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One-dimensional lattices with chiral symmetry are known to possess quantized Zak phase and nontrivial
topological phases. Here it is shown that quantized Zak phase and nontrivial edge states, partially protected
by inversion symmetry rather than chiral symmetry, can be observed and probed in the bulk exploiting
continuous-time photonic quantum walk in zig-zag waveguide arrays. Averaged beam displacement measure-
ments can detect quantized Zak phase and non-trivial topological phases in the extended Su-Schrieffer-Heeger
model with broken chiral symmetry. c© 2018 Optical Society of America

Introduction. Topological states of matter are known
to exhibit protected edge states and robust quantized
features in their bulk [1]. In the past two decades,
there has been a surge of interest in studying topologi-
cal orders in non-electronic systems with a high degree
of controllability, such as in cold atoms, trapped ions
and photons. In particular, topological photonics has
emerged as a rapidly area of research [2, 3]. Topologi-
cal phases are parametrized by integer topological in-
variants, which can be probed at the surface (owing to
the bulk-boundary correspondence [1]) or directly in the
bulk. Several photonic simulators, such as those based on
discrete or continuous-time quantum walks, have been
used to probe topological invariants both at the edges
and in the bulk [4–14], with the ability to test topological
features even for non-Hermitian models [10, 11, 15–20].
In one-dimensional (1D) systems with chiral symme-
try, such as in the Su-Schrieffer-Heeger (SSH) model [1],
the bulk topological properties of the Bloch bands are
characterized by the winding number and quantized Zak
phase [1, 21, 22]. Since the Zak phase is the Berry phase
acquired by a Bloch eigenstate during an adiabatic evo-
lution across the whole Brillouin zone [21], its measure
requires rather generally to apply some external force
and to extract the geometric phase contribution after a
closed adiabatic loop [22–24]. In a recent work [14] a very
simple method has been suggested and experimentally
demonstrated for probing the Zak phase and topologi-
cal invariants in the bulk of 1D chiral systems, based on
discrete-time quantum walks of twisted light. The main
result is that, for chiral systems, the mean displacement
of the walker, when the initial wavepacket is localized
on a single site, provides asymptotically a direct mea-
sure of the winding number [14]. A similar method for
a non-Hermitian version of the SSH model was earlier
suggested in [25] and demonstrated in [10].
Chiral symmetry, generally required in Altland-
Zirnbauer classification for 1D systems [26], ensures Zak
phase quantization and the occurrence of topological
non-trivial edge states. However, recent works have sug-
gested and experimentally demonstrated that quantiza-

tion of Zak phase and non-trivial edge states, partially
protected by inversion symmetry, can be observed in 1D
lattices with broken chiral symmetry [27,28].
In this Letter it is shown that spatial beam shift ob-
served in photonic quantum walks in waveguide lattices
can provide a simple and experimentally accessible tool
for exploring quantized Zak phase and non-trivial edge
states in 1D insulating systems with broken chiral sym-
metry. Spatial beam displacements have been often re-
lated to topological effects and geometric Berry phase.
For example, in the photonic spin Hall effect the topo-
logical coupling between the spin and the trajectory of a
light beam can lead to a transverse shift in polarization
components for reflected or transmitted beams at an in-
terface [29]. Here, it is shown rather generally that in a
two-band 1D insulating system the time-average beam
displacement of photons, under initial single-site excita-
tion, provides a measure of Berry phase when the phase
is quantized, i.e. when the system possesses non-trivial
topological states. As an example, a simple waveguide
array design is suggest that realizes the extended SSH
model with next nearest neighbor couplings [28, 30, 31],
where long-range hopping breaks chiral symmetry but
inversion symmetry ensures partial topological protec-
tion of degenerate edge states.

