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1 Introduction
The need for improving plant availability and the present energy

production situation require constantly enhanced performance for
nuclear power plants (NPPs), along with an increasing ability to
follow grid demands [1]. In this context, the control of nuclear
reactor plays a fundamental role in order to improve the plant-
operational flexibility. This can be obtained by employing inno-
vative control techniques made available due to the significant
developments of digital instrumentation & control (I&C) technol-
ogy in last decades. On the other hand, these techniques require
a more accurate modeling approach, which may provide more de-
tailed information regarding neutron flux, temperature, pressure,
and mass flow rate used for diagnostics and fault detection during
operational transients [2]. The latter aspect is of particular interest
for innovative reactor concepts; for instance, Generation IV reactors
[3] are characterized by power density and temperature ranges
(experienced by structural materials) such that the corresponding
spatial dependence cannot be neglected.

In the light of the previous considerations, it is of primary im-
portance to rely on simulation tools devoted to the control system
development for both its realization and validation by means of an
accurate description of the reactor-controlled response. Different
from a system code or dynamic tools for safety study, a simulation
tool for control purposes has to fulfill some typical requirements. In
particular, fast-running simulations, a comprehensive representation
of the entire plant behavior, and the possibility to couple the plant

dynamics simulator with the control system model are the main re-
quests. In order to accomplish these goals, among the several mod-
eling options, the object-oriented modeling constitutes a suitable
choice for the model-based control design due to the features of this
approach (i.e., the hierarchical structure, the abstraction, and the en-
capsulation), which allow developing a model that satisfies the
requirements of modularity, openness, and efficiency [4]. A viable
path to achieve the aforementioned objectives is by adoption of the
Modelica language [5]. Introduced in 1997, Modelica is an object-
oriented modeling language specifically designed for the study of
engineering system dynamics in the control field [6]. Modelica is
declarative, as it focuses on what the model should describe, leaving
the numerical issues entirely to the compiler. Modelica is equation-
based as it facilitates the system description in terms of physical/
engineering principles (i.e., mass, energy, and momentum balance
equations), implementing sets of differential algebraic and discrete
equations. These features allow acausal modeling (i.e., the direct
use of equations without imposing the classic input/output declara-
tion), granting a more flexible and efficient data flow [6]. Finally,
Modelica favors the physical modeling (i.e., the model components
correspond to plant components); it is open source and has already
been successfully adopted in different fields, such as automotive,
robotics, thermohydraulic, and mechatronic systems, and as well as
the nuclear simulation field [7–9].

As far as the reactor neutronics description is concerned, point
kinetics (PK) [10] is commonly employed in control-oriented tools.
This lumped parameter approach describes the time dependence of
the neutron population in the reactor and relates it to the flux by a
constant of proportionality (single-energy group approximation).
The approach neglects the spatial dependence of the variables, such
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groups and eight groups of precursors, has been considered, and
can be written as
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Fig. 1 ALFRED subchannel adopted as a case study

Table 1 ALFRED fuel pin parameters

Fuel pin design parameter Value

Average pin power, kW ≈13.7
Coolant inlet temperature, °C 400
Average coolant outlet temperature, °C 480
Average coolant velocity, m s−1 ≈1.4
Fuel type MOX
Average enrichment as Pu=ðPuþ UÞ, wt% 25.77
Cladding Ti-15-15
Fill gas He
Active length, mm 600
Cladding outer diameter, mm 10.5
Cladding inner diameter, mm 9.3
Fuel pellet outer diameter, mm 9
Fuel pellet inner diameter, mm 2
Pin pitch, mm 13.86

an assumption being valid if the system reaches the critical state and 
if there are no large localized perturbations [11]. The system reac-
tivity feedback is usually expressed as a linear function of the mean 
values of characteristic temperatures with constant coefficients. 
The resulting model is represented by a set of ordinary differential 
equations (ODEs), which are suitable for control purposes as they 
usually fulfill the mentioned requirements, and they can be easily 
linearized in order to study the system with linear analysis tools. 
Notwithstanding, the adoption of such simplified description pre-
cludes the possibility of exploiting all the capabilities of advanced 
control schemes, limiting the achievable control performance. On 
the other hand, the solution of the time-dependent partial differential 
equation (PDE) related to the neutron diffusion cannot be directly 
exploited for control system studies. Indeed, besides the high com-
putational burden, it does not allow immediately to get the system-
governing dynamics without a proper postprocessing.

