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Einstein‘s equivalence principle states the complete physical equivalence of a gravitational field and correspond-
ing inertial field in an accelerated reference frame. However, to what extent the equivalence principle remains
valid in non-relativistic quantum mechanics is a controversial issue. To avoid violation of the equivalence
principle, Bargmann'‘s superselection rule forbids a coherent superposition of states with different masses. Here
we suggest a quantum simulation of non-relativistic Schrodinger particle dynamics in non-inertial reference
frames, which is based on propagation of polarization-entangled photon pairs in curved and birefringent
optical waveguides and Hong-Ou-Mandel quantum interference measurement. The photonic simulator can emu-
late superposition of mass states, which would lead to violation of the EP. (© 2017 Optical Society of America
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Introduction. Einstein‘s equivalence principle (EP)
plays a central role in the theory of gravity. The im-
plications and validity of the EP in quantum physics are
a great challenge of current research. There are several
forms of the EP [1]. The ‘weak‘ form of the EP states the
universality of free fall, i.e. the equivalence between in-
ertial mass and gravitational mass, whereas the ‘strong’
form of the EP states that all effects of a uniform grav-
itational field are identical to the effects of a uniform
acceleration of the coordinate system [2]. While the va-
lidity of the weak EP for quantum particles has been
tested in several experiments (see e.g. [3]), to what ex-
tent the strong form of EP in classical mechanics has an
analog in non-relativistic quantum mechanics remains
controversial [1,4-10]. Earlier experiments of quantum
interference with neutrons confirmed the validity of the
strong form of EP for non-relativistic quantum parti-
cles [11-13]. However, controversies arise if the particle is
allowed to be in superposition states of different masses.
Covariance of the Schrodinger equation under extended
Galileian boosts requires a phase change of the wave
function, which is dependent on the particle mass and
related to the particle proper time [3,8,14]. For particle
states with definite mass, such a phase term does not
pose any difficulty, however if a coherent superposition
of states of different masses is allowed, this would lead to
different evolutions in different reference frames [3,8]. To
ensure the compatibility of non-relativistic quantum me-
chanics with EP, one generally invokes a superselection
rule [15], originally proposed by Bargmann [16], which
prevents a quantum particle from being found in super-
position states of different masses. Bargmann‘s super-
selection rule is generally considered an expedient [8],
and ways to overcome it have been suggested by some
authors [8,10,17,18]. The main trouble is that, while
superposition of different mass states may be possible
for subatomic particles (e.g. for neutrino [19]), in non-
relativistic quantum mechanics mass is a kinematical pa-

rameter and superposition states are conceptually un-
clear states [7,18]: Bargmann‘s superselection rule is thus
the result of a Gedankenexperiment.

Recently, emulation of gravity effects that still elude ob-
servation have been suggested using optical and electro-
magnetic setups [20-30]. These include rotating black
holes [20, 30], event horizon [21], Hawking radiation
[25], quantum gravity [26,29], and self-gravitation ef-
fects [27,28]. Quantum optics experiments, using single
photons or entangled-photon pairs, have been also pro-
posed to probe quantum mechanics in curved space-time
and to test gravity-induced decoherence effects [31,32].
In this Letter I propose a quantum optical simula-
tor of non-relativistic dynamics of a quantum particle
in non-inertial reference frames that enables to emu-
late coherent superposition of different mass states. The
quantum simulator consists of spatial propagation of
a polarization-entangled photon state (a Bell state) in
curved and weakly-birefringent optical waveguides. In-
terference of mass superposition states is emulated by
two-photon quantum interference on a beam splitter [33],
a kind of measurement which is routinely done in quan-
tum optics.

