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In this article we deal with calibration and Monte Carlo simulation of the Wishart Stochastic Volatility
model. Despite the analytical tractability of the considered model, being of affine type, the implementation
of Wishart-based stochastic volatility models poses non-trivial challenges from a numerical point of view.
The goal of this article is to overcome these problems providing efficient numerical schemes for Monte
Carlo simulations. Moreover, a fast and accurate calibration procedure is proposed.
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1. Introduction

A Wishart process is a matrix valued continuous time stochastic process with a marginal Wis-
hart distribution, i.e., a generalization to multiple dimensions of the chi-squared distribution, or,
in the case of non-integer degrees of freedom, of the gamma distribution. The introduction of
Wishart-based Stochastic Volatility models in finance is fully motivated by the need to describe
the multidimensional structure of asset variances. There are, indeed, empirical evidences (see for
example Christoffersen et al. (2009) and Cont and Da Fonseca (2002)) that the dynamics of the
implied volatility surface is driven by several factors. This causes the standard one-factor stochastic
volatility models not to be flexible enough to consistently price plain vanilla options and forward
volatility sensitive derivatives (e.g. forward starting and cliquet options). It is well accepted that a
multi-factor approach would be necessary to take into account the variability of the skew. Further,
the pricing of derivatives written on more than a single underlying assets requires a sound modelling
of the multivariate dependence structure. A large part of existing literature considered vector-valued
stochastic processes to model the multidimensional stochastic evolution of asset(s) volatility. The
choice of R as state space for the volatility process, however, could lead to unsatisfactory depen-
dence structures among variance factors. This is particularly true if we restrict ourselves to the
case of affine processes. In the light of the above, it appears reasonable to consider more general
multidimensional processes: recently an increasing attention has been devoted to applications of
matrix-defined stochastic processes in derivatives pricing. In particular, stochastic processes defi-
ned on the cone of real positive semidefinite matrices SJ(R) can be seen as natural candidates to
model the latent volatility factors.
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In our analysis we focus on the so-called Wishart processes introduced in Bru (1991) as a matrix
generalization of square-root processes. A remarkable feature is that the analytical tractability
is fully preserved since these processes belong to the class of affine processes. Given the strict
connection with the well-known CIR processes, Wishart processes have been used to define multi-
factor (Da Fonseca et al. 2008) and multi-asset (Da Fonseca et al. 2007) extensions of the classic
Heston model.

Despite the analytical tractability, the implementation of Wishart-based stochastic volatility mo-
dels poses non-trivial challenges from a numerical point of view. To overcome these numerical
problems, we propose efficient model approximations that alleviate the associated computational
burden. These approximation schemes permit us to introduce efficient numerical schemes for Monte
Carlo simulations. More in details, as far as we know, the simulation schemes proposed in lite-
rature face a severe trade-off in terms of consistency and computational complexity. For example
in Gauthier and Possamai (2012) several schemes are proposed as generalization of already exis-
ting schemes for 1-factor models. While simple and easy to implement, they rely on parameters
assumptions hardly met in realistic market conditions. An exact simulation scheme is proposed in
Kang et al. (2017): authors exploit the remarkable exact sampling method for the Wishart pro-
cess devised in Ahdida and Alfonsi (2013). Despite its accuracy, the approach is rather involved
and time consuming since it requires the computation of matrix-valued special functions to sample
from the conditional distribution of the log-price given the realization of the Wishart process. Our
simulation schemes embed the exact sampling scheme in Ahdida and Alfonsi (2013) and turn out
to be accurate and simple to implement.

Moreover, in this article we deal with the model calibration, highlighting the constraints that need
to be satisfied in order to get a well-defined Wishart process and their impact on pricing performan-
ces. In fact, as shown in Da Fonseca and Grasselli (2011), model calibration to market data turns
out to be a delicate task due to the high dimensionality of the optimization problem to deal with.
The issue is worsened by the fact that characteristic functions of log-asset prices, even if known in
closed formula, are computationally intensive since they involve the evaluation of functions of matrix
argument. As a consequence, standard calibration routines, that rely on transform-based techniques
to price vanilla options, are proven to be inadequate in realistic applications. Unfortunately, the
existing approximations available in literature seem to deal just with restrictive parameters settings
(Gauthier and Possamai 2011) or provide reliable results only for options with moneyness close to
the at-the-money level (Da Fonseca and Grasselli 2011). By exploiting the distributional properties
of Wishart process, we construct efficient model approximations that mitigate the complexity of the
calibration problem by replacing the Wishart-based characteristic function with those of simpler
affine models. More precisely, we show that both Heston (1993) and the Bi-Heston of Christoffersen
et al. (2009) models may provide a reliable approximation of the Wishart Stochastic Volatility mo-
del. We provide the analytical form of the gradient of calibration problem objective function with
respect to Wishart-based parameters allowing for a further reduction in the computational burden.
This methodology extends the remarkable result provided in Cui et al. (2017) where the gradient
of a European call with respect to Heston model parameters is derived explicitly. Additionally, a
thorough analysis of calibration outputs is carried out. The results, in line with other evidences in
literature, show that optimal parameters do not satisfy the conditions to have a well defined Wis-
hart process. Enforcing such conditions could have a significant impact on the pricing performance
of these models. It seems, however, that the topic has not been developed in literature so far. For
the first time, then, we study the effects produced by such constraints on the model induced implied
volatility surfaces.

The article is organized as follows. In Section 2 we present the Wishart process and its basic
properties. Moreover, a new approximation of the process is presented, which is the starting point for
our main results. In Section 3 we deal with the Wishart Stochastic Volatility model, and we present
a fast and accurate calibration procedure, based on the approximation of the Wishart process with
a Bi-Heston process. Finally Section 4 presents two simulation schemes for the Wishart Stochastic
Volatility model: the Stochastic Integral Approximation, and the Gaussian Variable Approximation.
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2. Definition of Wishart process and basic properties

Given the importance that Wishart process plays in the proposed framework, we start our work
with a brief review of its main properties.

DEFINITION 1 (Wishart process) Let W (t) be a d x d Brownian motion (i.e. a matrix of d X d
independent scalar Brownian motions) and Sj (R) the set of real d x d positive semidefinite matrices.
We define the Wishart process as the solution on Sj (R) of the following stochastic differential
equation (SDE):

d%(t) = (QQT + MX(t) + ()M ")dt + /S(t) dW (1) Q + QT dW T (t) \/3(t), (1)
£(0) = o € S§ (R),

with Q, @, M € M4(R) (the set of real d x d square matrices).

In the most general framework we can think of each element of all matrices appearing in (1) to
be non null. In particular, in order to embed mean-reversion and stationarity, we consider matrix
M to have only eigenvalues with negative real part (Gnoatto and Grasselli 2014a). Furthermore,
we relate the deterministic part of the drift in (1), QQ7, to the expected long-term value of the
process, denoted with ¥, by means of the equation

Q0" = MY+ M. (2)

From (1) and (2) we can easily sketch the close connection existing between Wishart and CIR pro-
cesses. Indeed, Wishart processes have been firstly introduced in Bru (1991) as a multidimensional
extension of classic square root process: not surprisingly if we set d = 1 in (1), we end up with a

scalar CIR process defined by the SDE

dv(t) = k(0 — v(t))dt + n/v(t)dw,(t), ©v(0) = vy, (3)

with k, 6, and 7 strictly positive parameters, vg > 0 and w,(t) a scalar Brownian motion.
A remarkable feature of Wishart process is that it entails a non-trivial dependence structure among
its elements. Indeed, it holds that!

d[Si; (), Bru(t)] = (Zi(0)Q + Ta(H)Qfy, + k() Qf + () Qi) d, (4)

where the notation [-, -] refers as usual to the quadratic covariation of two stochastic processes and
Q* = Q" Q. As we will see in the following, this property constitutes an unicuum among the affine
generalizations of (3).

2.1. Existence and uniqueness conditions

Wishart processes are a particular case of affine processes defined on the cone SJ(R) for which
general results about existence and uniqueness of solutions are provided in Cuchiero et al. (2011)
and Mayerhofer et al. (2011). We report the main result (as formulated in Ahdida and Alfonsi
(2013)) since it plays a crucial role in our framework.

I'We use the notation X;;(¢) to indicate the element in the i-th row and j—th column of ¥(¢). If the time dependence is omitted,
we assume to refer to time ¢t = 0, i.e., ¥;; = X;;(0).
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PROPOSITION 2.1 (Affine models in S (R) Cuchiero et al. (2011), Mayerhofer et al. (2011)) Let
X (t) be a generic affine process with continuous trajectories defined in S;(R) by the following SDE

X(t):X(O)—i—/O (DX+£[X(s)])ds+/0 (x/X(s)dW(s) Cx +CT aw T (s) X(s)), (5)

where X(0), Dx € 8§ (R), Cx € My(R), L : S5 (R) — S (R) is a linear transformation. Such
process admits a unique weak solution in SJ(R) if
a) Dx — (d—1)CxCx € S (R),
b) VP, Py € Sf(R) s.t. Tr[PP) =0 = Tr[L(P1)P) >0, where Tr[] is the trace of a square
matriz (i.e., the sum of the elements on the main diagonal).

If X(0) is in the set of real positive definite matrices S;(R) and condition a) is replaced by the
stronger requirement

¢) Dx — (d+1)C%Cx € Sf (R),
then there exist a unique strong solution to (5) in ST (R).
A direct comparison shows that we can get the Wishart SDE (1) from (5) by setting Dx = QO

Cx = Q, and L[Py)] = MPy + PyMT. Moreover, if we assume a more restrictive parametrization
for the deterministic part of the drift

0" =5QTQ, (6)
conditions a) and c) of Proposition 2.1 are satisfied as soon as
Bzd-1, (7)
and
B>d+1, (8)

respectively, where the real positive parameter 8 plays the role of Feller’s condition in the univariate
case. Additionally if condition a) is not met the whole process is not well defined.

