
ly(t) —y(s)lx < % and  di(y(s)) > —n'. (69)
Then we have
sup sup (ng, S(T) fY(s))x <0, ae. s€][51. (70)
T<n' z€ZNB(y(s),2n’)
By Lemma A.2
di (y(t)) < dr (S(t—5) y(8)) + sup (nz,y(t) = S(t—5) y(5)) x -

z€ZN([S(t—5)y(3),y(t)]+n'B)
Since p (I' N [t,t]) = 0 implies z.» =y on [t,¢], and (68)—(69) yield
1S( — (5 u(0)] € Bly(s) ) Vs € 5,1],
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applying the representation formula (8), the invariance assumption (12), and (70)
we obtain

’ = 3 - v .
dic (o (1)) = dic (y(t)) < / S (e () £2(9)  ds < 0

Now, we consider the case p (I' N [¢,¢ AT]) > 0. Applying again Lemma A.2 we
obtain

di (wer () < dic(y(t)) + sup (nzy e (t) —y(@)x . (71)
2€20([y(t).x (D)4’ B)

By (8), (40), (42), and (66), we have
[y(t), 2 (8] C S(t—5)y(s) + /B Vselit].

Then, from (28), (41), (67), (71) and the definition of y., we obtain

dic (e (1)) < SUD.c znB(S(t—s) y(s).27) (M Ter () — yer () x+

SUD c 20B(5(t—s) y(s).2n) (2 Yer (8) = y(0)) x < [l (8) — yer (8) [ x+

Jonint) SUPze20B(S(t—s) y(s).2n) (12, S(t = 8) [0(s) = f¥(s)]) y ds

<Ep@TNEEAT]) —ppu(TN[EtAT]) = -5 p(TN[ttAT]) <0,
proving the theorem. O

The proofs of Propositions 1, 2, 3 and 4 conclude the section.

Proof of Proposition 2. Let T € 0K and take R = ||Z||x + 1. Notice that, by (15),
for any ¢t € I and any = € B(Z, 1),
F(t,x) C ¢(1+ R)B (72)
implying, in particular, that
v —wllx <M :=2¢(1+R),
for any v, w € F(t,x).

We prove our proposition using a contradiction argument. Assume that (18)
does not hold. Then, we can find sequences
t,el, x; € B(a’:,%) NK, z € B(xi,%), & €0dk(z), 0< 1 < %, v; € F(t;,x;)
such that
(&, S(ri)vi) > —%7 (73)
and, for any w € F(t;, z;), there exist

0<o;<m, yi€ B(S(Ui)l‘i, %), Gi € 9dk (i)
satisfying
(G S(o)(w =) > . (74)
Passing to the limit ¢ — co we reach a contradiction. Indeed, by (72),
v; € F(t;,z;) C ¢(1+ R)B.

Further, ||z; — @] x < 1, hence, assumption (21) implies that for any k € N and
some i,

1
& € 0dk(z;) C Odk(T) + EB’ for any i > iy,
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yielding [|& — &/ x+ < ¢, for some & € ddk (&) and, as ddk (Z) is a compact set,
up to a subsequence, & — & € Odg (%) implying that also & — &. So, since X is
a reflexive space, up to subsequences,

t; —t, z; =T inX, & — & in X, v; = v weakly in X, (75)
for some t € I, §y € ddk(Z) and v € X. Finally, as 7; — 0, from (73) we deduce
that

0 S hm <€Z, S(Ti)vi> = hm (S(Ti)*&,vi> = <fo,’U> . (76)
1—00 1—00
Here S(t)* stands for the adjoint of S(¢). Further, by (14) and (19), for any € > 0
there exists i, such that,

F(t;,z;) CF(t,z)+eB and F(t,z) C F(t;,xz;)+eB, foranyi>i.. (77)
The set F(t,Z) + eB is convex and closed. By the Mazur lemma we get v €
F(t,z) +eB. Since € > 0 is arbitrary, we deduce that v € F(¢t, ).

