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Abstract

We analyze the asset manager’s portfolio problem when he is remunerated through a High Water Mark incentive fee
and a management fee, and the assets under management are characterized by in/outflow of funds as a function of the
performance of the fund with respect to a benchmark. Once we solve numerically the investment problem, we show that
the presence of a flow fund induces risk in excess in case of a High Water Mark defined on the pure performance of the
fund. Instead a High Water Mark defined on the assets under management leads to a more prudent investment strategy.
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1. Introduction

Since the pioneering contribution of Merton on the
intertemporal optimal investment problem [10], the lit-
erature on portfolio choices has grown up significantly.
In this paper we analyze the asset manager’s portfolio
problem when he is remunerated through a High Water
Mark (HWM) incentive fee and a management fee and
the assets under management (AUM) are characterized by
in/outflow of funds as a function of the performance of the
fund with respect to a benchmark. We study the impact
of the flow of funds on the investment strategy concentrat-
ing our attention on excess risk taking with respect to the
benchmark and to the investment strategy without flow of
funds.

Analyzing this problem, we contribute to two fields of
research: the intertemporal portfolio problem with a non-
linear remuneration scheme, and the analysis of the effect
of the in/outflow of funds on the asset manager’s invest-
ment strategy.

We consider two different types of HWM remuneration
schemes: a contract where the HWM is defined on the
performance of the fund depurated by the in/outflow of
funds, as it is in the habit of the hedge fund industry, and
a contract where the HWM is defined on the AUM in-
cluding the flow of funds. Once we solve numerically the
optimal investment problems, we show that the first type
of contract induces the manager to take risk in excess with
respect to the second one, to the benchmark and to the
optimal strategy without flow of funds for a large set of pa-
rameters. Instead, a HWM remuneration scheme defined
on the AUM induces the manager to take an investment
strategy that is intermediate between the benchmark and
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the optimal strategy without flow of funds. Also the com-
position of the remuneration scheme influences the man-
ager’s portfolio choice: the risk attitude of the manager is
positively affected by the HWM fee and negatively affected
by the management fee.

The asset manager’s investment problem significantly
differs from the one of the private investor. As a matter of
fact, the asset manager’s objective function is not related
to its wealth but to the AUM and to the performance of
the fund. In most of the cases, the remuneration of the
manager is made up of two components: a management
fee, which is proportional to the AUM, and an incentive fee
which is nonlinear in the performance of the fund. These
features of the remuneration scheme of the manager sig-
nificantly affect the investment strategy, see [3, 4, 8]. The
practice in the hedge fund industry is to consider a man-
agement fee and a HWM incentive fee, see [6, 9, 11]. These
papers show that the optimal investment strategy depends
upon the termination clause of the fund/outside option
for the manager. Assuming that the fund is liquidated
only in case the AUM reach the zero level or by an ex-
ogenous event, [11] shows that the investment strategy is
of a constant weight type with a significant risk exposure;
considering a liquidation triggered by a threshold on the
fraction of the AUM over the HWM, the manager tends to
reduce the risk exposure which turns out to be increasing
in the ratio AUM/HWM, see [6, 9]. In this context, the
risk neutral asset manager defines the investment strategy
balancing the risk of an early termination in case of a poor
performance (downside liquidation risk) with the benefit
from the continuation provided by the management and
the incentive fees.

The literature on asset management and flow funds is
rather limited. We refer to [2], where authors assume that
the asset manager maximizes the expected utility associ-
ated with a management fee related to the AUM by the end
of a finite horizon. In/outflow of funds is modeled assum-
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ing that the AUM by the end of the horizon are multiplied
by a parameter that is positively and nonlinearly affected
by the performance of the fund with respect to the bench-
mark. They obtain results similar to those obtained with a
nonlinear remuneration scheme showing risk shifting when
the performance of the fund runs behind the benchmark,
but the exposure does not become unbounded when the
performance deteriorates significantly as in the case of an
option like remuneration scheme [4].

The effect of the in/outflow of funds on the portfolio
problem of an asset manager remunerated through a HWM
contract has not been fully analyzed yet, for the empiri-
cal evidence see [5, 12]. [6, 9] consider a constant rate of
outflow: [6] shows that the investment in the risky asset is
increasing in the withdrawal rate, the rationale of this re-
sult is that a higher withdrawal rate reduces the revenues
from the management fee leading to a higher risk appetite;
[9] also assumes that there are fund inflows whenever the
AUM exceed its HWM. This inflow leads to an increase
of the investment in the risky asset, the rationale of this
result is that the inflow in case of a good performance
increases the AUM size providing an option like remuner-
ation (via the management fee) which induces a higher risk
exposure.

