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1. Introduction

Coupled systems on networks (CSNs) are composed of a large number of highly interconnected dynamical nodes. Each
node is a unit with specific contents [1]. In the real world, many systems are modeled as coupled systems on networks
(CSNs), such as communication networks, social networks, power grids, cellular networks, World Wide Web, metabolic
systems, food webs, disease transmission networks, etc. [2,3]. When studying complex networks’ dynamics, one problem is
learning how a large ensemble of dynamical systems can behave collectively [4]. Therefore, it is very necessary to construct
a relation between the stability criteria of a CSNs and some topology property of the network [5-7]. Li and Shuai [8] have
considered global stability for the general CSNs based on graph theory, without discussing the stochastic effects.

Many large-scale dynamical systems from science and engineering often are represented as stochastic coupled systems
on networks (SCSNs) [9-11], which could be described in a directed graph. Kao, Sun and Cao [12] have considered stability
of coupled stochastic systems with time delay on networks without reaction-diffusion effects. However, for many realistic
networks, the node state in CSNs is seriously dependent on the time and space. Hence, in order to describe more accurately
the dynamic changes of CSNs, reaction-diffusion effects should also be considered [ 13-18]. Kao and Wang have considered
global stability analysis for stochastic coupled reaction-diffusion systems on networks [19]. Markovian jump systems,
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introduced by Krasovskii and Lidskii [20] in 1961, have received increasing attentions [21-38], because the hybrid systems
driven by continuous-time Markov chains have been used to model many practical systems such as components failures or
repairs, changing subsystem interconnections, and abrupt environmental disturbances, please see [22] and the references
therein. The CSNs may be driven by continuous-time Markov chains. To the best of the authors’ knowledge, stability analysis
for Markovian switching reaction-diffusion coupled systems on networks (MSRDCSNs) has not been properly addressed,
which still remains important and challenging.

Motivated by the above discussions, in this paper, we propose the MSRDCSNs model. In Section 2, some preliminaries
are presented. In Section 3, some new stability principles for the global stability of MSRDCSNs are established. We provide
a systematic method to construct the global Lyapunov function of MSRDCSNs by combining graph theory and the Lyapunov
second method. The findings show that, if each vertex system has a globally stable equilibrium and possesses a global
Lyapunov function Vj, then the global Lyapunov function for the MSRDCSNs can be systematically produced by individual
Vi. An example is provided in Section 4. Section 5 is conclusion.

Notations: for convenience, we sometimes write v, vi and vj as v(t, X), Vi (t, X) and vj(t, X), respectively.

2. Preliminaries

Let (2, 7, %, P) be a complete probability space with a filtration {#};>, satisfying the usual conditions. W (-) be a m-
dimensional Brownian motion defined on the complete probability space. Let {y (t), t > 0} be a right-continuous Markov

process on the probability space which takes values in the finite space S = {1, 2, ..., N} with generator I' = (my;)(k,j € S)
given by
. o JmgA +o0(4) ifk # j,
Ply(t+24) =jly(®O =k = {1 + T +0(4) ifk =],
where A > 0 and lim,_.90(A)/A = 0, m; > 0 is the transition rate from k to j if k # j and m = — Z#k . We assume

that the Markov chain y (-) is independent of the Brownian motion W (-). A general stochastic reaction-diffusion system
with Markovian switching reads

av(t,x) = [p(y(O)Av(t, X) +f(t,x, v(t, x), y (t))]dt
+g(t, X, v(t,X), y(0))AW (), (£, X, y() €R} x G xS

V(to,X) = ¢(X), X€G (1)
av(t, x) +
W =0, (t,x)e ]Rto x G
where AV(£,%) 2 (i 50 (D, X, V(X)) G s Yy o D6, X, v(E ) GEDT, G = (x = (x1, %, 0%
x|l < 400} C R", p = diag(p1, P2, .- -, pn) is the diffusion-matrix, p, > 0is constant; f : R, x G x R" x S — R" and

g Ry X G xR" x S — R"™™ are both Borel measurable functions. Dj(t, X, v(t, X)) > 0 is smooth enough. .#" is the unit
normal vector of dG. Initial data v(ty, X) = vg = @(X) is suitably smooth known function and y (to) = yo, where y; is an
S-valued .#;,-measurable random variable. || - || stands for vector norm.

(Assumption 1) Function g(t, X, v(t, X), y(t)) satisfies the integral linear growth condition and f, g meet Lipschitz
condition, that is, there exists a constant L > 0 such that for Vi € S

llg(t, x, v(t,x), D)llc < L1+ |Iv])
llg (t, X, v1(t, X), 1) — g(t, X, V2(t, X), D¢ < Lllvi —Vallg (2)
I (t, x, va(t, x), 1) — f(t, X, va(t, X), D¢ < Lllvi — vall¢

where [[v(-, X)[lc 2 | [, V(-, X)dx].