Quantization of Zak phase in 1D two-band systems.
We consider a 1D two-band lattice, each unit cell hosting
two sites, one on sublattice A, and one on sublattice
B. The single-particle Hamiltonian in bulk momentum
space representation reads [1, 3]

H(k) =

(
hA(k) h1(k)
h∗1(k) hB(k)

)
=
hA(k) + hB(k)

2
σ0+a(k)·σ

(1)
In the above equations, hA(k) and hB(k) account for
hopping among sites in each of sublattices A and B,
respectively, h1(k) ≡ H(k) exp[iϕ(k)] describes cross-
hopping among sites of different sublattices, k is the
quasi momentum (−π ≤ k < π), σ0 is the 2× 2 identity
matrix, σ = (σx, σy, σz) describes the vector of Pauli
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matrices, and

a(k) =

(
H cosϕ,−H sinϕ,

hA − hB
2

)
. (2)

For Hermitian lattices without gauge fields, hA,B(k)
are real with hA,B(−k) = hA,B(k), H(−k) = H(k)
and ϕ(−k) = −ϕ(k). For example, for the SSH model
with staggered nearest neighbor hopping t1, t2 and next-
nearest neighbor hopping tA,B [Fig.1(a)], one has

hA,B(k) = δA,B+2tA,B cos(k) , h1(k) = t2+t1 exp(−ik)
(3)

where δA,B = ±δ describes the energy offset of sites A
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Fig. 1. (Color online) (a) Schematic of a zig-zag binary
waveguide lattice with staggered nearest (t1, t2) and next-
nearest neighbor (tA, tB) hopping. (b-e) Energy spectrum
(dispersion curves E±(k) versus Bloch wave number k) for
the extended SSH model with inversion symmetry (tA = tB ,
δA = δB = 0) for t1/t2 = 2 and for increasing values of tA/t2:
(b) tA/t2 = 0 (ordinary SSH model), (c) tA/t2 = 0.4, (d)
tA/t2 = 0.8, and (e) tA/t2 = 1.4. In (b) and (c) the gap is
open and the bandgap is direct (tA < t2/2); in (d) the gap is
still open but the bandgap is indirect (t2/2 < tA < t1/2); in
(e) the gap is closed (tA > t1/2).

and B, respectively. Chiral (C) and inversion (R) sym-
metries play a major role in determining the nontrivial
topological properties of the Hamiltonian (1). C and R
are defined as k-independent unitary operators such that
CH(k)C−1 = −H(k) and RH(k)R−1 = H(−k), with
C2 = R2 = σ0. Chiral (or sublattice) symmetry, with
C = σz, necessarily requires that hA(k) = hB(k) = 0,
whereas inversion symmetry, withR = σx, is ensured un-
der the less stringent requirement hA(k) = hB(k) 6= 0.
For example, the standard SSH with nearest neighbor
hopping (tA = tB = 0 = δ = 0) shows both chiral and
inversion symmetry [1], while a non vanishing next- near-
est neighbor hopping tA,B trivially breaks chiral symme-
try but not the inversion symmetry provided that δ = 0
and tA = tB [27, 28].
The energy dispersion curves E±(k) and eigenfunctions
u±(k) of the two lattice bands are given by

E±(k) =
hA(k) + hB(k)

2
±
√
H2(k) + ε2(k) (4)

u+ =

(
cos θ2

sin θ
2 exp(−iϕ)

)
,u− =

(
sin θ

2

− cos θ2 exp(−iϕ)

)
(5)
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Fig. 2. (Color online) (a) Energy spectrum versus the ratio
tA/t2 for the extended SSH Hamiltonian with inversion sym-
metry (δA = δB = 0, tA = tB) for the non-trivial topological
phase t1/t2 = 2. The chain comprises N = 40 unit cells. The
dotted curve in the gapped region corresponds to the energy
Eedge of the two nearly-degenerate edge states. (b) and (c)
show the detailed distributions of amplitudes |an| and |bn|
is the sublattices A and B for the left edge state (the right
edge state is simply obtained by the inversion symmetry). In
(b) tA/t2 = 0.3, in (c) tA/t2 = 0.6. Note that the energy of
the edge states deviates from the midgap energy level and
both sublattices A and B are occupied, indicating sublattice
symmetry breaking.