Note that [6, 9] do not model the in/outflow of funds
through the relative performance of the fund with respect
to a benchmark. This represents a strong limit of their
analysis: as a matter of fact, although the incentive fees for
hedge funds are defined in terms of absolute performance,
the flow of funds is related to the relative performance of
the fund with respect to its peers or to a benchmark. In
this paper we address this point modeling the in/outflow of
funds in continuous time as a linear function of the instan-
taneous performance of the fund compared to that of an
exogenous benchmark. We confirm several results already
obtained in [6, 9] and we provide some new insights. Over-
all we show that the manager’s risk attitude in case of a
HWM fee defined on the performance of the fund is higher
than in case of a HWM fee defined on the AUM. The first
type of contract leads to excess risk taking with respect to
the benchmark and to the optimal strategy without flow of
funds for a large set of parameters. The latter type of con-
tract leads to an investment strategy that is intermediate
between the optimal strategy without flow of funds and
the benchmark. Analyzing the optimal investment strat-
egy with respect to the composition of the remuneration
scheme, we observe that the risk attitude of the manager
is positively affected by the incentive fee and negatively
affected by the management fee. All these results can be
rationalized according to the trade-off between the liqui-
dation risk and the continuation benefit.

These results show the potential negative effect that
comes from a combination between a non well designed
HWM contract and flow of funds. As a matter of fact,
we may consider that the investor looks for an aggressive
strategy by a manager of a hedge fund and therefore we
may consider as “expected” the risk taking level obtained

without flow of funds, instead the extra component that
comes from the flow of funds is not welcomed by investors
subscribing the fund and therefore in “unwanted”.

The paper is organized as follows. In Section 2 we
present our model, the HWM contracts and the optimiza-
tion problem. In Section 3 we state the Hamilton-Jacobi-
Bellman (HJB) equation related to the value function.
Finally, in Section 4 we analyze the optimal investment
strategies.

2. The model

We consider a continuous time economy where agents
trade a risk-free asset and a risky asset. The prices of
the two assets evolve as follows: dB(t) =rB(t)dt, B(0)=
By, and dS(t) = pS(t)dt + oS(t)dZ(t), S(0) = Sp, where
i, 7 and o are positive constants such that p > r and
Z(t) is a one-dimensional Brownian motion on a complete
probability space (2, F, P). We denote by F = F; the
P-augmentation of the filtration generated by Z(¢).

Asin [6, 9, 11], we assume that the asset manager is risk-
neutral. We distinguish the evolution of the AUM (W (t))
from the evolution of the fund on a solo basis (F'(t)). The
difference is provided by the in/outflow of funds that de-
pends on the relative performance of the fund with re-
spect to an exogenous benchmark Y (¢) (a management
style benchmark for a hedge fund). In the rest of the pa-
per we refer to F' as fund performance and to W as AUM.
We assume that W(0) = F(0) = Y(0). The benchmark
evolves as follows

Ay (1) = Y (1) [(1 — By + ﬁu] dt +Y(t)o BdZ(L),

where § is the benchmark (constant) weight.
Let 6(t) be the fraction of funds invested in the risky
asset at time ¢. The fund performance evolves as

dF(t) = F(t) [(1 —0())r + e(t)u} dt + F(t)od(t)dZ(1).

To have a well-defined problem, we require the usual as-
sumption fOT (O(t)F(t))* dt < +oo for any T > 0. W(t)
depends on the in/outflow of funds which is described by
a linear function of the instantaneous relative performance
of the fund with respect to the benchmark

dW (t) = W) [(1 = 0(t)r + 0(t)u|dt + W (t)ad(t)dZ(t)

dF(t)  dY(t)
+W(t)n(F(t) - Y(t)) — ()

where 7 provides the intensity of the flow-fund and the
missing term depends on the definition of the remuneration
scheme.