The existence and uniqueness of the solution for system (1) can refer to the relevant conclusions in [22], because
stochastic reaction-diffusion systems can be transformed, via semi-group method, into abstract differential systems in
Banach space including infinite linear operator and nonlinear term. Suppose that f (t, x, 0,i) = 0 and g(t, x,0,i) = 0,t >
to, which means v(t, X) = 0 is a trivial solution of (1).

Let the mathematical expectation with respect to the given probability measure P be denoted by E(-). Let | - | denote the
Euclidean norm for vectors or the trace norm for matrices. We shall use the notations §§ = {§ : G — R" : | fG E(x)dx| < 8}
and Ri ={xeR":x >0,i=1,2,...,n}. Some definitions on the stochastic stability of the trivial solution are given as
follows.

Definition 1. If for every triple of Ve; € (0, 1),Ve; > 0andty > 0,> § = 8(¢&q, &3, to) > 0 such that
P{|lv(t, X, to, Vo, Dll¢c < &2, t >t} > 1 —¢&

holds for any (vg, i) € Ss x S, the trivial solution of system (1) is said to be stochastically stable or stable in probability.
Otherwise, the trivial solution is said to be unstable in probability.



Definition 2. The trivial solution of Eq. (1) is said to be stochastically asymptotically stable if it is stochastically stable and,
moreover, for Ve € (0, 1) and ty > 0, there exists a 89 = §g(¢, to) > 0 such that

P {lim v(e, %, o, vo, Dllc =0} = 1- ¢
t—o00
for any (vo, i) € S5, x S.

Definition 3. The trivial solution of Eq. (1) is said to be stochastically globally asymptotically stable if it is stochastically
stable and, moreover, for V§ > 0 and (vq,i) € S5 x S

P {lim V(e %, t0, vo, Dl = 0] = 1.
t—>00

Definition 4. The trivial solution of system (1) is said to be almost surely exponentially stable if there is, for any (vo, i) €
Sg X S

1
A2 lim sup — Ig ||v(t, X, ty, Vo, D)|lc <0 a.s.
t—o00 t

where A is called as Lyapunov exponent of the solution for system (1). Therefore, the trivial solution of system (1) is almost
surely exponentially stable if and only if A < 0.

Definition 5. If 1(-) € C[[O0, r], R] is a strictly increasing function and ©(0) = 0, function  is said to be class X function.
Denote p € X concisely. If (-) € C[RT, R™]and u € X, lim,_, ;o (1) = +00, then 1 € XR.

A continuous function V(t, €, i) is said to be positive-definite if V(t,0,i) = 0 fori € S and for some u € X,
V(t,E,1) > n(E]). Write C2(R,. x R" x S; R,) for the family of all nonnegative functions V(t, £,i) on Ry x R" x S
that are continuously twice differentiable in £ and once in t foralli € S.If V(t, £, i) € C?(R, x R" x S; R, ), then define
an operator LV (t, &, i) from Ry x R" x S to R with respect to (1) by

LV(t, E,0) = Vi(t, &, 1)+ Vg(t, EDf(t,x, &,1) + %Trace[gT(t, X, &, )Vee (8,8, 1)g(t, X, §,1)]

+ .XN;V@V(L §.J) (3)
where ]
Vit i) = % ACHUES <av(;;="),_.., avg;,l))
and
Vee(t,6,1) = (%)

Applying the generalized It6 formula to fG V(t,v(t,x), y(t))dx along system (1) gives for Vt > tg

t
/ V(tv V(t, X)» J/(t))dx = f V(t()v Vo, )/O)dx + / / ["Cv(sv V(S, X)v J/(S))
G G GJO

t
+VI(s, v, y(s) Av(s, x)]dsdx + / / VI (s, v)g(s, X, v(s, X), ¥ (s))dW (s)dx. (4)
GJO

The existence of function V(t, v(t,x),i) € C'?(R; x R* x S;R,) and another conditions in the classical Lyapunov
theorem on the stability of (1) are needed. For convenience, similarly, we give the following definitions:

Definition 6. FunctionV € C"*(R; x R"; R} ) is called as Lyapunov-A function for (1),if £ [ V(t, v, ))dx < 0, and is called
as Lyapunov-B function for (1), if £ [ V(t, v, i)dx < —b [ V(t, v, i)dx in which b > 0.