It is thus necessary to develop a sufficiently accurate description 
of the reactor core spatial dynamics, preferably based on a set of 
ODEs. One option is to use the modal method (MM) [12], which 
has been proven to give better results than a multipoint kinetics ap-
proach [13]. The MM was theorized in the 1960s, but it was not 
systematically employed for dynamics simulations because of 
the high computational burden for the determination of the higher 
order eigenfunctions. This method allows separating the spatial 
and time dependence of the neutron flux, which can be represented 
as the sum of the eigenfunctions of the neutron diffusion PDE 
weighted by time-dependent coefficients. The eigenfunction calcu-
lation is performed only once as an offline phase of the entire pro-
cedure. The dynamic behavior of the flux is reduced to the study of 
these time-dependent coefficients and can be represented by a set 
of ODEs. Even if the MM has already been proposed for control 
purposes [14,15], the feasibility of its implementation in a control-
oriented simulator has never been systematically studied. In particu-
lar, a generalized multigroup energy modeling necessary for 
studying fast reactor systems, with the direct incorporation of the 
reactivity thermal feedbacks, has never been assessed, along with 
the coupling with a heat transfer model. In the present work, in or-
der to test the capabilities of this method for reproducing the reac-
tivity, the neutron flux shape, and the characteristic temperatures at 
different reactor conditions, the lead-cooled fast reactor (LFR) has 
been considered. Indeed, in this reactor concept, the thermal power 
density and the temperature field assume a particular importance 
because of the corrosion phenomena due to the use of a chemically 
aggressive coolant as lead. Therefore, it is fundamental to evaluate 
the distribution of reactivity thermal feedbacks accurately, so as to 
verify that during the operational transients the technological con-
straints are respected in any part of the system.

The paper is organized as follows. In Section 2, after a brief 
introduction of the LFR system employed as a case study, the 
MM employed for the spatial neutronics simulation is presented 
with the description of the several phases involved in the procedure. 
Section 3 describes the simulation tool developed for the test case, 
with a specific focus on the modal neutronics (MN) and heat trans-
fer components of the object-oriented model. Finally, the simulation 
results are presented in order to test the MM capabilities (Section 4), 
and the main conclusions are outlined in Section 5.

2 Modal Method

2.1 System Description. The Advanced Lead Fast-Reactor 
European Demonstrator (ALFRED) developed within the European 
FP7 LEADER (Lead-cooled European Advanced Demonstration 
Reactor) Project has been employed as a case study [16]. In particu-
lar, a test case involving three fuel pins has been set up and inves-
tigated (Fig. 1). The main fuel pin data are reported in Table 1 [17].

2.2 Procedure Description. In order to describe the neutron 
kinetics, the multigroup diffusion theory [18], with six energy



The MM allows describing the neutron flux as1
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In the MM, the basis functions are the eigenfunctions associated
with the neutron diffusion equation, calculated in a reference
configuration. The eigenvalue problem is
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where the first eigenfunction Ψ1 gives the fundamental flux distri-
bution. The core criticality condition is determined by the inverse of
the first eigenvalue, λ�1. The former equation can be rewritten in the
operator theory fashion as follows
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where L and M operators are the neutronics removal operator and
the production operator, respectively.

In order to transform the multigroup diffusion PDEs into a set
of ODEs involving only the time-dependent coefficient niðtÞ, the
expression of Eq. (4) has to be substituted into Eqs. (1) and (2),
the latter have to be multiplied by test functions and integrated over
the computational domain. As suitable test functions, the eigenfunc-
tions of the adjoint generalized problem associated to Eq. (8), Ψ†

i ,
have been employed as they are related to the neutron importance.
This procedure can be related to a Petrov–Galerkin projection.