From (5) and (76), there exists v € F(t,Z) such that

o(Z;0—v) < —p. (78)
By (77), there exists a sequence w; € F(t;, x;) such that w; — v in X. Now, taking

0iy Yiy G as in (74), and passing to the limit, we finally get, up to subsequences,
Yi — T in X, §—=¢C in X*, (79)

and
0 S hm <<,', S(a,-)(wi — ’Uz)> = hIIl <S(O’1)*<z,wz - ’Ui> = <<,’U - ’U> . (80)
71— 00 1—> 00

As ¢ € 0dk(Z), (80) contradicts (78) and proves (18). Since F(¢,Z) is convex and
closed for any z € 0K (6) follows. O

Proof of Proposition 1. The proof is similar to the one of Proposition 2. The only
difference concerns the limits in (75), (76), (79), (80) where we obtain instead:

& &  weakly-star in X*, wv; v € F(t,Z) in X,
(&, S(ri)vi) = (€0,v) >0, ¢ = ¢ weakly-star in X*,
0 < (G, S(ts)(wi — vi)) = ((, 0 —v).
The properties of the Clarke generalized gradient [12, Proposition 2.1.5] imply that
& and ¢ belong to ddk (Z). The assumption (20) is used here to prove that, up to

a subsequence, v; — v € F(t,Z). Indeed, thanks to (14) and (19), for any k € N
there exists 75 such that

1
v; € F(t;,z;) C F(t,Z) + %B, for any 7 > iy,

implying that [[v; — ;|| x < £, for some ¥; € F(t,Z) and, as F(t, ) is a compact set,
up to a subsequence, v; — v € F(t,Z) yielding that also v; — v. The contradiction
is reached also in this case, ending the proof. O

Proof of Proposition 3. The proof relies on the proof of [17, Lemma 3.7]. Fix & €
OK. By Propositions 1 and 2, it is sufficient to prove that there exists p > 0 such

that
for any ¢ € I and v € coF(t, %) satisfying o(Z (81)

T;v) >
there exists v € coF (¢, Z) satisfying o(Z;0 —v) < —
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Below we set

V= {v € F(t,7) : o(T;v) > o}
and

Vo = {v € F(t,7) : o(F;v) < o}.
We claim that for every ¢t € I and v € coF (¢, Z) satisfying o(Z;v) > 0, there exist
AT >0, A" >0,v" €coV,", v~ € X and @ € coF(t,) such that AT + X\~ =1,
v=A"vt + XA7v™, where v~ =0if A~ =0 and v~ € coV,” otherwise, and that

o(Z;w—vt) < —p.
Indeed, for ¢t and v as above, let Ay, > 0, v, € F(t,T), « = 1,...,n, be such that
S i Aa=1land Y| A\aUq = v. By reordering we may assume that vy, ..., vy, €
V" and v41,...,v, € V,". Observe that m > 1, since otherwise o(Z;v) < 0.

Define AT =31 Ao, A” =1-AF, ot = )\% S Aala, v = /\% > o1 Aala
if m <nand v™ =0if m =n. Then v = ATvT + A0~ and vT € coV,7. By (23)
for each « = 1,...,m, there exists w, € coF(t, ) such that

. p
W — Vg) < —L.
(T W — Vo) < 1

Then the vector w = )\% E;nzl AWy 18 as in our claim.
We shall prove (81) by contradiction. Suppose that for some sequences t; € I,
v; € coF(t;,T) satisfying
o(i;v1) > 0 (s2)

and for any choice of w € coF(t;,Z) we have
1
o(Zw—v;) > —-. (83)

1
For each i let A} > 0, A7 >0, A\f + A =1, v € coV;}, v; € X be such that

v; € coVy if A7 > 0 and v; = 0 otherwise, v; = A v;” + A;v;". Then for every

j > 1 there exists i(j) such that for every i > i(j) we can find w; € coF(¢;,7)
satisfying

1
o(zyw; —v) < —p+ ~.