FEinstein’s  equivalence principle
quantum mechanics. Let us first briefly recall the co-
variance property of the Schrodinger equation under ex-
tended Galilean transformations [5,8,14,34]. In an iner-
tial reference frame S, with space and time variables x
and ¢, the dynamics of a non-relativistic spinless quan-
tum particle of mass m subjected to a scalar potential
V(x,t) is governed by the Schrodinger equation

i  non-relativistic

for the particle wave function ¥ = ¥(z,t). Let us con-
sider a coordinate transformation from the inertial frame
S to an accelerated one S via the extended Galilean
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transformation [8,14, 34|
x=x—¢((), t'=t (2)

where £(t) describes the rigid translational motion of S°
with respect to S. After setting

x(

(', 1) = (2, t) exp ll + iwm(t‘)] (3)

where the dot indicates the derivative with respect to
time and

m [t
enlt) =55 [ (o). (1)
from Egs.(1-3) one readily obtains
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where we have set
Vé(z 1) = V(x, t) + méxt. (6)

Equations (5) and (6) show that the non-inertial ob-
server S¢ describes the particle motion using the same
form of Schrodinger equation as S, however the poten-
tial V(z*,t*) acting on the particle differs from V' be-
cause of the additional uniform gravitational field méz*,
which is exactly what one expects from the EP of clas-
sical mechanics. However, to ensure covariance of the
Schrédinger equation the wave functions ¢ and ° in
the two reference frames differ each other for a mass-
dependent phase term [Eqs.(3) and (4)], which could
eventually cause mass-dependent diffraction and inter-
ference effects [8,34]. Such a mass-dependent phase term
indicates that, strictly speaking, non-relativistic quan-
tum mechanics under extended Galilean transformations
does not fulfill the strong version of the EP.

As an example, let us assume £(t) = £(t) = 0 for t < 0
and ¢t > T, so that S° takes a closed circuit and coin-
cides with system S at times t < 0 and ¢ > T, while
in the interval (0,7") S is accelerating [8]. According to
Eq.(3) one has *(z,T) = (x, T) exp(i@m ) where ¢, =
(m/2h) fOT dté2(t). The phase shift ¢, has an interest-
ing physical interpretation, namely ¢,, = mc?Ar/h,
where A7 is the difference of proper times 7 = ¢ and
T = fg dp(1—£2/c2)'/? between the two coordinate sys-
tems S and S* in the non-relativistic limit |¢] < ¢ [8].
In other words, the phase shift ¢, between wave func-
tions ¢ and v¥° in the two reference frames comes from
the fact that the clock in S* runs at a different rate than
that in S, so as when one has arrived back in S at time
T less time has been passed in the system S‘ than in
the system S (like in the twin paradox of special rela-
tivity). Let us now assume in S a rigidly-moving (for
example oscillating) potential V(x,t) = W(x — £(t)),
where W (z) is a potential well that sustains one (or
more) bound states, and let as assume that at time ¢t = 0
the particle state is prepared in the ground state u(x)

of the potential well, i.e. ¢(x,0) = ¥'(z,0) = u(z);
see Fig.l. In system S = (' = z — £(t),t° = 1),
the potential well appears to be at rest and the wave
function ¢ evolves according to Eq.(5) with the poten-
tial V¢(x*,t) = W (z*) + méx‘. The effect of the time-

(a) (b)

T system S system S’

~ T
£ &
/)
£ ———
Vi) »
0 V(x't)
\ 0 -
Space x

SPace x’=x-g(y

Fig. 1. (Color online) (a) Motion of a quantum particle sub-
jected to an accelerated (oscillating) potential well V(z,t) =
W (x — £(t)) as observed in the inertial reference frame S =
(z,t). (b) The same motion as observed in the accelerat-
ing (non-inertial) reference frame S‘ = (z* = z — £(t),t°).
The transformed potential is V*(z‘,t) = W (z*) + mé&(t)x*.
For a slowly-moving potential well the effect of the gravita-
tional field mé(t):c‘ on particle motion in system S‘ can be
neglected. Different proper times in S and S° result in a non
vanishing phase difference ¢, of wave functions.