For the rest of the paper we consider a Wishart process defined by (1) and (6) as usually done in
financial literature. A significant constraint has thus to be imposed on parameter 5. In the case
d = 2, for example, we must require 8 > 1. As we are going to see, this condition is not usually met
when we perform a straight calibration of Wishart-based pricing models to market prices of plain
vanilla options.

2.2. Distribution of Wishart process and related results

In this section we present more insights about the analogy between Wishart and CIR (Cox et al.
1985) processes by formalizing some distributional features of the Wishart process.

Exploiting the affine nature of the Wishart process, we have that its characteristic function is an
exponential affine transformation of the initial state as shown in the following proposition:

PROPOSITION 2.2 (Characteristic function of Wishart process) Let A be a real symmetric d X d
matriz, t > 0 and T —t =7 > 0. The (conditional) characteristic function of the Wishart process
defined by (1) and (6) is

¢s(A,7) = Efexp (0 Tr [AX(T)]) [ 5(8)] = exp (Tr [As(A, 7)E(0)] + b2 (A, 7)) , (9)
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where  is the imaginary unit (i.e. © = \/—1) and matriz As,(A,7) and scalar function bs(A,T) are
such that

Tr [As (A, 7)2(0)] = Tt [LA (Iy — 2:0(r)A) ! r(T)} ,
__5 T
bu(A,T) = -5 Tr [log ((I[d — 200(7)A) exp (TM )) — TM} .
The additional matriz functions appearing in the above equations are given by

(1) = exp(TM)X(t) exp(TMT),

T

O(r) = /exp (uM) QT Qexp (uMT> du.

0

Proof. Due to affinity, it is possible to show that Ax(A, 7) is solution of a matrix Riccati ODE and
bx(A,T) is obtained by direct integration. We refer to Grasselli and Tebaldi (2008) for a general
discussion of the solving technique and Ahdida and Alfonsi (2013) for the explicit derivation of
the result. Here we simply prove that the matrix G = (I; — 2¢©(7)A) is invertible, i.e. det [G] # 0.
Matrix O(7) is trivially positive semi-definite! (since it is the integral of a positive semi-definite

matrix) and let HH ' = O(r). We then have
det [G] = det |1, — ZLHHTA} — det [I[d - QLHTAH} — det [Hd — uPDPT| = det [l — 2D],

where the second equality is a direct application of the Sylvester’s determinant identity and the third
follows from the spectral theorem with D the diagonal matrix whose entries are the eigenvalues of
the symmetric real matrix H' AH = PDP". By recognizing that det [I; — 2:D] is the characteristic
polynomial of the diagonal imaginary matrix 2¢D evaluated at 1 we immediately get the invertibility
of G. O

As a consequence of the analytical tractability of Wishart process and of the knowledge of its
characteristic function, we are able to present an additional result regarding the distribution of the
trace of the Wishart process, i.e. the process V(t) = Tr[X(¢)]. In Da Fonseca et al. (2008) it is
shown that via direct application of 1t6’s lemma the dynamics of V(t) is given by

dV(t) = (T&" [5 QTQ} F2Tr [MZ(t)]) dt +2Tr {\/%dW(t)Q] . (10)

The following result, firstly appeared in Kourouklis and Moschopoulos (1985) for a generic non-
central Wishart distribution, allows to express the trace of Wishart process as a weighted sum of d
independent non-central chi-square random variables:

COROLLARY 2.3 (Distribution of the Trace of Wishart process) Let V(t) be the sum of the elements
of the main diagonal of ¥(t) and x2(8) be a non-central chi-square random variable with v degrees
of freedom and non-centrality parameter §. For a fixed T > t, let Q be the orthogonal matriz that
diagonalizes O(7), that is QTO(1)Q = & = diag [e1, €2, ..., £4]. Then V(T) admits the representation

V(T) = sz;si X3 <§z> (11)

IFurthermore, in the following we assume it to be non singular.
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where (; is the i-th diagonal element of QTT'(1)Q.

Proof. We propose a new simple proof of the result by exploiting the characteristic function of the
Wishart process. We use the fact that exp (Tr [log(G)]) = det [G] for any matrix invertible matrix!
G to write

B

B

exp (bx(A, 7)) = det | (I; — 2i©(7)A) exp (TMT)] * exp (g Tr [M] 7'> =det [[ — 2iO(7)A] " 2,

and (9) becomes
_B -1
ds (A, 7) = det [I; — 200(r)A] "% exp (Tr [LA (Iy — 2:0()A) F(r)]) . (12)
Let A be a real variable, then by setting Ay = Ay, the characteristic function of V(T') is

dv(N,7) = dx(Ap, 7) = det [y — 2000(7)] "% exp (m Tr [(Hd —20(7)) ! F(T)D

8

= det []Id — 2L)\Q(€QT] * exp (L)\TI" [(]Id — 2L)\Q5QT>_1 F(T):|>

= det [Ty — QL)\g]*g exp ([,)\ Tr [QTF(T)Q (Iq — 2[)\5)*1])

[T 2060 e = (13)

i1 1-— 2L>\6i

where the last equality comes from the properties of determinant and trace. ]

From the knowledge of the characteristic function, we can also easily compute the (conditional)
moments? of Vp:

EW(T)|%(t)] = Tr [I'(7) + 8O(7)], (14)
Var [V(T)|3(t)] = 2 Tr [(2T(7) + BO(T1)) O(7)], (15)

and so on, with higher moments that get more and more involved.

The representation (11) allows to consider V(T') in terms of non-negative definite quadratic forms
in non-central normal variables (see for example Imhof (1961) and Kotz et al. (1967)) typically
arising in statistical applications. As we will see in the next section, it could be convenient to
dispose of some approximations for the distribution of V(T'). A feasible tool is proposed in Liu
et al. (2009) where the distribution of a non-negative quadratic form is approximated by means of
an affine transformation of a non-central chi-square random variable. The unknown parameters are
then chosen so that the first three cumulants of the quadratic form are matched and the difference
in kurtosis is minimized. In our case this means that

PrV(T) > o|S()] ~ Pr [a1x2. (%) + ag > o (16)

'Here we exploit the invertibility of (Iq — 2i©(7)A)exp (rMT) which is given by the invertibility of both G (proved in the
previous Proposition) and exp (TMT) (by definition of matrix exponential).

2Let X be a random variable with characteristic function function ¢x(\) = E[exp(tAX)], the computation relies on the
standard formula E [X™] = L’"qbg?)(O). Additionally, we exploit the fact that for a matrix U = U(\) it holds that % det[U] =
det[U] Tr [U_l%] and dlé;I =-U-! % U~'. We leave the details of the computation to the reader.
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where v* and §* are, respectively, the optimal degrees of freedom and non-centrality parameters

while a; = W and ag = E[V(T)|2(t)] — aq (v* + §%).

2.3. A new approximation of V(t)

Even if appealing from a theoretical point of view, the approximation (16) turns out to be ina-
dequate in those cases in which V(t) describes the instantaneous variance of an asset returns, as
we will show in Figure 2. We here develop an alternative approximation inspired by the idea to
exploit a non-central chi-square random variable to approximate V(7). Instead of considering an
affine transformation, however, we just use a scaled non-central chi-square random variable with
parameters fitted to match (14) and (15). In other words, we aim at approximating V with a scalar
CIR process as given in the following proposition:

PROPOSITION 2.4 (Moment-matching CIR process approzimation of V(T)) Let v(t) be a CIR
process defined by (3). For a fived T > t, v(t) is a 2-moment matching approximation of V(T)
provided that

u(t) =V(t), (17)

0 =Tr[Soo] > 0, (18)
_ 1 EVD)E®)] -0

/@——Tlog< V(t) — 6 >, (19)

o _ K Var [V(T)[X(1)]

Ca (L—a)V(t) +40)° (20)

with a = (1 — exp(—kT)) and provided that V(t) # 6. A sufficient condition for k to be well-defined
(i.e to be a positive real number) is to have the matrix

F=MS(t)+2M" +5Q'Q

(positive or negative) definite.

Proof. Given the distributional properties of CIR process, the process 0(t) with parameters (17)-
(20) has the same first two T-conditional moments of V(T'). Furthermore, given the stability! of
M, we have that 6 > 0, with the equality that holds only in the degenerate case @Q = 04 (the zero
matrix of order d). Indeed, for M stable, the solution of the Lyapunov equation (2) admits the
integral representation

[e.o]

Yoo = ﬁ/exp (uM) QT Qexp (UMT> du,

0

which is positive semidefinite and then its trace is non-negative. Additionally it is possible to show
that Tr [Xo] = 0 if and only if @ = 04. To see this, let us write

0 =pBTr 7exp (uM) QT Qexp (uMT) du|l =8Tr |QTQ 7exp (ubMl) exp (uMT) du
0 0

LA square matrix is called stable if all its eigenvalues have strictly negative real part.



Alugust 2d9,1%018 Quantitative Finance "Calibration and advanced simulation schemes for the Wishart Stochastic Vola-
tility mode

We now have to prove that @ is strictly positive. The claim follows? by using the fact that 6 is

the trace of the product of positive semi-definite matrix SQ '@ and the positive definite matrix
00 T

Jo~ exp (uM) exp (uM ") du.

From (19) we see that x € Ry as soon as 0 < w

0)—0 = < 1, with 2 possible cases:

- if V(t) — 0 > 0, it must hold § < Tr [['(7) + SO(7)] < V(¢t),
- otherwise 6 > Tr [I'(7) + SO(7)] > V(t) > 0.