The following basic concepts and theorems on graph theory can be found in [7]. A directed graph ¢ = ('V, E) contains a
set' V = {1, 2, ..., n} of vertices and a set E of arcs (i, j) leading from initial vertex i to terminal vertex j. A subgraph # of
6 is said to be spanning if # and § have the same vertex set. A digraph § is weighted if each arc (j, i) is assigned a positive
weight a;;. Here a;; > 0 if and only if there exists an arc from vertex j to vertex i in §. The weight W ($) of § is the product of
the weights on all its arcs. A directed path & in § is a subgraph with distinct vertices {i1, io, . . ., i} such that its set of arcs
is {(ig, ixkr1) : k=1,2,...,m— 1}. If i;, = iy, we call & a directed cycle. A connected subgraph 7 is a tree if it contains no



cycles. Atree 7 is rooted at vertex i, called the root, if i is not a terminal vertex of any arcs, and each of the remaining vertices
is a terminal vertex of exactly one arc. A digraph § is strongly connected if, for any pair of distinct vertices, there exists a
directed path from one to the other. Given a weighted digraph § with n vertices, define the weight matrix A = (a;))nxn
whose entry ai; equals the weight of arc (j, i) if it exists, and 0 otherwise. Denote the directed graph with weight matrix A as
(8, A). A weighted digraph (4, A) is said to be balanced if W(C) = W (—C) for all directed cycles €. Here, —C denotes the
reverse of € and is constructed by reversing the direction of all arcs in €. For a unicyclic graph @ with cycle Cq, let @ be the
unicyclic graph obtained by replacing Cg with —Cg. Suppose that (4, A) is balanced, then W(Q) = W(@). The Laplacian
matrix of (4, A) is defined as

E ik  —0i2 - —0np

k#1

—a2 E () S —0on
L= k#2

—0m —0n2 te E Qnk

Let ¢, denote the cofactor of the ith diagonal element of L.

Lemma 1 (Kirchhoff’s Matrix Tree Theorem). Assume n > 2. Then

a=» W), k=12,... N (5)
TeTy
where Ty, is the set of all spanning trees 7 of (4, A) that are rooted at vertex i. In particular, if (4, A) is strongly connected, then
¢ >0forc,=1,2,...,n

Lemma 2 ([8]). Assume n > 2. Let ¢ be given in (5). Then the following identity holds:

Z CryiFii (X, X)) = Z w(@) Z Fij (X, X;). (6)

k.j=1 QeQ (k.j)€E(Caq)

Here Fyj(xi, X)), 1 < k, j < n, are arbitrary functions, Q is the set of all spanning unicyclic graphs of (4§, A), W(Q) is the weight
of @, and Cq denotes the directed cycle of Q.

Lemma 3. Under Assumption 1,
P{|lv(t, X, to, Vo, Dllc #0, t > to} =1
forall (ty, vo, Yo) € Ry X (R" — 0) x S. That is, almost any trajectory of (1) starting from a non-zero state will never be zero.

Proof. If the lemma was false, there would exist some t; > 0,vy # 0and i € S such that P{t < oo} > 0, where t is the
first time to reach zero for the corresponding solution, that is,

T = inf{t > to, /v(t, X, tg, Vo, Yo)dX = O} .
G

It is not difficult to find an integer k > ty VvV (1 + ||vg||) sufficiently large for P{B} > 0, where B = {t < T, T isthe
time upper bound and ||v(t, x)|| < k — 1, for V(t, X) € [tg, T] x G}. While in view of the linear growth conditions there is
positive constant L such that, for any ||v(t, X)|| > k, V(t, X, i) € [tg, T] X G X S,

If t, x, v(E, x), Dllc V lIg(t, x, v(t, X), Dllc < L(1+ [Iv]D).
Let V(t, v, i) = |v|]|~", we calculate, for ||v(t, X)|| > k, V(t, X, i) € [ty, T] X G X S,

£/V(t,v(t,x),i)dx = /£V(t,v(t,x),i)dx
G G

= /[—IIVII73VTf(t,X, v, i) — IV 7V p() Av(e, x)
G

—_

+ 5(—||Vllf3llg(t, X, v, D>+ 3Vl Vg (¢, x, v, )1%) 1dx

=< /[Ilvllqllf(t,x,v, DI+ vl llg (e, x, v, 1)1%] dx
G

=< / [LellvlI ™" + LlIvI ] dx = [GILe(1 + Lo IvII "
G



For any ¢ € (0, ||vgl|), define a stopping time 7. = inf{t >ty : ||v|]| & (&, k)}. Applying the It6 formula gives

E [eL'<<1+Lk><f£A’<> / V(e Ak, V(T Ak, X), i)dx] = |lvo|| e 0G|
G

Te Ak
+E / e~ k(s [—|G|Lk(1 + L) (s, 07 + / V (s, v(s, X), y(s))dx] ds < [lvp||~Te R0 G,
to G

Note that for v € Bwe have 7, < kand ||v(zr, <k, X)|| = ¢, then we obtain
E[e 00k~ 1G x0p] < [lvp]| ~le NG,

Thus,
P(B) < &]|vo|| e~ MW G,

Letting ¢ — 0 yields P{B} = 0, which is in contradiction with the definition of P{B} > 0. The proof is complete.