where we have set ε(k) ≡ [hA(k) − hB(k)]/2 and where
the angle θ = θ(k) is defined via the relation

tan θ(k) = H(k)/ε(k). (6)

The Zak phase [21] for the two lattice bands can be read-
ily calculated from the relation

γ± = i

∫ π

−π
dk〈u±|

∂u±
∂k
〉 (7)

and reads explicitly

γ+ =

∫ π

−π
dk
∂ϕ

∂k
sin2 θ

2
, γ− =

∫ π

−π
dk
∂ϕ

∂k
cos2

θ

2
(8)

Equation (8) indicates that the Zak phase, rather gen-
erally, is not quantized and different for the two bands.
However, if the inversion symmetry is not broken, i.e. for
hA(k) = hB(k), from Eq.(6) one has θ(k) = π/2 inde-
pendent of k and thus

γ+ = γ− =
1

2

∫ π

−π
dk
∂ϕ

∂k
= πW (9)

where W ≡ (1/2π)
∮

(aydax − axday)/(a2x + a2y) is the
winding number of the Hamiltonian (1). Equation (9)
shows that the Zak phase is quantized even when the
chiral symmetry is explicitly broken, provided that the
inversion symmetry is conserved. In fact, a non-vanishing
term hA = hB in the Hamiltonian changes the energy
spectrum but not the eigenfunctions u±, so that only the
dynamical phase (but not the Berry phase) is changed.

Zak phase and wave packet displacement. Zak phase
measurements usually require to extract the geometric
phase contribution when Bloch oscillations are induced
in the system [22], which is a nontrivial task. Can we
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probe the quantized Berry phase in the bulk without re-
sorting to Bloch oscillations? For a chiral Hamiltonian, it
has been recently shown that in discrete-time quantum
walks of twisted photons the mean chiral displacement
of a freely evolving wavepacket can be used to probe the
Zak phase [14]. Here we show that spatial beam displace-
ment in continuous-time quantum walks can reveal Zak
phase in the less stringent case of Hamiltonians with in-
version symmetry but broken chiral symmetry. Let us
indicate by an(t) and bn(t) the occupation amplitudes
of sublattices A and B in the n-th cell, and let us as-
sume single-site excitation at initial time, for example
excitation of sublattice A, an(0) = δn,0 and bn(0) = 0.
We define the mean wave packet displacement at suc-
cessive time t as 〈n(t)〉 =

∑
n n|an(t)|2 +

∑
n n|bn(t)|2.

After some lengthy but straightforward calculations, one
can show that for the general Hamiltonian (1) one has∑
n n|an(t)|2 = 0 and

〈n(t)〉 =
∑
n

n|bn|2 =
1

2π

∫ π

−π
dk
∂ϕ

∂k
sin2[∆(k)t] sin2 θ(k)

(10)
where we have set ∆(k) ≡

√
H2(k) + ε2(k). For a

gapped Hamiltonian, i.e. provided that ∆(k) does not
vanish as k spans the entire Brillouin zone, the time av-
erage of the wave packet displacement reads

〈n(t)〉 ≡ 1

T

∫ T

0

dt〈n(t)〉 ' 1

4π

∫ π

−π
dk
∂ϕ

∂k
sin2 θ(k) (11)

for a sufficient long observation time T . A comparison
of Eqs.(8) and (11) shows that, in general, the averaged
wave packet displacement does not reproduce any of the
Zak phases of the two lattice bands. However, when the
Hamiltonian has inversion symmetry and the Zak phase
is quantized, i.e. for θ(k) = π/2, one obtains 〈n(t)〉 '
W/2.