In order for the condition to be fulfilled for any 1" > t, we can require the function
g:7— Tr[[(7)+ pO(71)]

to be monotone in [0,00). We indeed have that V(0) = Tr[['(0)+ £O(0)] and 6 =
lim; o0 Tr [I'(7) 4+ BO(7)]. It is easy to check that E(7) = E[X(T)|2(t)] = T'(r) + pO(7) is
solution of the first order, linear inhomogeneous matrix ODE

E(r)=ME(r)+ E(r)M" +8Q"Q (21)
with E(0) = X(¢). Differentiating (21) we obtain
E(r)= ME(r) + E(r)M "

with initial condition E(0) = MX(t) + 2(t)M " + BQTQ = F. Following standard variation of
constants arguments, we have

E(1) = exp(TM)Fexp(tM"). (22)
This in turns means that the derivative of function g can be written as

%9(7) =Tr [E(T)} =Tr {]-"exp(TMT) exp(TM)]| . (23)

As shown in Wang et al. (1986), for any real symmetric matrix A and B € S (R), the following
inequality holds

aq Tr[B] < Tr[AB] < a; Tr[B]

where a; is the i-th largest eigenvalue of A. Applying this result to (23) we get the sufficient condition
for the monotonicity of g(7) in terms of definiteness of F. We see, indeed, that if F is (positive or
negative) definite, the derivative of g is bounded to be always positive or negative - depending on
the sign of the eigenvalues of F - on the interval [0, c0). O

Unfortunately, since we deal with traces of matrix products, obtaining sharp conditions for the
monotonicity of g is not an easy task. We are able just to provide the sufficient condition claimed,
based on the known (loose) bounds for the trace of the product of two matrices. However, for a wide
range of realistic parameter values we could have that x is still well-defined even if the condition

2Specifically, there is no nilpotent matrix (i.e. with all the eigenvalues equal to zero), except the zero matrix, that can be
obtained as the product of 2 non-negative matrices. Moreover we exploit the fact that if A and B are two non-zero square
matrices such that AB = 0, then both A and B must be singular. Given that fooo exp (uM) exp (uMT) du is positive definite
(indeed, it is the integral of a positive definite matrix), we get the result.
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Figure 1.: Left panel: g(7) in the interval [0, 4] (solid line). It departs from Tr [¥g] (dotted line) for
7 = 0 and converges towards 6 (dashed line) as 7 — +oo. Right panel: derivative of g(7) (solid
line) and its bounds.

on F is not fulfilled. As an example, we consider the parameters set:
0.0298 0.0119
p=11, >0 = [0.0119 0.0108] !

—1.2479 —0.8985] Q= [0.3417 0.3493]

M= —0.0820 —1.1433 0.1848 0.3090

(24)

The parameters are taken from Da Fonseca and Grasselli (2011) with the exception of 5 that we set
higher than 1 in order to deal with a well-defined Wishart process. Interestingly, this is the same
set used in Kang et al. (2017). As shown in Figure 1, the function g(7) is monotonic even if F is
indefinite (its eigenvalues are 0.3106 and —0.0278). From the rightmost panel of Figure 1, it is also
evident that for short time frames, the bounds for the trace of E(7) are not really tight. For d = 2,
this means that if the non-dominant eigenvalue has different sign with respect to the dominant one
but its value is enough close to zero, the sign of the derivative of g(7) is likely not to change.

We now deal with the distribution of the square root of V(7') that can be used, as shown in the
next section, to model the stochastic volatility in a multi-factor extension of the Heston model.

It is possible to recover the probability density of \/V(T') by applying the formula

P (z) = 22 py(7) (xQ) Vz € R,

where the probability density function of V(T), Py(T), can be obtained via FFT or quadrature met-
hods from (13). In Figure 2 we also consider the distribution induced by the two approximations
taken into account. It is worth noting that for the affine transformation approach, there is a discon-
tinuity at the point /g such that for lower values the probability density is zero: the far left tail
of the exact distribution is unattainable and compensated by a corresponding peak in a (positive)
neighborhood of the discontinuity. Our moment-matching approximation, on the other hand, does
not suffer from this drawback by construction (since it has no displacement term) and it is still
capable of reproducing the distributional properties of /V(T'). In particular, our approach gives
an accurate approximation in the right tail of the distribution (comparable to the alternative affine
approximation) while for intermediate values it fails in some extent in reproducing correctly the
peak in the exact distribution. Considering, however, that this is an approximation based simply on
the matching of the first 2 moments of V(T'), a lack of accuracy is somehow expected. Finally, we
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Figure 2.: Comparison among exact probability density function of \/V(T') (solid line), approxima-
tion via affine transformation of non-central chi-square random variables (16) (dashed line) and our
moment-matching approximation (dotted line) for different time horizons.

want to stress that the approximation proposed in Proposition 2.4 is not meant to strictly describe
the distribution of V(T') but rather to provide a simple and reliable tool to map the parameters
that drive the trace of 3(t) to those of a simpler scalar CIR process. In the next section we use
such mapping to develop efficient numerical techniques for models that use y/V(t) to describe the
multi-factor dynamics of asset volatility. Since our main concern in this paper is the pricing of
contingent claims, from now on we assume to operate under a risk-neutral measure as defined in
the standard way.

3. The Wishart Multidimensional Stochastic Volatility model and its calibration

In order to overcome inherent limitations of 1-factor SV models in describing the term structure of
volatility skew, as documented for example in Christoffersen et al. (2009) and Cont and Da Fonseca
(2002), a matrix generalization of Heston model is proposed in Da Fonseca et al. (2008). This is
the Wishart Multidimensional Stochastic Volatility (WMSV) model where the dynamics of the

10
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forward-price of an equity asset is given by

ar) = [T [VEW dBE)],  1(0) >0, (25)

where B(t) is a d-dimensional matrix Brownian such that

B(t)=W(#)R" + Z(t) /1q — RRT, (26)

with Z(t) another matrix of Brownian motions independent of W (t) and R € My(R) that fulfills
the condition Iy — RRT € S:{(]R). This correlation structure is required in order to preserve the
analytical tractability of the model: the WMSV model so defined, indeed, belongs to the class of
affine models in the sense of Cuchiero et al. (2011) and Duffie et al. (2003).

From now on we consider the WMSV dynamics (25) setting d = 2. This is the most common
parametrization appeared in literature and constitutes an adequate balance between parsimony
and flexibility.

In the original paper Da Fonseca et al. (2008), the authors define the stochastic correlation between
the stock noise and the volatility noise in the Wishart model, which is the key ingredient to express
the WMSV model in a scalar form: as we are going to show, this turns out to be extremely useful
in our framework. Before stating this result, we recall an auxiliary Lemma:

LEMMA 3.1 (Lemma 4.6 in Mayerhofer et al. (2011)) Let X (t) be a continuous stochastic process
on 8§ (R) and let h : My(R) — M4(R). Then there exists a scalar Brownian motion wy(t) such
that

Tr / B(X (w)dWV (u) | = / VT [B(X () TA(X (1))l dwn (u)
0 0

holds true.

PROPOSITION 3.2 (Scalar version of WMSV dynamics) Let y(t) = log (f(t)) be the asset log-price,
then its dynamics in the WMSV model can be written as

dy(t) = —%V(t)dt + V() db(t), (27)
V() = (Tr [3QTQ| +2Tr (ML) dt +2¢/Tx [S(1)QT Q) du(®), (28)

where b(t) and w(t) are two scalar Brownian motions with stochastic correlation given by

_ TRQE()]
VTIrE0)] VT [QTQE(1)]

Proof. See (Da Fonseca et al. 2008, Appendix A). Notice that standard [t6’s lemma immediately
implies that

pw (t) (29)

dy(t) = —%V(t)dt +Tx [/S0) dB(1)] (30)

and applying Lemma 3.1 we get

Tr {\/E(t) dB(t)] = /Tr [(0)] db(t) = /V(t) db(2).

11
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This result highlights also the appealing property that, in the WMSV framework, the correlation
between stock returns and volatility is stochastic.

An important peculiarity of the WMSV model is that, differently than other multifactor extensions
of the Heston model, like the Bi-Heston model in Christoffersen et al. (2009), matrix specification of
volatility factors allows to separately manage and calibrate implied volatility levels and skew thanks
to the presence of non null off-diagonal elements in >y. Let us suppose to fix the elements on the
diagonal of ¥y to match the term structure of implied volatility. We still have the possibility to fit
the skew thanks to the residual elements in >g. This is also confirmed by the analysis performed in
Da Fonseca and Grasselli (2011) where the expansion of model implied volatility for short times to
maturity is found to be

Tr [RQX]

o2 =Tr[S] + v %]

imp

mf

mf> r )
+ (Tr[g]d)? (; Tr {QTQEO} + %Tr [RQ(QTRT +RO)S| - i%g}fﬁ”) a1

where mf = log % denotes the log-forward moneyness. From (31), we can appreciate that the

off-diagonal element 315 does not affect the level of the smile but it has a relevant impact on the
slope of implied volatility.

3.1. Connection with Heston and Bi-Heston model

In this section we study the relationship between the WMSV model and other (simpler) affine
stochastic volatility models, namely the Heston (1993) and Bi-Heston of Christoffersen et al. (2009)
ones. The idea comes from the distributional properties of the trace of Wishart process and its
role in describing the asset volatility. This will turn out to be extremely useful in devising efficient
calibration algorithms. In Section 2 we propose to approximate the conditional distribution of V(7")
by means of a scaled non-central x? random variable and we derive the (T-specific) parameters of
the corresponding CIR process. Therefore, we are ready to approximate the WMSV dynamics by
the Heston one.