dependent gravitational potential m{rx‘ entering in V*
is to induce transitions from the ground state to upper
excited states or to the continuum of states of the po-
tential well W. The transition probability can be calcu-
lated using standard time-dependent perturbation the-
ory. However, in principle one can consider a sufficiently
slow motion &(¢) so that transitions to other states are
negligible. Since £(0) = £(T) = 0, in system S* one read-
ily obtains ¢‘(z, T') ~ u(x) exp(—iEy,T/h), where E,, is
the ground state energy of the potential well: in other
words, the effect of the inertial force on particle motion
in S¢ can be neglected, the particle remains in the ground
state u(z) and the wave function just acquires the phase
shift —F,,T/h of stationary state. On the other hand,
in system S one has ¢(x,T) = ¢‘(x, T) exp(i@m ). In or-
dinary non-relativistic quantum mechanics the particle
mass m is a kinematical parameter in the Schrodinger
equation. However, one can imagine a Gedankenexperi-
ment where the initial quantum state is a coherent super-
position of states with different masses v,,, and ¥, [8],
ie. ¥ = P, + Ym,. Assuming that 1,,, and 1y, inde-
pendently evolve according to the Schrodinger equation
(with either m = m; or m = msy), system S° will in-
duce a different phase shift between the two mass state
components, relative to the first system .S, which could
be detectable in an interference experiment. This would
lead to violation of the EP. Bargmann‘s superselection
rule Am = mo — my = 0 is thus viewed as a necessary
requirement to avoid EP violation [15,16]. However, as
pointed out by several authors the above argument rises
some conceptual problems [7,8,10,17,18], and extended



theories beyond ordinary quantum mechanics would be
in order to ensure compatibility between the EP and
quantum mechanics without requiring a mass superse-
lection rule (for example considering mass and proper
time as conjugate variables). The main caveat under-
ling derivation of Bargmann‘s superselection rule is that
it imposes restrictions on a kinematical level for states
that, on the dynamical level, we would not know exactly
how to handle [7,18]: if mass enters in the Schrodinger
equation as a kinematical (rather than dynamical) vari-
able, how can one construct a coherent superposition of
mass states in a Gedanken experiment? And how should
they evolve?

Quantum simulation with entangled photons. Here we
suggest a quantum simulation of the Gedankenexperi-
ment mentioned above, which enables to emulate the co-
herent superposition of states with different masses and
to measure the phase shift ¢, related to the different
clock rates in the two reference frames. The quantum
simulation is based on the similarity between spatial
propagation of monochromatic light waves in weakly-
curved optical waveguides and the quantum dynamics
of a non-relativistic particle in a non-inertial reference
frame S¢ [35]. In such an analogy, the local curvature
of the optical waveguide axis emulates the instanta-
neous acceleration of system S*. In other words, optical
waveguide axis bending introduces an equivalent gravi-
tational potential for photons, which has found several
applications, for example in dynamical localization of
light [36, 37], control of photon tunneling [38] and re-
alization of synthetic gauge fields for photons [39, 40]
(for a recent review see [41]). In the scalar and parax-
ial approximations, propagation of monochromatic light
waves at wavelength A in a weakly-guiding dielectric
waveguide, whose axis is curved along the paraxial prop-
agation direction z [Fig.2(a)], is described by the opti-
cal Schrodinger equation for the electric field envelope
¥(x,y,2) [35]

iM% =L O W e ()
where k = 2m/\, W(x) = [n2—n?(x)]/(2ns) ~ ns —n(x)
is the optical potential, n(x) is the refractive index pro-
file of the waveguide, ng is the cladding refractive in-
dex, and &(z) is the axis bending profile. Clearly Eq.(7)
is analogous to the Schrédinger equation (1) in an in-
ertial reference frame S provided that the formal sub-
stitutions ¢ — z, h = 1/k, m — ng and V — W
are made. The optical potential W (z) is the analog of
the potential well discussed above and wu(z) is the pro-
file of the guided optical mode. In the waveguide refer-
ence frame S¢, ¢ = x — £(z) and z* = z, the bending
is replaced by a refractive index gradient (the gravita-
tional field), according to the EP. As discussed above,
for a weakly bent waveguide axis the gradient poten-
tial does not induce transitions and can be effectively
neglected. The phase difference ¢, entering in Eq.(3)
has a simple geometrical interpretation in our optical