Photons propagating along a binary waveguide lat-
tice can provide a simple and experimentally accessible
testbed of topological nontrivial properties of 1D Hamil-
tonians with broken chiral symmetry. A schematic of the
waveguide lattice is shown in Fig.1(a) and consists of a
binary array in a zig-zag geometry. The lattice emulates
the extended SSH Hamiltonian [30,31] defined by Eqs.(1)
and (3) with δA = δB = 0 and tA = tB . In the waveguide
lattice, t1, t2 and tA = tB are determined by the evanes-
cent mode coupling of adjacent waveguides, and thus the
ratios t1/t2 and tA/t2 can be conveniently tailored by
proper waveguide spacing design [32, 33]. We consider
here the non-trivial topological phase t2 < t1, corre-
sponding to a non-vanishing winding number W = −1
and the existence of two edge modes in the gap accord-
ing to the bulk-boundary correspondence. In the usual
SSH model, i.e. without long-range hopping, the band
gap is direct [Fig.1(b)] and closes when t2 approaches
t1. For a non-vanishing next-nearest neighbor hopping
tA = tB 6= 0, an inspection of Eq.(4) indicates that the
band structure is more involved and three distinct cases
arise [Fig.1(c-e)]: (i) for tA < t2/2, the gap is open and

direct [Fig.1(c)]; (ii) for t2/2 < tA < t1/2 the gap is
open and indirect [Fig.1(d)]; (iii) for tA > t1/2 the gap
is closed [Fig.1(d)].
Figure 2 shows the energy spectrum of a lattice compris-
ing N = 40 unit cells with open boundary conditions for
increasing values of the ratio tA/t2. For tA = 0, chi-
ral symmetry is unbroken and one retrieves the usual
SSH Hamiltonian with two topologically-protected edge
states at (nearly) zero energy Eedge = 0 (finite size ef-
fects lead to a slight splitting of the two energies due to
hybridization of edge states [1], which is negligible in our
case). For a non vanishing value tA, the chiral symme-
try is broken and the zero-energy property of the edge
modes is lifted. A direct calculation of the edge state
energy gives the simple relation

Eedge = −2t2(tA/t1) (12)

which is valid up to the gap closing value tA = t1/2,
above which edge states become delocalized. Inversion
symmetry ensures that left and right edge states are
(nearly) degenerate with the same value (12) of energy.
In fact, the operator R = σx transforms one edge state
into the other one, according to the specular symmetry of
the finite chain. This ensures some topological protection
of the edge states, despite chiral symmetry is ′trivially′

broken [27,28] by long-range hopping.
The topological property of the extended SSH Hamilto-
nian can be probed in the bulk by measuring the aver-
aged space displacement of the discretized beam along
the longitudinal propagation distance z = ct when one
waveguide of sublattice A is excited at the input plane.
Waveguide lattices manufactured by femtosecond laser
writing [10, 32, 33] can offer a suitable platform for an
experimental observation of the predicted effects. As
an example, Fig.3 shows numerically-computed discrete
diffraction patterns and corresponding averaged beam
displacements – for the non-trivial (t2 < t1, W = −1)
and trivial (t2 > t1, W = 0) topological phases– that
one would observe in waveguide arrays manufactured in
fused silica [32, 33]. The geometrical setting of waveg-
uides is schematically depicted in the left panels of Fig.3.
For the non-trivial topological phase, waveguide dis-
tances are set at the values d1 = 19 µm, d2 = 11 µm
and d3 = 16 µm, corresponding to coupling constants
tA = tB ' 1 cm−1, t1 ' 3 cm−1 and t2 ' 1.5 cm−1 at
the probing wavelength λ = 633 nm (He-Ne laser) [33].
The trivial topological phase is simply obtained by flip-
ping distances d2 and d3. The L = 5-cm-long waveguide
array comprises a total number of 2N = 80 waveguides,
and is excited in a single waveguide of sublattice A either
at the left edge (second column panels of Fig.3) or in the
bulk (third column panels in Fig.3). Single waveguide
excitation, either at the edge or in the bulk, is routinely
achieved by a focusing microscope objective [10, 32, 33].
Light spreading in the wave-guide lattice along the prop-
agation distance results is a discrete intensity pattern
distribution (discrete diffraction pattern), from which
the mean transverse beam displacement 〈n(z)〉 versus
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Fig. 3. (Color online) Photonic realization of the extended SSH model with broken chiral symmetry in the non-trivial (upper
panels) and trivial (lower panels) topological phases. Left column: waveguide array geometry in the transverse (x, y) plane, and
rotation of vector h1(k) as k spans the Brillouin zone. The winding number W is -1 (0) in the non-trivial (trivial) topological
phase. The second and third column panels show the numerically-computed discrete diffraction patterns along the propagation
distance z for edge and bulk single waveguide excitation of the sublattice A. Bright (dark) regions correspond to high (low)
beam intensity. The far right panels in the figure show the averaged mean spatial displacement of the optical beam versus
integration distance Z. Parameter values used in the numerical simulations are given in the text.