The manager’s remuneration scheme is composed by a
management fee (a constant fraction of AUM) and a HWM
incentive fee. In what follows we consider two different
types of HWM contracts: the first one comes from the
practice in the asset management industry and defines the



remuneration as a function of the maximum of the perfor-
mance of the fund depurated by the in/outflow of funds,
i.e. F(t); the second one defines the remuneration with
respect to the maximum of the AUM, i.e. W (¢), including
performance and in/outflow of funds. In the following, we
refer to these contracts as the pure performance running
maximum (P) and the assets under management running
maximum (AUM), respectively.

Let us consider first the pure performance running max-
imum HWM contract. HWM remuneration schemes are
defined with respect to the maximum of the performance
of the fund (F(t)). Introducing that state variable ren-
ders the analysis quite complicate: to maintain analytical
and numerical tractability, we follow [6, 9] and we design
the HWM as the maximum of the AUM W (t) corrected
for the flow funds. To this end, we denote our reference
variable as H(t) (running maximum) which evolves as fol-
lows: for W (t) < H(t), dH(t)=W (t)n (dﬁgt)) - d;f(g)) : for
W(t)>H(t), H(t)=W(t). This law of motion mimics the
evolution of the running maximum of the performance of
the fund: an increase of the AUM due to the inflow of

funds also increases the running maximum and therefore
it is neutral in terms of incentives.

The fund manager maximizes the expected net value of
future fees that are paid in continuous time. The manage-
ment fee is represented by a fraction a of W (t), the HWM
component is due when W (t) > H(t) and is provided by a
constant k multiplied for the increase in the running maxi-
mum depurated for the instantaneous in/outflow of funds.
We assume that the remuneration is provided by a convex
combination of the two components with weight x € [0, 1]
for the HWM fee. In this framework, the AUM evolves as

dW (t) = W) [(1 = 0(t)r + 0(t)u|dt + W (t)ob(t)dZ (t)

+W(t)n( F) Y(t) > (1 —x)aW(t)dt
dFt

“5))

As in [6, 9, 11], we assume that the fund can be liqui-
dated exogenously or endogenously. We denote by 7 the
termination time of the fund. The exogenous termination
is fully described by a Poisson process of parameter A > 0.
The fund will be terminated endogenously the first time
that the AUM touch the liquidation threshold which is
defined as a fraction of ¥ 77> i.e. the fund is liquidated if

W (t) falls to a fraction b of H(t). More precisely, we set
7 = min{r°, 71}, where we denote by 7° and by 7! the
stopping times for the exogenous and the endogenous ter-
mination, respectively, i.e. 7% is the first time that the
Poisson process jumps and 71 = inf{t : W(t) < bH(t)}.
We also assume that the manager can’t reinvest the fees
in a private fund and discounts future revenues at the rate

v > 0. The manager’s objective function is of the form

/OT e " {(1 - x)aW

ok (dH(t)-W(t)n(dlf((t’;) _ ‘i,y(g)» }+e—WV(7) .

V(W(0), H(0)) = max E (t)dt

Upon endogenous/exogenous termination, the manager re-
ceives an outside option, i.e. a fraction of the HWM [6]:

V(r)=cH(r), 0<c¢<b. (1)

Since W(t) > bH(t), the value of the above payoff is
smaller (or equal) than the AUM at termination W (7).

Let us now consider the AUM HWM contract. In this
case, the definition of H(t) is H(t) = maxs<, W(s) and
therefore, if W (t) < H(t), then dH(t) = 0. The objective
function becomes

V(W(0),H(0)) = max E l/OT e " {(1 — x)aW (t)dt

+xkdH(t)} +e 77V (1)],

and the AUM evolve as

dW () =W @) [(1 = 0(t))r + 0(t)p]dt + W (t)ob(t)dZ(t)
+ W(t)n(cgét)) - d;li?) — (1 —z)aW(t)dt — xkdH(t).

3. The value function

We start analyzing the pure performance running max-
imum HWM contract. We study the behavior of the value
function in the region {W(t) > H(t)}. Note that in this
region H(t) = W(t). Using the continuity of the value
function before and after the adjustment of the HWM,
following [9, Appendix A], we obtain

xk Vv (H

(), H(t)) = zk + Vu(H(), H(1)).  (2)

Then we deal with the region {W(¢) < H(t)}, where

dH(t)=W(t)n (dlf(%) - d}zf(gf))) In this case the following

HJB equation for V- = V(W, H) holds true: for any H >
0, W e (bH, H)

O=—(7—|—/\)V—|—)\V—|-m9ax{VWW[r—(l—x)a (3)
+ (1 +n)(p—7)0 —nB(pn— T)} + VaWn(u —7)(0 — B)
+ %VWWUQW2 [0(1 ) — nﬁ] g %VHH02W2772(0 —pB)?