3. Global stability analysis for Markovian switching coupled reaction-diffusion systems on networks

To begin with our main results, we will give a MSRDCSNs represented by digraph ¢ with N vertices, N > 2. In ith vertex
it is assigned a stochastic reaction-diffusion system with Markovian switching
dvi (£, X) = [k (y () Av(t, X) + fi(t, X, Vi (t, X), y (£))]dt
+8(6, %, Vi(£, %), Y (D)dWi(t), (£, X, (1) € RE x 2 XS 7

where v (t,x) € R™, fy : Ry X G X R™ xS — R™and g : Ry x G x R™*™ x § — R"™*™ [f these systems are coupled,
let

Hy:R™ xR x R x S — R™, Ny :R* xRY" xR xS —R®"  kj=1,2,...,N

represent the influence of vertex j on vertex i, and Hy; = Ny; = 0 if there exists no arc from j to i in . Then, by replacing f
and g, with f + Z}Ll Hyj and g + Z}Ll Nij, we get the following stochastic coupled system on graph §:

N
dvi(t,x) = |:pk(i)AVk(t»X) + fil(t, X, Vi (t, %), 1) + Zij(Vk,vj, t,i)i| dt

j=1

N

+ |:gk(t, X, Vi(t, X),i) + ZNkj(vk, vj, t, i)j| dw(), (t,x,i)e ]Ra; X GXS (8)

=1

Vi(to, X) = @y)s X €G, y(t) =1

vk (t, X)
0N

Without loss of generality, we suppose that functions fi, g, Hi; and Ny; are such that initial-value problems to (7) and
(8) have unique solution and trivial solution v(t, X) = (vy, ..., V,) = 0. Functions f, and g; meet Lipschitz conditions and
linear growth conditions with constant L > 0. For Vi (t,v;,i) € C"2(R. x R™ x S;R,), define a differential operator
LV (t, v, i) associated with the ith equation of (8) by

Wit Vi 1) [ IVielt, i, D) T .
t, X, v (t, X), Hyj(vg, vj, €,
el G Felt, X, Vie(6, ), 8) + Y Hig(Vie, vj, £, 1)

=1

=0, (t,Xx) e R;g x 9G.

LVi(t, vy, i) £

T
1 N "
+ 5 Trace [gk(t, X, V(6 %), ) + Y Nig(Vi, vj. € i)} (Vk(t, Vk))

=1 VkVj

N N
X |:gk(f, X, Vi(t, X), 1) + ZNkj(Vk, vj, t, i):| + Z ViV (t, v, j). (9)
-1

j=1 J

Theorem 1. Suppose that the following conditions hold.

Al. Assume that there exist positive functions Vi(t, £, 1) € C"2(R x R™ x S; R.,), functions Fij(vi, v, t) and constants a; > 0
satisfying



(1) there exist i1, 1y € KR such that

vl < / Vit Vi, D% < (1l
G

n
L / Vk(t5 Vi, l)dx = Zakijj(vkv vj; t)a (10)
G

=1
t>ty, k=1,2,...,N,

hold for ¥(t, vi(t, X), i) € [tg, 00) X s,* X S, where Vi(t, ) € s, = {¢ : G — R™ || [ £ (x)dx| < h};
(IN) Vi (t, &, 1) is separated as to variables £ (k € N) fori € S;

(1) % >0, keN,(t,E) eR, xR fories;
A2. Along each directed cycle C of the weighted digraph (§, A) in which A = (ayj)nxn, there is
> Ry v, ) <0, t> 1. (11)
(i,j)eE(e)

Then function V(t, v, i) £ Z?zl Vi (t, vy, 1) is a Lyapunov-A function for (8), in which ¢y is defined as (5). Furthermore, the
trivial solution of (8) is stochastically stable. In addition, if more condition is added.
A3. If Vi (t, &, i) is radial unbounded, then the trivial solution of (8) is globally asymptotically stable in probability.

Proof. We first prove that the trivial solution of system (8) is stochastically stable.
For Ve; € (0,1) and &, > 0, suppose &, < h. Since Vi(t, &,1) is continuous and V(ty, 0,i) = O, thereis§ = §
(&1, €1, tg) > 0, such that

1
— sup fV(to,v(t,x),i)dXE 1 (e2), (12)
€1 v(t.x)est JG

wheren =ny +ny, +--- +ny, u* € XR.
It follows from Condition (I) and (12) that § < &,. Denote v(t) = fG v(t, X, to, Vo, i )dx for V(vg, i) € S§ x S. Let T be the
first escape time of v(t) from SQZ, that is
T = inf{t > to|V(t) & SZZ}.