Taking subsequences and keeping the same notations, we may assume that for
some t, AT, A7, v, v, w the following is satisfied: t; — ¢, AT — A*, A7 — A7,
M+ A" =1, v = vt € coF(t,7), v; - v~ € X, v; = v, W; — W E coF(t,7)
and
o(@w—vt) < —p.

The last four convergences are meant to be either weak or strong, depending on
the set of assumptions under consideration. Then v € coF(t,z). By (82), one can
prove as in the above propositions that

o(Z;v) > 0. (84)
Moreover, since the set-valued map (22) is upper semicontinuous with closed images,
we get
vo € co{v € F(t,z) : o(x;v) < 0} C coF(t,z) N {v eX :o(xv) < 0}
whenever A= > 0. Clearly v = Aot + A7v™. Furthermore, by (83), for all

w € coF(t,z),
o(Z;w—v)>0. (85)
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If A= = 0, then we get a contradiction. Hence A\~ > 0 and, consequently, v~ €
co{v € F(t,z) : o(z;v) <0}. In particular, v~ € coF(t,z) and o(z;v~) < 0.

Suppose first that o(Z;v~) = 0. Then for some p; > 0 and for some 7; €
F(t,z) such that o(Z;0;) = 0, we have Zé‘:o p;j =1and v™ = Z;ZO p;0;. By the
assumption,

o(Tywj — ;) < —

NI

for some w; € coF'(t,Z) and each j. Set w™ = Z;ZO pjw;. Then w™ € coF(t, )
and

o(Tw™ —v7) < —

NN S

Setting w = Aot + A"w™, we obtain a contradiction with (85).
On the other hand, if o(z;v™) < 0, then (84) yields AT > 0. Setting w =
AW+ A\"vT € coF(t, ), we obtain
o(z;w—v)=Ao(z;w—v") < -ATp<0.

This contradicts (85) and proves our claim. O

Proof of Proposition 4. Consider first the case where F(t,Z) is convex for any t € T
and T € 0K, and (29) holds. Let T € 0K and take R = ||Z|| + 1. The proof is
similar to the one of Proposition 2. Observe that for any t € I and any = € B(Z, 1),
lv —w|lx <M :=2¢(1 + R), for any v,w € F(t,x).

Assume by contradiction that (28) does not hold. Then, we can find sequences

1 1 1
tiel, xi€B<a’:,f)ﬂK, v € F(ti,z:), 0<m <~ and z,'EB(xi,f)ﬁZ
7 1 1

such that
(-0, S > — (86)
and, for any w € F(t;, x;), there exist
0<o; <7 and y; €2ZN B(S(O’i>$i, %) (87)
satisfying
(1yer S(03) (w0 — ) x >~ (89)

i
By our assumptions, up to subsequences, t; — ¢, v; = v weakly in X, n,, = n in
X, as i — 4oo, for somet € I, v € X and n € X of norm equal to one. Since
zi = T, by (86), for any € > 0,

0 < lim (n,, S(m;)v;) = lUm (S(7;)* n,,,v;) = (n,v) < sup  (ng,v). (89)
i—00 1—>00 z€EZNB(Z,e)

Therefore,

inf sup <nza U>X > Oa
€>0 ,e2nB(z,e)

where v € F(t, Z), because of the closedness and convexity of F (¢, Z) and (14), (19).
Hence, assumption (30) yields the existence of v € F(t,Z) satisfying

inf  sup (N, T—v)x < —p. (90)
€>0 ,e2nB(z,¢)
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Let w; € F(t;,x;) be a sequence converging in X to v, and let o; and y; be as in
(87), (88). Since y; — T, applying (88) and arguing as in (89), for every € > 0 we
have

0 < lim (ny,, S(o;)(w;—v;))x = lim (S(03)" ny,, wi—vi)x <  sup  (n.,0—v)x .
i—00 i—00 2€ZNB(Z,e)

This contradicts (90).