+ Vi Win(o — 8)[6(1 +7) - ] } (- )aW,



with boundary conditions given by (1)-(2), i.e.

Vu(H,H)

VOH H) =V =cH, Vig(H.H) =1+ "2

We would like to stress that the optimization problem is
time-homogeneous due to the memory-less property of the
exponential arrival time of exogenous liquidation.

A similarity reduction can be applied to simplify the
problem. In fact, as in [9], we can exploit an homogene-
ity property to simplify (3). More precisely, assuming
V(W,H) = Hf(w), with w = " equation (3) becomes

0=—=(y+A)f+Ae+(1— x)anrméix{wf’ [7*7(1 —)a
+(L+n) (- 7‘)9—776(/1—7“)} +n(p—r)(0 — B)w(f —wf’)
430707 00+ — wn)—nB(1 — )}, (1)

Yw € (b,1), with boundary conditions f(b) = ¢, and
(1+xk)f'(1) — f(1) = k. Assuming that there exists a
solution to the maximization problem with the right con-
cavity, i.e. f” < 0, we derive the optimal strategy

o — (r — p) (qwf(w) + wf'(w)(1 4+ n — wn))
o2w? f(w) (141 — wn)?
L MBA—w)
1+n—wn

(5)

An analytical solution of this ordinary differential equa-
tion is not available. Therefore, we use an iterative nu-
merical algorithm, based on a finite difference scheme, to
compute the optimal strategy 7 and the value function
V. We refer to [1] for details. A verification theorem can
be proved following [11, Appendix A].

Considering the assets under management HWM con-
tract and recalling that dH(t) = 0 in the region W (t) <
H(t), equation (4) becomes: Yw € (b, 1)

0=—(y+ A f+Ae+(1 — x)aw—l—meax{wf’ [r—(l —x)a

1 2,2 ¢l 2
+(+n)(p = r)f-nb(u— 7")} +5o WS [9(1 +n) - 776}
and, assuming that f” < 0, the optimal strategy is

1in@5‘ f@)ur)

wf”(w) o2
4. The optimal investment strategy

(6)

*
GAUM =

First of all, we analyze the optimal investment strat-
egy associated with the two incentive fee remuneration
schemes assuming a liquidation threshold at 0 (b = 0) and
a strictly positive liquidation threshold (b > 0). In Figure
1 we plot the optimal strategies 6}, 6%, defined in (5)
and (6) as a function of w. Note that the two strategies co-
incide for n = 0. As a reference, we also plot the optimal

)

—T

investment strategy defined in [11], i.e. Toa)e?

with

* —
Opw =

g Y TAFT AT VO+A+r+m)2—dr(y+ )

2r ’
and 7 = 1 “;T)z, which is optimal in case of no liquida-
tion threshold (b = 0), no management fee (¢ = 0) and no
flow of funds (n = 0).

The strategy presented in [11] is of a constant weight
type, but it is characterized by a significant risk exposure.
Instead, the strategies associated with our two incentive
fee remuneration schemes are not constant, but depends
on the fraction w = W/H.

We observe that the optimal strategy depends on the
definition of the HWM contract. A contract with a maxi-
mum defined on the AUM (8%,,,,) leads to a strategy that
is less aggressive than the one obtained in case of a contract
defined as a pure running maximum on the performance of
the fund (0%). The rationale of this result goes back to the
trade-off between downside liquidation risk and the benefit
from continuation: in case of a pure running maximum the
flow of funds doesn’t affect the maximum and therefore the
future remuneration from incentive fees is less risky than in
case the flow of funds is included. Therefore, the manager
takes a more aggressive strategy with a pure running max-
imum incentive fee than in case of a remuneration scheme
where the maximum depends on the in/outflow of funds.