DEFINITION 2 (WMSV-Heston mapping) For a fixed time horizon 7', the WMSV dynamics is
approximated by the Heston one

df (t) = f(t)\/o(t) db(t)
dv(t) = k(0 — v(t))dt + ny/v(t)dw(t), v(0) =vy >0

with

vo =V(0), 0=Tr[E], k= L log <E VIDIZO)] - 9) S \/a  Var [V(T)‘Z(OZL]

T (1—a)v(0)+ 26)

Moreover, the asset-volatility correlation is driven by a constant parameter p (in the sense that
db(t)dw(t) = pdt) that is set as

p= Tr [RQZ()] ‘
VT [Zo] ' Tr [Q T Q%]

(32)

12
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Notice that the parameters v, s, 6 and 7 are the ones defined in Proposition 2.4, setting ¢t = 0, while
the right-hand side of (32) is the initial value of the process py (¢). The above definition means that
given a WMSV parameters set 7wy and a time horizon T', we can construct a model approximation
by mapping WMSV parameters into Heston ones. In other words, we define a function ¢7—" :
RM x Ry — R® such that ¢ "W (myw,T) = 7y = [vo,k,0,n,p]T. Here Ny is the number of
parameters in the chosen configuration of the WMSV model'. We refer to function g7~ as the
WMSV-Heston mapping.

From Corollary 2.3 we know that the asset variance in the WMSV model is described by a linear
combination of 2 independent non-central x? random variables. This is the same distributional
assumption underlying the Bi-Heston model proposed in Christoffersen et al. (2009), where the
asset dynamics is the following:

) (\/vl(t)dbl(t) + \/Ug(t)dbg(t))
dvy (t) = K1 (91 — V1 (t)) dt + N1\ V1 (t)dw1 (t), U1 (0) = 0,1 >0 (33)
d”l)g(t) = K9 (92 — ’Ug(t)) dt + n2+/ ’UQ(t)d’U)Q(t), 1)2(0) = 0,2 >0

with db;(t)dw;(t) = p;dt for i = 1,2 and all other correlation are equal to zero to preserve the affinity
of the model. As shown in Christoffersen et al. (2009), in this model the variance of log-asset price
is the sum of the 2 independent CIR processes

Var [dlog(f(t))] = (vi(t) + va(t)) dt = vpg(t)dt. (34)
Furthermore, the model presents a stochastic asset-variance correlation given by

mpiv1(t) + 772P2U2( )
\/771U1 )+ 7721/2 \/U1 )+ valt

Corr [dlog(f(t)),dvpm(t)] = (35)

In the lights of the analogy between (11) and (34), it could be interesting to find a suitable pa-
rameters set for the Bi-Heston model such that it represents a close approximation of the WMSV
model.

DEFINITION 3 (WMSV-Bi-Heston mapping) For a fixed T > 0, the WMSV dynamics (25) is
approximated by means of a Bi-Heston model (33) whose CIR processes parameters are (for i = 1,2)

_ 1 Gi giki Bn? Dys,, (0)
R ] ), =2, 0= =L 36
LS ) B AR i R S AR

where @; and (; are, respectively, the i-th diagonal elements of matrices Q' ¥¢Q and Q'I'(T)Q,
2

Q*=Q'Q, and Dys,,(0) = > in(0)Qui Rk

k.h=1

Parameters k;, 0;, and n; directly follow from the representation of the distribution of V(T') as
formulated in Corollary 2.3. More precisely, Corollary 2.3 implies (7)) = &; Xﬁ ( ) Recalling

that we set d = 2, then we can use a moment-matching technique to approximate 3;;(7") with the
CIR process v;(T"), i = 1,2. Reasonably, we set the initial values of variance processes vg; in (36)
to be equal to the diagonal elements of the matrix Q' ¥(Q, i.e. the matrix obtained applying the

IFor example, by considering M, @ and R to be full matrices we have
w = 8,211, Z12, S22, M11, M12, Ma1, Mao, Q11, Q12, Q21, Q22, R11, R12, Ro1, Re2] T and Ny = 16.
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change of basis that diagonalizes ©(T'). The choice of coefficients p; is the most problematic. Not
only because we want to "map" the effect of the 2 x 2 matrix R into just 2 parameters, but also
because there seems not to be an immediate way to link (29) and (35). In Da Fonseca et al. (2008)
it is shown that the covariation between 3; and log-asset price y induced by the WMSV model is

2
dly(t),Zu(t)] =2 Y Ein(t)QriRprdt = 2Dyx,, (t)dt. A tempting solution could be, then, to set p;
k,h=1
as the stochastic correlation between ¥;; and y valued at t = 0:

— DyE”- (0)
VT [Yol/Zii QF

Pi

where we make use of (4) to obtain d[¥;(t), ¥ (t)] = 4%;()Q};dt. However, extensive numerical
experiments provide evidences in favour of the alternative formulation reported in (36). As done
for the Heston model, we can define the WAMSV-Bi-Heston mapping ¢%7 W (mwy,T) = wpy =

n
[v0,1, k1,01, M1, p1, V0,2, K2, 02,12, p2] .

We now want to test the approximations proposed and assess their accuracy. In the first numerical
experiment, we compare the performance of our new methodologies with the second-order price
expansion developed in Gauthier and Possamal (2011). The parameters are those considered in
Gauthier and Possamai (2011):

04 0 -1 0 0.3 0
p=4 20_[0 0.35]’ M‘{o-o.s]’ Q_[o 0.2}’ k=al;

for two different choices of a: 0 and —0.5. The constraint of R to be a multiple of the identity matrix
is, indeed, a strict requirement for the derivation of Theorem 1 in Gauthier and Possamai (2011).
The results corresponding to T'= 1 and r = 3% are shown in Figure 3. In the simple case of zero
asset-volatility correlation (leftmost panel), all the methodologies considered work extremely well
for any level of moneyness. Introducing a negative correlation, though, we notice a deterioration in
the accuracy of the second-order expansion for deep in-the-money options (rightmost panel). On
the other hand, the Heston and Bi-Heston approximations are still hardly distinguishable from the
true values. Another advantage of the new approaches proposed is their extreme simplicity: we just
need to price options in well-known affine models, while the formula in Gauthier and Possamal
(2011) requires to compute several integrals of (products of) exponential and hyperbolic functions
of matrix argument. Additionally, if used to tackle the calibration problem, our techniques lead
to the explicit computation of the gradient of the objective function. This topic will be further
extended in the next section. Moving towards more challenging parametrizations, we investigate
the dataset (24) coupled with matrix

~1—0.2243 —0.1244

r= —0.2545 —0.7230

as originally calibrated in Da Fonseca and Grasselli (2011). In this case, the approximation in Gau-
thier and Possamai (2011) is no longer applicable since R # ally. On the contrary, our methodologies
do not suffer from this limitation and we report the results in Figure 4 for different time horizons.
As we consider longer maturities, not surprisingly, we experience a worsening in the accuracy of
both approximations. The (full) matrix structure of WMSV parameters is too complex to be enti-
rely captured. Notwithstanding, the smile generated by the Bi-Heston approach is still reasonably
in line with the WMSV values: in the worst-performing case (T' = 2 years) the mean absolute error
in volatility terms over the range of moneyness [40% — 140%] is 0.9%.
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Figure 3.: Implied variance smiles for the WMSV (Exact), the second-order expansion in Gauthier
and Possamai (2011) (GP), our Bi-Heston (BH) and Heston (H) approximations. Left panel a = 0,
right panel a = —0.5. Here f(0) = 100 and the z-axis corresponds to the strike price.

3.2. Characteristic function and calibration to market prices

Given the affinity of the WMSV model, it is possible to express the characteristic function of
log-prices y(T') as the exponential of an affine combination of state variables y(t) and X(t). In
particular the closed formula for the characteristic function is derived in Da Fonseca et al. (2008)
where the resulting matrix Riccati equation is solved via linearization technique. Without entering
into technical details (for which we refer the interested reader to the original paper (Da Fonseca
et al. 2008)) we focus our attention on the formula as presented in the following proposition.

PROPOSITION 3.3 ( Characteristic function of log-price in the WMSV model (Da Fonseca et al. 2008))
Let the log-forward price y(t) be described by (30) and X be an auziliary real variable (different from
those used above). Then for T > t, the WMSV (conditional) characteristic function of y(T') admits
the following closed formula representation

¢y (A7) = Efexp (tAy(T)) [y(8)] = exp (Ay(t) + Tr [Ay (1) Z(1)] + by (7)) , (37)
with the deterministic matriz Ay(7) and the scalar function by(T) given by

B

Ay(r) = A22(T)_1 Ao (1), by(r) = ) Tr [log(A22(T)) +7(M + L)\QTRT)} ,

and

{AH(T) Alg(T):| — exp <T [M + L)\QTRT _QQTQ :| )
Az1(7) Aza(7) AT, (M + QTR

Given the availability of a closed formula for the characteristic function of y(7"), we can price plain
vanilla options through efficient numerical techniques. However, from a computational point of view,
a direct application of (30) for calibration purposes could turn out to be highly cumbersome. Firstly
because we are required to compute several functions of matrix argument each time, and secondly
because the corresponding optimization problem would present a multiplicity of local minima and
a strong dependence on the starting point. It is also important to point out that, as stated in
Da Fonseca and Grasselli (2011), the use of existing approximations (both in terms of price and
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Figure 4.: Implied variance smiles for the WMSV (Exact), Bi-Heston (BH) and Heston (H) ap-
proximations for different time horizons. Here f(0) = 100 and the z-axis corresponds to the strike
price.

implied volatility) is likely to be restricted to narrow ranges around the at-the-money level. In the
light of the above, then, efficient calibration of the WMSV model is still an open problem that could
severely limit the real-world application of the model.