In the case of compact F(t,Z), the proof follows the same lines, using now the
convergence n,, — n € B weakly in X and v; — v € F(t,Z), up to a subsequence,
see the proof of Proposition 1 for the details. O

Appendix. This section contains two technical results needed in the course of the
investigation. The first is an infinite dimensional version of the Filippov Theorem,
see [15, Theorem 1.2], modified here in a suitable form for our scopes.

Lemma A.1. Let 69 > 0 and to € I. Assume (13)—(14), let y be the mild solution
to (9) in [to, 1], for some f € L'([to,1],X). Set R = & maxe, 1) [ly(t)] x,

V() = dist(f(t), F(t,y())  and  m(t) = Mge™s Jio bn()ds,
If m(1) (0 + fti v(s)ds) < &, then, for any yo € y(to) + 6oB and any B > 1, there

exists a solution x to (1) in [to, 1], satisfying x(to) = yo,

o) =yl <m(®)(50+5 [ 2)ds),  for anyt € 1]
and

1£7(0) = FO)lx < bn(Om(®) (5o + 5 [ 2(9)ds) + 520, for ace 1€ [1.1],

where f* € L'([to, 1], X) is so that (7) and (8) hold true for f = f*.

Proof. The proof proceeds exactly as in [15, Theorem 1.2]. The only difference is in
the first line of page 109, while applying Lemma 1.3 of [15]. The assumption § > 1
is needed to ensure that, for a.e. t, the set

F(t,y(t) N {f () + Bv(t)B} # 0.
Indeed, if v(t) = 0, the definition of + ensures that f(¢t) € F(¢,y(t)), while, if
~v(t) > 0, since 8 > 1, from the very definition of distance and the measurable
selection theorem we get that there exists a measurable selection w(t) € F(t,y(t))
such that ||f(¢t) — w(t)||x < Bv(t). Thus
w(t) € F(t,y(t)) N {f(t) + By(t)B}.

Notice that in finite dimension we can take § = 1, recovering the original Filippov
Theorem. O

The second result is a version of the mean value theorem for the oriented distance
dg in Hilbert spaces. Here we make use of the notations introduced in Section 4.

Lemma A.2. Let (X, (, )x) be a Hilbert space. For every x,y € X we have

di(y) —dic(z) < inf  sup  (ne,y—z)x.
€>0 zezn([z,y]+eB)
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Proof. Let x, y € X and fix € > 0. It is enough to consider the case x # y. For
every s € [0,1] set v(s) =« + s(y — x). Then dx(y(-)) is absolutely continuous. It
is sufficient to prove that for almost every s € [0, 1]

Likts) < s {navy—a)x,
ds z€ZNB(v(s),e)
implying that
1 q
dK<y>—dK<x>=/ Lok ds < s (nay—adx.
0

ds z€ZN([z,y]+eB)

The maps d (y(+)) and d%(v()) are almost everywhere differentiable. Denote
by D C (0,1) the set on which both functions are differentiable and fix s € D. We
distinguish three cases.

Case 1. 7(s) ¢ K. Let L > 0 be a Lipschitz constant for d% on ([0, 1])+ B. Recall
that |dg (x)| = dist(z, dK), for all x € X. Then for each 0 < h < min{e, 1 — s} and
every z € Z N (B(y(s), h?)\K) we have

di(v(s)) > Iz — Pox (2)|I% — LRh® (A1)
and
A (v(s + 1)) < [[7(s +h) = Poxc (2) I3 = [Iv(s) — 2[%
+2(v(s) — 2, 2 = Poxc(2) + h(y — 2))x + [[2 = Poxc(2) + h(y — 2)[I%
= ||z = Porc (2) + h(y — z)|[% + o(h) .