Applying the It6 formula to fc Vi (t, vi(t, X), i)dx along system (8) gives for Vt > tg

ka(f AL V(T AL X), Y(T AL))dX = /Vk(to,vko, Yo)dx
G G

TAL
+ f / LVi(5, V(s Vs b0, Vi, 1) dxds
to G

TAL av t, , - T
+/ ,/(M> AV (s, X)dxds
ty G a‘Ik

Tl (Vi v D\ .
+ - 4., gk(ta X, Vk(t, X, t05 Vo, l))
ty G aVk

N
+ ) NV v, £ i)i| dxdW (t). (13)

j=1

By Condition A1(II), we have /&5

= 0,(k #j, k,j € N). Employing integration by parts and combining Condition

0k 0;
A1(II), A1(IlT) and boundary condition of (8), we obtain
Vi(t, v, D)\
/(M> Av(t, X)dx < 0. (14)
G vy

Furthermore, due to the continuity of %‘"“”") on [ty, T A t] X an" x S, there must exist constant L; > 0 such that
||(W)T|| < Ly holds for (t,v,i) € [to, T At] X Sﬂ,f‘nk x S, in addition, since g (t, X, v(t, X), i) meets integral linear
growth condition, we obtain, for (t, v(t, X)) € [to, T A t] X S]}fn"

V(t, Vi, 1)\ .

v 8i(t, X, Vi (£, %), D|| < LiL(1 + [lvi(£, X)]lc) < LiL(1 + h)

k
G



From Theorem 1.45 of Ref. ([22], pp. 49), we have

VI Vi D)) v .
E —_— 8i(t, X, vi(t, X, to, Vio), ) + ZNkj(Vk, vj, t,1) | dxdW(t) [ = 0. (15)
to G avk

j=1
On the other hand, by (10), it is derived that

n
£fV(t,v, dx = ch£/V,<(t,vk, i)dx < Z CayiFij (Vi vj, t). (16)
G i=1 G kj=1
Making use of Lemma 2 with weighted digraph (4, A), it yields
Z CkaiiFii (Vi, Vi, £) = Z w(@) Z Fij (Vg vj, ©). (17)
kj=1 Q@eQ (i.)eE(Caq)
In view of Condition A2 and the fact W(@) > 0, we get
£/V(t,v, Ddx <> W@ Y Fj(i.v;,t) <0. (18)
¢ QeQ (i)€E(Cq)

Thus V(t, v, i) is a Lyapunov-A function for (8). Taking the mathematical expectation at the two sides of Eq. (13) and using
(15),(16) and (19) we have

E [/ Vi At,v(t AL, X), Yy (T A t))dx] < /V(to, Vo, Y0)dX. (19)
G G

Recalling the fact that ||[v(t A t, X)|lc = |[v(T,X)||c = & if T < t,itis derived

E [/ Vi At,v(t ALX),Y(T A t))dx] >E |:I{,<[, f V(r,v(r,X), y(r))dx:| > u(e)P(t < t).
G G

Combining (12) and (19) we get P(t < t) < &;. Letting t — oo, we infer that
P(t < 00) < é&;.

That is,
P(lv(t)| < &, VE > tg) > 1 —¢&1.

Namely,
P([lv(t, X, to, Vo, Dllc < &2, t > to) > 1— &4

which implies that the trivial solution of system (8) is stable in probability.
We then prove that the trivial solution of system (8) is globally asymptotically stable in probability. In the following, we
only need to prove for Yvg,

P (lim V(e . o, vo, Dllg = 0) = 1. (20)
t—00
For Ve € (0, 1), since Vi (t, &, i) is radial unbounded, we can find h > ||vg||¢ fori € S satisfying
4
inf /V(to,v(t,x),i)dxz f/V(to,vo,i)dx. (21)
t=to,lvllc=h J¢ & Jc

Define stop-time 7, = inf{t > to, ||V(t)|| > h}. Applying It6 formula, similar to get (19), we obtain for t > tg

E [/ V(th At,v(th A LX), Y (T A t))dx] < /V(to, Vo, Y0)dX. (22)
G G
From (21), we get
E [/ V(th At,v(ty A LX), Y (T A t))dx] > g/V(to, Vo, Y0)dxP{r, < t}. (23)
G G

Then, it follows that

£
Plty <t} < -.
{mn < }_4



Letting t — oo results in

€
P{ty, < o0} < —.
{mn < }_4

Therefore
_ £
B(W(O] < h.VE > t0) = 1~ .