To overcome such limitations, we propose a fast and accurate calibration procedure that relies on
the model approximations developed in Section 3.1. We start by illustrating the properties of the
optimization problem. Let C(K,T') be the market price of a call option struck at K with maturity
in T years and CMedel(z K, T) be the corresponding price obtained via the chosen model with
(model-specific) parameters set w. We formulate the calibration problem as an inverse problem of
the form

min" 1fobj () (38)

where Ny is the dimension of the parameters set and fy; is the so-called objective function, i.e. the
metric that defines the distance between market and model values. Several specifications for fu;
can be used and it is well understood that they can lead to quite different results. In our approach
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we follow Da Fonseca and Grasselli (2011) and define

fobj(ﬂ) = Z

s=1

(39)

Yo [ OModel (K, T) — C (Ko, Ts)

< Ws ) ’
that is, we consider the sum of the square weighted difference between model and market values
over a set of Ng quoted instruments. The weights wg can be chosen in order to put more emphasis
on a certain subset of options (in terms, for example, of liquidity, moneyness or time to maturity).
In the following we consider ws to be the inverse of (squared) Black-Scholes vega computed with
respect to the s-th market option price. This choice of weights put more emphasis on short dated
OTM options that otherwise would have almost no influence in the calibration procedure.
Defining the (weighted) residuals 74(w) = (CMo% (n K, T;) — C (K, Ty)) /ws, the calibration
problem can be written as

iy 3 fy () = min 55(m) ¥ () (40)

with #(m) € RY:. Furthermore, let JM%l(7) = Vi(mw)" € RN¥=*N: he the Jacobian matrix of the
residuals vector () with elements

0 10

Irs o, s(m) wg 0T,

cMedel (n Ky, Ts), (41)
then the gradient of the objective function is given by V fo; = JM°4 () #(7r). Usually, for many
financial models the gradient of fy; is computed numerically by, for example, finite differences,
thus requiring a large number of function evaluations. There is, however, a noticeable exception:
Cui et al. (2017) exploit an alternative representation of the Heston model characteristic function
to obtain the analytical gradient of the price of a vanilla option with respect to model parameters
(with our notation, this means that J () can be computed explicitly, where H stands for Heston
model). The resulting calibration algorithm is extremely fast and robust.

We propose to combine the algorithm in Cui et al. (2017) with the model approximations develo-
ped in section 3.1. In other words, we transform, by parameters mapping, the WMSV calibration
problem in a simpler one for which we are able to compute the gradient of the objective function in
closed formula. The resulting procedure has two inherent advantages from a computational point
of view: firstly we replace the WMSV characteristic function with a less computational demanding
one; secondly we reduce the number of function evaluations (we do not need to approximate the
gradient via finite differences). More importantly, by letting the exact gradient to drive the optimi-
zation routine, we are able to rapidly identify a suitable parameters set in the (high dimensional)
search space.

We show how to compute the gradient of the objective function. Let us consider firstly the WMSV-
Heston case: the (transformed or approximated) calibration problem can be written as

T ~

LR (g1 W () T E(g

) 1 .
min §fobj(ﬂ'w): min  —¥(g

H—W(
™Tw ERNw ™w ERNw 2

™w)),

where, for simplicity, we suppress the time dependency.! By chain rule, we have that the Jacobian
matrix of residuals with respect to WMSV parameters is given by

IV (ww) = T W (mw) T ("W (ww)), (42)

1We remark, however, that the computation of function h must be performed for any maturity in the calibration basket.
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Table 1.: Calibration on February, 3 2016 with
the WMSV model over a full set of DAX Euro-
pean call options.

B>0 B>1
Parameter 15t step 2" step 15t step  27¢ step
B 0.3612 0.3287 1.0403 1.0405
11 0.0639 0.0653 0.0789 0.0794
Y12 0 0.0105 0.0056 0.0038
Y22 0.0237 0.0213 0.0004 0.0003
M1 -0.9879 -1.0793 -0.6561 -0.7020
M2 0 -0.8468 0.0904 0.0893
Mag -1.3541 -1.4760 -0.9001 -0.9895
Q11 0.4639 0.4060 0.2647 0.2703
Q12 0 0.1623 -0.0220 -0.0198
Q21 0 0.4097 0.0351 0.0317
Q22 0.4590 0.4763 0.0976 0.0879
Ri1 -0.6618 -0.7280 -0.7267 -0.7056
Ri2 0 -0.1718 -0.0082 -0.0090
R21 0 0.6232 -0.0308 -0.0277
Raa -0.6272 -0.5645 -0.5881 -0.5293

Error Price  4.52E-06 2.45E-06 6.34E-06 3.19E-06
Error Vol 6.16E-05 2.85E-05 2.32E-04 2.14E-04
Time (s) 1.93 24.33 3.01 13.42

As in Da Fonseca and Grasselli (2011) Error Price stands for
the Mean Squared Error (MSE) in price normalized by the for-
ward price and Error Vol denotes the MSE in implied volatility.
The part 8 > 0 shows calibrated parameters for the case with
no constraints on parameter 3, while the part 5 > 1 reports
values of parameters obtained imposing the condition of exis-
tence and uniqueness of a weak solution to SDE (1). Columns
“15¢ step” refer to intermediate results obtained via Bi-Heston
approximation, while columns “2"¢ step” report the final out-
put of calibration routine computed via WMSV characteristic
function.

where J# is known thanks to Cui et al. (2017). The matrix J7=W (my,) = Vg =W (my) € RNwx5

is the Jacobian matrix of function g =" with respect to WMSV parameters, with elements
jHriw = Lgﬁiw(ﬂ-W)? (43)
q? aﬁw,q

that, as shown in Appendix A.2, can be computed in closed formula. Analogously to the general
case, finally, it holds that V fo; = JV (ww)F (g7~ (7).

Straightforwardly, we can apply the same methodology in conjunction with the Bi-Heston approxi-
mation. In Appendix A.3 we show how to extend the approach in Cui et al. (2017) to compute the
gradient of Bi-Heston call options with respect to model parameters.' We then couple the matrix
JBH with the map ¢B7~W to write, as in the previous case:

IV (ww) = TP (@ ) JPH (P (e, T)), (44)

where, once more, JP#~W can be obtained in closed formula (see Appendix A.4).

In the light of the evidences shown in the previous section, we decide to implement the Bi-
Heston approximation when it comes to calibrate the WMSV model to market data. Nonetheless,
we are confident that both methodologies can be helpful in understanding the role of WMSV
parameters and performing models comparisons in the spirit of Da Fonseca and Grasselli (2011).

LAs far as we know, this is the first time that such a result is derived. It provides an efficient tool to calibrate Bi-Heston
parameters to market data.
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Figure 5.: Calibration results for the WMSV model. Resulting value for parameter § is 0.3287.
Implied volatility surface obtained with the set of calibrated parameters (left) and comparison with
market implied volatility for selected tenors (right).

We devise a 2 steps calibration procedure: initially we make use of WMSV-Bi-Heston mapping to
tackle the simplified calibration problem and obtain a robust guess of the optimal parameters. In
the second step, we consider this parameters set as the starting point of the standard calibration
algorithm based on the pricing of vanilla options via WMSV characteristic function (37). This
can be interpreted as the “fine-tuning” phase in order to further improve the accuracy achieved.
By starting from a robust initial guess, we expect the algorithm to converge after few function
evaluations. In this step, we implement the so-called COS method (Fang and Oosterlee 2008). This
approach basically exploits the relation between the characteristic function and the coefficients of
the Fourier cosine series expansion of the corresponding probability density function.

In Table 1 we test the proposed algorithm on the calibration of WMSV parameters to market prices
of 182 European call options written on DAX index as of February 3, 2016. We here consider matrix
M to be symmetric: this choice is motivated from the fact that the resulting WMSV model embeds
an higher degree of tractability. As shown in Gauthier and Possamai (2011), for example, in this
setting it is possible to compute explicitly the expected value of integrated variance, thus opening
the way to consistent pricing of volatility derivatives.

Calibrated parameters are shown in Table 1 - case 8 > 0. As we can see, the Bi-Heston step takes
less than 2 seconds.? It is worthwhile noting that the resulting parameters matrices are all diagonal.
This is, however, not the standard case. In the second step, the fine-tuning effect is quite relevant:
the diagonal elements are very close to those found with the Bi-Heston mapping while the off-
diagonal ones are set so that the accuracy is significantly improved (both mean squared errors in
price and volatility terms are roughly halved). The efficiency of the overall procedure can be also
inferred from the fact that the second step takes only 24.33 seconds. In comparison, the calibration
procedure fully based on the WMSV characteristic function would take roughly 250 seconds. Figure
5 shows results of calibration procedure in terms of corresponding implied volatility surface and
absolute error with respect to market values.

We see that apart from very short dated far from the money options the WMSV model can fit
the market surface quite well. According to the evidences in Da Fonseca and Grasselli (2011) the
resulting value of parameter [ is strictly lower than 1. In light of what we have shown in Proposition
2.1 the conditions for the existence and uniqueness of solution to SDE (1) are consequently not
satisfied. This is a crucial restriction specifically when we use calibrated WMSV model to price

2The algorithms are implemented via Matlab code on a laptop PC with an Intel Core i7 CPU and 8 GB RAM.
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Figure 6.: Calibration results for the WMSV model when S > 1. Resulting value for parameter
B is 1.0405. Implied volatility surface obtained with the set of calibrated parameters (left) and
comparison with market implied volatility for selected tenors (right).

derivatives for which we need to rely on simulation methods (which is of course the main interest
for a structuring team dealing with realistic applications). Even if we use an unbiased (or yet
exact) method to simulate the Wishart process, we would not have any chance to consider the
corresponding process as an approximation of the original SDE (1). A remarkably exception is the
work of Gnoatto and Grasselli (2014b), where authors calibrate to FX smiles a model of Wishart
stochastic volatilty-type where the Wishart factors are projected by means of constant matrices and
find a value of g = 3.1344 > 1 in the two-dimensional case. The model of Gnoatto and Grasselli
(2014b) is a modification of the standard WMSV studied here.