The offline procedure to obtain the set of ODEs is the following:

1. compute N eigenfunctions Ψi from Eq. (8)
2. compute N adjoint eigenfunctions Ψ†

i from the adjoint
problem

3. substitute the expression of Eq. (4) into Eqs. (1) and (2)
4. premultiply Eq. (1) by Ψ†

i
and Eq. (2) by Ψ†

i
χ
d

5. integrate over the spatial domain Ω

The number of the adopted eigenfunctions has an impact on the
accuracy of the representation. In general, the higher the number of
the eigenfunctions, the better the dynamic behavior is represented in
case of strong perturbation of the system. On the other hand, a large
number of eigenfunctions entails more computational effort both in
the offline calculation and in the ODE system simulation.

The calculation of eigenfunctions and adjoint eigenfunctions
of the neutron diffusion equation with six energy groups has been
performed through the finite element COMSOL Multiphysics soft-
ware [20] (Fig. 2(a)). The mesh employed (Fig. 2(b)) features a
3D geometry using Lagrangian and linear-order triangular prism
and hexahedral elements. In this way, a good compromise be-
tween numerical accuracy and computational requirements has
been achieved, confirmed by a mesh sensitivity test as well. The

neutronic parameters (V−1;D;Σ
a
;Σ

s
;χ

p
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d
) of the six en-

ergy groups (Table 2) have been assessed by means of the continu-
ous energy Monte Carlo neutron transport code SERPENT [21]
featuring its group constant-generation capabilities. Simulations
have been carried out at different fuel and lead temperatures to de-
rive the trend of the temperature- and density-dependent cross sec-
tions and diffusion coefficients. In the fuel, the dependency of the
macroscopic neutron cross sections on the local temperature and
density has been taken into account, whereas for lead cross sections,
the Doppler broadening effect has been neglected [22], obtaining
the following equations
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The other neutronics parameters, which are calculated at nomi-
nal conditions, are kept constant during the simulations. As far as
the boundary conditions are concerned, the albedo boundary con-
ditions are imposed at the axial and radial boundaries of the
COMSOL model domain, namely

n · ðDg∇ϕgÞ ¼ γaϕg n · ðDg∇ϕgÞ ¼ γrϕg ð11Þ
A “reference model” implementing the multigroup diffusion

equations, Eqs. (1) and (2), has been developed in COMSOL
and coupled with a heat transfer model in order to obtain a reference
solution for the assessment of the MM results both in static and

Fig. 2 (a) First nine neutronics spatial modes (normalized
flux); (b) computational mesh

Table 2 Energy group boundaries adopted in multigroup
diffusion equations

Group Upper boundary Lower boundary

1 20 MeV 2.23 MeV
2 2.23 MeV 0.82 MeV
3 0.82 MeV 67.38 keV
4 67.38 keV 15.03 keV
5 15.03 keV 0.75 keV
6 0.75 keV 0 keV1Although the completeness of the eigenfunctions set is not proved, it is the current 

practice to assume it [19].



dynamic conditions. The reader may refer to Ref. [23] for additional
information on the neutronic input generation, the calculation of the
eigenfunctions, and the “reference model.”

After the Galerkin projection, the ODE system for the time-
dependent coefficients can be expressed, for each eigenfunction, as
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represent the contribution of the ith eigenfunction to
the removal and production operator calculated in the unperturbed
system (i.e., the configuration on which the eigenfunctions are
calculated). These quantities are calculated once in the “offline”
process and are kept constant during the transient simulation. On the
other hand, δL

im
and δM

im
represent the variation of the removal

and the production operators during the transients, for instance, due
to the density and temperature change of the cross sections. Such
effects constitute the reactivity feedbacks, which assume a
particular relevance in the control-oriented perspective. According
to this procedure, the variation is weighted on the spatial basis
functions, which allow accounting the spatial characteristics of
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Fig. 3 Object-oriented model of the test case



the perturbation and obtaining an accurate estimation of the reactivity
evolution. This goal cannot be achieved with a PK approach as the
reactivity variations are uniformly evaluated through the system.