From Theorem 4.2.3 of Ref. ([39], pp. 112-114),
P(v()|=0)>1—e.
Thus, (20) holds owing to the arbitrariness of €. The proof is complete. O

Note that if (, A) is balanced, then

1
Z CryiFii (Vi vj, £) = > Z w(@) Z [Fj k(Vj, Vi, £) + Fii(Vi, vj, f)]-

k.j=1 QeQ (k.J)€E(Ca)
In this case, Condition A2 is replaced by the following:
> [Fei vie ) + Fg(vi, v, )] < 0. (24)
(k.j)€E(Ca)

Consequently, we get the following corollary:
Corollary 1. Suppose that (4, A) is balanced. Then the conclusion of Theorem 1 holds if (11) is replaced by (24).

Remark 1. The MSRDCSNs is so complicated that it is very difficult to give the analytical solution. It is important to work
on the qualitative analysis of the system. Therefore, how to construct appropriate Lyapunov function is of great importance.
The proof shows that, if each vertex system of (8) has a globally stable trivial solution and possesses a Lyapunov function Vj,
then the Lyapunov function for (8) can be systematically constructed by using individual V. In special, when py = 0, m = 1
some examples are given in [12]. Moreover, when gy = 0and Ny; =0 (k,j = 1, 2, ..., n), some examples are given in [8].

Theorem 2. Suppose that the following conditions hold.

B1. Assume that there exist positive functions Vi(t, £,1) € C"?(Ry x R™ x S; R,), satisfying
(I) there exist w1, 2 € KR such that

mallvel) < ka(f,Vk,i)dX =< pa(llvklD (25)
G
hold for V(t, vk(t, X)) € [to, 00) X s, where v (t, ) € s, = {{ : G — R™ || [.¢(X)dx| < h};
(I1) Vi(t, &, 1) is separated as to variables E(k € N) fori € S;
() % >0, keN,(t,&) eR. xR forieS.
B2. There exist functions Fy;(Vy, vj, t) and constants ayj > 0, b, > 0 such that

n
DC/Vk(t»Vb i)dx < —bk/Vk(f,Vk, i)dx + Zakijj(Vk,Vja t), (26)
G G j=1

t >ty fork=1,2,...,N.
B3. Condition A2 holds, or if (4, A) is balanced and (24) holds.
Then function V (t, v, i) £ Z?:l ckVi(t, v, 1) is a Lyapunov-B function for (8), in which c, is defined as (5). Consequently,
the trivial solution of (8) is asymptotically stable in probability.
In addition, if more condition is added.
B4. Each Vi (x, t, i) satisfies

lim inf/Vk(t,vk,i)dx:oo.
G

[lvg | —>o00 t=to

Then the trivial solution of (8) is globally asymptotically stable in probability.

Proof. We can show in the same way as in the proof of Theorem 1 that

n
£/V(t,v, i)dx = chOC/Vk(t,vk,i)dxf —b/V(t,v, i)dx, (27)
G i=1 G G



where b = min{b,, by, ..., b,}. Hence, we conclude that function V (¢, v, i) is a Lyapunov-B function for (8). Let C = max
{c1, 2, ..., Cy}, it follows easily that

/ V(t,v, dx = ch / Vit, Vi, 1)dx <Y Cua(Ivill) < nCa (v (28)

k=1

where ||v|| = ZLl |lvll, obviously, ||[v|]| > |vk|l. By Theorem 4.2.3 in (Mao (1997) [39]), the trivial solution of (8) is
stochastically asymptotically stable. Furthermore, making use of Condition B4 yields

n
lim inf/V(t,v, i)dx = lim inf ch/Vk(t,vk,i)dx = o0.
Wi—o0 =0 Jg Ivell—oet=0 \ &= J¢
Then, the trivial solution of (8) is globally asymptotically stable in probability. The proof is complete. O

Theorem 3. Suppose that the following conditions hold.

C1. Assume that there exist positive functions Vi(t, vy, i) € CY2(R; x R™ x S;R,), and constantsp > 0,q; > 0,q, > 0
satisfying
(I) Vi(t, v, i) is separated as to variables vy (k € N) fori € S;

(1n

P
qillvellg <

[ veceoviinax
G
hold for V(t, vi(t, X)) € [tg, 00) X s,", where vi(t, ) € s,* = {¢ : G — R™ || [ £ (x)dx| < h};

() (P00 (e %, it . o, Vo), D)+ 0 Ny v £0) 12 2 oIVt Ve )3 for any ve # 0, k e
N, (t,xx) e R xGfories.
C2. There exist functions Fy;(v, vj, t) and constants a; > 0, by > 0 such that

n
£ f Vil(t, Vi, i )dx < —by f Vi(t, Vie, 1 )X + Y~ ayiFig (Vie, Vj, ©), (30)
G G j=1

t>tg fork=1,2,...,N.i€S. Here LVy is defined in (9).
C3. Condition A2 holds, or if (4, A) is balanced and (24) holds.