If our goal is to use the WMSV model in a Monte Carlo framework, then, we need to impose at least
condition (7) that in the case d = 2 corresponds to 3 > 1. We then perform the calibration of the
WMSV model over the same market set with the additional constraint on parameter 5. As far as
we know this is the first attempt to deal with such a constrained problem in a real market context.
Once more, we implement the two steps procedure described above. The conclusions about the
algorithm efficiency are the same: the combined approach significantly reduces the computational
time required: the overall procedure takes now just 16 seconds. The mechanics is also very similar:
the first step fastly produce a robust guess while the final step act as a targeted adjustment devoted
to the enhancement of calibration accuracy. Also in this case, indeed, the calibrated parameters are
very close to the outcomes of the first step. The output of the calibration routine is shown in
Figure 6. By a direct comparison with Figure 5 we can easily see that the additional constraint on
parameter 8 has not a negligible impact. In particular the accuracy for short dated far-from-the-
money options is quite worsened.

4. New simulation schemes for the WMSYV model

In this section we propose two new simulation algorithms for the WMSV model. The basic idea of
our new schemes is to exploit the exact simulation method for the Wishart process developed in
Ahdida and Alfonsi (2013) to sample the WMSV log-price process (25). From now on, indeed, we
assume to have a collection of IV simulated trajectories of the Wishart process over the time grid
0=ty <ty <..<tpy, =T obtained via the exact scheme in Ahdida and Alfonsi (2013). For
simplicity, we also consider a uniform time step A = T'/Mp = typ41 — tp, for m = 0,1, ..., Mp — 1.
The extension of such a scheme to the WMSYV case is not however a trivial task since there is not
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an immediate way to reconstruct the correlation structure between the Wishart process and the
asset price. We are not able then to substitute (26) into (25). This is a direct consequence of how
the sampling procedure works: rather than simulating directly the desired Wishart process, the
procedure is based on a sort of "bottom-up" approach. Basically the infinitesimal generator of a
canonical Wishart process is found to be given by the sum of commuting operators associated to
simple SDEs. Then any admissible Wishart process is linked to the canonical one through a law
identity. This means that we need to simulate just the SDEs whose generators are linked to the one
of the canonical Wishart process. As a consequence, we do not have a matrix of Gaussian variables
W used in (26) to discretize the trajectory of the asset price.

A method to circumvent this problem is proposed in Kang et al. (2017) where the Wishart process
is sampled exactly with the aforementioned technique and then the log-price is sampled from the
conditional distribution Fy()s(r)(y; s) = Pr [y(T) < y|X(T) = s] that is retrieved numerically from
the conditional characteristic function of y. However, even if formally correct, this approach turns
out to be unfeasible in our case and in general when the construction of an entire path of y is
needed. It requires, indeed, the evaluation of special functions of matrix argument at each step of
the sampling scheme.

We instead start form the intuition that the dynamics of V(t) itself can be used to link (25) and
(1) in a proper way. Let us combine (27) and (29) to rewrite the scalar dynamics of y(t) as

dy(t) = —%V(t)dt + V() <pW(t)dw(t) /1 pgv(t)dz(t)> (45)

with z(¢) a scalar Brownian motion independent on w(t). This will be the starting point of the two
new simulation schemes we propose.

4.1. Stochastic Integral Approximation

For the first approach, that we call the Stochastic Integral Approzimation (SIA) scheme, we focus
on the integral form of (45),

t+A t+A
v+ =y =5 [ Vst [ o) VVEdu()

t+A
+ /t V(1= 22 (s)V(5)dz(s). (46)

In the discretization of (46), the time integral that involves V can be approximated as in Andersen
(2008) by

t+A
| Vs = AV + v+ )

where we can set, for example, 1 = ps = 0.5. By [t6’s isometry we also have

[ ooz~ w (o [0 i) )

where the variance of the Gaussian random variable can be approximated as above. The only
non-trivial term in (46) is the stochastic integral with respect to w. Unfortunately, there is no
possible way to formulate this integral in terms of the dynamics of V. This is due to the fact that
the stochastic component in (28) involves the trace of a matrix product of ¥(¢) that cannot be
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decomposed as the product of the traces. However we can make use of the CIR approximation we
devised in the previous section: if we write

dV(t) ~ k(0 — V(t))dt + ny/ V() dw(t) (48)

with parameters k, 8 and 7 given in Proposition 2.4, we obtain

/H—A VV(s)dw(s) = 1 <V(t +A) = V(t) — kOA + ,'-Q/H_A V(s)ds> . (49)
¢ n t

Let V(t) and V(t + A) be the realizations of the trace of Wishart process for two adjacent time
points as sampled with the scheme devised in Ahdida and Alfonsi (2013), we propose the following
discretization scheme for the log-price in the WMSV model:

Tt +A)=7(t) + Ko (t) + K1 () V() + Ko () V(t + A) (50)

K (8) (1) + Ky () Vit + A)E (51)

with Z a random number sampled from a N(0,1) and coefficients

Ko(t) = =" 2w (o). 52)
N e (53
Kat) = o (Spwte) = 5 ) + P00 (54
Kalt) = m (1= 3 (1) (59
Ku(t) = 1 (1= i1+ A) (50

where we perform the freezing of py (s) to write

t+A t+A
/t ow () V() duw(s) ~ pw (1) / VV(s)du(s). (57)

This can be justified, as we will see, from the fact that the proposed scheme is mainly devoted to
sampling the trajectories of y over fine time grids. The complete scheme is illustrated in Algorithm
1.1

4.2. Gaussian Variable Approrimation

We also present a simpler simulation technique, indicated as Gaussian Variable Approximation
(GVA) scheme, for the discretization of (45). Given a discrete trajectory of V, the Euler approxi-
mation of (45) reads

Jt+A) =7g(t) - %%)A + VP0G + 1/ (1 - p21) V(1) (58)

IMatlab code is available at: http://www1.mate.polimi.it/~marazzina/ WMSV.htm
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Algorithm 1 The Stochastic Integral Approximation (SIA) scheme for the WMSV model

1: Set T' > 0, compute parameters x, 6 and 7 as in Proposition 2.4 conditionally on X
with 7 =T

2: for each simulation trial n, n =1,..., N do

3 Initialize ¥(0) = X

4 Initialize 5(0) = log (f(0))

5: for each time-step t,,, m =0,..., M7 —1 do

6:

7

Compute pyy (t,) as given by (29)
Sample the Wishart process for a time step of A with initial state X (¢,)
using the scheme in Ahdida and Alfonsi (2013)

8: Compute pyw (tm, + A) as given by (26)

9: Compute coefficients Kg (ty,) , ..., K4 (tn) as in (52)-(56)
10: Draw z ~ N(0,1)

11: Discretize (46) by means of (51)

12: end for

13: end for

Algorithm 2 The Gaussian Variable Approzimation (GVA) scheme for the WMSV model

1: for each simulation trial n, n =1,..., N do

2 Initialize ¥(0) = X

3 Initialize (0) = log (£(0))

4: for each time-step ¢,,,, m =0,...,Mr —1 do

5: Compute pw (t,) as given by (29)

6 Sample the Wishart process for a time step of A with initial state S (tm)
using the scheme in Ahdida and Alfonsi (2013)
Approximate the Gaussian random variable w by means of (59)
Draw z ~ N(0,A)

: Discretize (45) by means of (58)
10: end for
11: end for

where w is the Gaussian random variable that would drive the discretization of (28) and Z is a
Gaussian random variable with variance A and independent on w. By exploiting the sampling
technique in Ahdida and Alfonsi (2013) to get X(¢) and X(¢t + A), we can use (28) to obtain an
approximation of w. Indeed, it holds that

Vit + A) — V(t) ~ (Tr [ﬁ QTQ] 2T [Mi(t)]) A 42,/ Tr [i(t)QTQ} @, (59)

from which we can easily retrieve the value of w. Finally we can plug w into (58) to discretize the
path of 3. The complete procedure is summarized in Algorithm 2.!

The resulting scheme is easy to implement and well suited for any application that requires to
discretize the price process over a tiny time grid.? The two schemes proposed share the remarkable
property that, thanks to the scalar representation, we can avoid the generation of d?> — 1 additional
random variables for the dynamics of y with an evident reduction of complexity burden.