3 Object-Oriented Model
The control-oriented tool of the ALFRED test case has been

developed adopting the object-oriented modeling, based on the
Modelica language. The overall model (Fig. 3) has been built by
connecting different components (i.e., objects described by equa-
tions), through rigorously defined interfaces (connectors) corre-
sponding to the physical interactions occurring with the external
environment or other objects. Dymola (Dynamic Modeling Labo-
ratory) [24] has been adopted as simulation environment because

dedicated libraries of validated models for power plant components
are available. In particular, the two main components are the MN
and the FuelPin_Lead, the latter being the component describing
the heat transfer inside a fuel pin and the surrounding lead. In the
following sections, the components specifically modeled in this
paper (i.e., the MN and heat transfer of the fuel pin) will be de-
scribed in detail, whereas for the most conventional ones (i.e., the
mass flow rate source, and the sink), the ThermoPower library has
been employed [25].

3.1 Modal Neutronics Component. The MN component em-
ploys a kinetics model based on the MM described in Section 2.
In particular, the set of Eqs. (12) and (13) has been expressed in
a general and compact matrix format as
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the spatial basis functions integrated over the zone (not over all
the system as it happens for L

im
and M

im
), considering the temper-

ature constant inside the zone, and consequently, the reactivity
variation. In this way, the calculation of the integral between eigen-
function and its adjoint over the zone can be performed once during
the offline process, and it is kept constant during the transient sim-
ulation. Indeed, this quantity is multiplied by the removal (or pro-
duction) variation, which is temperature and density dependent
(and, therefore, also time dependent). According to this procedure,
δL

im
can be expressed as follows

According to the purposes of this work, the variation of removal 
and production operators is due to temperature and density change 
of material (i.e., the reactivity thermal feedbacks of fuel and lead). 
The temperatures are calculated in the component FuelPin_Lead 
and the information shared with the MN component by means 
of connectors (see Fig. 3).

For the neutronics calculation, the geometry has been divided 
into four radial coarse zones (three for the fuel, inner, central, 
and outer, and one for the lead) and into 10 evenly spaced axial 
zones. For each region, the reactivity insertion is weighted on
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where the Green’s first identity has been applied to the diffusion
operator and, in the final form, the corresponding surface integrals
can be computed only on the radial ∂Ωr and axial boundary ∂Ωa of
the domain. Moreover, the summation is carried out over the zones
in which the domain has been divided.

In a control-oriented perspective, it is fundamental that the model
provides three integral quantities of interest, i.e., the neutron flux,
the fission power, and the reactivity (the white output triangles in
Fig. 3). These quantities are not directly available from Eqs. (16)
and (17), and additional calculations are needed. As far as the power
is concerned, it is provided to the FuelPin_Lead through a connector
in order to calculate the temperature distribution inside the fuel pin.

The neutron flux can be evaluated through the integrals of the
eigenfunctions suitably normalized. Indeed, the eigenfunction does
not report any information about the actual value, the neutron flux
being normalized during the offline computation. The information
can be retrieved by calculating a reference flux ϕref , i.e., referred
to the unperturbed initial condition. In this way, the neutron flux
reads as
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where the constant K is computed with respect to the initial con-
dition Φð0Þ ¼ ϕref .

As far as the fission power is concerned, this value can be re-
trieved from the neutron flux in the fuel zone, previously calculated
for the reactivity feedback assessment
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of the “stable period.” A formulation similar to the reactivity
assessment in transport theory can be proposed [19], exploiting
the choice of the adjoint eigenfunctions as test functions
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According to the MM, Eq. (22) can be formulated as follows
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3.2 FuelPin_Lead Component. The FuelPin_Lead compo-
nent, divided into the FuelPinHT and LeadTube subcomponents,
is devoted to the evaluation of the dynamic behavior of the fuel pin
and lead temperatures. The modeling of the heat transfer is of para-
mount importance as the temperature field appears in the reactivity
assessment (see Eq. (19)). The FuelPinHT component is dedicated
to the heat transfer in the fuel rods, adopting radial regions within
the element. This component has been developed ad hoc in order to
obtain some advisable features (i.e., modularity, reusability, and ef-
ficiency) in an object-oriented perspective. As far as the LeadTube
is concerned, a standard component of the ThermoPower library
modeling the coolant flowing through the core channels (repre-
sented as cylindrical conduits) has been adopted. Hereinafter, the
attention is focused on the FuelPinHT modeling, whereas for the
LeadTube component, the reader can refer to Refs. [9,25].