The optimal strategy depends upon the endogenous lig-
uidation trigger. Comparing the two plots of Figure 1 we
observe that manager invests in the risky asset more in the
case of liquidation trigger posed at zero (b = 0) than in the
case of a strictly positive liquidation trigger (b > 0). The
rationale is that going from b = 0 to b > 0 the downside
liquidation risk increases leading to a smaller risk expo-
sure. The increasing shape in case of a strictly positive
liquidation trigger can be explained through the trade-off
between the liquidation risk and the remuneration associ-
ated with a continuation: next to the threshold the liqui-
dation risk is high and therefore the manager reduces its
risk exposure.

We now turn to a comparative statics of the optimal
investment strategies. We limit our analysis to the case
b >0, ¢> 0. In Figure 2 we compare the optimal strate-
gies 0% defined in (5), and 6%, defined in (6) with the
benchmark’s strategy S and the HWM optimal investment
strategy obtained in case of no flow of funds (n = 0).

First of all we provide a comparative statics analysis
with respect to the parameters z, b, ¢, Figure 2.(a), (b),
(c), respectively. Increasing the weight of the HWM fee
with respect to the management one (increasing xz), the
asset manager adopts a more aggressive optimal invest-
ment strategy. This result can be rationalized observing
that the management fee component of the contract is lin-
ear on the AUM, instead the HWM incentive fee is an
option like component. As a consequence, when the latter
component becomes more important with respect to the
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Figure 1: Optimal strategy 6*. Parameters:
b=c=0 (left) b= 0.7, c = 0.4 (right).
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Figure 2: Optimal strategy 6* in w = 0.8. Base parameters: » = 0.02, p = 0.06, 0 = 0.5, v = 0.04, A = 0.05, n = 1.2, 8 = 0.75, k = 0.4,

a=0.04, 2=05,b=0.7,c=04
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Figure 3: Optimal strategy 0* in w = 0.8. Base parameters: r = 0.02, . = 0.06, 0 = 0.5, v = 0.04, A = 0.05, 8 = 0.75 (left) 8 = 0.1 (center)

B =0.5 (right), k= 0.4, a = 0.04, z = 0.5, b= 0.7, c = 0.4

first one the asset manager takes more risk. As far as b
and c is concerned, we observe that as b decreases, the
downside risk decreases and therefore the investment in
the risky asset increases. The opposite effect is observed
for ¢ that determines the scrap value in case of endoge-
nous/exogenous termination: when the termination value
increases, the manager increases the investment as the pos-
sibility of an endogenous termination is not so unpleasant.

Figures 3 and 4 describe the role of 1 on the optimal
strategies for different values of the benchmark g. The

first figure shows that the optimal investment strategy in
case of a HWM defined on the AUM (67%,,,) tends to the
benchmark as the flow fund effect increases. This conver-
gence effect does not hold on 6%. Figure 3 also shows the
convergence of the optimal strategies to the case without
flow of funds when 1 — 0: the convergence can be from
above or below, and can also be non monotonic in case of

%, depending on the value of the benchmark. Figure 4
confirm the convergence to the benchmark for the 0%,
strategy. Figure 4 provides the optimal strategies varying
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Figure 4: Optimal strategy 0*. Base parameters: r = 0.02, p = 0.06, 0 = 0.5, v = 0.04, A = 0.05, 8 = 0.5 (left) 8 = 1.5 (center) 8 = 0.2

(right), k=04, a =0.04, 2 = 0.5, b= 0.7, c = 0.4.

the benchmark and the optimal strategy for n = 0: in
the first case the optimal strategy for n = 0 intercepts the
benchmark, in the second case it lies below the benchmark
for all values of w, in the third case it is always above.

It turns out that the strategy 0%, always lies between
the benchmark and the optimal investment strategy for
n = 0. As 7 increases, the benchmark role increases and
0%y tends to 5. So we can conclude that thanks to the
flow of funds a HWM defined on the AUM induces the
asset manager to take a less extreme investment strategy.
On the opposite, the strategy 6} is characterized by a
higher risk exposure than that of the optimal investment
strategy for 7 = 0 unless in case of a low b or 5. In the
case of higher (lower) risk exposure the phenomenon is
amplified (dampened) as 71 increases.

These results show the potential negative effect that
comes from a combination between a non well designed
HWM contract and the flow of funds. We may assume
that an investor looks for an aggressive strategy by a man-
ager of a hedge fund but we may consider as “expected”
risk exposure the risk taking level obtained without flow
of funds, and “unwanted” the extra risk taking exposure
that comes from the flow of funds.
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