integration distance Z = cT can be retrieved [10]. The
displacements are computed in units of the lattice pe-
riod d1. Clearly, in the trivial topological phase the av-
eraged mean displacement vanishes and there are not
edge states (lower panels in Fig.3), whereas in the non-
trivial topological phase the averaged mean displacement
rapidly converges to W/2 = −0.5 and one edge state is
clearly visible (upper panels in Fig.3). Therefore, accord-
ing to the theoretical analysis probing the bulk of the
array can predict the topological phase of the extended
SSH model with broken chiral symmetry.

Non-Hermitian models. As shown in the previous anal-
ysis, quantized Zak phases and nontrivial topological
bands without chiral symmetry are possible for Hermi-
tian lattices with long-range hopping. Another interest-
ing example of a two-band lattice with quantized Zak
phase and broken (Hermitian) chiral symmetry is pro-
vided by the parity-time (PT ) symmetric extension of
the SSH model, which has been investigated in some re-
cent works [10,11,15,16,20,25]. The Hamiltonian is given
by Eqs.(1) and (3) with tA = tB = 0 and δA = iγ,
δB = −iγ, where γ is the balanced gain/loss rate in
sublattices A and B [15]. The gain/loss terms break in
a non-trivial way the chiral symmetry since all compo-
nents ax,y,z do not vanish. In the unbroken PT phase,
i.e. for γ < |t1 − t2|, the real part of the complex Zak
phase is quantized and takes the values 0,−π for t2 > t1
and t2 < t1, respectively [16]. Edge states in the non-
trivial topological phase are protected by particle-hole
symmetry, rather than (Hermitian) chiral symmetry [15].
Can the averaged beam displacement method reproduce
the Zak phase for this model? The answer is negative.
In fact, a simple extension of the previous analysis to
the PT -symmetric Hamiltonian indicates that 〈n(t)〉 is
given by Eq.(11), with sin2 θ(k) = H2(k)/[H2(k) − γ2]

and H(k) = |t2 + t1 exp(−ik)|. Hence the averaged mean
displacement does not yield the correct value of the Zak
phase.

Conclusions. To conclude, one-dimensional two-band
lattices without chiral symmetry can show non-trivial
topological phases, signaled by quantization of the Zak
phase, when inversion symmetry remains unbroken [28].
Here we have shown that beam displacement in a
continuous-time photonic quantum walk, realized in
waveguide arrays, can provide a simple method to probe
the topological phases in the bulk of Hamiltonians with
broken chiral symmetry. As an example, a zig-zag binary
waveguide array has been proposed to test the topolog-
ical properties of the extended SSH Hamiltonian, where
next-nearest neighbor couplings break chiral symmetry
but leave unbroken the inversion symmetry. A question
that remains open is to find other simple methods to test
the topological phases in non-Hermitian models, where
fractional winding number could be observed and the
bulk-edge correspondence is a subtle matter [34].
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