IMatlab code is available at: http://www1.mate.polimi.it/~marazzina/ WMSV.htm
2As for example exotic options embedded in structured products with daily (or continuous) monitoring of underlying asset
price.
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Table 2.: SIA and GVA schemes, T'= 0.5

Strike Reference No. of MC Confidence Interval Error
Value time steps estimates (95%)

SIA
5 30.6724 30.6229 - 30.7218 0.09%
3 10 30.6646 30.6149 - 30.7142 0.06%
K =10 30.6457 50 30.6662 30.6167 - 30.7158 0.07%
100 30.6590 30.6094 - 30.7086 0.04%
5 71378 7.1130 - 7.1626 0.22%
B 10 7.1431 7.1182 - 7.1679 -0.14%
K =100 71533 50 7.1468 7.1220 - 7.1716 -0.09%
100 7.1384 7.1135 - 7.1632 20.21%
5 0.1934% 0.1885 - 0.1984 2.91%
3 10 0.1932% 0.1883 - 0.1982 2.83%
K =130 0.1879 50 0.1928 0.1878 - 0.1976 2.63%
100 0.1902 0.1853 - 0.1951 1.22%

GVA
5 30.3723% 30.3245 - 30.4201 0.80%
B 10 30.4949% 30.4460 - 30.5438 -0.49%
K =10 30.6457 50 30.6256 30.5759 - 30.6752 0.07%
100 30.6425 30.5928 - 30.6922 0.01%
5 6.9307% 6.9149 - 6.9646 2.99%
B 10 7.0432% 7.0182 - 7.0682 -1.54%
K =100 7.1533 50 7.1290 7.1039 - 7.1541 -0.34%
100 7.1449 7.1198 - 7.1701 -0.12%
5 0.2211% 0.2158 - 0.2264 T7.66%
3 10 0.2069% 0.2018 - 0.2119 10.09%
K =130 0.1879 50 0.1955% 0.1906 - 0.2005 4.03%
100 0.1919 0.1869 - 0.1968 2.12%

4.3. Numerical comparison

We perform extensive numerical tests using the set of calibrated parameters obtained imposing
B > 1 and reported in the rightmost column of Table 1. The exercise considered is the pricing
of European call options with moneyness in the range {70%, 100%, 130%} and maturities varying
from 6 months up to 3 years. Additional data: spot price equal to 100 and r = ¢ = 0. In Tables 2-4
we report the prices of European call options obtained with the new simulation schemes proposed
for the WMSV model. We set the number of simulations to 2 x 10° and we exploit the antithetic
variates as a variance reduction technique. Reference values are computed via COS method. The
asterisk means that the corresponding reference value lies outside of the 95% confidence interval.

Despite the limited number of simulated trajectories, the proposed algorithms generate estimates
in strict accordance with true prices. The only noticeable inconsistencies concern the SIA scheme
for long-dated options (7" = 3). We would like to stress that the SIA scheme exploits the CIR
approximation (48), therefore it is not an exact simulation scheme.

By comparing the accuracy of the schemes, two facts clearly arise: when we consider coarse time
grids, the STA scheme significantly outperforms the GVA scheme. This is particularly true for shorter
time horizons (i.e., the 6 months and 1 year case). On the other hand, as we shrink the temporal
mesh size, the latter converges faster to the true price, especially for in-the-money and at-the-money
options. In the lights of these evidences, the choice of the optimal scheme should be made by taking
into account also the designated time framework (both in terms of overall horizon and step width).
From a computational point of view, both schemes allow to deal with the discretization of WMSV
asset price very efficiently: as shown in Table 5, for example, we are able to simulate 2 x 10° price
trajectories with a time step of 7//100 in no more than 21 seconds.! With such a time frame we
get an error lower than 1% in all but 4 cases. A comparison between the two rows of Table 5 also
reveals that the SIA scheme is, on average, 20% — 30% slower than the GVA one.

To conclude, both SIA and GVA schemes turn out to be efficient, fast, and simple to implement.

LAll tests have been carried out on a laptop PC with an Intel Core i7 CPU and 8 GB RAM. Algorithms are written in Matlab
code and then compiled as MEX files to achieve better performances.
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Table 3.: SIA and GVA schemes, T =1

Strike Reference No. of MC Confidence Interval Error
Value time steps estimates (95%)
STA
5 31,6804 37,6207 - 31,7401 0.08%
3 10 31.6918 31.6319 - 31.7518 -0.04%
K =10 31.7060 100 31.7411 31.6811 - 31.8011 0.11%
200 31.7176 31.6575 - 31.7776 0.04%
5 9.4650% 9.4318 - 0.4981 0.86%
B 10 9.4833* 9.4499 - 9.5166 0.67%
K =100 9.5468 100 9.5265 9.4930 - 9.5598 -0.21%
200 9.5170 9.4835 - 9.5504 0.31%
5 0.8633 0.8508 - 0.8756 0.01%
3 10 0.8600 0.8476 - 0.8724 0.37%
K =130 0.8632 100 0.8670 0.8546 - 0.8794 0.44%
200 0.8667 0.8542 - 0.8791 0.40%
GVA
5 31.0741% 31.0163 - 311319 T.99%
3 10 31.4158* 31.3564 - 31.4753 -0.92%
K =10 31.7060 100 31.6605 31.6000 - 31.7209 -0.14%
200 31.7077 31.6472 - 31.7682 0.01%
5 9.1286% 9.0950 - 9.1621 138%
B 10 9.3591% 9.3252 - 9.3929 -1.97%
K =100 9.5468 100 9.4983* 9.4644 - 9.5321 0.51%
200 9.5413 9.5074 - 9.5751 -0.06%
5 0.9204% 0.0163 - 0.9425 7.66%
3 10 0.9113* 0.8984 - 0.9241 5.57%
K =130 0.8632 100 0.8677 0.8553 - 0.8801 0.52%
200 0.8726 0.8602 - 0.8850 1.09%
Table 4.: SIA and GVA schemes, T'= 3
Strike Reference No. of MC Confidence Interval Error
Value time steps estimates (95%)
SIA
10 34.6550% 315661 - 347438 051%
3 50 34.6935* 34.6042 - 34.7827 -0.40%
K =10 34.8315 100 34.6752* 34.5858 - 34.7645 -0.45%
300 34.7400* 34.6505 - 34.8294 -0.26%
10 15.3455% 15.2837 - 15.4074 T139%
B 50 15.3723* 15.3103 - 15.4342 -1.22%
K =100 15.5618 100 15.3645* 15.3026 - 15.4264 1.27%
300 15.4141% 15.3521 - 15.4761 -0.95%
0 1.80270F 18531 - 4.9317 2.45%
3 50 4.8928% 4.8538 - 4.9319 -2.44%
K =130 5.0151 100 4.8828* 4.8439 - 4.9217 -2.64%
300 4.9053* 4.8663 - 4.9442 2.19%
GVA
0 34.3504% 349505 - 344414 1.38%
B 50 34.7785 34.6872 - 34.8697 0.15%
K =10 34.8315 100 34.7414 34.6502 - 34.8326 -0.26%
300 34.8476 34.7564 - 34.9387 0.05%
10 15.2804% 15.2255 - 15.3534 T75%
3 50 15.5349 15.4713 - 15.5986 20.17%
K =100 15.5618 100 15.5441 15.4809 - 15.6073 20.11%
300 15.5508 15.4875 - 15.6141 0.07%
10 5.0217 1.9814 - 5.0619 0.13%
B 50 5.0407 5.0009 - 5.0804 0.51%
K =130 5.0151 100 4.9960 4.9567 - 5.0353 -0.38%
300 5.0144 4.9750 - 5.0538 20.01%

Thanks to the underlying Wishart process sampling Ahdida and Alfonsi (2013), moreover, they do
not pose any restriction on variance process parameters. Therefore these simulation schemes can
be consider to price, as an example, European and exotic derivatives via Monte Carlo simulation

in the WMSV framework.
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Table 5.: Average computational time as
function of the number of time steps.

Time steps 5 10 50 100 200 300
SIA (s) 1.02 1.96 10.45 21.01 42.24 63.77
GVA (s) 0.79 1.57 8.50 16.99 35.01 51.39

The number of simulated paths is fixed to 2 x 10°.

5. Concluding Remarks

The matrix structure of Wishart-based stochastic volatility models provides a remarkable degree
of flexibility in describing the evolution of asset(s) volatility. Realistic implementations, though,
require the development of specific numerical techniques in order to deal with the inherent level
of complexity. In this article we have shown, leveraging on a thorough analysis of distributional
properties of Wishart process, some possible solutions intended to make this class of model more
suitable for real market applications. Accordingly, we hope that our contribution will increase the
interest of researchers and practitioners towards matrix-variate stochastic volatility dynamics.
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Appendix A: Heston and Bi-Heston approximation of the WMSV model

In this section we present the auxiliary results needed to obtain the (semi-)analytic formulation of
the gradient of call option prices when the WMSV model is approximated by the Heston or the
Bi-Heston model.!

A.1. The Heston model case: the approach of Cui et al. (2017)

The characteristic function of log-asset in the Heston model with parameters set wyg =
[vo, k, 0, 0, p]T has been deeply studied in Cui et al. (2017), where authors analyze, in terms of
numerical continuity and easy differentiability, different representations of the Heston characteris-
tic function. At the end of their analysis, the authors propose the following representation, which
comes out to improve stability and lack of discontinuities with respect to the alternative formula-
tions, and it is easily differentiable:

gzﬁf()\,T) = exp (L)\y(O) - @L)\T — A + 2,20D> (A1)
o

o

with

A= %, Ap = (A% + 1)) sinh (dI;T> , A = dp cosh <dI;T> - ersinh <d};T> ’
2

T

B dyes
=4

B , D=log(B), dH:\/e%{—i—a?()\Q—i—L)\), ey = K — OpLA.

In particular, it is possible to compute (semi-)analitycally the derivatives of call options model
prices CH(my, K,T) with respect to model parameters. Let VC (7w, K,T) be the gradient of

IMatlab code is available at: http://www1.mate.polimi.it/~marazzina/ WMSV.htm
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CH(mwy, K, T) with respect to 7y, then the following holds

VCH (g, K, T) = & (/w&e (KMquf()\ - L,T)) X — K/Ooa% (KL/\ngf(A,T)) dA)
0 0

T LA LA
(A2)
where VoI (A, T) = ¢ (X, T)h(A), h(A) = [A1(A), ..., hs(N)] T with clements
hi(\) = —A, (A3)
hz(A):;LO)\%EJriZ +jfggf— epLUAT, (A4)
ha(\) = ii;”D - “p;AT, (A5)
ha(\) = fvg% - ‘%‘) 0_22’;’;{ <%‘if = f‘i%‘f) + KQZ;AT, (A6)

The derivatives appearing in (A3)-(A7) can be easily obtained from the definition of involved
quantities. We refer to the original paper (Cui et al. 2017) for their exact formulation.