Then
N
-2 Z kb — @2

llm sup lg lv(t, X, to, Vo, D) |lc < <K s (31)

2p

holds. The function V(t, v, i) £ ZL ¢ Vi (t, vy, 1) is a Lyapunov-B function for (8), in which cy is defined as (5). Particularly,
the trivial solution of (8) is almost surely exponentially stable.

Proof. For any vy # 0, denote v, (t, X) £ v (t, X, to, Vko). It follows from Lemma 3 that v, (t, X) # 0 holds almost surely for
all, (t, x) € (tg, 00) X G,i € S. Applying the Itd formula to (8) gives

( ) [ . Vi(t, Vi, )\
d /Vk(t,vk(t,X),y(t))dx = /£Vk(t,v,<(t,X),l)dX+/(*) Avi(t, X)dx | dt
G G G vy

N\ T N
+/ (M) |:gk(t,x, Vit 20, 1) + > Ny (v, vj. . 1)} dxdW (¢). (32)
G

8Vk =1

" 32V (t,vi)

By condition C1(I), we have vy
boundary condition, we obtain

AV (t, Vi, 1) oV 0Vkm
[1(%) At 30 = (ZZ ’ ij(t B ) 7 >ac

m=1 j=1 ]

2
/ZZij(t X, v)a Vi <a”"’"> dx <0 (33)
G 8X]

m=1 j= km

=0, (k #j, i,j € N). From integration by parts and condition C1. (III) together with




where vy = (Vgq, ..., v,mk)T. By conditions C2 and C3, we can show in the same way as in the proof of Theorem 1 that

n n
£ / Vt.v. Ddx =) ck f Vit e, 1)dx < = cuby / Vi€, Vie, 1 )dx < —b f V(t, v, idx, (34)
G i=1 G i=1 G G
where b = min{bq, b,, ..., b,}. Hence, we conclude that function V (¢, v, i) is a Lyapunov-B function for (8). From (32)-(34),
we get
n
log ( / Vie(t, vi(£, X), i)dx) < log ( f V(to, Vo, m)dx) — D byt — to) + M(t)
G G i=1
2
fe (”kg;fk ”) [gk(s X, Vi(s, X), 1) + ZNkj(vk,vj,s 1)} dx
- / = ds (35)
2 Jiy (Ji: VieGs, (s, %), dx)?
where
AV (s,Vg,i) T
o (20) g w5, 0.+ 3 NV vy 5.
j=1
M(t) = / dw (s).
to Jo Vie(s, vie(s, x), D)dx
It is obvious that M(t) is a continuous martingale with initial value M(ty) = 0 when i = ;. Assign & € (0, 1) arbitrarily
andletn =1, 2, ....It can be deduced from the exponential martingale inequality that
N 2
Il (av"gsv,‘("‘ ”) [gk(s, X, Vi(s, %), ) + Y Nig (Vi ¥, 5, i)} dx ,
=1
P sup M(t) — f/ ! 5 ds| > —logn
to<t=io+n 2 Ji (f¢ Vs, vi(s, x), i)dx) €
1
< —.
=5

From Lemma Borel-Cantelli [40], it is easy to see there is a corresponding integer no = ng(w) such thatifn > ng

2

j=1

M@ < £ / 2
2 Ju (fc Vi(s, Vi(s, x), i)dx)

N
e (avkgsv,‘:k ')) |:gl<(5, X, Vi(s, %), i) + Y Nig(Vi, v, 8, i)} dx

ds + — log n
holds for all ty < t < ty + n. Substituting the above inequality to (35) and noting condition C1(III), we obtain that

n
(1 _S)QZ+ZZCkbk 5
log </ Vie(t, vi(t, X), i)dX) <log (/ Vi(to, Vo, Vo)dx> - =l (t —to) + —logn (36)
G G &

2

holds forall typ <t <ty + nand n > ng almost surely. Thus, for almostallw € 2,whentg+n—1<t <ty+n,n=>ng

1
- log ( /G vk(r,vm,x),i)dx) < —( t‘)) [(1 ~ )2 +22ckbk}

" log (fc Vie(to, Vo, yo)dx) + % logn
to+n—1

as. (37)

This implies

(1—6)q2+2 Z ckbr
Jlim sup — log (/ Vie(t, vi(t, X), i)dx) < - =l a.s. (38)
G

2



Combining condition C1(I), we infer

n
1 (1—e)q; +2_chbk
lim sup — log [|Vi(t, vi(t, %), D] < — =1 as. (39)
t— o0 t Zp

and the required assertion (31) follows since ¢ > 0 is arbitrary. The proof is complete. O

Remark 2. Ifin C2, b, > 0is changed into b, € R such that 2 ZkN:1 ckbr < qo, obviously, the trivial solution of (8) is almost
surely exponentially stable.