analogue: it corresponds to the different optical path
of the light wave experienced when propagating in a
straight and in a bent waveguide. In fact, while in S* the
waveguide appears straight and the longitudinal propa-
gation phase associated to the optical path nsz is knsz,
in S the waveguide is bent and the propagation phase
term of the wave is kngs, where s = [“dp\/14 €2 is
the curvilinear abscissa and { = d¢/dp. In the paraxial
regime |€] < 1, one has s ~ z + (1/2) [* dp&? and hence
kngs = kngz 4+ @m(2), where ¢, (2) = (kns/2) [* dp€? is
precisely the additional phase term (4). Note also that
in the quantum-optical analogue the particle mass m
is replaced by the refractive index ng. If the waveguide
shows a weak birefringence, as it happens for instance in
waveguides currently used in integrated quantum pho-
tonics circuits [42], the refractive index ng takes slightly
different values, ng g and ng v, depending on the polar-
ization state (horizontal H or vertical V) of the excita-
tion wave [42,43]. The paraxial equation (7) can be used
to describe propagation of quantum light as well [44]. If
the waveguide is excited by non-classical light in a po-
larization entangled state, a coherent superposition of
states with different masses and violation of the EP can
be effectively emulated. To this aim, let us consider the
optical setup shown in Fig.2(b). It consists of two equal,
widely-spaced and weakly-birefringent waveguides, one
straight (waveguide 1) and the other one weakly curved
for a length T' (waveguide 2) with a bending profile £(2)
satisfying the conditions £(z) = £(z) = 0 for z = 0 and
z = T. The waveguide system is excited at input plane by
a polarization-entangled two-photon state (a |¢™) Bell
state), which is routinely generated in type-1I frequency
down-conversion [45]

S ' directional D,
coupler

Fig. 2. (Color online) (a) Schematic of an optical waveg-
uide with a bent axis. £ = &(z) is the bending profile; s is
the arc length along the curved waveguide axis. (b) Opti-
cal setup for the quantum simulation of EP violation. Two
weakly-birefringent and widely-spaced optical waveguides 1
and 2 are excited at the input plane z = 0 by a two-photon
polarization entangled state. The optical axis of waveguide
2 is weakly bent, while the axis of waveguide 1 is straight.
Photon propagation in the two guides emulates the dynam-
ical behavior of a quantum particle as observed in reference
frames S (waveguide 2) and S¢ (waveguide 1). At the out-
put plane z = T" photons are mixed in a balanced directional
coupler, which acts as a 50% beam splitter. Two-photon co-
incidence at photodetectors D; and D3 is measured.
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where aT( V) is the creation operator of photons in
Wavegmde i (¢ = 1,2) with either horizontal (H) or ver-
tical (V') polarization and |0) is the vacuum state. Each
photon can propagate in either one of the two waveg-
uides: propagation in waveguide 1 emulates the observer
S, while propagation in waveguide 2 emulates the ob-
server S. The EP would predict the equivalence of prop-
agation in the two waveguides: this means that any inter-
ference measurement at the output plane z = T should
be independent of the bending profile £(z) of waveguide
2. The photon state at the output plane is simply given
by

1
|¢>out \/5
(9)
where 6; and fy are the longitudinal phase shifts aris-

ing from wave propagation in the two waveguides with
different optical paths, namely