3.2.1 FuelPinHT Component. As far as the FuelPinHT mod-
eling is concerned, the time-dependent Fourier equation (Eq. (24))
has been applied considering only the radial heat transfer, thus
disregarding both the axial and the circumferential thermal diffu-
sion. The equation has been discretized radially in different cylin-
drical zones and longitudinally in a user-defined number of nodes
(Fig. 4).

dcp
∂T
∂t ¼ ∇ · ðk∇TÞ þQ 0 0 0 ð24Þ

Fig. 4 Axial and radial discretization of the fuel pin

Finally, the reactivity can be monitored both to assess the capa-
bilities of the MM compared with other approaches and to monitor 
this relevant quantity during the simulated transients. The system 
reactivity can be estimated via the inverse method [18]. Never-
theless, this method is not particularly suitable in case of sharp 
time-dependent variation of the reactivity as it exploits the concept



The common discretization procedure [26] is to integrate twice,
first performing an indefinite integration and then integrating from
rin to rout and T in to Tout, which are the inner and the outer radius
and temperature of the considered cylindrical zone, respectively.
After the first integration, the equation reads

dcp
dT
dt

r
2
¼ k

dT
dr

þQ 0 0 0 r
2
þ C

r
ð25Þ

where C represents the constant of the indefinite integration. In or-
der to set a value for the constant, a boundary condition is applied
on the heat flux at rin or rout. In particular, for the inner zone, the
vanishing of the flux at rin is set

q 0 0
f1jr¼rf1;in

¼ −k dTf1

dr

����
r¼rf1;in

¼ 0 ð26Þ

On the other hand, for the other zones, the continuity of the heat
flux between adjacent zones is used for determining the constant.
For example, between two generic adjacent zones, f2 and f3,
it reads

q 0 0
f2jr¼rf2;out

¼ q 0 0
f3jr¼rf3;in → −kdTf2

dr

����
r¼rf2;in

¼ −kdTf3

dr

����
r¼rf3;out

ð27Þ
Usually, in the determination of the constant C, the term in

Eq. (25) involving the time derivative is neglected as this procedure
is normally applied for stationary calculation. Notwithstanding, as
far as dynamics simulation is concerned, the time-dependent behav-
ior is relevant and this aspect cannot be left apart. For example, for
the inner zone f1, the constant C reads

Cf1 ¼ −Q 0 0 0 r
2
f1;in

2
þ dcp

dT
dt

r2f1;in
2

ð28Þ

where the second term from the right allows for the transient behav-
ior of the temperature. For the other zones, it is possible to express
the constant in a recursive way, starting from the C of the inner
adjacent zone

Cf3 ¼ Cf2 þ
�
ðQ 0 0 0

f2 −Q 0 0 0
f3 Þ

−
�
df2cp;f2

dTf2

dt
− df3cp;f3

dTf3

dt

��
·
r2f3;in
2

ð29Þ

The heat equation, after the final integration, reads

dcp
dT
dt

r2out − r2in
4

¼ kðTout − T inÞ þQ 0 0 0 r
2
out − r2in

4
þ C · log

�
rout
rin

�

ð30Þ

As a closure equation for the temperature T, a volume-averaged
expression has been adopted

T ¼ T in − r2out − r2in
8k

�
Q 0 0 0 þ dcp

dT
dt

�

− C
k

�
r2out

r2out − r2in
log

�
rout
rin

�
− 1

2

�
ð31Þ

For each radial zone, Eq. (30) is implemented and discretized in Z
nodes, specifying the material properties [27] and whether it is a
fuel zone or not. In particular, if it is a fuel zone, the power
Q 0 0 0 is provided from the MN component through a connector
(Fig. 3). Once established with the number and the type of the
zones, the modeling is completed specifying the integration con-
stant in a recursive way (see Eqs. (28) and (29)).