Corollary 2. Suppose that the following conditions hold.

D1. Assume that there exist positive functions Vi (t, v, 1) € C2(R; x R™ x S; R.), and constants p > 0, o > 0 satisfying
(I) Vi(t, v, i) is separated as to variables vy(k € N) fori € S;

(an
Vi, vie D, < f Vit Vi )dx (40)
G

Nk

hold for ¥(t, vk(t, X)) € [to, 00) X s\, where Vi(t, ) € s;* = {{ : G — R™ || Jo t(dx| < h};

() (AT (6, %, Vi, X, 0, Vi), ) + oIy NV ¥ £D)) I = @alIVAe, v, I, for any vie # 0, k €

N, (t,xy) e R, xGfories.
D2. There exist functions Fy;(v, vj, t) and constants a;; > 0, > > 0 such that

n
£ / Vit Vi, 1)dx < =2 / Vit vie, )X+ Y agiFig (Vie, vj, ©), (41)
G G j=1

t>to,fork=1,2,...,N.i€S.HereLVy is defined in (9).
D3. Condition A2 holds, or if (4, A) is balanced and (24) holds.

Then
N
1 —A Z Ck
lim sup — Ig [v(t, X, to, Vo, i) ¢ < ——— ass. (42)
t— 00 t p

holds. The function V(t, v, i) £ ZL c Vi (t, vy, 1) is a Lyapunov-B function for (8), in which c, is defined as (5). Particularly,
the trivial solution of (8) is almost surely exponentially stable.

Proof. This corollary is the direct result of Theorem 3, if we choose ¢y = «, by = Aand g, = 0. O

Remark 3. In this paper, the novel methods of constructing a Lyapunov function to study stability conditions of the SCRDSNs
are proposed. Ours are different from some other latest methods on constructing the Lyapunov function [41-46], because
our methods build a relation between the stability criteria of a CSN and some topology property of the network. Topology
property of the networks is of great importance to the dynamical analysis for the coupled networks. Therefore, for dealing
with CSN, our methods are less conservative.

4. Example

Consider the 2-dimensional Itd SRDSMS (1) satisfying the bounded condition (2), and we assume (4, A) is strongly
connected and balanced. The Markov chain y (-) is independent of the Brownian motion W (-).

2
dvi(t, x) = |:Avl(t7 X) +a(y(©)va(t, %) — a(y (O))vi(t, x) —a(y (b)) Zalj(vl(t7 x) —v(t, X)):| dt,

j=1

2 (43)
dvy(t, X) = {sz(t, X) = ay (D)1 (t, ) = 2 (y (O (t, X) + aly (©) Y ay(a(t, x) — v(t, X))} dt
j=1
+valy (O)vz(t, )dw(t).

Construct function V = (Jf, v1(t, x)dx)* + ([, v2(t, x)dx)?, we have

1
v(t, x)dx = —||v]|.
/c IGll



Besides,

2
L / Vdx = / LVdx = a(y(t)) /[2v1v2 — ZU% — 2vivy — 4v§ + v%]dx + Zakjﬁ(j(vk, )
G G G

=1
= —2a(y(t)) / Vdx < 0
G
where Fyj (v, vj) = 2 [; v; — vdx. It is easy to see that along every directed cycle C of the weighted digraph (§, A),

Z [F; k(Vj, Vi, £) + Fi(Vi, vj, £) ] = 0.
(k.j)€E(Cq)

According to Corollary 1, we deduce
1
lim sup — Ig ||v(t, X, to, Vo, I)|lc < —2 as.
t—00 t

Therefore, the trial solution of system (43) is almost surely exponentially stable.

5. Conclusions

In this paper, we have investigated some stabilities of some stochastic coupled reaction-diffusion systems on networks
(MSRDCSNSs). First, a MSRDCSNs model has been proposed. Then, a systematic method for constructing a global Lyapunov
function for MSRDCSNs by using graph theory has been presented. This method overcomes the difficulty in finding Lyapunov
function for a coupled system. At last, some sufficient conditions for stability of MSRDCSNs are obtained. Future work is to
give a systematic approach to build a Lyapunov function for coupled impulsive reaction-diffusion systems on networks.
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