A.2. Jacobian matriz of mapping between WMSV and Heston parameters

Let g/ _W(ﬂ'w, T') be the mapping presented in Section 3.1 between the WMSV and Heston para-
meters. Without loss of generality we consider d = 2 and assume matrix M to be symmetric. For
a fixed T' > 0 we have (from Proposition 2.4 and (32)):

vo = Tr[¥], 0= —gTr [M_IQTQ] , K= —j_log(

EV(D)EQ®)] - 9)
V(i) — 6 ’

_ [Veb@E@l  T(RQR
ar((1—a)V(t)+%0) VT [Zo]V/Tr [QTQZ0]
where we simplify the formula for 6 by exploiting the cyclic property of the trace, the symmetry of
M and the fact that éM‘leO‘SM is a primitive of e®*M .

We now show how to compute the elements of matrix JZ =W () defined by (43). Firstly, we recall
a useful Lemma about the differentiation of matrix exponentials with respect to scalar parameters:

LEMMA A.1 (Wilcox’s formula (Wilcox 1967)) Let A = (auj) be a square matriz of arbitrary order
whose elements are functions of (at least) one scalar parameter p. It holds that

;p exp(TA) = /OT exp((1 — u).A) Aj, exp(uA)du (AB)

/! aaij
where Ap = < o )

From Van Loan (1978), we know that integrals like (A8) can be computed via matrix exponentiation:

let C be the block matrix C = (“3 “i%) and D = exp(7C) = <D6’1 g;'z), then integral in (AS8) is
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given by D1 o.

Let us now consider the matrices Ay = (_éw %;9) and By = exp(TAw) = (B(l)’l g;;) From
Van Loan (1978), it holds that I'(7) = BQTQ Y Byo and O(1) = B2T72 By 2. For the g-th parameter in

dA w w
D11D12

Ty we set Cyy = (AOW g ) and Dy = exp(7Cy) = ( o pi ), then from (A8) and Van Loan
(1978), we have that " '

8 831,1 BBLQ
omw,q 0w q

e exp(TAw) = D}/VQ = v aB‘;VQ . (A9)
P 0 Tre

Let e;j = (Lrp=it=j)1<p p<q for 1 <i,j < d form the standard basis of Mg4(R). We can finally write

or(r) T OT(r) 0Bj, 0B3 2
82¢j 22 €ij 222 8M,~j aMij 22+ 2 2 aMw
00(7) _ 0B T OBy 90(7) _ v OBy

- + b - )
8Mij OMU ’ 2,2 aMi]’ OQU 2,2 8QU

since B;2 =exp(TM ).

JH—W(

Let 6;; be the Knonecker’s delta, after some algebraic manipulations, the elements of W)

can be computed as follows:

avo 5 @ _ _1 —1nT 00 _ é —1T
azij = (S’Lja EYE =73 Tr |:M Q Q:| ) aMz’j =3 Tr |:M eij M Q Q:|
do Tr [O(7)] + dy 28 doTr |90 4y 5,
Bl :_gTr[M,l (ein_*_QTeij)}’ e ) L85 o _ [az”} a
8Qij 2 ’ ap dodaT 821‘3‘ dodaT
ok dTl“[ }+d18879“ or BdgTr[ Q()}—&—dlage
aMij N donT ’ aQU d0d2T ’

oy 2aTr[0%(r)] — Var[V(T)|S(0)] & o _ 4a Tr [%1;(;)@(7)] — Var V(T)[Z(t)] 55~

op N 27)@2 ’ 82” 21’]C_L2

oy AaTx (D7) + BO(r) a2 +6(r) G| — Var (1) IS (0)] 52

- ’

OM;; 2na?

oy 4aTr [(0(7) + B6(r) FAT| = Var V(T)[(1)] 4

GQU N 277@2 ’

dp [ Tr[RQe;] Tr[X]Tr [QTQeij] + Tr [QT Q] 6y

0%, \ Tr[RQY) 2Tr ] Tr [QT QY] P

dp Tr [Re;;Y] Tr [RQX] Tr [QTeijZ] op  Tr [eUQE]

0Qi; Tr[X]Tr[QTQY] ST \/m OR;  Tr[RQY]”
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with

a (1= a)V(t) + 56)

do = V(0) — 0, dy=E(T)[] —V(0), dy=E[V(T)S] -0, a= .

All the missing elements of JZ~W (my,) are equal to zero.

A.3. The Bi-Heston model case: new formulation of log-asset characteristic function

We now extend the approach in Cui et al. (2017) to the Bi-Heston model (Christoffersen et al.
2009) with parameters wppy = [mr1, TI'Q]T and 7; = [vo4, Ki, Ui, 04, pi] for i = 1,2. We simply need to
recognize that the Bi-Heston characteristic function corresponds to

(3

2
i0ipi 2k;0;
OfH()\, T) = exp <L)\y(0) — Z uL/\T — 00,4 + " Di> (A10)

2
ag; o
i=1 L

where all the terms involved are defined as in the Heston case provided that we use the corre-
sponding i-th subset 7r;. The last step, namely the computation of VCPH (wpy, K, T), follows
straightforwardly by noting that each component of the summation in (A10) does not depend on
subset 7r; for j # i. Following Cui et al. (2017), we have

BH 1 > K gy

vC (TFBH,K,T):; </0 §R< B V(f)y ()\—L,T) dA
o0 K*L}\ BH

K| R (=5 Vey (A T) ) dA (Al1)

where V(A T) = ¢/ (A, T)h(N), h(A) = [hi(A), he(N)]", with hi(A) = [hi(N), -oos hs (V)]
defined in (A3)-(A7) for i =1,2.

A.4. Jacobian matriz of mapping between WMSV and Bi-Heston parameters

Let ¢gBH =W (my,,T) be the mapping presented in presented in Section 3.1 between the WMSV
and Bi-Heston parameters. Here we show how to compute explicitly the elements of matrix
JBH -w (WW)-

As done for the Heston case, we consider d = 2 and assume matrix M to be symmetric. For a fixed
T, Bi-Heston parameters are given in (36). Further, let Q be the orthogonal matrix that diagonalizes
O(T), that is Q' O(T)Q = & = diag [e1, g2] With g1 > 2 (i.e. with eigenvalues sorted in descending
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order). By direct computation the following holds for i, j, k = 1, 2:

G . [ rol(r) ¢ 007 + Or(7) + 00 )
o5 - 9 o 2 o, |\ onr, Fme+e ont, 29 L) oM, ) )
9Gi _(3QT T 09 ) ] dvo,i T
=T Nro+9'r ii| = =Tr|Q" ejr Qe ,
ank ' L aQ]k (T) (T) aQ]k ¢ (9ij 8 [ Cik € ]
Ovoi _<3QT T 0Q > } vy i [(aQT T 09 ) }
=T YoQ+9 X il s = =T Y0Q+Q X i |
oMy, ' [\ OMy, ° 0 OM ‘ 0Qjk ' 0Qjk 0 0 0Qjk ¢
8/@ o 1 1 8?}011‘ _ l 8@ 8/@ - 1 L 81)07@' _ l 8@
8Ejk - t 7)072' 823’]4 Cz 82jk ank - t ’Uoﬂ‘ 8Mjk CZ 8Mjk ’
6/@-

B < 1 duo; 1 0G > o mi (14 tki —e™) O,
0Qjk 00, 0Qjk G OQ k) 0Yjk 2k (1 —etri) 0%’

8777; _@ l 381' 4 i_}_ t 8/@ am’ _@ l a&i i i_}_ t 3/61'
ank 2 Ei ank Ki 1 — ethi ank ’ 8Q]k 2 Ei ank Ki 1 — eth: 8Q]k ’

S

Ok ik %iazjk a mazjk B B’

00; _ 0; (2,% on; - OK; )7 00; _ 0; <2Ki817¢ . OK; )7
OMji, K OMjy, OM;; 0Qjr K 0Qjk 0Qij
Op1  (QuiR21+Q21Ro2) Y12 Op2  (QioRi1+Q22R12) Y1

)y ’ by
0% \/ 11+Q3, %7, 0%2. \/ QF,+ Q355 %3,

Opi Xy Opi  Op1 Qa1 (Q21 (R11¥11 + Ro1X12) — Qu1 (R12%1,1 + RopX12))
0¥1o Y120%; 0 N 3/2
1,2 1,2 02444 Q1,1 ( %’1 +Q§’1) S14

dp1 _ Q1,1 (Q11 (R12X11 + RopX12) — Q21 (R1121,1 + R2,1%12))

)

0Q2,1 ( %,1 R Q%J)S/? 1 ’
dp2 _ Q22 (Q22 (R11X12+ R213¥22) — Q12 (R12¥12 + R22%922))
0Q1 2 (Q%,Q N Q%’2)3/2 S ’
Op2 _ Q12 (Q12 (R12¥12 + Roo¥o2) — Qoo (R11¥12 + Ro1X¥22))  Opi Qri Xij

3/2 ’ o :
0Q22 (Qig i Q%,z) S ORjy, / %Z + Q%,i S

For the sake of simplicity, we left unspecified the derivatives of matrices £ and Q with respect to
WMSV parameters. These quantities can be easily computed from the definition of the matrices
involved with the help of a computer algebra system like, for example, Mathematica. Even in this
case, missing elements of JBH =W (7ry,) are equal to zero.
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