4 Simulation Results
The capabilities of the proposed object-oriented tool have been

evaluated in two different kinds of simulation. The first is devoted to
the reactivity evaluation in order to assess how the MN component
can predict the reactivity variation. The model performance has
been evaluated against the reference model (i.e., the multigroup dif-
fusion equations) and the classic PK. The second type of simulation
concerns the dynamic behavior of the system. In particular, the
object-oriented model has been compared to the reference model
during some typical transients, i.e., an enhancement of the lead inlet
temperature and an externally imposed reactivity insertion.

4.1 Reactivity Comparison. One of the main requirements of
a control-oriented simulator is to accurately evaluate the reactivity
variation following a temperature change. Accordingly, the capabil-
ity of the MN component to correctly reproduce this trend has been
assessed in several cases imposing an arbitrary temperature varia-
tion and reporting the reactivity insertion (or extraction) due to the
resulting cross-section variation (see Eq. (19)). As the main purpose
is to assess only the reactivity change, the FuelPin_Lead has not
taken into account, considering the temperature variation as an input
for the MN component.

Regarding the reference model, the reactivity variation has been
evaluated as difference of the first eigenvalues between the unper-
turbed case and the perturbed one. As far as the MN component is
concerned, the reactivity has been evaluated according to Eq. (23).
Eventually, the reactivity value related to the PK has been assessed
in a classic way

ρPK ¼ αf · ðT̄f − T̄f;0Þ þ αl · ðT̄l − T̄l;0Þ ð32Þ
The fuel and lead reactivity coefficients of Eq. (32) have been

obtained from the SERPENT calculation, and the fuel and lead tem-
peratures have been evaluated as weighted average of the temper-
ature profiles of the fuel and lead. Three different temperature
profiles have been studied as test cases in order to underline the
PK limits and the MM potentiality

1. Uniform temperature decrease, ΔTf1 ¼ −50 K, ΔTf2 ¼−50 K, ΔTf3 ¼ −50K, ΔTl ¼ −50 K
2. Temperature enhancement in a single pin and in the fifth

axial slice, i.e., ΔTf1 ¼ þ400 K, ΔTf2 ¼ þ300 K, ΔTf3 ¼
þ200 K, ΔTl ¼ þ100 K

3. Shutdown scenario: all the temperatures are set equal to the
inlet lead temperature (i.e., T ¼ 673.15 K)

In Table 3, the reactivity inserted in the system for each case
and for the three neutronics modeling approaches (i.e., PK, MN
component, and the multigroup diffusion PDEs) are shown. For the

Table 3 Reactivity comparison results for the three cases
studied

Neutronics modeling approach

Reactivity inserted (pcm)

Case 1 Case 2 Case 3

Multigroup diffusion PDEs (reference) 78.4 −25.5 1267.6
Modal neutronics component (MN) 78.8 −25.6 1268.9
Point kinetics (PK) 81 −18.9 1363.8

The presented procedure ensures an extremely high degree of 
flexibility as the user can select the number of the radial and axial 
zones of the fuel pin discretization, optimizing the balance between 
model accuracy and time simulation cost. For the present case, in 
order to be coherent with the neutronics modeling, three zones for 
the fuel have been selected, one for the gap and others for cladding.



MN component, seven eigenfunctions have been employed as
spatial basis.

The results show a very good agreement between the value ob-
tained from the reference model and the MN component, assessing
the desired capabilities of the proposed model. On the other hand,
especially in test cases 2 and 3, the reactivity assessed by the PK
differs greatly from the other values. In particular, case 1 shows that
the PK is able to properly predict the reactivity inserted in the
system whether the perturbation (i.e., the temperature variation) is
uniform. Nevertheless, the temperature evolution in operational tran-
sient is not uniform. Case 2, representing the extreme opposite case of
a strong localized perturbation, is useful to assess the MN capabilities
and the PK limit. Case 3 is relevant because it represents an opera-
tional situation, i.e., all the temperatures are set at 400°C as in shut-
down condition. In this case, the perturbation is neither localized nor
uniform. The PK overestimates the reactivity insertion of almost 8%,
whereas the MN value has a very good agreement with the refer-
ence one.