Consequently, for all A > 0 small enough,

di(v(s-%h)})l—di(v(S)) I\Z—PaK(Z)-Fh(y—i)|I2—|\Z—Pax(2)|\2 +o(1)

< infezn(Br(s),h2)\ K)
=1inf.ezn(B(y(s)h2)\K) 2 (2 — Pok(2), y — ) x +o(1)
= inf.ezn(B(y(s).n2)0\ 1) 2K (V(8)) (N2, y — ) x + 0(1)
< SUPLeznB(y(s),e) 2K (V(8)) (2, ¥y — ) x +0(1).

Then we obtain

—di(v(s)) < sup  2dix(y(s)) (n., y —x)x
ds z€ZNB(v(s),e)

and

d 1 d
—d $))=——— —d> s)) < su Ny, Y — X)X -
ds K(’Y( )) sz (’)/(8)) ds K(’y( )) — zEZﬂB(R(s),5)< Y >X

Case 2. 7(s) € Int K. Similarly to Case 1, for every 0 < h < min{e, s} and every
z€ ZN(B(y(s),h \KC)Wehave(Al)and

%)
dic(v(s = 1)) < ||lv(s = h) = Poxc(2) % (A.2)
= lv(s) = 2l +2(v(s) = 2, 2 = Poxc(2) = hly — 2)) + ||z = Poxc(2) = h(y — )|
= llz = Pox(2) = h(y — 2) X + o(h).
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Inequalities (A.1) and (A.2) yield

d3 (y(s—h))—d% (v(s .
Gl )}3 x (1(5)) S lnszZﬁ(B('y(s),h2)\Kc) 2 <P3K(Z) —Z,Y— J)>X + 0(1)

=inf.ezn(B(y(s),n2)\ k) 2 (—dK (¥(5))) (n=, ¥y — ) x + o(1)
< 2(=dr(7(8))) SUP.c znB(y(s),e) (N2 s ¥ — ) x +0(1) .

Then we obtain

d
—dic(1(s)) 2 2dk((s))  sup  (n.,y-—a)x
ds z€ZNB(v(s),e)
and again
d 1 d
—d 5) = ———  —d%(7(s)) < sup Ny, Y — X)X -
FOE) = g GO S s ey —a)x

Case 3. 7(s) € OK. Let us first suppose that | <-dx (y(s))| = 2C > 0. Then for all
h > 0 small enough we have |dk (y(s + h))| = Ch, so that the point s is isolated in
the set {s € D : y(s) € 0K}. Consequently,

” ({ €D ¢ () € 0K, Ldie((s)) # o}) —0.

It remains to verify that in the case where <-dx (y(s)) = 0, we have

sup  (n.,y—x)x 2 0.
z€ZNB(v(s),e)

Assume by contradiction that there exists a > 0 such that

sup (ny,y—a)x < —a.
z€ZNB(v(s),e)

Let 0 < h < e/4|ly—=x| x, {&}ien C B(y(s), 5)NInt K converge to y(s) as i — +o0
and set, for every 0 < r < h, v;(r) =& + r(y — z). Fix i € N and define

hi =sup{0 <h < h : %([0,h]) C Int K}
Proceeding as in Case 2, we can prove that
d
—dg(v(r) < sup n,,y—z)x < —«, for a.e. r € [0, h,].

dr 2€Z0B(vi(r),5)

Then, ~;(h;) € Int K and, consequently, h; = h. Summarizing, we have obtained
that for every i € N
d

—dg (i(r)) < sup n.,y—z)x < —a, for a.e. r € [0,h].
dr 2€ZNB(3i(1).5)

Therefore, for every ¢ € N and h € (0, m) we have dg (v;(h)) — dx (7i(0)) <
—ah . Taking the limit as ¢ — 400, we obtain

dg(Y(s+h)) —dx(y(s)) < —ah,

that is impossible, since S-d (v(s)) = 0. This completes the proof. O
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