01 =k(nsuT +nsvs), 02 =k(nsyT +nsus) (10)

and s ~ T+ (1/2) fOT dp€? is the arc length of the curved
waveguide 2, from z = 0 to z = T'. We then perform two-
photon (Hong-Ou-Mandel) quantum interference [33] by
combining the two photons via a 50% beam splitter,
which is a standard setup in quantum optics [45-47]. The
beam splitter is realized by bending the waveguides close
to each other realizing a balanced optical directional cou-
pler [42]. Indicating by EI(H’V) the creation operator of
photons, with either H or V polarization, at the output
waveguide port ¢ (i = 1,2) of the coupler, the photon
state after propagation across the directional coupler is
obtained from Eq.(9) with the replacements

~H(H,V ~H(H,V S (H,V
gy | BT A By BT

(exp(z@l)al(H) il V)|O> + exp(if2)a, Vg T(H) 0

By

! o T V2
(11)
Placing two detectors at the output coupler ports
[Fig.2(b)], the coincidence probability to measure one
photon in each port, regardless of the polarization state
of the photons, is given by P11 = sin?(Ag/2) where
AQD = 6‘2 — 6‘1, i.e.
T
g(nsyH—nsyv) dpé?.
(12)
Interestingly, A¢ is precisely the difference between
phases ¢,,, and ¢, associated to the different masses
my = ng g and mg = ngy. Clearly Ay requires both
the extra path length of curved waveguide and modal
birefringence: Ay vanishes for vanishing modal birefrin-
gence or for balanced lengths of the two waveguides. A
two-photon quantum interference measurement is able
to detect such a phase difference: for Am = 0, i.e. for
N v = Mg H, two photons bounce together and the two-
photon coincidence probability at detectors Dy and Do

Ap=k(nsg—nsv)(s—T) =

vanishes. However, for Am # 0 a non-vanishing coin-
cidence probability (photon antibunching) can be ob-
served. In particular, for Ay = 7 photon antibunching
is observed with P(1) = 1, corresponding to switch-
ing between the two maximally-entangled (Bell) states
[¢T) and |¢~). For example, let as consider a typical
birefringence ns g — nsy ~ 1 x 10~% at A ~ 815 nm
found in femtosecond-laser-written waveguides [42, 43].
The largest photon antibunching (A = ) is observed
for a length mismatch s — T ~ 4 mm. For a sinusoidally-
bent waveguide £(z) = A[1—cos(2wz/T)] of length T' = 8
cm, a transverse shift amplitude A ~ 5.7 mm is re-
quired. By halving the amplitude A, P(\Y is reduced
to sin®(m/8) ~ 0.15.

Conclusions. The strong version of the EP establishes

>)‘E)hat the effects of a uniform gravitational field can not

e distinguished from those of a uniform acceleration of
the coordinate system. Is the EP compatible with quan-
tum mechanics ? The short answer is that it is. However,
when dealing with superposition of states with different
masses the EP seems to be in trouble. Gedanken ex-
periments, showing the incompatibility between EP and
quantum mechanics, would involve superposition of mass
states [8]. But this poses some conceptual and practical
problems, since we do not know exactly how to handle
the mass in quantum mechanics and how to construct
mass superposition states [7,17,18]. Here I suggested a
quantum simulation of EP in non-relativistic quantum
mechanics on an integrated photonic chip, which is based
on the propagation of entangled photon pairs in curved
and weakly-birefringent optical waveguides. The opti-
cal setting can emulate coherent superposition of states
with different mass and reveal interferometrically mass-
dependent phase effects. Our results are expected to in-
spire further studies aimed at testing the interplay of
gravitation and the quantum-mechanical principle of lin-
ear superposition. For example, since Hong-Ou-Mandel
quantum interference can occur for atoms [48] and in-
ertial forces can be realized by accelerating optical lat-
tices, cold atoms could provide another platform for a
quantum simulation. As compared to photons, exploit-
ing internal degrees of freedom of the atoms one might
be able to emulate superposition states with more than
two different effective masses or even models where mass
is an effective dynamical variable.
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