4.2 Transient Comparison. Another requirement demanded
for a control-oriented simulator is the capability to reproduce the
transient behavior of the main variables of interest (first, the power
but also the system temperatures and reactivity). For this purpose, in
the object-oriented model, the MN component has been linked with
the FuelPin_Lead component so as to provide the dynamic model
for the temperature evolution. Two typical transient scenarios have
been simulated, namely, a 20°C enhancement of the inlet lead tem-
perature and a 100-pcm reactivity insertion. The simulation out-
comes of the object-oriented model have been compared to the
reference time-dependent solution of the multigroup diffusion PDEs
((Eqs. (1) and (2)). As mentioned in Section 1, the computational
time of the object-oriented model should fulfill the fast-running re-
quest for control-oriented purposes. In Table 4, the computational
times2 of the object-oriented model and the reference one for the
simulation concerning the enhancement of the inlet lead tempera-
ture (simulated time of 50 s) are provided.

The following simulations have been obtained with five eigen-
functions, achieving a good compromise between accuracy and
computational cost.

4.2.1 Enhancement of the Inlet Lead Temperature. The simu-
lation has been performed by increasing the inlet lead temperature
by 20°C. The system response is well represented by the total pin
power shown in Fig. 5, where the outcomes of the object-oriented
model (solid line) and the reference model developed in COMSOL
(dashed line) are presented. The satisfactory agreement confirms the
capabilities of the developed tool also in transient simulation. Due
to the increase in the lead temperature entering the channel (Fig. 6),
a positive reactivity is inserted in the system (Fig. 7). After 1–2 s,
the negative reactivity insertion, mainly due to the Doppler effect
caused by the increase of the fuel temperature, sets the power to a
lower level (Fig. 5).

4.2.2 Reactivity Insertion. A reactivity insertion of 100 pcm
has been simulated. As in the previous case, the figure of merit for
the comparison between the object-oriented model (dashed line)
and the reference model (solid line) is the pin power (Fig. 8).

Table 4 Computational time of the object-oriented model com-
pared with the reference model

Neutronics modeling approach Computational time

Multigroup diffusion PDEs (reference) 40 h
Object-oriented model N ¼ 1 N ¼ 3 N ¼ 5 N ¼ 10

10 s 23 s 45 s 143 s
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Fig. 5 Pin power variation following a lead inlet tempera-
ture enhancement
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Fig. 6 Fuel and lead temperature variations following a
lead inlet temperature enhancement
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Fig. 7 Reactivity variation following a lead inlet tempera-
ture enhancement

2The object-oriented model has been run with a laptop (2.20 GHz, 8 GB RAM). 
The multigroup diffusion PDEs have been solved with a workstation (8 × 2.8 GHz, 
64 GB RAM).



5 Conclusions
This work presents an object-oriented simulation tool for control

purposes. It implements both a spatial neutronics component based
on the MM and a fuel pin heat-transfer component. The MN com-
ponent has been developed starting from the neutron diffusion equa-
tion whose eigenfunctions have been exploited to separate the
spatial and time dependence of the neutron flux. Once the eigen-
functions and related integrals have been calculated, the MM leads
to a set of ODEs, which can be used to study the system dynamics in
typical transients of interest for control purposes with a reduced
computational burden. In this paper, a case study involving three
fuel pins of an innovative LFR has been set up and investigated,
even if the proposed method and modeling approach can be applied
to any reactor concept.

The adopted description allows for the spatial heterogeneity of
the system, in particular, as far as the thermal reactivity feedbacks
are concerned, providing a spatial representation of the neutron flux.
In this perspective, the adoption of a proper object-oriented com-
ponent devoted to the heat transfer of both the fuel pin and the lead
turns out to be useful for exploiting the features of this modeling
approach.

The developed object-oriented simulation tool constitutes a con-
siderable step forward compared to the neutronics models that are
currently used in the control-oriented tools (i.e., compared to a PK
approach). As a major outcome of the simulation results, the object-
oriented model based on the MN component proved suitable to
represent both the static reactivity variation and the dynamics
behavior of the system. In particular, the results have been com-
pared with a reference model based on the solution of the multi-
group diffusion PDEs, outlining a good agreement between the
two approaches.

In short, this work is meant to be a preliminary investigation on
the feasibility of the proposed MN component to study the reactor
dynamics and to be employed in control-oriented simulations, being
accurate in both the reactivity and transient representation without
an excessive computational cost. The modeling of the entire core at
fuel assembly level is envisaged in future works as well as the study
of other techniques (e.g., see [15]) to be employed in the neutronics
characterization of control-oriented tools.

Nomenclature

Latin Symbols
A = coefficient used in Eq. (9), cm−1
Cj = concentration of the jth precursor group, cm−3
c = generic cladding zone
cp = heat capacity, J kg−1 K−1
Dg = neutron diffusion coefficient of the gth energy group, cm
d = density, g cm−3
E = energy, MeV
Ef = average energy released per fission event, J
F = fission operator of transport theory
f = generic fuel zone
g = generic gap zone
I = identity matrix of 6 × 6 size, –
k = thermal conductivity, W cm−1 K−1
L = removal operator of transport theory
M = number of radial nodes, –
N = number of employed eigenfunctions, –
n = surface normal unit vector, –
ngi = time-dependent coefficient of the ith spatial eigenfunction

of the neutron flux of the gth energy group, –
P = number of precursor groups employed, –

Q 0 0 0 = volumetric heat source, W cm−3
q = power, W

q 0 0 = heat flux, W cm−2
r = radius, cm

rin = inner radius of generic cylindrical zone
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Fig. 8 Pin power variation following a reactivity insertion
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Fig. 9 Fuel and lead temperature variation following a
reactivity insertion
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Fig. 10 Reactivity variation following a reactivity insertion

A good agreement between the object-oriented model and the refer-
ence model also for this simulation has been achieved. After the 
prompt power increase, the corresponding enhancement of the fuel 
temperature (Fig. 9) introduces a negative reactivity, limiting the 
power and restoring the criticality (Fig. 10).



rout = outer radius of generic cylindrical zone
r = spatial coordinate, cm
S = surface of the spatial domain, cm2

T = temperature, K
T̄ = mean temperature, K
t = time, s
V = fuel volume, cm3

vg = neutron speed of the g-th energy group, cm s−1
Z = number of axial nodes, –
z = axial coordinate
0 = zero matrix of 6 × 6 size, –

Greek Symbols
α = reactivity coefficient used in Eq. (32), pcmK−1
β = total delayed neutron fraction, pcm
βj = delayed neutron fraction of the jth precursor group, pcm
γ = albedo coefficient used in Eq. (11), –
λj = decay constant of the jth precursor group, s−1
λ�i = ith eigenvalue, –
ν = average number of neutrons emitted per fission event, –
ρ = reactivity, pcm
Σ = generic macroscopic cross section, cm−1
Σg

a = macroscopic absorption cross section of the gth energy
group, cm−1

Σg
f = macroscopic fission cross section of the gth energy group,

cm−1
Σg→

s = macroscopic cross section including scattering out of the
energy group g, cm−1

Σg→g 0
s = macroscopic group transfer cross section from energy

group g to g 0, cm−1
ϕg = neutron flux of the gth energy group, cm−2 s−1
χg
d = fraction of delayed neutrons generated in the gth energy

group, –
χg
p = fraction of prompt neutrons generated in the gth energy

group, –
ψg
i = ith spatial eigenfunction of the neutron flux of the gth

energy group, cm−2 s−1
ψ†g
i = ith spatial eigenfunction of the adjoint neutron flux of the

gth energy group, –
Ω = spatial domain, cm3

Subscripts
0 = reference value
a = axial
f = fuel
f1 = inner fuel zone
f2 = central fuel zone
f3 = outer fuel zone
g = energy group number
gz = generic zone
in = inner
l = lead

out = outer
PK = point kinetics
r = radial
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